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Abstract

The motivation of this work came from a data set obtained from an experiment
performed on diabetic patients, with diabetic retinopathy disorder. The aim of this
experiment is to test whether there is any significant difference between two different
treatments which are being used for this disease. The two eyes can be considered
as a two component load sharing system. In a two component load sharing system
after the failure of one component, the surviving component has to shoulder extra
load. Hence, it is prone to failure at an earlier time than what is expected under the
original model. It may also happen sometimes that the failure of one component may
release extra resources to the survivor, thus delaying the failure. In most of the existing
literature it has been assumed that at the beginning the lifetime distributions of the two
components are independently distributed, which may not be very reasonable in this
case. In this paper we have introduced a new bivariate load sharing model where the
independence assumptions of the lifetime distributions of the two components at the
beginning has been relaxed. In this present model they may be dependent. Further,
there is a positive probability that the two components may fail simultaneously. If
the two components do not fail simultaneously, it is assumed that the lifetime of the
surviving component changes based on the tampered failure rate assumption. The
proposed bivariate distribution has a singular component. The likelihood inference of
the unknown parameters have been provided. Simulation results and the analysis of
the data set have been presented to show the effectiveness of the proposed model.
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1 INTRODUCTION

In a load sharing system, it is assumed that the failure of one component changes the load
on the remaining surviving components. Hence, the failure of one component decreases the
expected survival time of the remaining components than what is expected under the original
model. On some occasion it may also happen that the failure of one component may release
extra resources to the survivors, hence, the expected remaining survival times increase. The
model which takes care this stochastic aspect of the lifetimes of different components of a

parallel system, is known as the load sharing model.

Daniels [5] first introduced the load sharing model while analyzing textile data. Since
then an extensive amount of work has been done in this area. In a reliability analysis it has
been used in electrical generator systems, central processing units (CPUs) in a multiprocessor
computer systems, cables in suspension bridge, valves or pumps in a hydraulic system etc,
see for example Amari et al. [1], Kvam and Pena [15] and the references cited therein. Gross
et al. [10] considered the load sharing model in a two organ biological system, for example
eyes or kidneys. For some of the recent work on load sharing model interested readers are
referred to Wang et al. [21], Xu et al. [22], Park et al. [17], Rychlik and Spizzichino [19] and

see the references cited therein.

One of the most used bivariate load sharing model was introduced by Freund [7]. In
this model, it has been assumed that at the beginning the lifetime of both the components
follow exponential distributions and they are independently distributed. The failure of one
component changes the parameter of the lifetime distribution of the surviving to a different
one. Several extensions of the above model have been suggested by several authors, see for
example Asha et al. [2], Franco et al. [6] and the references cited therein in this respect.

But in all these cases the basis assumption of independence of the lifetime distributions at



the beginning has been maintained.

The motivation of this work came from a bivariate data (Y7, Y2) obtained from an experi-
ment performed on diabetic patients with diabetic retinopathy disorder. In this experiment,
for each patient with diabetic retinopathy disorder, in one eye laser treatment has been ad-
ministered, where as in the other eye the traditional treatment has been provided. The main
aim of this experiment is to test whether there is any significant difference between the laser
treatment and the traditional treatment. The time to the onset of blindness of both the eyes
have been observed. The two eyes of a human being can be treated as a two component load
sharing system, it is expected that if one eye becomes blind, then it creates extra load on the
other eye. Moreover, the lifetime distributions of the two eyes of a patient at the beginning
of the experiment cannot be independently distributed. Further, a significant proportion of
the data has tied observations, i.e. Y; = Y5, hence they cannot be ignored. None of the

existing models available so far can take care all these issues.

The main aim of this manuscript is to introduce a bivariate load sharing model where
the lifetime distributions of the two components at the beginning may not be independently
distributed. There is a positive probability that both the components may fail simultane-
ously. On the other hand if the two components do not fail simultaneously, then once one of
the components fails, the load on the other component changes. It is assumed at the begin-
ning the lifetime distributions of the two components follow bivariate proportional hazard
model. If the two components do not fail simultaneously, the lifetime distribution of the
surviving component changes following the tampered failure rate assumption as suggested
by Bhattacharyya and Soejoeti [4]. In this model assumption the failure rate of the surviving
component changes in a proportional manner. This is a very natural model in the step-stress

set up, which is the case in this situation.

The proposed model is a very flexible bivariate load sharing model. It has a singular



component in the sense there is a positive probability that Y; = Y5, which is not possible
in any of the existing load sharing models. We have provided the maximum likelihood
estimators of the unknown parameters of the different models and also addressed a testing
of hypothesis problem mainly testing whether there is any significant difference between the
two treatments or not. Extensive simulations have been performed to show the effectiveness
of the proposed procedures, and the analyses of the data set has been performed to show

the effectiveness of the model.

Rest of the paper is organized as follows. In Section 2, we have provided some prelim-
inaries. We have briefly discussed about the bivariate proportional hazard model and also
discussed about the tampered failure rate model. In Section 3 we have discussed about the
bivariate load sharing model and indicated its different properties and interpretations. The
classical inference has been provided in Section 4. In Section 5 and Section 6 we have pro-
vided the simulation results and the analysis of the bivariate retinopathy data set. Finally

we have concluded the paper in Section 7

2 PRELIMINARIES

2.1 BIVARIATE PROPORTIONAL HAZARD MODEL

Suppose we have a baseline distribution function Fz(t), and it has the support on the positive
real axis, i.e. F(t) =0, if t < 0. The baseline distribution function Fg(t) may depend on
some parameter, but we are not making it explicit at this moment. Whenever it is needed we
will make it clear. Let us denote the corresponding survival function as Sg(t) = 1 — F(t).

A class of distribution function, for A > 0

SpHc(t; /\) = [SB(t)]A, t > 07



is known as the proportional hazard class (PHC) of distribution functions. It is immediate
that if Sp(t) is a proper absolutely continuous survival function, then Spyc(t; A) is also a
proper absolutely continuous survival function. If the probability density function (PDF) as-
sociated with the baseline survival function Sg(t) is denoted by fz(t), then the corresponding

PDF associated with the survival function Spgc(t; \) is

frrc(t;A) = Ms(t)[Sp(t)*". (1)

If the hazard function of the baseline distribution is denoted by hp(t), the associated hazard

function of the corresponding PHC becomes

M5 | fa(t)
[SsP Si(?)

A random variable with the PDF (1) will be denoted by PH(Sg, A). Note that if X follows

hpne(t,\) = = Mus(t). 2)

(~) PH(Sg, A), then the conditional PDF of X given {X > a} is

sty = { AEOEROETSROI 2 ®

Now we will briefly mention about the bivariate proportional hazard (BPH) model. Suppose
Vi, Vo and V3 are three independent random variables with survival functions Si(t;\) =
[Sp(H)]™M, Sa(t; Ae) = [Sp(t)]* and Ss(t; As) = [Sp(t)]**, respectively, then the bivariate

random variable (X,Y"), where
X =min{V},V3} and Y = min{Vs, V3},

is called the bivariate proportional hazard model, and it will be denoted by BPH(Sg, A1, A2, A3).
If (X,Y) ~ BPH(Sg, A1, A2, A3), then the joint survival function and the associated PDF for

x > 0 and y > 0, can be written as

(@) [Spy)e i x>y
@) [Sp(y))= iz <y

Sxy(z,y)=P(X >z,Y >y) = { gi



and

M (X2 + As) fB(2)[Sp(x) M fe(y)[Se(y) T if =<y
Fxy(@,y) =< Ae(A+ As) fo(2)[Sp(@)| T fp(y)[Sp(y)|* " if z>y
A3 fp(x)[Sp ()M HAztrst if ==y,

respectively. Note that several cases can be obtained from the above class of distributions;
for example the well known Marshall-Olkin bivariate exponential distribution, Marshall and
Olkin [16], Marshall-Olkin bivariate Weibull distribution, Kundu and Gupta [14]. It may be
mentioned that it has the same Marshall-Olkin copula, hence it has the same dependence
properties and the same dependence measure as the Marshall-Olkin bivariate exponential

distribution, see for example Kundu [12].

2.2 TAMPERED FAILURE RATE MODEL

Tampered failure rate model (TFRM) was introduced by Bhattacharyya and Soejoeti [4] in
the step-stress set up. The main assumption here is that the effect of changing the stress
level from sy to s; is equivalent to multiply the initial failure rate function at the stress
level sq by an unknown factor a > 0. Therefore, the hazard function of the lifetime of the

experimental unit under the TFRM is given by

h(t)y if O0<t<rT
hrrra(t) = { ozgzgt) it 7 2 ti 00. (4)

Here h(t) denotes the hazard function at the stress level sg, ah(t) is the hazard function
at the stress level s; and 7 is the stress changing time. It is clear from (2) that if the
lifetime distribution of an experimental unit follows a proportional hazard model with a
given baseline distribution at the stress level sy, then at the stress level s; also it has the
proportional hazard model with the same baseline distribution. For a detailed discussion on

the TFRM model, one is referred to the monograph by Kundu and Ganguly [13].



3 BIVARIATE LOAD SHARING MODEL

In this section first we define a bivariate load sharing model with a singular component.
It is assumed that there is a two component system, and the system fails when both the
components fail. We denote them as component A and component B, respectively. When
the system starts the two components start working simultaneously. At the beginning the
lifetimes of A and B are denoted by X and Y, respectively. It is assumed that both X and
Y are continuous random variables, but they may be dependent. The following three cases

can occur:
Case 1: Both the components A and B fail Simultaneously and the system stops.

Case 2: The component A fails but B does not fail. Hence, system does not fail. But since
A has failed, the load on B has changed. The lifetime of B has changed from Y to Y*. Then

eventually B fails, and the system stops.

Case 3: Similar to Case 2, if the component B fails first, and A does not fail, then the

lifetime of A changes from X to X*. Eventually, A also fails, and the system stops.

If Y7 and Y5 denote the lifetimes of A and B, respectively, at the time of the system
failure, then (Y7,Y3) can be written as follows:

(Y1,Y2) = ¢ (X,Y7) if V1 <Y, (5)
(X*Y) if V> Ys

Now we make the following assumptions on X, Y, X* and Y™ to derive the joint distribution
of (Y1,Y3). It is assumed that (X,Y) ~ BPH(Sg, A1, A2, A3). Further, based on (3) and (4),
we define X* and Y* conditionally as follows. The conditional PDF of X* given {X* > Y =

a} is given by

ooyt = MHOSHORTSHOR  e



Here Ay = 0(A; + A3), for some § > 0. We call the parameter 0 as the load factor on
component one, due to the failure of the second component first. If 6 = 1, there is no load
factor, but if 6 > 1 (0 < 1), then it has a harsher (milder) load factor. The conditional

hazard of X* at ¢, given {X* > Y = a} for t > a, becomes
hx+ix*>y=a}(t) = Ahp(t) = 6(A + A3)hp(t) = Aihp(t). (7)
Note that (7) has the same form as in (4). Similarly, it is assumed that the conditional PDF

of Y* given {Y* > X = a} is given by

Fretiyes oy () = { )\5fB<t>[SB(t)](;\5_1[SB(a)]_)\5 i tt;; (8)

Here A5 = (g + A3), for some v > 0. Here 7 is the load factor on component two, due to
the failure of the component one first. Hence, based on the assumption (6) and on the PDF
of Y, the PDF of X* can be obtained as, and similarly from (8) and from the PDF of X,

the PDF of Y* also can be obtained. The details are provided in the Appendix A.

Now based on the assumptions on (X,Y’) and on the conditional assumptions on X* and

Y™ we will derive the joint PDF of Y] and Y5.
Case 1: If y; =y =y, then
friv(yy)dy = PlysYi<y+dyy<Ys<y+dy
= Ply<X<y+dyy<Y <y-+dy)

= XsfB(y)[Sp(y)M et

= Ashp(y)[Sp(y) M2t (9)

Case 2: If y; < 1o, then
Iviva(yi, y2)dyndy, = Py <Y1 <y +dyr,y2 < Ys <o+ dys)
= Pyt X <y +dy,y <Y <o+ dyo)

8



= P(yl < HllIl{X,Y} < Y1+ dyl,X < Y, () < Y < Y2 + dy2>
= Py <min{X, Y} <y +dy;) x P(X <Yy <min{X,Y} <y +dy;) X

Py, <Y* <yo+dyslys <min{X, Y} <y +dy;, X <Y)

Now we will provide all the terms one by one.

Py, <min{X, Y} <y +dy1) = (A + Ay + X3) f(yr; @) [Sp(yr; o) T2 dy,

PX <Yy <min{X, YV} <yi +dy1)) = Py =X <Yy <min{X,Y} <y +dy)
Plyy =X < Y&y <min{X,Y} <y +dy)
Py <min{X,Y} <y +dyi)
ALfe(yn) [Sp(yr)] e

(/\1 + )\2 + )‘3)fB(y1)[SB(y1)]/\1+)‘2+/\3
At

A+ X+ N3]

Py, <Y* <wyo+dysjyn <min{X, Y} <y +dy;, X <Y)
= Pl <Y* <gp+dyalyy <min{X,Y} <y +dy, = X <Y)

= Xsfo(y)[Sp(y2)]*  [Se(y1)] *dys.
Hence,

fava(ye) = MAsfs(y) fa(y2)[Sp(y) M et S g (o))

= MAshp(y)he(y2)[Se(y)] 285 [Sp (1)) (10)

Similarly, for

Case 3: If y; > y», then

le,Yz(ylny) = )\2)\4f3(y1)f3(y2)[SB(yl)]A4[SB(y2)]>\1+>\2+)\3—>\4—1

= MAihp(y1)hp(ys)[Se(y2)) M T2 [Sp () M. (11)



It easily follows

)\3 /\1 )\2
PYi=Yy)=——— PYi<Y)=—— PYi>Y)) = — -~ .
S 2) AL+ A+ A3 (1 <12) AL+ Aa 4+ Ag’ (1>12) A+ Ao+ A

Now we provide the joint survival function of (Y;,Y3). For brevity, we use the following
notations. A = A\j+X o+ A3, n = A1+ Ao+ A3 — A5 and £ = A\ + Ay + A3 — \4. Then the joint
survival function of (Y7, Ys) can be expressed as the following. The details are available in

the Appendix B.

Case 1: If y; < yo,

For 1) 0

POV > 1, Yo > 1) = [Salu) + 2 Sa(w) [Saw)]' - [Saw)'),  (12)
and for n = 0,

P(Y1>y1,Ys > ya) = [Sp(y2)]* + M [Sp(1)]™ I Sp(y1) — InSp(y2)] - (13)

Case 2: If y; > yo,

For & # 0
P(Y; > .Y > ) = Sl + 2 (8a00)™ [1Sal)f ~ s . (1)
and for £ = 0,
P(Y1 > y1,Ys > ya) = [Sp(y)]* + Aa[Sp(y0)]™ 0 Sp(ya) — InSp(y1)] . (15)
Case 3: If gy — 4o = v,
PY; > 4 Ys > y) = [Ss()] (16)

Hence, the marginal survival functions of Y; and Y5 can be obtained as

L1 = [Salp))f) it €40

P(Yy > y1) = [Sp(y)]* + Ao[Sp(y)]™ x { 1—InSp(y) if €=0

10



and

S =[Sp(y)]") if n#0
1 —1InSgp(ys) it n=0

respectively. If there is no load factor on both the components, i.e. if 6 = v = 1, it implies

P(Ya > 1) = [Sa(y2)* + M[Sa(y2)] x {

Ay = A1 + A3 and A5 = Ag + A3, then the joint survival function of (Y7, Y2) becomes

A1 A2+A3
PY1 >y, Ys > o) = { Eﬁgzg%ﬁ%{%ﬁ(}yz)}? 51 § zz

As expected, it is same as the joint survival function of (X,Y). Now let us look at the
individual hazard intensities given the current information of both the components. These
expressions depend on the state either active of failed, of the other component. Let us
consider the time ¢ at which both the components are still active, i.e. {Y; > ¢, Y5 > t}. The

hazard intensity of Y; at the time point ¢, given {Y; > ¢, Y5 > t} is
. 1
hy1|y12t,y22t(t) = lim {—P(Zf S Yi S t+ AtlYi 2 t, ng 2 t)} = )\1}13(75), (17)
At—0+ | At
and similarly, the hazard intensity of Y5 at the time point ¢, given {Y; > ¢,Y5 >t} is
At—0+ | At

1
hy2|y12t’y22t(t) = lim {-P(t < }/2 S t+ AtlYi Z t,Yé > t)} = )\QhB(t) (18)

It may be easily seen that (17) and (18) are same as the hazard intensity of X given {X >
t,Y >t} and Y given {X > t,Y > t} respectively. It may be easily seen that the hazard
intensity of Y7 (Y3) at t, given {Y; > t,Y, = s} ({Y1 = s,Ys > t}), for t > s is \hp(t)

(Ashp(t)), as expected.

The following algorithm can be used to generate random sample (Y7, Ys) from (5) for
a given baseline survival function Sp(-), and it is assumed that S;'(-) can be obtained in

explicit form.

Algorithm:
Step 1: Generate u;,us,us three independent samples from uniform (0,1) and set
o= S5 ™), v2 = 55 0y™) and vy = 55 ™).

11



Step 2: Set x = min{v;,v3} and y = min{ve, v3}.
Step 3: If © =y, then y; = yo = v3 is the desired sample.

Step 4: If x > y, then set yo = y. Generate u from uniform (0,1), and set y; =
St (ut?1Sp(y)). If @ < y, then set y; = x. Generate u from uniform (0,1), and set

Yo = Sg' (u!?5Sp(y1)).

4 INFERENCE

4.1 MAXIMUM LIKELIHOOD ESTIMATORS

In this section we would like to discuss about the maximum likelihood estimators of the
unknown parameters of the proposed model based on a random sample of size n. It is

assumed that we have the following data set.

D = {(y11,%21)s - - - » (Y1n> Y2n) }- (19)

We use the following notations:
L=1{iy <yau}, L={i:yu>yu}, Iz={i:y=yu=0l,

and also the number of elements in Iy, I, and I3 are ny, ny and ns, respectively. We would
like to obtain the maximum likelihood estimators (MLEs) of the unknown parameters. We
consider two cases namely when the baseline distribution is completely known and when it
is unknown. From the joint density function derived in (9), (10) and (11), the log-likelihood
function can be written as (0, a|D) = 1(0, a|D) + lz(a|D), where © = (A, Ag, A3, Ay, As5) T,
and « is the parameter which is associated with the base line distribution Sp(-), and it may

be vector valued also or it may be absent depending on the base line distribution. Note that

12



11(©,a|D) and ly(a|D) can be written as follows.

0(0,a/D) = nglnXz+niln A+ niln s+ nalndo + nplndg + (A + A2+ As) Y In Sp(yisa) +

i€l3
()\1 -+ )\2 + )\3) Zln SB(yli; Oé) -+ )\5 Z{ln SB(yQZ'; Oé) —1In SB(yli; Oé)} +
i€l i€l
(A + A2+ A3) Zln Sp(yai; ) + A\ Z{ln Sp(y1i; ) — In Sp(ya: )}
i€l i€l

= ngln Xz +ni A+ 01 A +nalndg +naln Xy — (A + A2+ Xs) > Hp(yis )

i€l3
—(A1+ A2+ A) Z Hp(yii;0) — s Z{HB(?/%§ o) — Hp(yi; o)}
el i€l
—(A1+ A2+ As) Z Hp(y2i; ) — M Z{HB(yli; @) — Hp(yai; )} (20)
1€ly 1€ly
and
ly(a|D) = Zln hp(y;; o Z (Inhp(yii; @) + Inhp(ye; a)). (21)
i€ls ielLUIlo

Here Hp(y; a) = [} hp(u; @)du denotes the cumulative baseline hazard function.

4.2 TESTING OF HYPOTHESES

In this section we mainly want to test whether the two marginals are equal or not, i.e. we

want to test the hypothesis
Hy: M =MX & My= X5 ws. H;:At least one is different. (22)

To test the hypothesis (22) we propose to use the likelihood ratio test. Hence, we need
to maximize the log-likelihood function under the restriction Hy. Note that under Hy, the

log-likelihood function ly(Og, | D) = l19(Og, | D) + ly(a| D), where O = (A1, Az, \s) |,

llo(@o, Oz|D) = N3 In )\3 + (n1 + TLQ) In )\1 + (TLl + TLQ) In )\4

—A\ (Z{HB<921‘3 o) — Hp(yii; @)} + Y {Hp(yis @) — Hp(ya; a)})

i€l i€l

—(2A1 + A3) (Z Hp(yi; o) + Z Hp(y1i; o) + Z Hp(y2i; 04)) (23)

i€l el i€l

13



and ,(a|D) is same as defined in (21). Hence, we reject the null hypothesis if —2(lo(6g, &|D)—

l((:), a|D)) is greater than the appropriate upper percentage of the x3 value.

Now we will consider three different base line distribution functions namely (a) Exponen-
tial, (b) Weibull, (c) Piecewise constant hazard function and we will provide the maximum

likelihood estimators of the unknown parameters with and without restriction in each case.

4.3 BASELINE DISTRIBUTION: EXPONENTIAL AND WEIBULL

In this case the baseline distribution is completely known. Here o = 1, and Hp(y) = .
Hence, the MLEs of the unknown parameters \i, Ao, A3, A4, A5 can be obtained in explicit

forms and they are as follows:

5\ n

A= D ien Yi T Ziehl Y1+ D ien, Yoi (24)
5\ n

Ay = Zielg Y + Zigj Y1 + Zz’eb Yoi (25)
5\ n

v Z"613 Yi+ Zie[f Y1i + Ziefg Yoi (26)
3 n

M Zielg<y12i — Y2i)’ (27)
3‘\5 - " (28)

Zieh (y% - yli) '

Under Hj as in (22), the maximum likelihood estimators of the unknown parameters are

~ ny + No

)\10 == 5 (29)
200 ier, Vit D ien Yri + D ier, Yoi)

)\30 — y (30)
Zieh Yi + Zieh Y1 + Zi612 Yoi

o = ¥ iz (31)

D ien, (Wi — Y2i) + D ier, (Y2i — y1i)
Hence, if —2([0(/)\\10,X30,X40\D) — Z(Xl,XQ,Xg,X4,X5)]D) is greater than the upper vy-th per-

centile point of x3, we reject the null hypothesis with the level of significance .

14



When the base line distribution is Weibull, it depends on only one parameter «, and

Hp(y; o) = y*. Hence, for fixed a, the MLEs of A1, Ay, A3, A4, A5 can be obtained as

~ n

hule) = Dier, Uit Zz‘e; YR+ Diern, Ysi (32)
~ n

Hale) = Dien Uit Ziej YT+ Diern, Ysi (33)
~ n

dole) = Dien Uit Ziej Y+ Diern, Ysi (34
~ n

Mla) = ety (y;& —y5;) (35)
Xs(a) = o (36)

Zie[l (ygz - ?/?z) '
Since, in this case

LlalD)=a) yt™ +a Y W +ush), (37)

i€ls iel1Ul>

the MLE of « can be obtained by maximizing h(a) with respect to «, where
h(a) = ng 1nX3 +ny 1nX1 +ny lnX5 + Ny lnxg + ny 1nX4 + ls(a| D). (38)

Hence, the MLE of « can be obtained by solving a one dimensional optimization problem.
Once @, the MLE of « is obtained , the MLEs of Ay, A2, A3, Ay, A5 can be obtained from (32)

to (36) by replacing a with a.

Now under Hy, the MLEs of the unknown parameters for given o can be obtained as

~ ni + Na

)\10(05) o o o (39)
Q(Zielg Yi + Zie[l Yyt Zielg Ys;)

~ ng

)\30(0&) . o o (40)
Ziels Yi + Zieh Yt Zielz Y2i

~ ny + %)

)\40(0&) = o P o o (41)
Yien, Wi = ¥5:) + D ier, (U5 — yt)

The MLE of o can be obtained by maximizing
ho(a) = ngln Xzo(oé) + (n1 +n2)In /):10(@) + (n1 +n2)In Aio(a) + lx(a|D), (42)

15



with respect to . In this case also, if —2(ZO(X10,X30,X40, a|D) — Z(Xl,XQ,XB,X4,X5, a)|D) is
greater than the upper -th percentile point of x3, we reject the null hypothesis with the

level of significance 7.

4.4 BASELINE DISTRIBUTION: PIECEWISE CONSTANT HAZARD

In this section we do not assume any specific form of the baseline distribution function. We
have considered a fairly general class of distributions. It is assumed that the baseline hazard
function hp(t) is a piecewise constant, i.e. it is based on the following assumptions. The
number of constants, M, and the cut points 0 = 19 < 7y < ... < Ty_1 < Tum, to be used.

Further, it is assumed that hp(¢; a) has the following form

M
hB(t> Oé) - Z Cj[[ijth)(t)? (43)
j=1

here ¢;’s are constants, and I, _, -(t) is the indicator function which is defined as follows:

1t te g, T)
[[ijlﬁj)@) - { 0 otherwise.

The main advantage of using the piecewise constant hazard function as the baseline distri-
bution is that it is a very flexible distribution. It can have different shapes of the hazard
function, and moreover, it is a completely data driven technique, which chooses the baseline
distribution. It may be noted that under the proportional hazard model set up, cy,...,cy
are identifiable only up to a multiplicative constant, and due to this without loss of gener-
ality, it is assumed that cy; = 1. Hence, a = (¢1,...,cp—1) . When M = 1, it becomes an
exponential distribution with hp(t) = 1. The assumption of the piecewise hazard function is
not very uncommon in the reliability or survival analysis. It brings a great flexibility in the
data analysis compared to a purely parametric model. Note that for a specific parametric
baseline distribution, the shape of the baseline hazard function becomes fixed. For exam-

ple if we assume the baseline distribution to be exponential, it means the baseline hazard
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function can be only constant. Similarly if we assume Weibull as the baseline distribution,
the baseline hazard function can be monotone (either increasing or decreasing) only. But
if we assume the baseline hazard function as in (43), then it can take any shape depend-
ing on the 7;’s and ¢;’s. So it becomes a data driven model, and it can be called as the
semi-parametric-parametric approach. It has been attempted by different researchers, see
for example Balakrishnan et al. [3], Ibrahim et al. [11], Samanta and Kundu [20], Ganguly
et al. [8] and see the references cited therein in this respect. One major issue about all
these papers is that it is assumed that the number of cut points and the position of the cut
points are known. Here we have addressed that issue. First it is assumed that the number
of cut points and the position of the cut points are known, and then we propose a method

to estimate them.

Now we will discuss how to obtain the MLEs of the unknown parameters namely © and
a = (ci,...,cp-1)", from the observed data when M and 7y,..., 7y are known. From the
above hp(t; ) as given in (43), let us compute Sg(t; @), the base line survival function, and

fB(t; ), the base line PDF. The cumulative base line hazard function Hg(t; «) is

M
Hp(t;a) = ch(min{t> i} = Ti=) 1) ()

J=1

From the above Hp(t; ), Sp(t; ) and fg(t;«) can be obtained as
Sp(t;a) = e 86D and  fp(t;a) = hp(t; a)e Bt

In this section only we prefer to write 31, yo; and y; as follows: for yy;(ye;) € I1 U I, we
write it as Y1uww (Y2uvw), here u = 1 or 2, if i € Iy or i € Iy, v = m, if 7,1 < y1:(Y2:) < Tom,
form=1,....,M, and w = 1,..., n1um(N2um). Here, niym(naum) denotes the number of
{45916(y2i) € Ly Tt < Y1i(y2i) < 7 }. Similarly, we write each y; as Y., and define n,,.
Based on the above notations, we can write
Z Hp(yi;a) = 1Dy + Do+ ...+ cy—1Diy—1 + Din (44)
iel
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Z Hp(yi;a) = 1Dy + 2D+ ...+ cyr—1 Do -1 + Do (45)

1€1s

Z Hp(ysi;) = By +cEn+...+ cv—1Ey -1+ B (46)

el

Z Hp(yoi;a) = c1FEo + coBos+ ...+ cy—1Eopr—1 + Eoy (47)

i€ls

ZHB(yi§a) = 01F1+02F2+...+CM_1FM_1+FM (48)

i€ls
The explicit expressions of D;;’s, E;;’s and F}’s are presented in Appendix C. Now if we use
the notations Uj = Dlj + Egj + Fj, ‘/J = ng — Egj and VVJ = Elj — D1j7 fOI'j = 1, ce ,M,
and k’j = #{] P Ti—1 < Yy < Tj} —f-#{j T < Y1y < Tj} +#{j T < Y25 < Tj}, for

j=1,..., M, then the MLEs of o = (¢y,...,cp—1)" can be obtained by maximizing
h(Cl, c. 7CM—1) = —nln(clUl + ...+ CM—lUM—l + UM) — Ny 111(61‘/1 + ...+ CM_1VM_1 + VM)

—n ln(clVVl + ...+ CM,1WM,1 + WM) + kl lncl + ...+ kM,1 h’lCMfl.

(49)

Note that the maximization of (49) needs to be done numerically, and it involves solving a
M — 1 dimensional optimization problem. Let the MLEs be @ = (¢,...,¢-1)". Once @ is

obtained the MLESs of Ay, ..., A5 can be obtained as

N o= ™
! QUL + ...+ ey Uy + Uy’

AQ - ~ ~ b
61U1 + ...+ CM_1UM_1 + UM

~ N3

A3 - ~ ~ b
aUy+ ...+ cy—1Up-1 + Uy

~ No

A4 - ~ -~ b
01‘/1 +...+ CM_1VM_1 + VM

~ ny

)\5 -

aWi+ .o+ e Wayor + Wi
Under Hy, the MLEs of a can be obtained by maximizing
hQ(Cl, Ce ,CM_l) = —nln(clUl + ...+ CM—IUM—l + UM)
—(n1 + 712) (ln(cl(Vl + Wl) + ...+ CM—l(VM—l + WM—l) + VM + WM))
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+k1 In cp+ ...+ kal In CM—1- (50)

Once, @y = (C10,...,Cnm—-10)" is obtained, the MLEs of A\;, A3 and A4 can be obtained as
~ n1 + No
>\10 - ~ -~ 9
20U + ...+ Cr—1,0Un—1 + Unr)
~ n3
)\30 = -~ -~ ?
ciolh + ... +cy—1,0Un—1 + Un
~ n1 + No
Ap =

Ew(Vl + Wl) 4+ ...+ /C\M—l,O(VMfl + WMfl) -+ VM -+ WM
Once the MLEs are obtained in both the cases, the likelihood ratio test can be constructed

exactly the same way as before.

In practice it has been observed by several authors, see for example Balakrishnan et al.
3], Ibrahim et al. [11], Samanta and Kundu [20], Ganguly et al. [8], that with M = 2 or 3,
the model works quite well. Hence, the MLEs of the unknown parameters can be obtained
by solving either one or two dimensional optimization problem. Note that we have assumed
that M and 7,..., 7)1 are known, although in practice they are not known. In Section 6

we will show how we can estimate M and 7,..., 7)1 for a given data set.

5 SIMULATIONS

In this section we perform some simulation experiments to see how the proposed maximum
likelihood estimators work in practice for different models and for different parameter values.
We have considered three different base line distribution namely (i) exponential, (ii) Weibull
and (iii) piecewise constant hazard function. In each case we have considered different
parameter values and different sample sizes. We have computed the maximum likelihood
estimators of the unknown parameters as suggested in the previous section, and we report
the average estimates (AE) and the mean squared errors (MSEs) based on 1000 replications.

Note that in case of exponential distribution the maximum likelihood estimates can be
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obtained in explicit forms. In case of Weibull or piecewise constant hazard function one

needs to solve either one or two dimensional optimization problem. We have used the

optimization routine available in Press et al. [18] for this purpose.

5.1 BASELINE DISTRIBUTION: EXPONENTIAL AND WEIBULL

In this case we have considered the following parameter values:

Set 1: Ay = 0.03, A2 = 0.051, A3 = 0.015, Ay = 0.074, X5 = 0.057

Set 2: A\ = Ay = 0.038, A3 = 0.015, \y = A5 = 0.066

and different sample sizes, namely 25,50,75 and 100. The results are reported in Table 1 and

Table 2 for Set 1 and Set 2, respectively.

n )\1 )\2 )\3 )\4 )\5
25 | 0.031652 | 0.053215 | 0.015402 | 0.080099 | 0.067657
(0.000136) | (0.000217) | (0.000064) | (0.000671) | (0.001047)
50 | 0.030636 0.052010 0.015231 0.077006 0.060082
(0.000067) | (0.000110) | (0.000029) | (0.000240) | (0.000297)
75 | 0.030493 0.052129 0.015393 0.075842 0.058992
(0.000042) | (0.000078) | (0.000020) | (0.000159) | (0.000166)
100 | 0.029931 0.051419 0.015349 0.075926 0.058876
(0.000029) | (0.000049) | (0.000015) | (0.000111) | (0.000126)

Table 1: The average estimates and the associated mean squared errors (within bracket

below) for different parameters in case of parameter Set 1.

In case of Weibull baseline distribution we have considered the following parameter values:

Set 3: Ay = 0.019, Ay = 0.032, A3 = 0.0097, A\, = 0.046, A5 = 0.034, o = 1.10

Set 4: Ay = Ao = 0.02, A3 = 0.025, Ay = A5 = 0.08, a = 1.25

and different sample sizes, namely 25,50,75 and 100.
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n )\1 )\2 )\3 )\4 )\5

25 | 0.040042 0.039592 0.015399 0.073666 0.073063
(0.000168) | (0.000155) | (0.000061) | (0.000831) | (0.000699)

50 | 0.038520 0.038613 0.015333 0.069703 0.069347
(0.000073) | (0.000073) | (0.000029) | (0.000295) | (0.000280)

75 | 0.038669 0.038836 0.015195 0.068395 0.067580
(0.000055) | (0.000053) | (0.000018) | (0.000164) | (0.000170)

100 | 0.038086 0.038326 0.015263 0.067977 | 0.067637
(0.000037) | (0.000037) | (0.000015) | (0.000123) | (0.000110)

Table 2: The average estimates and the associated mean squared errors (within bracket

below) for different parameters in case of parameter Set 2.

n )\1 )\2 )\3 )\4 )\5 «

25 | 0.017239 0.028488 0.086309 0.037811 0.030839 1.170954
(0.000091) | (0.000189) | (0.000034) | (0.000539) | (0.000434) | (0.059501)

50 | 0.018114 0.030541 0.090968 0.040362 0.030977 1.140171
(0.000051) | (0.000117) | (0.000168) | (0.000327) | (0.000235) | (0.013034)

75 | 0.018453 | 0.031139 | 0.095191 0.041239 | 0.031155 1.126328
(0.000036) | (0.000079) | (0.000013) | (0.000241) | (0.000159) | (0.081219)

100 | 0.018264 0.031100 0.095567 | 0.041501 0.031361 1.120864
(0.000025) | (0.000060) | (0.000009) | (0.000185) | (0.000125) | (0.006061)

Table 3: The average estimates and the associated mean squared errors (within bracket

below) for different parameters in case of parameter Set 3.

5.2 BASELINE DISTRIBUTION: PIECEWISE CONSTANT HAZARD

In this case we have considered for M = 2 and M = 3. In case of M = 2, we have taken 7
=42 and for M = 2, 7y = 42, 75 = 55. The following parameter values for M = 2 and M

= 3, respectively have been considered.

Set 5: Ay = 0.09, Ao = 0.15, A3 = 0.045, Ay = 0.2, A5 = 0.15, ¢; = 0.31
Set 6: Ay = 0.055, Ay = 0.091, A3 = 0.027, \y = 0.12, A5 = 0.091, ¢; = 0.51 and co= 1.8

and different sample sizes, namely 25,50,75 and 100. The results are presented in Table 5
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n )\1 )\2 )\3 )\4 )\5 (0%
25 | 0.023492 0.023221 0.086563 0.035927 0.035397 1.168937
(0.000155) | (0.000158) | (0.000035) | (0.000569) | (0.000511) | (0.044967)
50 | 0.024494 0.024697 0.091745 0.037577 0.037385 1.139756
(0.000074) | (0.000078) | (0.000016) | (0.000289) | (0.000294) | (0.012639)
75 | 0.025249 0.025242 0.094387 0.037901 0.037487 1.127524
(0.000059) | (0.000058) | (0.000013) | (0.000210) | (0.000212) | (0.082729)
100 | 0.025040 0.025156 0.094253 0.037776 | 0.037791 1.122738
(0.000045) | (0.000043) | (0.000010) | (0.000157) | (0.000172) | (0.005989)

Table 4: The average estimates and the associated standard errors (reported within bracket

below) for different parameters in case of parameter Set 4.

and Table 6.

n )\1 )\2 )\3 )\4 )\5 (&1

25 | 0.081145 0.011457 | 0.041657 | 0.146561 0.111232 0.179845
(0.000355) | (0.000101) | (0.000016) | (0.003257) | (0.003112) | (0.006787)

20 | 0.084587 | 0.012341 0.042216 0.167656 0.122876 0.225647
(0.000256) | (0.000071) | (0.000011) | (0.002263) | (0.002192) | (0.004809)

75 | 0.086798 | 0.014576 | 0.043387 | 0.187882 | 0.140115 | 0.288632
(0.000206) | (0.000059) | (0.000009) | (0.001882) | (0.001824) | (0.003941)

100 | 0.089108 0.148785 0.044971 0.198767 | 0.014866 0.301468
(0.000177) | (0.000050) | (0.000007) | (0.001613) | (0.001499) | (0.003112)

Table 5: The average estimates and the associated mean squared errors (within bracket
below) for different parameters in case of parameter Set 5.

In case of exponential distribution, the maximum likelihood estimators can be obtained in
explicit forms, where as in the other cases, they need to be obtained by solving optimization
problem. In all the cases, the performances of the maximum likelihood estimators of the
unknown parameters are along the expected line. In all these cases, it is observed that as
the sample size increases, the average biases and mean squared errors of all the estimators

decrease. It suggests the consistency properties of the maximum likelihood estimators.
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n )\1 )\2 >\3 >\4 >\5 C1 Co
25 | 0.051121 0.081156 | 0.022176 | 0.091345 | 0.082387 | 0.423134 1.213457
(0.000016) | (0.000345) | (0.000010) | (0.000519) | (0.000401) | (0.011145) | (0.032451)
50 | 0.052321 0.084545 0.024465 0.099987 0.085121 0.467891 1.412453
(0.000011) | (0.000243) | (0.000007) | (0.000365) | (0.000286) | (0.007857) | (0.022812)
75 | 0.054011 0.087897 0.025719 0.111564 0.088898 0.496127 1.789161
(0.000009) | (0.000210) | (0.000006) | (0.000299) | (0.000234) | (0.006372) | (0.018824)
100 | 0.054891 0.090879 0.026765 0.011961 0.090011 0.500954 1.889921
(0.000008) | (0.000170) | (0.000005) | (0.000245) | (0.000201) | (0.005115) | (0.015987)

Table 6: The average estimates and the associated mean squared errors (reported within
bracket below) for different parameters in case of parameter Set 6.

6 CHOICE OF Cut POINTS AND DATA ANALYSIS

6.1 CHOICE OF Cut POINTS

So far it has been assumed that the number of cut points and the position of the cut points
are known. But definitely for a given data set, they are not known. It has not been addressed
properly also in the literature. In this section we will address this issue. Let us denote the
maximum time point as 7, and that we will take as 7 = max{y;, y1;, y2i;7 = 1,...,n}. Note
that it is not possible to estimate the hazard function beyond this point without any further
parametric assumption. It is assumed that the position of the cut points are modeled as the
arrival times of the events in [0, 7], from a non-homogeneous Poisson process { N(t);t > 0}
with intensity function u(t) = §t°~%, for § > 0. But the arrival times of the events from N (t)
are not observed, hence they are being treated as missing values. For the given number of
cut points M — 1 in [0, 7|, the likelihood function of the observation is treated as a function
of the unknown parameters 0y, ...,0y,0, when the arrival times of the events from N(t),
which are missing, are replaced by their corresponding expected values. For a given M we

compute the maximum likelihood estimators of the unknown parameters, and then based on

some information theoretic criteria, like Akaike Information Criterion (AIC) we estimate M
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also.

Now we provide the joint PDF of the arrival times of a non-homogeneous Poisson process.
Suppose {N(t);t > 0} is a non-homogeneous Poisson process with intensity function u(t) =
5t°=1 for 6 > 0. Let T3, T5, ... denote the arrival times of the first, second etc. arrival times

of the events from N(¢). Then the joint PDF of T,...,T,, given that N(7) = n, can be

written as
nld" 5 4 5-1
le,...,Tn|N(T):n(t17 - ,tn) = th - tn ; O<ti <ty...<t,< T, (51)
and zero, otherwise. Hence, for j =1,...,n,
nlg™ [t Tl i1 e
E(Y}’N(T) :n) = Tn5 / / / / tl "'tj—ltjtj—i—l"'tn dtldthtnfldtn
o Jo o Jo
nlom 7_mS—i-l
= X
70 w@(20) ... ((J—1)0)Go+1D)((j+1)0+1)...(nd+ 1)
n! gn—itlr
G-I+ DG+ D)6+ 1) .. (nd+ 1)

1+ 55) . (1 +55)

Therefore, for homogeneous Poisson process i.e. when § = 1,

T
n+1

E(TiIN(1) = n) =
In this case the cut points are equidistant.

Hence, in practice we can implement the above method as follows. For fixed § and M,
we can write the the likelihood function in terms of the unknown parameters. Then for a
given 0 and M we can obtain the maximum likelihood estimators of the other parameters.
We treat this as profile likelihood of ¢ and then obtain the maximum likelihood estimator of

0 also for a given M. Then we can find M by using AIC.
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6.2 DATA ANALYSIS

In this section we analyze a bivariate diabetic retinopathy data set to show how the proposed
model can be used to analyze this data set. Extensive research has been done during the
last two decades for diabetic retinopathy disorder particularly for early detection and for
innovative treatment. One of the treatments which has been invented is the laser treatment.
The main goal of this experiment is to test whether the laser treatment has any effect in
delaying the onset of blindness compared to the traditional treatment. The experiment has
been conducted as follows: For each patient one eye has been chosen at random, and the laser
treatment has been given to that eye, where as the other eye has been given the traditional
treatment. For each patient the time to the onset of blindness of both the eyes has been
recorded. The data are presented in the Appendix D. We have considered the uncensored
observations only. Here, X denotes the time to vision loss of the laser treated eye, and Y
denotes the same for the other eye. For this data set n = 38, and 12, 20 and 6 observations
for which X <Y, X >Y and X =Y, respectively. Based on the observed data, we want to
test whether the laser treatment has any significant effect in delaying the onset of blindness
or not, further we also want to test if any eye becomes blind, whether it has any effect with
respect to the onset of blindness on the other eye or not. Before progressing further, we have
plotted the survival functions of the time to blindness of both the eyes in Figure 1. Now we

have fitted the proposed bivariate load sharing model with different baseline distributions.

6.3 BASELINE DISTRIBUTION: EXPONENTIAL AND WEIBULL

We have fitted the proposed load sharing model with the baseline distribution as the expo-
nential distribution. In this case the maximum likelihood estimators can be obtained in ex-
plicit forms. The maximum likelihood estimates and the associated standard errors (within

brackets) are as follows: A; = 2.8331E-02 (F 1.2122E-03), A, = 4.7219E-02 (F 1.9876E-

25



1 T T
|agere ——
’tradiat%al’ —

Survival function

Figure 1: Survival functions of the time to blindness of the two eyes.

03), A3 = 1.4166E-02 (F 5.1765E-04), Ay = 7.3962E-02 (2.4767E-03) and A5 = 5.6847E-02
(1.9956E-03). The corresponding log-likelihood value is -285.8590. The maximum likeli-
hood estimators under Hy becomes Ayg = 3.7775E-02 (F 1.8156BE-03), Ao = 1.4166E-02 (F
5.1765E-04), o = 6.6459E-02 (2.1034E-03) and the corresponding log-likelihood value is
-287.1345. The test statistic becomes 2.5510 and the associated p value is 0.2794. Hence,

based on the above data set, we cannot reject Hy.

We have also fitted the same model when the baseline distribution is Weibull. In this
case the maximum likelihood estimators cannot be obtained explicitly. First we obtain the
maximum likelihood estimate of o by maximizing the profile log-likelihood function h(«) as
defined in (38) and once we obtain the maximum likelihood estimate of «, the maximum
likelihood estimates of the other parameters can be obtained in explicit forms.

The maximum likelihood estimates and the associated standard errors of all the param-
eters are as as follows: @ = 1.1312 (F 0.1124), A, = 1.9411E-02 (F 1.0457E-03), Ay =
3.2351E-02 (F 1.9945E-03), /)\\3 = 9.7054E-03 (F 5.2011E-04), s = 4.5584E-02 (2.5001E-
03) and A5 = 3.3984E-02 (2.1123E-03). The associated log-likelihood value is -285.2415.

Under Hj, the MLEs become oy = 1.1219 (F 0.1157), /):10 = 2.6601E-02 (F 1.5745E-03),
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A3 = 9.7054E-03 (F 5.1865E-04), Nos = 4.1869E-02 (F 2.6679E-03) and the associated log-
likelihood value is -286.5804. In this case the test statistic is 2.6778, and the corresponding

p value is 0.2621. Hence, we do not reject Hy.

6.4 BASELINE DISTRIBUTION: PIECEWISE CONSTANT HAZARD

In this case we have fitted the model with M = 2 and 3. Note that when M = 1, it
becomes the exponential model. Since the change points are unknown, we have estimated
the change points as suggested in Section 6.1. For both M = 2 and 3, we have taken 7
= max{X,Y} = 63.33. When M = 2, the results are as follows: § = 1.9924(F0.2125),
7 = 42.17(F1.3217), A; = 9.0089E-02(F 1.2314E-03), X, = 0.1501 (F 1.2732E-02),\; =
4.5044F-02 (F 9.2156E-04), s = 0.2011 (F 0.6451E—03),X5 = 0.1533 (F 1.1989E-02), ¢
= 0.3140 (F 4.1163E-02), and the associated log-likelihood value is -282.9532. Under H,,
the results are as follows:go = 1.9924(F0.2145), 710 = 42.17(F1.3645), X10 = 0.1201(=F
1.7983E-03), A3 = 4.5044E-02 (F 9.2218E-04), Ay = 0.1801 (F 0.5449E-03), ;9 = 0.3140
(F 4.2211E-02), and the associated log-likelihood value is -284.2457. In this case the test

statistic is 2.5850, and the corresponding p value is 0.2745. Hence, we do not reject Hy.

When M = 3, the results are as follows: 0 = 3.1701(F0.3156), 71 = 42.02(F1.1221),
T = 55.2806(F2.6512), \; = 5.4837TE-02(F 9.1241E-04), X, = 9.1359E-02 (F 1.1976E-
02)53 = 2.7419E-02 (F 3.1178E-04), A = 0.1251 (F 0.3351E—O3),X5 = 9.1428E-02 (F
1.0113E-02), ¢; = 0.5149 (F 6.2216E-02), ¢, = 1.7750 (F 7.2287E-02) and the associated
log-likelihood value is -282.9130. Under H,, the results are as follows:go = 3.1701(F0.3047),
Flo = 42.02(F1.1176), Too = 55.2806(F2.6124), Ajp = T7.3116E-02(F 9.5952E-04), Azo =
2.7419E-02 (F 3.2006E-04), Ay = 0.1099 (F 0.4456E-03), C1o = 0.5149 (F 6.0116E-02), o
= 1.7750 (F 7.1114E-02) and the associated log-likelihood value is -284.2008. In this case

the test statistic is 2.5756, and the corresponding p value is 0.2758. Hence, Hy can not be
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rejected.

Now all the models suggest that there is no significant difference between the two treat-
ments. Between these four models, to choose the best one we use the Akaike Information
Criterion (AIC). The AIC values for the exponential, Weibull, PCH-1 and PCH-2 are 584.269,
585.161, 582.491 and 584.402, respectively. Hence, based on the AIC values, we conclude

that PCH-1 provides the best fit to the data set.

7 CONCLUSIONS

In this paper we have proposed a very flexible bivariate load sharing model. One advantage
of the proposed model is that it can have a very flexible data driven baseline distribution.
One does not need to assume any specific form of the baseline hazard function, say for
example increasing, decreasing or any other specific shape, the data can detect the shape
of the baseline hazard function. Hence, it behaves like a semi-parametric model. The
implementation of the proposed model is also quite easy in practice. Further, the model
can be applied where there are ties in the data set, which none of the existing load sharing
model can accommodate. In this paper we have mainly developed the classical inference of
the unknown parameters. It will be interesting to explore the Bayesian inference also. More

work is needed along that direction.
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APPENDIX A

The PDF of X* can be obtained as
fxe(t) = /0 t Fxepxesy=u(t) fy (u)du = Xa(Aat2s) f5(8)[Sp (611 /O t f(w)[Sp(w)]** M du.
Hence, if Ag + A3 = A4, then

Fx-(t) = N fp(®)[Sp(0)])M " (— In Sp(1),

and if )\2 + /\3 7£ )\47 then

A Ao + A3)
()\2 + )\3 — )\4)

fx+(t) = FOSE)M (1 = [Sp(t)] > 7).

Similarly, the PDF of Y* can be obtained from the above expressions by replacing Ay and

Ay with Ay and A5, respectively.

APPENDIX B

In this Appendix, we will show how to obtain the joint survival function of (Y7,Y3). We will
show only Case 1, Case 2 and Case 3 can be obtained along the same line. Since a < b,

therefore,

PY1>uy,Ya>1ys) = PY1=Ya> )+ Py <Y1 <yo,Ys > 1)

Now

PO =Yom ) = [ fa(@lSaleP e = 2sp(a))

Y2

Pn < Vi <Y >m) = Ads / N / " (@) Fu(y)[Sn (@) [Su(y)] > dyda
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= MSs) [ fa@)Ss() de

. In Sp(y1) — In Sp(ya) if n=0
= MlSs(e)) { L(Sp()]" — [(Sp))") if 7 #0

PYi > g Vi >Ys) = Ahe / N / " (@) fe () Sn (@) S ()] dyda

At

= [ fale)Sale) e = SHUSp(0)

PYs> Vi >Ys) = Ao / N / " (@) fe ) [Sn @)V Sp () dady

A

= [ IWISs ) = SIS

APPENDIX C

In this Appendix, we provide the explicit expressions of Dj;s, Ej;s and Fs as defined in (44)

to (48).

n111 M

Dy = Z Y11lw + T1 Z M1m
w=1 m=2
n112 M

Dy = Z(@/nzw —7)+ (2 — 1) Z N11m
w=1 m=3
ni1(M—1)

Dyy-1y = Z (Y11 v—1yw — Tv—2) + (Tar—1 — Tv—2)nawm
w=1
niim
Dy = Z (yuMw - TM—1)

w=1
n121 M

Dy = Z Yi21w + T1 Z N12m
w=1 m=2

ni122

M
Dyy = Z(yum —7)+ (12— 1) Z N12m
m=3

w=1
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Ni2(M—1)

Donv—1y = Z (Yr2(v—1yw — Tv—2) + (Tar—1 — Tar—2) M2
w=1
nia2m
Doy = Z (Y1200 — Tar—1)
w=1
n211 M
By = Z Y211w + T1 Z No1m
w=1 m=2

n212

M
By, = Z(ymzw —71)+ (2 — 71) Z No1m
m=3

w=1

n21(M—1)

Eyy-y = Z (Y2r(M=1)w — Tar—2) + (Tar—1 — Ta—2)N21m
w=1
n21Mm
Eiyny = Z (V21000 — Tar—1)
w=1
n221 M

Ey = E 9221w+71§ Noom
w=1 m=2

222

M
By = Z(ymm —71)+ (12 — 71) Z N22m
m=3

w=1

N22(M—1)

Eyn-1y = Z (Y22(m—1)w — Tar—2) + (Tar—1 — Tar—2)N22m
w=1
n22M
Eony = Z (y22Mw - TM71>

w=1
nii M

Fy = Zylw + 7 anm
w=1 m=2
nig M

F, = Z(ym —71)+ (2 —71) Z Nim
w=1 m=3
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ni(M—1)

Fyoy = Z (Yrr—1yw — Tvr—2) + (Tar—1 — Tar—2)nans
w=1
nim

Fy = Z(yMw_TM—l)

APPENDIX D: DATA SET 1

Table 7: Bivariate Retinopathy Data Set. Here Y] denotes the time to blindness of the
lasered treated eye and Y5 denotes the same for the other eye.

Sl Y; Ys || SL Yi Y, || SL Yi Y5 || SL Yi Y,
No. No. No. No.
1.1 20.17  6.90 2.110.27  1.63 3.1 5.67 13.83 4.1 577 1.33
5.1 5.90 35.53 6. | 25.63 21.90 7.133.90 14.80 8 | 1.73 6.20
9.130.20 22.00 | 10.|25.80 13.87 | 11.| 5.73 4830 | 12.| 9.90 9.90
13. | 1.73 173 | 14.| 1.77 43.03 | 15.| 830 830 | 16. | 18.70 6.53
17. | 4217 42.17 || 18. | 14.30 4843 || 19.| 13.33  9.60 || 20. | 14.27 7.60
21. | 34.57 1.80 || 22.| 4.10 12.20 | 23.|21.57 9.90 | 24. | 13.77 13.77
25. 1 33.63 33.63 || 26. | 63.33 27.60 | 27.|38.47 1.63 || 28. | 10.33 0.83
29. 1 13.83  1.57 | 30.| 11.07 1.97 | 31.| 2.10 11.30 || 32. | 12.93 4.97
33. 12443 987 | 34.|13.97 3040 35. | 6.30 56.97 | 36.| 13.80 19.00
37. 1 13.57 543 | 38. 42777 4277 | 39. | 42.43 46.63 || 40. | 2.70 2.70
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