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Abstract

Starting from the radar problem, chirp signals and its several generalizations appear
in many natural and man-made systems. Various methods have been proposed for their
parameter estimation but these methods are either statistically sub-optimal or computationally
expensive. This paper bridges the gap between optimality and practical feasibility of estimators
of the parameters of chirp signal model. The proposed estimators are significantly much faster
to compute than the conventional least squares method and at the same time, they have the
same rates of convergence as the latter. Moreover, the estimators of chirp rate parameters
are shown to be asymptotically optimal. Extensive numerical simulations have been executed
to assess the performance of the proposed estimators. In addition, a comparative simulation

study demonstrates that our algorithm is fast as well as provides accurate results.

Keywords: Chirp model, least squares, stationary linear process, linear frequency modulated

signal, asymptotic normality.



1 Introduction

This paper addresses the problem of parameter estimation of two-dimensional (2D) chirp signal

model defined as follows:

y(m,n) = A cos(a®m + 'm? +1"n + 8°n? + u’mn)
+ Bsin(a®m + 'm? 4+ "0 + 8°n% 4+ p’mn) + X (m, n), (1)
m=12,.... M,n=1,2,..., N.

Here, y(m,n) is the observed real valued signal and X (m,n) is the additive noise term. A° B°
are amplitude parameters, a,~" are frequency, 8%, 6° are frequency rates and p° is the coefficient
of product term. £ = (a®, 3° ~°,8° u°)T represents vector of non-linear parameters. This model
can be used to describe signals having constant amplitude with frequency to be a linear function
of spatial co-ordinates. Both of the frequency parameters contain a common parameter p° acting

as interaction for both dimensions.

Due to wide-spread applicability of the underlying model, this parameter estimation problem
is encountered in many real-life applications such as 2D-homomorphic signal processing, magnetic
resonance imaging (MRI), optical imaging, interferometric synthetic aperture radar (INSAR),
modeling non-homogeneous patterns in the texture image captured by a camera due to perspective
or orientation, see [6],[8] and [9]. 2D chirps have been used as a spreading function in digital
watermarking which is also helpful in monitoring data, medical safety, fingerprinting and observing
content manipulations, see [24]. Newton’s rings are one of the important interference fringes in
the domain of optical metrology. It is predominantly used in testing spherical and flatting optical
surface and curvature radius measurement. 2D chirp signals have also been used to model Newton’s

rings [13].

Many algorithms based on different approaches have been put forward in the literature to solve
such problems. Polynomial phase differencing (PD) operator was introduced in [6] as an extension
of the polynomial phase transform proposed in [20]. Several works [7], [§] and [9] utilized PD
operator to develop computationally efficient algorithms for estimating similar polynomial phase
signals. Application of another algorithm using Cubic phase function (CPF) proposed in [19],
was extended in [23] for similar 2D chirp signals. Further CPF was utilized for estimating 2D
cubic phase signal using genetic algorithm in [3]. Consistency and asymptotic normality of least
squares estimators (LSEs) for a general order 2D polynomial phase signal (PPS) model has been
shown in [I6]. Another algorithm of finite step computationally efficient procedure for similar

2D chirp signal model proposed in [14] was proved asymptotically equivalent to LSEs. Quasi-



Maximum Likelihood (QML) algorithm [4] proposed for 1D PPS, was generalized for 2D PPS in
[5]. Further approximate least squares estimators (ALSEs) proposed in [11] have been proved to
be asymptotically equivalent to LSEs. An efficient estimation procedure based on fixed dimension

technique, presented in [12] was shown equivalent to that of optimal LSEs.

Estimators based on phase differencing strategies or high order ambiguity function (HAF) or
some of their modifications are computationally easier to obtain because of algorithmic simplicity.
Their performance degrades considerably faster below a certain signal-to-noise ratio (SNR) threshold
and are sub-optimal. Methods that use PD at a certain stage of estimation usually estimate
coefficients of highest degree first, and then subsequently estimate the coefficients of a lower
degree from the demodulated or de-chirped signal. Therefore, the estimation error of highest
degree coefficients passes on and affects estimation accuracy of lower degree coefficients quite
seriously. For more details, one can refer to [1], [5] and [22]. There has been less detailed study of
the theoretical properties of the estimators such as CPF and QML to support their computational
efficacy. Although optimal estimators for a similar model have already been developed in [12],
but these cannot be generalized directly for the underlying model . The model considered in
this paper is more general, as it takes into account the interaction term pu°mn and the error is
linear stationary, which is a broader class of errors than i.i.d. errors considered in [I2]. Due to the
presence of this interaction term coefficient °, the estimation becomes difficult as the estimators of

o and yY are now dependent, making their computation as well as theoretical analysis challenging.

The main contributions of this paper are the proposal of an algorithm to estimate the parameters of
the model defined in (1) which is computationally efficient and a detailed study of the asymptotic
properties of the proposed estimators. This algorithm is motivated by the fact that a 2D chirp
model with five non-linear parameters can be visualized as many 1D chirp models with two non-

linear parameters and hence simplifies the computational cost.

Therefore, the key attribute of this method is that it is computationally faster than the conventional
optimal methods such as LSEs, maximum likelihood estimators, or ALSEs and at the same time
have good statistical properties. In fact, if we consider only the proposed estimators of the chirp
rate parameters, then these are observed to have the same asymptotic variance as that of the

traditional LSEs, and hence are statistically optimal.

The methodology to obtain the proposed estimators is presented in Section[2] The model assumptions
as well as the derived theoretical results are stated in Section [3] In Section [4] the finite sample
performance of the proposed estimators is demonstrated. In this section, a comparison of the

performance of these estimators with the state-of-the-art methods such as least squares method,



approximate least squares method, and 2D multilag HAF method is also presented alongwith
the ability of the proposed estimators to extract a gray-scale texture from the one which is
contaminated with noise. Finally, Section [5| concludes the paper, followed by the detailed proofs

in appendices.

2 Estimation Methodology

If we arrange the observed data into a matrix of order M x N, then the proposed algorithm rests on
the observation that for each fixed column (or row), the 2D chirp model breaks down to a cascade
of 1D chirp models. This is shown below mathematically. So our methodology is developed by
estimating parameters of these 1D chirps based on a particular column (or row) vector of data
matrix, rather than estimating the whole 2D chirp parameters based on the full data matrix.

If we fix one dimension say n = ng in (1)), then the 2D chirp can be seen as 1-D chirp for

m=1,2,...,M, as follows:

y(m,ng) = A%(ng) cos ((a” + nop®)m + 'm?) + B°(no) sin ((° + nop”)m + 5°m?)
+ X (m,ng), (2)

where, A%(ng) = A° cos(7"ng + 8°ng) + B sin(v"ny + 6°n3)
B%(ng) = —A"sin(y"ng + 6"ng) + B° cos(v"ng + 6°nj).

Similarly, for a fixed m = mg, we have 1-D chirp forn=1,2,..., N

y(mo,n) = A%(mg) cos ((7° + mop”)n + 6°n*) + B (my) sin ((7° + mop)n + 6°n?)
+ X (mg,n). (3)

Equation represents 1-D chirp signal model with a® + nou® and % as the frequency and
frequency rate parameters. Similarly, equation ([3]) represents 1-D chirp signal model with v°+mgpu°

and 0° as the frequency and frequency rate parameters.

Let the data matrix be denoted as

y(1,1)  y(1,2) ... y(1,N)
yo e v e
y(M,1) y(M,2) ... y(M,N)



Further suppose column vector Yy, denotes the nf column of data matrix Y and column vector

Y,.,~ denotes the transpose of mf* row of data matrix Y. Define Z, (a1, ap) matrix as

cos(ag + ag) sin(ay + ag)
cos(a12 + a22?%)  sin(ag2 + ap2?)
Zi(an, a2) = : : : (4)

cos(ark + aok?) sin(aik + azk?) i

We need to estimate the model parameters of which is a 1D chirp model, so we use LSEs to
serve the purpose. We obtain LSEs of non-linear parameters in model for fixed ng by defining

following reduced sum of squares, see [12]:

RMnO(Oéh 042) = Y]\?no <IM><M - PZM(Oély 042))YMn07 (5)

-1
where, Py, (a1, a0) = Zp(ay, ) (ZM(al, ) Zy(a, a2)> Zyr(an, a0) " and Iyyypy is the M x M

identity matrix.

Then,

(a’n(n B’no)—r = arg minRMno (ala 042) (6)
aq,02

is the proposed estimator of (a®+mnou®, 3°) T based on minimizing the sum of squares corresponding

to ng column of the data matrix Y.

Similarly, we can obtain LSEs of parameters in model by defining

Ron (00, 00) = YW?ON ([NXN - PZN(Oéh 042))Ym0N7 (7)

—1
where, Py, (aq, ) = ZN(al,(12)<ZN(041,(12)TZN(041,042)) Zn(ar,az)" and Iyyy is the N x N

identity matrix.

Then,

-~

(&\mo I 5m0 ) T

= arg minR,,,y (a1, as) (8)
aq,002

will be the proposed estimator of (7v° + mou®, 6°)7 based on minimizing the sum of squares

corresponding to mg row of data matrix Y.

We observe that for each fixed column, we get estimate of same chirp rate parameter 5° in @,

0

and also estimate of frequency parameter which is a linear combination of o and p°. Similarly

estimates of 0 and a linear combination of 74° and u° for a fixed row in has been obtained.
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We stress the fact that linearity of parameters of 1D-chirp models is playing crucial role in getting

proposed estimators of a?,~" and u° by fitting a linear regression model as follows.

Once the parameters corresponding to each (M + N) 1-D chirp models have been estimated.

We apply the following three steps to obtain final estimates of parameters of the model :

11 1 00 - 0
Step-1. Let T = [0 0~ 0 1 1 - 1|,AT=[@ @ - av % % - Au)
1 2 N12. ..M

combine the obtained estimates as follows:

o
A=T|v]|. 9)
1

-1
Then estimate of (a®,~%, u®)" is (I‘TF> T'TA.

SO LN .1 X
: 0 0 : _ _
Step-2. The estimators of 5” and §" are simply the averages 5 = N g B, and 0 = i E Oms

n=1 m=1
respectively. The estimates of non-linear parameters obtained as € = (@, 3,7,6, 1) ".

~

Step-3. After getting estimates of non-linear parameters £ = (@, B\ .7, 25\, 7)), the amplitude parameter

estimators are as follows:

y(m,n) cos qg
1 ) (10)
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3 Theoretical Results

In this section, we first state the model assumptions explicitly. These are as follows:

Assumption 1. X (m,n) can be expressed as a linear combination of a double array sequence of
independently and identically distributed (i.i.d.) random variables {e(m,n)} with mean 0, variance

o? and finite fourth moment.

X(m,n) = ’Z Z a(i, j)e(m —i,n — j), (11)

such that

> ali,g)] < oo (12)

1=—00 j=—00



Assumption 2. True parameter 8° = (A%, B a°, 8°,7°,8° u°)7 is an interior point of parameter
space ©, where © = (—00,00) X (—00,00) X [0, 27] x [0, 7/2] x [0, 27] x [0, 7/2] x [0, 27]. Amplitude
of the model is positive, i.e. A” + B > 0.

Assumption [I] puts the model under a very general condition on noise contamination as it
incorporates the dependent relationship too. Assumption [2] is taken to assure the absence of
any identifiability problem and non-zero deterministic part of the signal. Under these general
assumptions, we have derived strong consistency and asymptotic normality of the estimators. The

obtained results are stated in the following theorems.

Theorem 1. Under assumptions |1| and @ the proposed estimator of parameter 6° is strongly

consistent, i.e.
0 =5 0° as min{M, N} — oo.

Proof. Please see for the proof. O

Theorem 2. Under assumptions 1 and 2, the proposed estimators of @° is asymptotically normally
distributed.
D0 -6° % N;(0,5) as M =N — oo,

N

where c= Y Y a(i,j)?, D7'=diag( M:N:, M:iNz, M:N:, M:Ni, M:N

1=—00 j=—00

), and

24" 118789  —1854°B°  —378B° 60B° —378B° 60B° 612B° ]
—185A4°B%  2B% 1 187A4% 3784° —60A4° 3784° —60A° —6124°
o? —378B° 378 A° 996 —-360 612 0 —1224
3= AT B 60B° —60A° 360 360 0 0 0
—378B° 378 A0 612 0 996 ~360 —1224
603° —60A° 0 0 —360 360 0
| 612B° —612A° 1224 0 1224 0 2448 |

Here diag(ay, asg, ..., a) represents k X k diagonal matriz with elements a1, as, ..., aj in the principal
diagonal and Niy(M,8) represents the k-variate normal distribution with mean vector M and

variance-covariance matriz S.

Proof. Please see for the proof. O

Although Theorem [2] has been proved for the increasing sample size assuming M = N — oo,
however asymptotic normality will still hold even if M/N — p as M, N — oo, for some p > 0.
It is interesting to note that the asymptotic properties of the proposed estimators of chirp rates
3,6 will remain the same even if we take min{M, N} — oo. The asymptotic variance-covariance

matrix of (a,~°, u°) will however change depending on the value of p among non-linear parameters.



If we further assume that the errors in are i.i.d. Gaussian distributed random variables,
then it can be observed that the proposed estimators of chirp rates parameters 3° and 6% attain

Cramer-Rao lower bound (CRLB). CRLB for estimators of other non-linear parameters a°, +°,

456¢0* 456¢0* 288co?
and p° are and ————— see [10].

(A(]Q +B02>7 (A02 +BOQ> (A02 —'—802)7

4 Simulation Results

Simulation studies done in this paper are divided into three parts. The first part demonstrates
the evaluation of finite sample size performance of proposed estimators. The paper considers
error general than i.i.d. Gaussian too, so instead of comparing with CRLB, we compare the
performance of the proposed estimators with the asymptotically optimal estimators such as LSEs,
and ALSEs, and fast but sub-optimal 2D-multilag-HAF estimators. The second part shows the
lower computational cost of the proposed estimators in comparison with the LSEs. Finally, the
third part exemplifies the ability of the proposed estimators to extract original gray-scale texture
from one polluted with noise and reproduce the original texture. We have performed simulations

on the complex counterpart of the model , see [2] for comparison purposes.

4.1 Finite Sample Performance

To provide a detailed assessment of the performance of proposed estimators, we have chosen sample
sizes
M = N = 20,40, 60,80 and 100. The fixed values of all parameters to obtain complex-valued chirp

data are:
A=1, o®=04, p°=0.1429, +°=0.25, 6" =0.1250, u’ = 0.1667. (13)

Obtained data from the model is then contaminated with noise X (m,n). We consider two distinct

noise structures for these simulations. These are:

e Independently and identically distributed (i.i.d.) normal errors with mean 0 and variance

0'2;

e Autoregressive-moving-average (ARMA) errors with following representation:

X (m,n) =0.06X(m —1,n—1) —0.0564X (m,n — 1) + 0.087X (m — 1,n)+
e(m,n) +.0le(m — 1,n — 1) + 0.035¢(m,n — 1) + 0.042¢(m — 1, n). (14)



where €(m,n) is a sequence of i.i.d. Gaussian random variables with mean 0 and variance

o

We have obtained the estimates for 1000 iterations for a fixed sample size M = N, type of error
i.e. IID or ARMA, and error variance o2. The estimators do not possess any explicit closed
form expression, so we use Nelder-Mead algorithm ( using “optim” function in R software) for
optimization of the objective function and to obtain the estimators. Obtained mean square errors
(MSEs) are displayed in the figures , , and [2b| for four different values of ¢ = 0.1,0.5,0.9,1.
The MSEs are plotted on negative logarithmic scale. The essence of these simulations results can

be summarized as follows:
e MSEs of the proposed estimators tend to decrease as error variance decreases.

e MSEs of the proposed estimators decrease rapidly and become closer to LSEs and ALSEs as

sample size increases, which further supports the consistency property of the estimators.

e The obtained MSEs of proposed estimators of 3°,6° are at par with those of LSEs and
ALSEs.

e If we compare Figures [Ia] and 2b] then the gap between MSEs of optimal estimators and the
2D-multilag-HAF estimators increase on increasing noise level, i.e. o. On the other hand,

the proposed estimators do not suffer in such a situation. Their performance stays close to
that of LSEs and ALSEs.
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4.2 Time Comparison

The computational advantage of the proposed estimators over the conventional LSEs is magnificent.
In order to compare the two methods, we measure their computational complexities in terms of the
number of points in the grid that are needed to find the initial guesses of these estimators. Once
we have the precise initial guesses, applying an iterative algorithm like Nelder-Mead is a matter of
seconds. “gridSearch” function from the package “NMOF” is used to calculate the initial guesses.
We report observed time to get the estimates for fixed sample size and the total number of grid
points over which cost function evaluations are required, in table [l The choice of parameters is
same as in (13)) along-with i.i.d. normal errors with mean 0 and standard deviation o = 0.9. For a
fixed sample size M = N, the order of computation for LSEs is M*N* = M?, but for the proposed
method, the order of computation is M3N + N3M = 2M*.

The numerical experiments for comparing time efficiency were performed on a system with processor:
Intel(R) Core(TM) i3-5005U CPU @ 2.00GHz 2.00GHz; installed memory(RAM): 4.00 GB; and
system type: 64-bit Operating System. Codes were written and run in R version 4.0.4 (2021-02-15)

— “Lost Library Book”, a free software environment for statistical computing and graphics.

Table 1: Time and number of grid points taken to compute the estimates

Sample Size Efficient LSEs
M=N Time(seconds) | Total No. of grid points || Time(seconds) | Number of grid points

2 0.04400301 12 0.1280069 27

3 0.041 96 0.308017 2048

4 0.06900986 360 4.1012349 30375

5 0.119 960 34.608979 221184

6 0.1730089 2100 198.038328 1071875

7 0.25001502 4032 856.37598 3981312

For the considered machine, it was not feasible to perform grid-search to get LSEs for more
than M = N = 7. When we plot M = N and the time to get initial guess of LSEs, then it is
observed to be linear. So, to get an idea of the time deviation of LSEs with that of proposed
estimates at larger sample sizes, we predict time to obtain LSEs based on grid-search by fitting a
simple linear regression model between log of sample size and log of time to get LSEs. From the
results in Table [2| we can clearly observe the massive time difference of getting proposed estimates
and LSEs. For example, if we go for sample size, say M = N = 40, then it will take more than 20
years to obtain LSEs using grid-search over the same machine (even if we assume a large amount

of RAM in a machine), while it took less than 10 minutes to obtain the proposed estimates.
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Table 2: Comparing Time efficiency with Predicted time for LSEs

Sample Size Efficient LSEs
M=N Computed Time | Total No. of grid points || Predicted Time | Number of grid points
8 0.53003 sec 7.06E+03 32.16544 min 1.23E4-07
9 0.7340422 sec 1.15E+4-04 1.375421 hr 3.28E+07
10 1.545088 sec 1.78E+04 3.195031 hr 7.86E4-07
15 5.8313339 sec 9.41E+04 3.411263 days 2.20E+09
20 26.479515 sec 3.03E4-05 34.06977 days 2.29E+410
25 1.015608 min 7.49E+05 203.0514 days 1.40E+11
30 2.443423 min 1.56E+06 2.391816 yr 6.11E+11
35 5.369024 min 2.91E4-06 8.208658 yr 2.12E+12
40 8.525054 min 4.99E+4-06 23.88811 yr 6.22E+12
45 14.53046 min 8.02E4-06 61.28852 yr 1.61E413
50 24.243203 min 1.22E+07 142.37 yr 3.75E+13

4.3 Texture Pattern Estimation

2D-chirp signals create interesting gray-scale texture patterns. In order to analyze the effectiveness
of the proposed estimators for estimating texture patterns accurately, we generate data from the
complex counterpart of the model with same set of parameters as in . Then real and imaginary
part of the obtained data is contaminated independently with i.i.d. normal errors having mean
0 and variance 02 = 0.09. The data matrix obtained is of size 100 x 100. We analyze this data
using the proposed estimator, the optimal LSEs, ALSEs, and also with the 2D-multilag-HAF
method. Note that we have used true values as initial guess for obtaining optimal estimators
LSEs and ALSESs because of the computational complexity and grid-search method for obtaining

2D-multilag-HAF estimators and proposed estimators.

Plugging these estimators in the deterministic part of the model, we get estimated texture patterns
as the real part of the reproduced data. We also present real part of the original dataset to compare
the original and estimated textures. It is clear from the figures that texture pattern obtained using
the proposed method is visually the same as that obtained using optimal LSEs and ALSEs, while
the 2D-multilag-HAF estimator gives a slightly different pattern than the original one.

13
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proposed estimators.
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5 Conclusion

We have presented a computationally efficient method which produces estimators having the same
rate of convergence as the LSEs or ALSEs. The key idea is to develop a stratagem by disintegrating
the 2D-model into several 1D-chirp models and then perform the optimal estimation. We believe
that this idea can lead to several other computationally efficient algorithms which can further
be employed for estimating higher order polynomial phase signals’ parameters also. Thorough
theoretical derivations show that the proposed estimators have the same rates of convergence
as that of the optimal estimators, the LSEs and the ALSEs. The proposed estimators are not
only asymptotically unbiased but also have an asymptotic normal distribution. Moreover, the
estimators converge strongly to the true value of the parameters. Extensive numerical simulations
firmly support the theoretical results and also unveil the gigantic gap in time duration for obtaining
proposed estimates and the LSEs. In the end, exemplification of a simulated data analysis shows

how the proposed estimators can extract original textures effectively.

Appendix A

Proof of Theorem [I: Given the data matrix Y, we compute the LSEs of a® + nou® and 3°
corresponding to nf* column vector of Y. We denote the obtained estimators by @, and Bno to
emphasize that these depend on ng. Similarly, for fixed m§" row of Y, we have denoted the LSEs
of v° + mou® and 6° by 7,,, and S\mo. Under assumptions that X (mg, ng) are stationary and
(112)), see [18], we have

—~ 0 1 R 0 0 1
Bny =B +o0 e ) Qpg = Q& +Nolt” + 0 M) (15)
~ 0 0 1 " 0 1
Vme =7 + Mo + 0 ~) Ome =0+ 0 ~2 ) (16)
The final estimator of 5% given by
N
D> Bug
B\ _ no=1

N
is strongly consistent estimate of 3% which is observed by and also that Bno is strongly

consistent for 4% as M — co. For proof, one may refer to [15].

1 X
Similarly ¢ = i Z O, 18 strongly consistent estimator of 6°.
mo=1
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Denote 7' = |, i
M

N

()

N J/

e

N times

-~

M times

()
O — .
N 1x(M+N)

We now prove the consistency of the frequency parameter estimators @, 7 and that of j, estimator
of the interaction term parameter. From and , we have the following:

a . a?
3 ::<rTr> FTA::a”ry4rT<r 70<+r),
i p
11 1 0 0 0
whereI'" = |0 0 0 11 1 ,andAT:[al Qs aN M Y
1 2 N 1 2
3x(M+N)
This implies that
] . (1> ]
X o| —
a 0 M
~ _ 1
F| =17+ @D Mxo(ﬁ>
-~ 0
a a N(N +1) 1\ M(M+1) 1
<o) (7).

Now we look at the matrix (I''T")~!

N(N +1)

1
_T“(ﬁ) *

el)
e

M(M +1)

(%)

The first element of above matrix can be written as a; + as — as, where

M(M +1)

. M?*(M +1)? N 1\ _
o= (a0 2O ()
MN(M +1)(N +1) I\ _
as = 1 MXO(N)/:,

as =

2

MN(N +1) [ N(N +1) 1
( 5 XO(M) +—2

16

X o(%))/E,

(18)



and

MN

N(N+1)(2N+1) M(M+1)2M +1)
12 ‘

(¥ - 1+ 20 - 1) K = ) ' 6

(1]

Now we look at aq, as and a3 individually and compute their limits.

o (s O (1 2

o(1) y (N(N +1)2N+1) M(M+1)(M - 1))
6 12

o(1) <2N(N +1)(2N +1) + M(M?* — 1))

:MX

(N(N2 — 1)+ M(M? — 1))

This implies that a; <=3 0 as min{ M, N} — oo.

Here

a9 = -— =
4

MN(M+1)(N+1)MXO(1>/
N

M(M +1)

R G

This implies that a; == 0 as min{M, N} — oo.

. MN(]2V+1)<N(NZ+1)XO(%) +M(M2+1)XO(%)>/E

(N +1)

= 5= (NQ(N+ 1) x o(1) + M*(M + 1) x o(l)).

This implies that as == 0 as min{M, N} — oco. Hence, @ is strongly consistent estimate of a.

Similarly strong consistency of 5 for 4° can be derived.

17



- N X -
X 0 M)
Now, the third element of (T''T")~! M X o i) can be written
N
N(N +1) 1 M(M +1) 1
o) el

as —by — by + b3, where

MN(N +1) 1
blzfoxo(M)/E

N(N +1)
M(N(N%—1) + M(M? - 1))

=o(1)

This implies that b, < 0 as min{M, N} — oo.

NM(M +1

) Iy 2
bQI#XMXO(N)/:

M(M +1)
N(N(N?2 = 1)+ M(M? —1))

=o(1) x

This implies that by = 0 as min{M, N} — oo.

by = MN x (on(%) +M(MT+1)><0(%>)/E

N(N +1) 1 M(M +1) 1
= xol— )+ xol—=1]]).
(N(N2—1)+M(M2—1)) O(M) (N(N2—1)+M(M2—1)) O(N)>
Hence by 2% 0 as min{M, N} — co. Hence, /i is a strongly consistent estimate of ;°. The strong

consistency of estimators of amplitude parameters follows from the continuity mapping theorem.

Appendix B

Proof of Theorem : Suppose k' = (A, B, a, 3) and

kO = (A%ng), B°(ng), a® + nou®, 8°). We define sum of squares as follows:

M

2
Qno(R) = Z (y(mo, ng) — Acos(amg + mg) — Bsin(amg + ﬁm%)) :

mo=1
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Let K be the minimizer of @,,,(k), then using Taylor Series expansion on the first derivative vector

!/

.o (k) around the point k°, we get:

Q. (R) — Q,,, (k") = Q; (R) (R — k7). (19)

where & is a point between & and k. Also Q,, (K) =0 as k is LSE of k.
Let us denote Dy' = diag(M'? M2 M3/% M5/?).
equation , it gives:

Then on multiplying D;* both sides of

~[D1Q., (8)D:] ', 2,1D:Q, (%), = DI (R — K°) (20)
where ]\}gnoo [DlQZO(FL)Dl]AEnO = Iyxa,
and

[ A% (ng) + 9B (n ]

( 0) 5 ( 0) —4A0(n0)BO(n0) —1830(n0> ].5BO(TL0)

B 2 9A4% (ng) + BY (n)
Yo = g g | —44%(n0)B (no) 5 184°(ng)  —15A%(no)
—18B°(ny) 18A4°(np) 96 —90

15B8°(ng) —15A4°(ny) —90 0 |

The expression of 2*1 can be obtained by proof of Theorem 2 shown in [I5]. By using equation

and above expression of X!
the third element of vector D1

we get following asymptoically equivalent (a.e.) expression of

no

(k — k) as:

a. 4

Ovno)
(o + o)) [ o

m?ﬂ?(moa no)
v D TN

M2V M
(21)

[MB/Q (ano .

182

mon(mo, no)
— 96 Z — 490
—~  MVM

Where7 T](mo, nO) = X(m07 nO) (AO sin ¢(m07 no, 50) — B cos ¢(m0, No, 50))a
d(mo, ng, £2) = a®mg + B°m3 + 1°ng + °nd + uOmong. We have used these notations for brevity.

Similarly expressions of fourth, fifth and sixth element of D;'(K — k°) can be written as in

equations , and respectively:
s M) gy )
mo

mon(m ,n m2n(m , N
07] 0 0 _902 077( 0 0)
M2/ M

(22)

[M5/2 (Bry — 50)} . ﬁ
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|

~ a.e. 4 n(mo, no) no1n(mo, 1) ngn(mo, o)
[ G = (0 man®) " | 1830 — 983 T 003
(23)
5/2 0\ |&-C- mo, No) non(mo, no) ngn(mo, no)
[N (5m0_5)} ~ A [ go* 152 ZN—\/N_QOZ N2vN |
no 0o
(24)

From equations and above, we can see that estimators 3 and & of BY and §° are

asymptotically equivalent to the LSEs as they have same asymptotic variances by applying central

limit theorem for stationary linear processes, see [10].

properties of estimators (&, 7, )" .

So now, remaining is to show asymptotic

The expression of proposed estimators of (a®,~°, 1) obtained is:
[ M2(M +1)° MN(M+1)(N+1)  MN(N+1) |
ME -~ e+ ¢, — Con
4 4 2
o 2 2
~ MN(M +1)(N +1 N“(N +1 NM(M +1
Y= ( )( )ca + | KN — g C — Qca /|FTI"7 (25>
~ 4 4 K 2 7
i
MN(N+1)  NM(M+1)
— 5 Co — 5 cy + MNcq,
3 B = 3 A = 3 o+ 3
no=1 mo=1 no=1 mo=1
N(N+1)(2N +1 M(M+1)2M + 1 MN
_ M 23( )+ ( é( >\ ! |f—12 (N(N2—1)+M(M2—1)>.

20



From , we get:

M3/2N1/2 (a - aO) —

<2N(N +1)(2N 4+ 1)+ M(M? — 1))

NV -1+ MAP—1) ) UN Z M2 (@, — (0° + ngpt”))

no=1

3M?*(M +1) >

32
+(N(N2—1)+M(M2 ZN/ T = (07 4 mop))

mol

~(re=nsaman ) |2

+ Z mo (Fmy — (7 + mopt ))}

mo=1

For sufficiently large M and N, we have:

AN3 + M3
o)< () L

3M3 3/2
+<N3+M3) ZN (o = (7" + mop”))

mol

63 1 " ; ;
(N3 + M3) N3/2 Z no M (@, = (0 +nopt"))

no=1

6M N\ 1
(N3 T M3) VEE Z Mo N2 (Fong = (7 + mopt”)). (26)

mo=1

Asymptotic normality of the estimators for M = N — oo with given rates of convergence follows
by applying central limit theorem for stationary processes [10].
Next, we will present some results that will help in getting exact expression of the asymptotic

variance-covariance matrix.

Using equations and , we have the following observations:
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10.

N 2
co“96
3200 an = o+ ) ) =

1 X co?96
§ 3/2 (o . 0 0 _
2\/M ~ N (’Ymo (’y +m0N ))) - A02+B(]27

co?32

1 X co?32
AsyVar<2N3/2 Z ngM?/? (&no — (o’ + nOM())))
M
3/2 0 0 _
(2M3/2 Z moN (7m0 (7" 4 mop ))) T A0? L po¥

1
Asy(]ovar( \/_ZM:)’/Q Qo — (@ 4+ nop®) \/_ Z N32(F0 = (7% + mop ))) 0,

no=1 mo=1

1 N
AsyC’ovar( Z M32(@py — (@ + nop?)), SN Z no M2 (Gn, — (a° + nwﬂ)))

nO 1 no=1
co?48
A02 +3027
1 M
AsyC’ovar( Z Mg/2 ozno (a®+nopu )),W Z m0N3/2(/7\mo_(70+m0M0))) =
nO 1 mo=1
1 N
AsyCovar( Z N?’/2 ’ymo 7 +mop ))’Wz n0M3/2(ano_(a0+n0M0))> -
mo 1 no=1
1 M
AsyCovar (L 3 NV~ 0 mop). ks 3 Ny (5 ) )
m() 1 mo=1
co?48
A02 +B027

1 & 1 X
ASyCOU@T(W Z noM3/2 (Ozno_(Oéo—i-no,Uo))a Y] Z moN3/2 (fymo—(’)/o—i—moluo))) =

no=1 mo=1

00'2

2(A” + BPY

where ¢ = i iaZZJ

1=—00 j=—00
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Using the above results in equation (26)), we get asymptotic variance-covariance matrix of
M3/2N1/2(a _ aO)
N32MYV2(H — A0 | as:
M3/2N3/2 (//L\ _ ,UO)

o 996 612 —1224
A poy | 612 9% —1224] . (27)
—1224 —1224 2448

From , and it is further observed that:
1. AsyCovar (M5/2N1/2(B— 8, M1/2N5/2(g— (50)) =0,

— 360co?

1 N
2. AsyC’ovar(M5/2N1/2 ﬁ BO \/—_Z: 3/2 Oéno (a® + nop ))) ~ A0 ;£ B

3. AsyCovar <M5/2N1/2(3— 8, N32 (e — (7" + mop ))) =0,

”Ms

1 — 180co
4. AsyCovar(M5/2N1/2(ﬂ 50) N\/_ZMS/QTLO(O%O (@ + nop ))) A2 [ g

no=1

5. AsyC’ovar(M‘r’/QNl/Q(ﬁ 8%, \/_ Z moN/ (Fimo — (7" 4 mop ))) 0.

mo=1

Similar results can be derived for M/2N5/2 (25\— (50).

By combining all results, the asymptotic variance-covariance matrix of the non-linear parameters’

estimators is as follows:

[ 996 —360 612 0 —1224]

o —360 360 0 0 0
m 612 0 996 360 —1224] . (28)
0 0 —-360 360 0

|—1224 0 —1224 0 2448 |
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To derive the asymptotics of amplitude estimators, please recall that by using taylor series expansion

of cos ¢(my, no, E) around the point £€°, we can write:

cosa— cos ¢ = —siné(g— £O)T ng

For brevity, we have denoted cos gb(mo,no,g) by cos®, cos ¢(m0,n0,§) by cos @, and sing by

sin ¢(mo, no, €) , where € is a point lying between é\and 0.

Now consider first element of the following vector,

_ , M N A_
m Z Z y(mo,no) COS¢ 0

JMN mo=1ng=1 A
— y(mg, ng) sin ¢
_MNmo:1n0:1 |

we get:
9 M N 9 M N
<W Z Z y(mo,ng) cos ¢° — —— Z Z y(mo, o) sin ¢R(mo, ng) — ), (29)
mo=1ng=1 mo 1no=1
]
mg
where R(mg,ng) = (E — EO)T ng |, and second element of the above amplitude vector can be
ng
moeno
written as:

2 M N 2 M N
(MN_ Z Z y(mg, no) sm¢0 + —_— Z Z y(mo, no sm¢R(m0,n0) ) (30)

mo=1np=1 mo 1np=1
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Now let us look at the first and the last term of equation and putting value of y(mg, ng) from
the model ,

9 M N
\/MN(mmZ: Z: y(mo, ng) cos ¢° — AO)

M N
=VvM ( Z ZAOCOS @ — A0+—Z ZBosmgbocosgbo—l——Z ZX (mg, ng COS(;SO)

mo 1 no=1 mo=1 ng=1 mo=1 ng=1

at._ = Z Z X (mqg,ng) cos ¢°. (31)

mo 1nog=1

The above result has been obtained from a famous number theory conjecture by [I7]. The interested
reader is referred to [21] for more details.

In second term of , R(mg,ng) is a sum of five terms, so now consider first term of

2 o
MN Z Z y(mg, ng) sin o R(mg, ng),

mo=1 nog=1
9 M

VMN
2

N
Z y(mo, no) sin ¢m0(04 - 040)

mo=1ng=1

M N 2
= — A® cos @Y sin dmg(a — ) +
MNZ Zl 9° sin g VT

mo=1ng=
N

M
Z ZX Mo, No) smqug(a—ao)

mo=1no=1

M N
Z Z B sin ¢ sin ¢mg(a — a?)

mo=1ng=1

2
\/MN

M N
:( 2 Z ZAocosgbosinggmo)MvMN(a—ao)-I—

M N
< i ZZBosingbosin(gmo)M\/MN(&—040)+

( 2 i i X (o, no) sin Jsmo) MVMN(@ - o)

mo=
2 M N
a.:e.( Z Z B sin ¢ sin ¢m0> M~vVMN (a — a°), by using Proposition 1 of [16].
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So, finding the asymptotic distribution of boils down to finding asymptotic distribution of

M N M N
TQ/[N Z Z X (mg, ng) cos ¢° — (\/% Z Z BCsin ¢° Sinq;) R(mo, o),

mo=1ng=1 mo=1 ng=1

which is further asymptotically equivalent to:

2
VMN

M N 1 1 R
S>3 X(mo, o) cosd® — B (§M3/2N1/2<a — ) + MNY(E - )

mo=1 ng=1
1 R 1 ~ 1 R
+ §N3/2M1/2(’}/ . ,.YO) + §N5/2M1/2(5 . 60) + ZM3/2N3/2<,M . ,LLO) ) (32)
Asymptotic normality of amplitude estimators is thus proved by equation . Now we need to
derive the expression of their asymptotic variances.

After lengthy calculations, we get the asymptotic variance of A as follows:

co?

m(m‘)? +187B%).

Similarly by calculating other terms too, we get complete variance co-variance matrix 3 as

mentioned in Theorem [

Hence the result.
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