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Abstract

Analyzing periodic or nearly periodic signals is a fundamental problem in Signal

Processing. If the signal is periodic, then the sum of sinusoidal model has been used

quite extensively to analyze the signal. But if the signal is nearly periodic, then si-

nusoidal model may not be very effective. Different alternative models have been

proposed in the Signal Processing literature to analyze nearly periodic signal. The

Chirp model is one such model which has been used quite effectively to analyze nearly

periodic signal. The Chirp model has received a considerable amount of attention in

the Signal Processing literature and an extensive amount of work has been published

in this topic during the last three decades. The main aim of this chapter is to provide

a comprehensive review of chirp and various related models which are available in the

literature and which have been used to analyze periodic and nearly periodic data both

in one and two dimensions. We would like to provide some new results and several

open problems for future research.

1 Introduction

We observe periodic phenomenon everyday in our daily lives. For example, the number of

tourists visits the famous Taj Mahal in India, the daily average temperature in Toronto,

Canada, the number passengers travel daily between New York and London, the Electro
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Cardio Graph (ECG) signal of a normal human being are all periodic in nature. Sometimes

the data or signals may not be exactly periodic but it may be nearly periodic. See for

example the following figures which indicate periodic nature of a signal. Figure 1: the ECG

plot of a normal human being and Figure 2: ’UUU’ vowel sound of a male. Both of them

indicate periodic/ nearly periodic nature of the signal.
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Figure 1: ECG Plot of a normal human being

The periodic or nearly periodic phenomena may be observed even in higher dimension

also. See for example a black-white image plot of a symmetric image in Figure 3 and a

colored symmetric image plot in Figure 3. Both of them indicate periodic nature in higher

dimension.

The received signal is usually corrupted with noise. Signal Processing may broadly be

considered as the recovery of information from noisy signal/data. Due to random nature of
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Figure 2: UUU-sound of a male.

the noise corrupted signal, statistics plays an important role in Signal Processing. Different

statistical techniques may be used quite effectively to recover the original signal from the

noisy signal. The main aim of this chapter is to provide different methods which are available

till date to analyze periodic or nearly periodic signal in presence of additive noise. One

natural question arises why somebody wants to analyze a periodic or nearly periodic signal.

The first reason might be purely academic curiosity. But the main practical reason might be

that a good periodic or nearly periodic model can be used quite effectively for compression

or for prediction purposes.

A simple periodic function can be represented as follows:

y(t) = A cos(ωt) + B sin(ωt).

Here 0 < ω < 2π. In this case the period of the function y(t), i.e. the shortest time it needs

to repeat itself is 2π/ω. Any mean zero smooth periodic function can be written in general
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Figure 3: Black and white symmetric image plot
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Figure 4: Colored symmetric image plot
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as

y(t) =
∞∑

k=1

{Ak cos(ωkt) + Bk sin(ωkt)},

and it mainly follows from the Fourier expansion of a periodic function. For any given

smooth periodic function y(t), the coefficients Ak’s and Bk’s are unique and they can be

recovered from y(t) as follows:

Ak =
ω

π

∫ 2π/ω

0

cos(kωt)y(t)dt and Bk =
ω

π

∫ 2π/ω

0

sin(kωt)y(t)dt.

Since an observed signal is usually corrupted with noise, it is more reasonable to write it in

a general form as

y(t) =
∞∑

k=1

{Ak cos(ωkt) + Bk sin(ωkt)}+ e(t). (1)

Here e(t) is the noise component of the signal with mean zero. It is difficult to estimate

infinite number of parameters, hence, (1) is approximated as

y(t) =

p∑

k=1

{Ak cos(ωkt) + Bk sin(ωkt)}+ e(t). (2)

Here 0 < ω1, . . . , ωk < 2π. The sum of sinusoidal model (2) plays an important role in the

Signal Processing. The problem is to extract the deterministic component of the signal

µ(t) =

p∑

k=1

{Ak cos(ωkt) + Bk sin(ωkt)},

based on the noisy signal at the discrete time points {y(1), . . . , y(N)}. Hence, the problem

becomes the estimation of ‘p’ as well as Ak, Bk, ωk, for k = 1, . . . , p. Here, ‘p’ is the order

of sinusoidal component, A2
K + B2

k is known as amplitude and ωk is the frequency, for k =

1, . . . , p.

Sometime it is more convenient to work with the associated complex version of the model

(2), and with the abuse of notation it can be written as

y(t) =

p∑

k=1

Ake
iωkt + e(t). (3)
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In model (3), y(t) is complex valued signal, e(t) is the complex valued error, Ak is a complex

number, and |Ak|2 is the amplitude and i =
√
−1. The model (3) can be obtained from

model (2) by taking the Hilbert transformation. Both the models have been used quite

extensively to analyze noisy periodic signal. The two models are equivalent, and results

which have developed for model (2) can be modified suitably for model (3) and vice versa.

An extensive amount of work has been done on models (2) and (3), a brief review will be

presented in Section 3.

If the signal is nearly periodic several models have been used to analyze nearly periodic

signal. Among them, one of the most used one is known as chirp model and it can be

described as follows:

y(t) = A cos(αt+ βt2) + B sin(αt+ βt2) + e(t). (4)

Here also A and B are real number, and |A|2 + |B|2 is the amplitude of the signal, α and

β are known as frequency and frequency rate, respectively, y(t) is the observed signal and

e(t) is a mean zero noise. This one component chirp model has been used quite extensively

in different applications in signal processing. One most important application can be found

in modeling radar signals. For example, suppose a radar is illuminating a target, then the

transmitted signal will undergo a phase shift induced by the distance and relative speed

between target and the receiver. Based on the assumption that the speed is continuous

and differentiable, the phase shift can be approximated as φ(t) = a0 + a1t + a2t
2. Here

the parameters a1 and a2 are either related to speed and acceleration or range and speed

depending on what the radar is intended for, and on the kind of waveform transmitted. For

explicit details see Rihaczek [108] (page 56 - 65). A more general form of the chirp signal

can be written as follows:

y(t) =

p∑

k=1

{Ak cos(αkt+ βkt
2) + Bk sin(αkt+ βkt

2)}+ e(t). (5)
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The model (5) can be found in several engineering applications also, see for example Wehner

[121].

In case of chirp signals also, sometimes it is more convenient to work with the associated

complex model. With the abuse of notation, it can be written as follows:

y(t) =

p∑

k=1

Ake
i(αkt+βkt

2) + e(t). (6)

Similar to the complex exponential model, in this case also, for the model (6) y(t)’s are

complex valued signals, Ak’s are complex numbers, and e(t)’s are complex valued error. The

models (5) and (6) are equivalent models. The methodologies and results which have been

developed for model (6) can be used for model (5) and vice versa.

This problem is a challenging problem both from the theoretical and computational

views points, since it is a highly non-linear model. Although the model (5) or (6) can be

seen as a non-linear regression problem, but it does not satisfy some of the standard sufficient

conditions needed to establish the basic properties like consistency and asymptotic normality

of least squares estimators (LSEs) or maximum likelihood estimators (MLEs). Hence, it is

not guaranteed whether the LSEs or the MLEs will be consistent or not. Moreover, even

if it can be established that the LSEs or the MLEs will be consistent, finding them is not

a trivial issue. Most of the standard algorithms do not work in this case. During the last

fifteen years an extensive amount of work can be found both in the Signal Processing and

in Statistics literature developing different efficient estimation procedures and establishing

their properties. We provide a comprehensive review of the different methods which have

been developed in the last fifteen to twenty years related to one dimensional one component

chirp model in Section 4 and one dimensional multicomponent chirp model in Section 5.

Several related models have been proposed in the literature. A more general model than

the one component chirp model was proposed by Djurić and Kay [24], it is known as the
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polynomial phase model and it can be written as follows:

y(t) = Aei(α1t+α2t2+...+αptp) + e(t). (7)

Here also y(t), A0 and e(t) are complex valued. The corresponding real valued model can

be written as

y(t) = A cos(α1t+ α2t
2 + . . .+ αpt

p) + B sin(α1t+ α2t
2 + . . .+ αpt

p) + e(t). (8)

Here y(t), A, B and e(t) are all real valued, and (7) and (8) are equivalent models. Clearly,

the model (8) is more flexible than the model (4), and it has also been used quite extensively

in different signal processing applications. Model (7) or (8) is a highly non-linear model.

In Section 6 we have provided various applications, theoretical developments and different

estimations procedures related to this model.

Besson and Stoica [9] considered the random amplitude sinusoidal model and it can be

defined as follows:

y(t) = α(t)ei(a0+a1t) + e(t). (9)

Here α(t) is assumed to be real valued Gaussian stationary process and e(t) is a complex

valued noise. The random amplitude sinusoidal model (9) has several applications in different

signal processing applications, for example when a radar on-board a train emits a continuous

wave towards the track, the echo received is known to have a slowly varying amplitude and it

can be modeled by using (9), see Besson and Castanié [8]. Similarly, in underwater systems,

it has been observed that the acoustic signals propagating through the ocean are perturbed

by multiplicative noise, and [30] observed that model (9) can be used for this purpose.

Along the same line, Besson, Ghogho and Swami [10] proposed random amplitude chirp

signal model, and it can be represented as follows:

y(t) = α(t)ei(a0+a1t+a2t2) + e(t). (10)
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Here α(t) and e(t) are same as defined above. Clearly, the random amplitude chirp model

(10) is more flexible than the one component chirp model. If α(t) is constant, then the

random amplitude chirp model becomes the one component chirp model. Recently Nandi

and Kundu [94] proposed a multicomponent random amplitude chirp model and it can be

described as follows:

y(t) =

p∑

k=1

αk(t)e
i(θ1kt+θ2kt

2) + e(t). (11)

Here {αk(t)} is a sequence of independent and identically distributed real valued random

variables and e(t) is the complex valued noise. Clearly the multicomponent random ampli-

tude chirp model (11) is more flexible than the multiple chirp model (6), and the model (6)

can be obtained from the model (11), when αk(t)’s are assumed to be constant. In Section 7

we provide different applications, theoretical development and various estimation procedures

related to one component and multicomponent random amplitude chirp models.

Recently, Grover [46] proposed a model which is a combination of the sinusoidal and the

chirplet component and it can be expressed as follows:

y(t) = A cos(αt) + B sin(αt) + C sin(βt2) +D cos(βt2) + e(t). (12)

Here, A, B, C and D are real numbers, |A|2 + |B|2 is the amplitude corresponds to the

sinusoidal component, |C|2 + |D|2 is the amplitude corresponds to the chirplet component,

|A|2 + |B|2 + |C|2 + |D|2 is the amplitude corresponds to the signal y(t), α is the sinusoidal

component, β is the chirp component and e(t) is the real valued noise component. It is

observed that model (12) behaves very similarly as the one component chirp model. In her

thesis the author proposed a more general multicomponent chirp like model as follows:

y(t) =

p∑

k=1

{Ak cos(αkt) +Bk sin(αkt)}+
q∑

k=1

{
Ck sin(βkt

2) +Dk cos(βkt
2)
}
+ e(t). (13)

The multicomponent chirp like model (13) behaves very similar to the multicomponent

chirp model. Any signal which can be modelled using the multicomponent chirp model
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can be modelled using the multicomponent chirp like model also and vice versa. The main

advantage about the chirp like model is that it is more convenient to use it in practice than

the chirp model. In Section 8 we provide theoretical developments about one component

and multicomponent chirp like models, different estimation procedures and the properties of

these estimators have been discussed in details.

Hannan [49] first proposed the fundamental frequency sinusoidal model as follows:

y(t) =

p∑

k=1

{Ak cos(kαt) + Bk sin(kαt)}+ e(t). (14)

Model (14) has been used quite extensively for analyzing speech data. In short span periodic

speech signal often it is observed that there is one fundamental frequency, and it has several

harmonics. Due to the particular structure, it reduces the number of non-linear parameters

of the model. Along the same line, Jensen et al. [59] proposed harmonic chirp signal, and it

can be written as follows:

y(t) =

p∑

k=1

{Ak cos(kαt+ kβt2) + Bk sin(kαt+ kβt2)}+ e(t). (15)

Here, α and β are the fundamental frequency and fundamental frequency rate, respectively.

Due to presence of only two non-linear parameters, numerically it is easier to handle than

the multiple chirp model. Therefore, if a non-stationary signal can be modelled using the

harmonic chirp model, it is always preferable. Jensen et al. [59] proposed estimation pro-

cedures of the unknown parameters of the model (15) and recently Grover [42] provided

theoretical properties of different estimators. In Section 9 we describe different estimation

procedure and their theoretical properties in details under various error assumptions.

Barbieri and Barone [6] proposed two dimensional sinusoidal model to model symmetric

texture data. A p component sinusoidal frequency model can be written as follows:

y(m,n) =

p∑

k=1

[
A0

k cos(mλ0
k + nµ0

k) +B0
k sin(mλ0

k + nµ0
k)
]
+ e(m,n), (16)
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Here, A0
k, B

0
k are real numbers, λ0

k, µ
0
k are the frequencies, and e(m,n) is the real valued error

component. A typical texture image as shown in Figure 3 can be obtained using model (16).

This is a basic model in many fields, such as antenna array processing, gephysical perception,

biomedical spectral analysis etc. Since the introduction of the model, an extensive amount

of work has been done developing different estimation procedures and establishing their

properties for the two dimensional sinusoidal model. Along that line Friedlander and Francos

[38] considered two dimensional polynomial phase signal and it has found several applications

in image processing and finger print imaging. The two dimensional polynomial phase model

can be expressed as follows:

y(m,n) = Aei(α1m+β1n+α2m2+β2n2+γmn) + e(m,n). (17)

Here, A is a complex number, e(m,n) is the complex valued two dimensional noise and

y(m,n) is the two dimensional signal.

The most general two dimensional model has been considered by Lahiri and Kundu [75],

and it can be expressed as follows:

y(m,n) = A cos

(
r∑

p=1

p∑

j=0

α(j, p− j)mjnp−j

)
+B cos

(
r∑

p=1

p∑

j=0

α(j, p− j)mjnp−j

)
+e(m,n).

(18)

Here as before A and B are real valued amplitudes, α(j, p− j)’s are distinct frequency rates

of order (j, p−j), respectively. Different forms of (18) have been considered in the literature.

A significant amount of work has been done in developing efficient estimation procedures

of the unknown parameters of polynomial phase two dimensional signal. Lahiri and Kundu

[75] discussed about the theoretical properties of the least squares estimators of the unknown

parameters of the most general two dimensional polynomial phase model (18) under a fairly

general error assumptions. In Section 10 we provide different theoretical developments and

numerical procedures available related to this model. In all the sections we provide several

open problems for future research, and finally we conclude the chapter in Section 11.
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2 Notations and Preliminaries

In this Chapter, the scalar quantities are usually denoted by lower or uppercase letters. The

lower and uppercase bold typefaces are used for vectors and matrices. For a real matrix

A, A⊤ denotes the transpose. Similarly, for a complex matrix A, AH denotes the complex

conjugate transpose. If c is a complex number c̄ denotes the complex conjugate of c. A

m×m diagonal matrix, with diagonal elements a1, . . . , am, are denoted by diag{a1, . . . , am}.

If A is a real or a complex square matrix with full rank, the projection matrix on the column

space of A is denoted by PA = A(A⊤A)−1A⊤ or PA = A(AHA)−1A⊤. If {Xn;n ≥ 1}

is a sequence of random variables, and X is also a random variable, then if Xn convergence

to X almost surely, we will denote it by Xn
a.s.−→ X. If Xn convergence to X in distribution,

we will denote it by Xn
d−→ X. Suppose X is a m-variate normal random vector with mean

vector µ and dispersion matrix Σ, then it will be denoted by Nm(0,Σ). Throughout this

chapter we have used the same notation in many places, for example the parameter vector θ

has been used in general to denote the set of unknown parameters of a model, similarly we

have used the notation θ̂ in general to define different estimators of θ, the identity matrix

of different orders are denoted by I, the diagonal matrix of different orders and different

diagonal entries are denoted by D etc., but they should be clear from the context.

2.1 Prony’s Equation

In the Statistical Signal Processing, particularly developing different estimation procedures

in case of sum of sinusoidal or sum of complex exponential model, Prony’s equations have

played an important role. Prony proposed this method in 1795, more than two hundred

years back, to fit sum of real valued exponential model to real life data. Since then, different

variants of Prony’s equations have been developed. Now a days, it is available in most of the

standard numerical analysis text books, see for example, Froberg [39] or Hilderband [51] in
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this respect. It can be briefly described as follows.

Suppose α1, . . . , αM are arbitrary non-zero real numbers and β1, . . . , βM are distinct real

numbers. If

µ(t) = α1e
β1t + . . .+ αMeβM t; t = 1, . . . , N, (19)

and M < N , then there exists (M + 1) constants {g0, . . . , gM}, such that

Ag = 0, (20)

where

A =




µ(1) . . . µ(M + 1)
...

. . .
...

µ(N −M) . . . µ(N)


 , g =




g0
...
gM


 , 0 =




0
...
0


 .

The matrix A is of rank M , and g is the eigen vector corresponds to the zero eigen value.

It is always possible to put restrictions on g0, . . . , gM , such as

M∑

i=0

g2j = 1 and g0 > 0, (21)

such that g becomes unique. The set of linear equations (20) is known as Prony’s equations.

It is possible to recover β1, . . . , βM from g0, . . . , gM as follows. The following polynomial

p(x) = g0 + g1x+ . . .+ gMxM = 0 (22)

has M distinct roots, and they are eβ1 , . . . , eβM . Therefore, there is a one to one correspon-

dence between {β1, . . . , βM} and {g0, . . . , gM}, such that (21) hold. Further, {g0, . . . , gM}

does not depend on {α1, . . . , αM}. Once, β1, . . . , βM are obtained from µ(1), . . . , µ(N),

α1, . . . , αM can be obtained from the linear equation

µ = Xα, (23)

where µ = (µ(1), . . . , µ(N))⊤, α = (α1, . . . , αM)⊤ and

X =




eβ1 . . . eβM

. . .
. . . . . .

eNβ1 . . . eNβM


 .
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The matrix X is a of rank M , hence, α = (X⊤X)−1X⊤µ.

The idea of Prony has been extended for the complex case also. Consider the following

complex exponential model

µ(t) = α1e
iω1t + . . .+ αMeiωM t; t = 1, . . . , N. (24)

Here, i =
√
−1, α1, . . . , αM are non-zero complex numbers, 0 < ω1, . . . , ωM < 2π and they

are distinct. Then, there exists {g0, . . . , gM} such that (20) satisfies. Moreover, the complex

polynomial equation

p(z) = g0 + g1z + . . .+ gMzM = 0,

has the roots z1 = eiω1 , . . . , zM = eiωM and α = (α1, . . . , αM)⊤ = (XHX)−1XHµ. Note

that the roots of the complex polynomial p(z) satisfy

|z1| = . . . = |zM | = 1, z̄k = z−1
k ; k = 1, . . . ,M. (25)

Define the new complex polynomial

q(z) = z−M p̄(z) = ḡ0z
−M + . . .+ ḡM . (26)

Due to (25), the polynomials p(z) and q(z) have same roots. Therefore,

gk
gM

=
ḡM−k

ḡ0
; k = 0, . . . ,M,

can be obtained by comparing the coefficients of p(z) and q(z). Hence,

bk = b̄M−k; k = 0, . . . ,M, (27)

where

bk = gk

(
ḡ0
gM

)−
1
2

; k = 0, . . . ,M.

The condition (27) is known as the conjugate symmetry property and in the matrix notation

it can be written as

b = Jb̄,
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here b = (b0, . . . , bM)⊤, and J is an exchange matrix as follows:

J =




0 0 . . . 0 1
0 0 . . . 1 0
...

...
. . .

...
...

0 1 . . . 0 0
1 0 . . . 0 0



.

2.2 Number Theoretic Results and Conjecture

We need some number theoretic results and a conjecture in establishing the asymptotic

results related to chirp signal model. We present it here, and we will refer it whenever they

are used. The following trigonometric results have been used quite extensively in establishing

different results related to sinusoidal model. These results can be easily established, see for

example Mangulis [86].

lim
N→∞

1

N

N∑

t=1

cos(ωt) = o

(
1

N

)
(28)

lim
N→∞

1

N

N∑

t=1

sin(ωt) = o

(
1

N

)
(29)

lim
N→∞

1

N

N∑

t=1

cos2(ωt) =
1

2
+ o

(
1

N

)
(30)

lim
N→∞

1

N

N∑

t=1

sin2(ωt) =
1

2
+ o

(
1

N

)
(31)

lim
N→∞

1

Nk+1

n∑

t=1

tk cos2(ωt) =
1

2
+ o

(
1

N

)
(32)

lim
N→∞

1

Nk+1

n∑

t=1

tk sin2(ωt) =
1

2
+ o

(
1

N

)
(33)

lim
N→∞

1

Nk+1

n∑

t=1

tk cos(ωt) sin(ωt) = o

(
1

N

)
, (34)

here aN = o

(
1

N

)
means NaN → 0 as N → ∞. We need similar results in case of chirp

models also.
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Lemma 2.1 Let θ1, θ2 ∈ (0, π) and k = 0, 1, . . .. Then except for countable number of points

the followings are true:

lim
N→∞

1

N

n∑

t=1

cos(θ1t+ θ2t
2) = 0 (35)

lim
N→∞

1

N

n∑

t=1

sin(θ1t+ θ2t
2) = 0 (36)

lim
N→∞

1

Nk+1

n∑

t=1

tk cos2(θ1t+ θ2t
2) =

1

2(k + 1)
(37)

lim
N→∞

1

Nk+1

n∑

t=1

tk sin2(θ1t+ θ2t
2) =

1

2(k + 1)
(38)

lim
N→∞

1

Nk+1

n∑

t=1

tk cos(θ1t+ θ2t
2) sin(θ1t+ θ2t

2) = 0. (39)

Proof: Using the number theoretic results of Vinogradov [115], the above results can be

established, see Lahiri, Kundu and Mitra [76] for details.

The following conjecture was proposed by Vinogradov [115], and it still remains an open

problem. Although, extensive simulation results suggest the validity of the conjecture. This

conjecture also has been used to establish some of the crucial results related to chirp model.

Conjecture 2.1 Let θ1, θ2, θ
′
1, θ

′
2 ∈ (0, π) and k = 0, 1, . . .. Then except for countable

number of points the followings are true:

lim
N→∞

1√
NNk

N∑

t=1

tk cos(θ1t+ θ2t
2) sin(θ′1t+ θ′2t

2) = 0 (40)

In addition if θ2 6= θ′2, then

lim
N→∞

1√
NNk

N∑

t=1

tk cos(θ1t+ θ2t
2)cos(θ′1t+ θ′2t

2) = 0

1√
NNk

N∑

t=1

tk sin(θ1t+ θ2t
2)sin(θ′1t+ θ′2t

2) = 0.
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3 Sinusoidal Model

In this section we briefly provide different estimation procedures of the frequencies of a

periodic signal and their properties. It should be mentioned that there exists a vast amount

of literature dealing with this problem, see for example the books by Kay [60] or Stoice and

Mosses [112]. Therefore, it will not be possible in a limited space to provide all the methods

till date. Therefore, we provide those procedures which may be useful in dealing with the

chirp signal model also.

In this section we mainly consider the following model

y(t) =

p∑

k=1

{A0
k cos(ω

0
kt) + B0

k sin(ω
0
kt)}+ e(t); 1, 2, . . . , N, (41)

where A0
k, B

0
k, ω

0
k for k = 1, . . . , p are true parameter values and they are unknown. In

practice p is also usually unknown. Our problem is to estimate the unknown parameters

based on the sample {y(1), . . . , y(N)}. First it is assumed that p is known and later we

discuss different estimation procedures of p also. Before progressing further, we need to

make some assumptions on the error components e(t). The error component e(t) has mean

zero and finite variance, and it can have either one of the two following forms:

Assumption 3.1 {e(t)} is a sequence of independent identically distributed (i.i.d.) normal

random variables with mean zero and variance σ2.

Assumption 3.2 {e(t)} is a sequence of i.i.d. random variables with E(e(t)) = 0 and

V (e(t)) = σ2.

Assumption 3.3 {e(t)} is a stationary linear process with the following form:

e(t) =
∞∑

j=0

a(j)X(t− j),

18



here {X(t); t = 1, 2, . . .} are i.i.d. random variables with E(X(t)) = 0 and V (X(t) = σ2,

and
∞∑

j=0

|a(j)| < ∞.

3.1 Periodogram Estimators

The most popular estimator of the frequencies is the periodogram estimator. The peri-

odogram function I(θ) at a particular frequency of the signal y(t) is defined as follows:

I(θ) =
1

N

∣∣∣∣∣

N∑

t=1

y(t)eiθt

∣∣∣∣∣

2

. (42)

The main reason to use the periodogram function to estimate the frequencies and the number

of components p is that I(θ) has local maxima at the true frequencies if there is no noise in

the data. Therefore, if the noise variance is not high, then I(θ) can be used to detect the

number of signals and also the associated frequencies. Let us look at the following example

of y(t);

y(t) = 3.0 cos(0.2πt) + 3.0 sin(0.2πt) + 3.0 cos(0.5πt) + 3.0 sin(0.5πt) + e(t). (43)

Here e(t) satisfies Assumption 3.2 with σ2 = 2. The periodogram plot of the signal (43) is

provided in Figure 5. It is clear from Figure 5 that the number of sinusoidal components

of the signal y(t) is 2, and the location of the frequencies also can be estimated from the

periodogram function. But it may not be true always. Now consider the following signal

y(t) = 3.0 cos(0.2πt) + 3.0 sin(0.2πt) + 0.25 cos(0.5πt) + 0.25 sin(0.5πt) + e(t). (44)

Here also e(t) satisfies Assumption 3.2, but σ2 = 5. In this case, the periodogram plot of

y(t) is provided in Figure 6. From Figure 6 it is not clear that p = 2 and the true location of

the frequencies. Therefore, it is clear that the periodogram estimators may not work always,

particularly if the sample size is not large or the error variance is high. Hannan [48] and

Walker [117] independently established the strong consistency and asymptotic normality
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Figure 5: Periodogram plot of y(t) obtained from Model (43)
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Figure 6: Periodogram plot of y(t) obtained from Model (44)
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results of the periodogram estimators of the frequencies based on Assumption 3.3. The

theoretical results of Hannan [48] and Walker [117] justify the use of periodogram estimators

at least for large sample sizes. Since the model (2) is a non-linear regression model, one

natural estimator is the least squares estimators, and they coincide with the maximum

likelihood (ML) estimators, if the error satisfies Assumption 3.1.

3.2 Least Squares Estimators

The least squares estimators (LSEs) or the maximum likelihood estimators (MLEs) under

the assumption of i.i.d. Gaussian error of the error random variables, can be obtained by

minimizing the error sum of squares as defined below

Q(ω,θ) =
N∑

t=1

(
y(t)−

p∑

k=1

{Ak cos(ωkt) + Bk sin(ωkt)}
)2

. (45)

Here ω = (ω1, . . . , ωp)
⊤, θ = (A1, B1, . . . , Ap, Bp)

⊤. Now (45) can be written as

Q(ω,θ) = (Y −Z(ω)θ)⊤(Y −Z(ω)θ), (46)

where Y = (y(1), . . . , y(N))⊤, e = (e(1), . . . , e(N))⊤ and

Z(ω) =




cos(ω1) sin(ω1) . . . cos(ωp) sin(ωp)
...

...
. . .

...
...

cos(nω1) sin(nω1) . . . cos(nωp) sin(nωp)


 .

For a given ω, the LSE of θ can be obtained as

θ̂(ω) = (Z(ω)⊤Z(ω))−1Z(ω)⊤Y . (47)

Substituting (47) in (46) we obtain

R(ω) = Q(ω, θ̂(ω)) = Y ⊤(I − PZ(ω)
)Y . (48)

Here PZ(ω)
is the projection matrix on the column space of Z(ω). Therefore, the LSE of ω

can be obtained by minimizing R(ω) with respect to ω. Bresler and Macovski [12] proposed
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a special purpose algorithm named as iterative quadratic maximum likelihood (IQML) to

maximize R(ω). Using Prony’s equation it can be observed that I−PZ(ω)
= PB(g)

, where

B(g) is a (N + 1)× (N + 1− 2p) matrix of rank (N + 1− 2p) as follows:

B(g) =




g0 0 . . . 0
g1 g0 . . . 0
...

...
. . .

...
g2p g2p−1 . . . 0
0 g2p . . . 0
...

...
. . .

...
0 0 . . . g0
...

...
. . .

...
0 0 . . . g2p




, (49)

and g = (g0, g1, . . . , g2p)
⊤. Note that minimization of Y ⊤(I − PZ(ω)

)Y with respect to ω

is same as the minimization of Y ⊤PB(g)
Y with respect to g. Now observe that

Y ⊤PB(g)
Y = g⊤Y ⊤

D(B(g)⊤B(g))−1Y Dg,

where Y D is a (N − 2p)× (2p+ 1) matrix as given below:

Y D =




y(1) . . . y(2p+ 1)
...

. . .
...

y(n− 2p) . . . y(N)


 .

Bresler and Macovski [12] suggested the following. If at the k− th stage of the iteration the

estimate of g is g(k), then obtain g(k+1) by minimizing g⊤Y ⊤

D(B(g(k))⊤B(g(k)))−1Y Dg with

respect to g. The iteration continues until convergence takes place. No proof of convergence

has been provided by Bresler and Macovski [12]. Kundu [65] converted the minimization of

Y ⊤PB(g)
Y as a non-linear eigenvalue problem, and provided an iterative procedure based

on solving a standard non-linear eigen value problem. Further, he has provided the proof of

convergence of the proposed iterative procedure.

Note that the multiple sinusoidal model (41) is a non-linear regression problem. An

extensive amount of work has been done in the statistical literature developing different
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properties of the least squares estimators for different non-linear regression model, see for

example the book by Seber and Wild [111] or Bates and Watts [7] in this respect. Jennrich

[58] and Wu [122] developed different sufficient conditions which ensure the consistency

and asymptotic normality of the least squares estimators of the parameters of a nonlinear

regression model. Unfortunately, the multiple sinusoidal model (41) does not satisfy the

sufficient conditions of Jennrich [58] or Wu [122]. Hence, it is not guaranteed that the LSEs

will be consistent in this case. Kundu [66] proved the consistency and asymptotic normality

of the LSEs of the unknown parameters of the multiple sinusoidal model. The following

results have been obtained by Kundu [66]. Extensive simulations suggest that the iterative

procedure proposed by Kundu [66] performs quite well in general.

Theorem 3.1 If the error e(t) of model (41) satisfies Assumption 3.3, and for k = 1, . . . , p,

if we denote (Âk, B̂k, ω̂k), as the LSE of (A0
k, B

0
k, ω

0
k), then

(Âk, B̂k, ω̂k)
⊤ a.s.−→ (A0

k, B
0
k, ω

0
k)

⊤

and

(N1/2(Âk − A0
k), N

1/2(B̂k −B0
k), N

3/2(ω̂k − ω0
k))

d→ N3(0, 2σ
2c(ω0

k)Σk).

Here c(ω0
k) =

∣∣∣∣∣

∞∑

j=0

a(j)e−ijω0
k

∣∣∣∣∣

2

and

Σ
−1
k =

1

A02
k +B02

k




A02

k + 4B02

k −3A0
kB

0
k −3B0

k

−3A0
kB

0
k 4A02

k + B02

k 3A0
K

−3B0
k 3A0

k 6


 .

Moreover, (Âk, B̂k, ω̂k) for k = 1, . . . , p are asymptotically independent.

Some of the points are quite interesting to observe in Theorem 3.1. It can be seen that

although the multiple sinusoidal model does not satisfy some of the existing sufficient con-

ditions for the LSEs to be consistent and asymptotically normal, still in this case the LSEs
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are consistent and they are asymptotically normally distributed. It should be mentioned

that the asymptotic variances of the linear parameters are of the order O(N−1), where as

the asymptotic variances of the frequencies are of the order O(N−3). Hence, the LSEs of

the frequencies converge to the true frequency much faster than the LSEs of the amplitudes.

Asymptotic confidence intervals of the amplitudes and frequencies can be easily constructed

using Theorem 3.1. Note that although the LSEs have certain desirable properties, com-

puting the LSEs may not be a trivial issue. It has been observed that the computation of

the LSEs involves solving a p dimensional optimization problem and finding the roots of a p

degree polynomial. Therefore, if p is small it is tractable, but if p is large it is a numerically

challenging problem. In fact it has been observed in case of an ECG signal the number of

components can be as high as 60. Therefore, it becomes very difficult to implement the above

methods in such a case. Prasad, Kundu and Mitra [102] introduced a sequential estimation

procedure which can be used quite effectively for large p and it has the same asymptotic

properties as the LSEs.

3.3 Efficient Estimators

Nandi and Kundu [93] proposed an algorithm which is computationally very efficient. The

most important feature of this algorithm is that it is computationally efficient but it produces

estimators which have the asymptotic properties as the LSEs. It is an iterative algorithm,

but it is known that it is going to converge in three steps when it starts with the initial

estimators as the periodogram estimators. It produces estimators which are equivalent with

the least squares estimators. More over the algorithm works even when the errors are from

a stationary distribution. Interestingly, it does not use the whole sample at the first two

stages, it uses only a fraction of the whole sample and only at the last step it uses the

whole sample. It starts with p = 1, and then using the sequential procedure as described by

Prasad, Kundu and Mitra [102] can be used quite effectively for any general p. Therefore,
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we describe the procedure only for p = 1.

If at the j-th stage the estimator of ω is denoted by ω(j), then ω(j+1) is calculated as

ω(j+1) = ω(j) +
12

Nj

Im

[
P (j)

Q(j)

]
, (50)

where

P (j) =

Nj∑

t=1

y(t)

(
t− Nj

2

)
e−iω(j)t,

Q(j) =

Nj∑

t=1

y(t)e−iω(j)t,

and Nj denotes the sample size used at the j-th iteration. If ω(0) denotes the periodogram

estimator of ω as defined in Section 3.1, then the algorithm takes the following form:

Algorithm 3.1 Step 1: Compute ω(1) from ω(0) using (50) with N1 = N0.8.

Step 2: Compute ω(2) from ω(1) using (50) with N2 = N0.9.

Step 3: Compute ω(3) from ω(2) using (50) with N3 = N .

It has been indicated by Nandi and Kundu [93] that those choices of N1 and N2 are not

unique. There are several other choices for which the same asymptotic results hold. They

have shown that the estimators obtained by the above iterative procedures are consistent

and they have the same asymptotic distribution as the least squares estimators.

3.4 Super Efficient Estimators

Kundu et al. [68] proposed a modified Newton-Raphson method to obtain super efficient

estimators of the frequencies of the model and it can produce estimators of the frequencies

which have lower asymptotic variances than the least squares estimators. It is well known
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that the usual Newton-Raphson method often does not converge for this particular problem.

But the authors have used a proper step factor modification which not only guarantees the

convergence, but it also produces estimators which have smaller asymptotic variances than

the LSEs, which is quite counterintuitive. The method works even when the errors are from

a stationary distribution. It is assumed that p = 1, and one can easily use the sequential

procedure to get the result for general p. The method can be described as follows. Let us

denote

S(ω) = Y ⊤Z(ω)(Z⊤(ω)Z(ω))−1Z⊤(ω)Y , (51)

where Y and Z(ω) are same as defined before. Therefore, the LSE of ω can be obtained

by maximizing S(ω) with respect to ω. The maximization of S(ω) using Newton-Raphson

method can be performed as follows:

ω(j+1) = ω(j) − S ′(ω(j))

S ′′(ω(j))
, (52)

here ω(j) is the estimate of ω at the j-th stage, S ′(ω(j)) and S ′′(ω(j)) denote the first derivative

and second derivative, respectively, of S(ω) evaluated at ω(j). The standard Newton-Raphson

algorithm is modified with a smaller correction factor as follows

ω(j+1) = ω(j) − 1

4
× S ′(ω(j))

S ′′(ω(j))
.

Suppose ω(0) denotes the periodogram estimator of ω, then the algorithm can be described

as follows:

Algorithm 3.2 (1) Take N1 = N6/7, and calculate

ω(1) = ω(0) − 1

4
× S ′

N1
(ω(0))

S ′′
N1
(ω(0))

,

here S ′
n1
(ω(0)) and S ′′

n1
(ω(0)) are same as S ′(ω(0)) and S ′′(ω(0)), respectively, computed using

a subsample of size N1.
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(2) With Nj = N , repeat

ω(j+1) = ω(j) − 1

4
× S ′

N1
(ω(j))

S ′′
N1
(ω(j))

, j = 1, 2, . . . ,

until a suitable stopping criterion is satisfied.

It is observed by the authors based on extensive simulations that any consecutive N1 data

points can be used at Step (1) to start the algorithm, and the choice of the initial estimators

do not have any visible effect on the final estimators. Moreover, as it has been seen before in

some of the other estimators also that the factor 6/7 in the exponent of Step (1) is not unique

and there are several other ways Step (1) can be initiated. It is observed that the iteration

converges very quickly and it produces frequency estimator which has lower variance than

the LSE.

3.5 Estimation of the Number of Components

So far we have discussed about different estimation of the frequencies and amplitudes, as-

suming the number of components ‘p’ to be known. In this section we briefly discuss some

of the well known methods of estimation of p. The estimation of ‘p’ can be considered as a

model selection problem. Consider the class of models

Mk =

{
µk : µk(t) =

k∑

j=1

[
A0

j,k cos(ω
0
j,kt) + B0

j,k sin(ω
0
j,kt)

]
}
; k = 1, 2, . . . . (53)

Based on the data {y(t); t = 1, . . . , N} one needs to choose p̂, an estimate of ‘p’, such that

the model Mp̂ fits the data ‘best’. Therefore, any model selection procedure can be used to

estimate ‘p’.

One important point to observe here that the models are nested here, i.e.

M1 ⊂ M2 ⊂ M3 ⊂ . . . .
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Hence, one of the natural procedures is to use a test of significance for each additional term

as it is introduced in the model. Fisher [33] first considerd this problem as a simple testing

of hypothesis problem and it is based on the well known likelihood ratio test. This is based

on the ratio of the maximimized likelihood for the k-th term to the maximized likelihood for

(k− 1)-th term of the model (53). If this quantity is large, it indicates that the k-th term is

needed in the model, otherwise not.

The problem can be formulated as follows:

H0 : p = p0 vs. H1 : p = p1, (54)

where p1 > p0. Based on the assumptions that the errors are i.i.d. normal random variables

with mean zero and variance σ2, it can be shown after some calculations, see Kundu and

Nandi [73], that the likelihood ratio test takes the following form: rejects H0, if L is large,

where

L =

∑N
t=1

(
y(t)−∑p0

k=1

{
Âk,p0 cos(ω̂k,p0t) + B̂k,p0 sin(ω̂k,p0t)

})2

∑N
t=1

(
y(t)−∑p0

k=1

{
Âk,p0 cos(ω̂k,p0t) + B̂k,p0 sin(ω̂k,p0t)

})2 , (55)

here Âk,p0 , B̂k,p0 , ω̂k,p0 are MLEs of Ak,p0 , Bk,p0 and ωk,p0 , respectively. Similarly, Âk,p1 , B̂k,p1 ,

ω̂k,p1 are also defined. Now to apply this likelihood ratio test in practice, one needs to obtain

the exact/ asymptotic distribution of L under the null hypothesis. It seems fining the exact/

asymptotic distribution of L is not an easy problem. Quinn and Hannan [104] provided

an approximate distribution of L under certain restrictions on the form of the frequencies,

which is quite complicated and may not have much practical importance.

Rao [106] proposed to use the cross validation to estimate the number of components in

a sinusoidal model. It may be mentioned the cross validation method is a model selection

technique and it can be used in a fairly general set up. The basic assumption of cross

validation technique is that there exists an M , such that 1 ≤ k ≤ M for the models defined

in (53). The cross validation method can be described as follows. For a given k, such that

28



1 ≤ k ≤ M , remove the j-th observation from {y(1), . . . , y(N)}, and estimate ‘y(j)’, say

ŷk(j) based on the model assumption Mk and the observation {y(1), . . . , y(j − 1), y(j +

1), . . . , y(N)}. Obtain the cross validatory error for the model Mk as

CV(k) =
N∑

t=1

(y(t)− ŷk(t))
2 ;

for k = 1, . . . ,M . Choose p̂ as the estimate of p, if

p̂ = arg min{CV(1), . . . ,CV(M)}.

One major issue in implementing the cross validation method is to estimate y(j) based on

{y(1), . . . , y(j − 1), y(j + 1), . . . , y(N)} based on the model assumption Mk. Rao [106] did

not provide any explicit method to compute ŷk(j). Later Kundu and Kundu [69] provided

a non-iterative method to estimate y(j) based on the missing observation. The method

has been further modified by Kundu and Mitra [70] and this can be used quite effectively

to estimate ‘p’ based on cross validation method. Extensive simulations indicate that for

sample the method works quite well.

Rao [106] also proposed to use different information theoretic criteria to detect the number

of components based on the assumptions that the errors are i.i.d. normal random variables

with mean zero and finite variance. Based on the above error assumptions, the Akaike

Information Criterion (AIC) takes the following form:

AIC(k) = n lnRk + 2(7k),

here Rk denotes the minimum value of

Q(θk) =
N∑

t=1

(
y(t)−

k∑

j=1

(Aj cos(ωjt) +Bj sin(ωjt))

)2

, (56)

where θk = (A1, . . . , Ak, B1, . . . , Bk, ω1, . . . , ωk)
⊤ and the minimization of Q(θk) as defined

in(56) is performed with respect to θk. Here ‘7k’ denotes the number of unknown parameters
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when the number of sinusoids is k. Choose p̂ an estimate of p, where

p̂ = arg min{AIC(1), . . . ,AIC(M)}.

Under the same assumption, the Bayesian Information Criterion (BIC) takes the following

form

BIC(k) = N lnRk +
1

2
(7k) lnN,

here Rk is same as defined above. In this case also, choose p̂ an estimate of p, where

p̂ = arg min{BIC(1), . . . ,BIC(M)}.

Although, Rao [106] suggested to use different Information Theoretic Criteria to estimate p,

he did not provide any practical implementation procedure particularly, the computation of

Rk. Kundu [64] suggested a practical implementation procedure of the method suggested by

Rao [106] and performed extensive simulation experiments for different models, for different

error variances, and for different sample sizes. It is observed that AIC does not provide

consistent estimate of the model order, although small sample sizes, performances of AIC

are quite good. In general it is observed that BIC performs quite well.

Kundu [67] suggested the following simple estimation procedure of ‘p’. If ‘M ’ denotes

the maximum possible order, then for some fixed L > 2M , consider the data matrix AL as

follows:

AL =




y(1) . . . y(L)
...

. . .
...

y(N − L+ 1) . . . y(N)


 .

Let σ̂2
1 > . . . > σ̂2

L be the L eigen values of the L× L matrix
1

N
A⊤

LAL. Consider,

KIC(k) = σ̂2
2k+1 + kc(N),

here, c(N) > 0, and satisfies the following two conditions

lim
N→∞

c(N) = 0 and lim
N→∞

c(N)
√
N

(ln lnN)1/2
= ∞.
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Choose p̂ an estimate of p, where

p̂ = arg min{KIC(1), . . . ,KIC(M)}.

Under the assumption of i.i.d. errors, Kundu [67] proved the strong consistency of the

above procedure. The probability of wrong detection has also been obtained in terms of

linear combination of chi-square variables. Extensive simulations have been performed to

check the effectiveness of the proposed method and to find proper c(N). It is observed

that C(N) = (lnN)−1/2 performs quite well, although no theretical justification has been

provided. There are some other methods which are available in the literature, see for example

Sakai [110], Wang [118], Quinn [103] and the references cited therein. The details are avoided.

4 One Dimensional One Component Chirp Model

In this section first we consider one component chirp model as discussed before, and it can

be written as follows.

y(t) = A0 cos(α0t+ β0t2) + B0 sin(α0t+ β0t2) + e(t); t = 1, . . . , N. (57)

Here A0, B0 are unknown real numbers, A02+B02 is known as amplitude, α0 is the frequency

and β0 is the frequency rate. Here the linear parameters 0 < |A0|, |B0| < ∞, and 0 < α0, β0 <

π. The error e(t) is an additive error with mean zero and finite variance. At this moment

let us assume that e(t)’s are i.i.d. random variables. The more general structure will be

considered later. The problem is to estimate the unknown parameters A0, B0, α0, β0 based

on a sample of size N , namely {y(1), . . . , y(N)}.

4.1 Least Squares Estimators

Chirp signals are encountered in many different areas of engineering applications, particu-

larly in radar, active sonar and also in passive sonar systems. The problem of parameter
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estimation of the chirp parameters has received considerable amount of attention in the Sig-

nal Processing literature. The one component chirp model (57) is a non-linear regression

model. Therefore, the least squares estimators (LSEs) or equivalently the maximum likeli-

hood estimators when the errors are i.i.d. Gaussian random variables are the natural choice.

The LSEs of the unknown parameters of the model (57) can be obtained by minimizing the

residual sums of squares, as given below:

Q(θ) =
N∑

t=1

(y(t)− A cos(αt+ βt2)−B sin(αt+ βt2))2. (58)

Here θ = (A,B, α, β)⊤, and θ̂ = (Â, B̂, α̂, β̂)⊤ minimizes Q(θ), and it is the LSE of θ0 =

(A0, B0, α0, β0)⊤. Now to minimize Q(θ) let us rewrite (58) in a matrix notation.

Q(θ) = (Y −W (α, β)δ)⊤(Y −W (α, β)δ), (59)

here Y = (y(1), . . . , y(N))⊤, δ = (A,B)⊤ and the matrix W (α, β) is

W (α, β) =




cos(α + β) sin(α + β)
cos(2α + 4β2) sin(2α + 4β2)

...
...

cos(Nα +N2β) sin(Nα +N2β)


 . (60)

Therefore, for fixed α and β,

[
Â(α, β)

B̂(α, β)

]
= (W⊤(α, β)W (α, β))−1W⊤(α, β)Y

minimizes Q(θ). Hence, the LSEs of α and β, say α̂ and β̂, respectively, can be obtained as

(α̂, β̂)⊤ = arg min Q(Â(α, β), B̂(α, β), α, β). (61)

Note that

Q(Â(α, β), B̂(α, β), α, β) = Y ⊤(I −W (α, β)(W⊤(α, β)W (α, β))−1W⊤(α, β)Y

= Y ⊤(I − PW (α,β)
)Y ,
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here I is the diagonal matrix of order N ×N and

PW (α,β)
= W (α, β)(W⊤(α, β)W (α, β))−1W⊤(α, β)

is the projection matrix on the column space of W⊤(α, β). Therefore,

(α̂, β̂)⊤ = arg max Y ⊤PW (α,β)
Y .

Once α̂ and β̂ are obtained, the LSEs of A and B can be obtained as

Â = Â(α̂, β̂) and B̂ = B̂(α̂, β̂),

respectively. Therefore, it is observed that for one component chirp model the LSEs of the

unknown parameters can be obtained by solving a two dimensional optimization problem.

Some of the standard numerical technique like Newton-Raphson method or Gauss-Newton

method may be used to compute the LSEs. It is observed that the least squares surface of

α and β, namely Y ⊤(I − PW (α,β)
)Y is a highly non-linear surface.

Therefore, a very good set of initial values of α and β is needed for any iterative process

to converge. Otherwise, the iterative process may not converge, or some times even if it

converges it might converge to a local minimum rather than the global minimum.

Saha and Kay [109] proposed a Monte Carlo importance sampling procedure which does

not need any initial guesses. It is a purely Monte Carlo based method, and uses the basic

result of Pincus [100]. The implementation of the method is very simple and it can be

described as follows. Based on the result of Pincus [100] it follows that

α̂ = lim
c→∞

∫ π

0

∫ π

0
α exp(cZ(α, β))dβdα∫ π

0

∫ π

0
exp(cZ(α, β))dβdα

and β̂ = lim
c→∞

∫ π

0

∫ π

0
β exp(cZ(α, β))dβdα∫ π

0

∫ π

0
exp(cZ(α, β))dβdα

, (62)

where

Z(α, β) = Y ⊤PW (α,β)
Y .

Now to compute α̂ and β̂ based on (62) Monte Carlo importance procedure can be used.

The following algorithm can be used to compute α̂ and β̂.
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Algorithm 4.1 Step 1: Generate a random sample of size M , say {α1, . . . , αM} from

uniform (0, π). Similarly, generate a random sample of size M , say {β1, . . . , βM} also from

uniform (0, π).

Step 2: Choose a sequence {c1, c2, . . . , }, such that cn → ∞, and c1 < c2 < c3 < . . .. For a

fixed cm, compute

α̂cm =
1
M

∑M
k=1 αk exp(cmZ(αk, βk))

1
M

∑M
k=1 exp(cmZ(αk, βk))

and β̂cm =
1
M

∑M
k=1 βk exp(cmZ(αk, βk))

1
M

∑M
k=1 exp(cmZ(αk, βk))

Step 3: Stop the iteration if
∣∣α̂cm−1 − α̂cm

∣∣ < ǫ and
∣∣∣β̂cm−1 − β̂cm

∣∣∣ < ǫ. Otherwise change cm

to cm+1 and go back to Step 2.

This may be mentioned that the same generated sample namely {α1, . . . , αM} and {β1, . . . , βM}

can be used in each iteration. Therefore, the proposed method is very efficient. We will see

later that the method can be easily generalized for multiple chirp model also.

Although, Saha and Kay [109] proposed a very efficient estimation procedure of the un-

known parameters, they did not discuss any properties of the LSEs or the MLEs based on

the assumption that the error are i.i.d. Gaussian random variables. The one component

chirp model as described in (57) is a non-linear regression model. An extensive amount of

work has been done in the statistical literature developing the properties of the LSEs of the

unknown parameters of a non-linear regression model. Interested readers are referred to two

books by Bates and Watts [7] and Seber and Wild [111] which deal with different aspects of

non-linear regression models. Jennrich [58] and Wu [122] provided different sufficient condi-

tions of non-linear regression models so that the LSEs become consistent and asymptotically

normally distributed. Note that both the properties are quite important for any estimator.

Unfortunately, the one component chirp model (57) does not satisfy the sufficient conditions

of Jennrich [58] or Wu [122] as mentioned above. Hence, in case of chirp model, it is not
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immediate whether LSEs will be consistent or not. Nandi and Kundu [91] established the

consistency and asymptotic normality properties of the LSEs of the unknown parameters of

a one component chirp model (57) as given below.

Theorem 4.1 If there exists a K, such that 0 < |A0| + |B0| < K, 0 < α0, β0 < π, and

σ > 0, then θ̂ = (Â, B̂, α̂, β̂)⊤ is a strongly consistent estimate of θ0 = (A0, B0, α0, β0)⊤.

Theorem 4.2 Under the same assumptions as in Theorem 4.1,

(
N1/2(Â− A0), N1/2(B̂ −B0), N3/2(α̂− α0), N5/2(β̂ − β0)

)⊤ d−→ N4(0, 2σ
2
Σ), (63)

here

Σ =
2

A02 + B02




1
2
(A02 + 9B02) −4A0B0 −18B0 15B0

−4A0B0 1
2
(9A02 + B02) 18A0 −15A0

−18B0 18A0 96 −90
15B0 −15A0 −90 90


 . (64)

The proof of Theorem 4.1 can be found in Nandi and Kundu [91]. Theorem 4.1 establishes

the consistency of the LSEs, whereas Theorem 4.2 states the asymptotic distribution along

with the rate of convergence of the LSEs. When the errors are i.i.d. Gaussian random

variables then the LSEs become the MLEs also. Therefore, the same results hold true.

It is interesting to observe that the rates of the convergence of the LSEs of the linear

parameters are significantly different than the corresponding non-linear parameters as we

have observed in case of sinusoidal model parameters also in Section 3. The non-linear

parameters are estimated more efficiently than the linear parameters for a given sample

size. The variance of the frequency estimator goes to zero with the rate N−3, whereas

the variance of the frequency rate estimator goes to zero with the rate N−5. Moreover, as

A02 + B02 decreases, the asymptotic variances of the LSEs of the frequency and frequency

rate increase. Therefore, it may be noted that the asymptotic distribution of the LSEs can
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be easily used to construct asymptotic confidence intervals of the unknown parameters, or

developing testing of hypotheses also.

Nandi and Kundu [91] first time established formally the asymptotic properties of the

LSEs of the parameters of the one component chirp model (57) based on the assumptions

that the additive errors are i.i.d. with mean zero and finite variance. Later it is observed

by the same authors, see Kundu and Nandi [72], that the results are true for a more general

class of error distributions with stationary errors. The following assumptions on e(t) are

needed.

Assumption 4.1

e(t) =
∞∑

j=−∞

a(j)X(t− j), (65)

where {X(t)} is a sequence of i.i.d. random variables with mean zero and finite fourth

moment, and
∞∑

j=−∞

|a(j)| < ∞. (66)

The above assumption is a standard assumption of a linear process. The stationary autore-

gressive process or the moving average process are special cases of the above linear process.

Kundu and Nandi [72] established the following two results similar to the i.i.d. errors.

Theorem 4.3 If there exists a K, such that 0 < |A0| + |B0| < K, 0 < α0, β0 < π, σ2 > 0

and e(t) satisfies Assumption 4.1, then θ̂ = (Â, B̂, α̂, β̂)⊤ is a strongly consistent estimate of

θ0 = (A0, B0, α0, β0)⊤.

Theorem 4.4 Under the same assumptions as in Theorem 4.3,

(
N1/2(Â− A0), N1/2(B̂ −B0), N3/2(α̂− α0), N5/2(β̂ − β0)

)⊤ d−→ N4(0, 2cσ
2
Σ), (67)

here Σ is same as defined in Theorem 4.2, and c =
∞∑

j=−∞

a2(j).
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4.2 Periodogram Estimator

Periodogram estimator as described in Section 3.1 is one of the most popular estimators for

the sinusoidal model. Along the same line the periodogram estimators of the frequency and

frequency rate of the one component chirp model (57) also can be defined as follows. First

let us define the periodogram function associated with the chirp model as follows:

I(α, β) =
1

N

∣∣∣∣∣

N∑

t=1

y(t)ei(αt+βt2)

∣∣∣∣∣

2

=
1

N





(
N∑

t=1

y(t) cos(αt+ βt2)

)2

+

(
N∑

t=1

y(t) sin(αt+ βt2)

)2


 . (68)

Grover, Kundu and Mitra [43] proposed periodogram estimators (PEs) or approximate least

squares estimators (ALSEs) of α and β as

(α̂, β̂) = arg max I(α, β). (69)

In this case also the idea is same as the periodogram estimator of the frequency of a sinusoidal

model. If the error variance is small then the maximum of the periodogram function I(α, β)

occurs near the true values of the frequency and frequency rate, i.e. at (α0, β0). The PEs

of α and β are obtained by solving a two dimensional optimization problem. Newton-

Raphson or Gauss-Newton method may be used to compute the PEs. Periodogram surface

is also highly non-linear in nature. It has several local maxima. Hence, a very good initial

estimators are needed for any algorithm to converge to the global maximum rather than

a local maximum. Among the points

{(
πi

N
,
πj

N2

)
; i = 1, . . . , N − 1, j = 1, . . . , (N − 1)2

}
,

find (i0, j0), such that

I

(
πi0
N

,
πj0
N2

)
≥ I

(
πi

N
,
πj

N2

)
,

for all i, j. This can be used as a good initial estimators of (α, β). Alternatively, Algorithm

4.1 also can be used to maximize I(α, β) simply by replacing Z(αk, βk) with I(αk, βk) at

each step.
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Once α̂ and β̂ are obtained the estimators of A and B can be obtained as

Â =
1

N

N∑

t=1

y(t) cos(α̂t+ β̂t2) and B̂ =
1

N

N∑

t=1

y(t) sin(α̂t+ β̂t2). (70)

Grover, Kundu and Mitra [43] established the asymptotic properties of the PEs of the un-

known parameters of one component chirp model. It has been shown that under the as-

sumption of stationary errors as in Assumption 4.1 the PEs are strongly consistent and they

have the same asymptotic distribution as the LSEs.

4.3 Finite Step Algorithm

So far we have discussed about the LSEs and PEs and although both of them have some

computational issues, they are the most efficient estimators in the sense if the errors are

i.i.d. Gaussian then the error variances achieve the Cramer-Rao lower bound. Lahiri, Kundu

and Mitra [76] proposed an iterative procedure which guarantees to converge in four steps

provided it starts with the initial guesses as it has been used in case of PEs in Section 4.2

and at the same time it produces estimators which have the same convergence rates as the

LSEs or PEs. It is observed that if we start the initial guesses of α0 and β0 with convergence

rates Op(N
−1) and Op(N

−2), respectively, then after four iterations, the algorithm produces

an estimate of α0 with convergence rate Op(N
−3/2), and an estimate of β0 with convergence

rate Op(N
−5/2). Before providing the algorithm in details first we show how to improve the

estimators of α0 and β0. If α̃ is an estimator of α0, such that for δ1 > 0, α̃−α0 = Op(N
−1−δ1),

and β̃ is an estimator of β0, such that for δ2 > 0, β̃ − β0 = Op(N
−2−δ2), then the improved

estimators of α0 and β0, can be obtained as

˜̃α = α̃ +
48

N2
Im

(
Pα
N

QN

)
(71)

˜̃
β = β̃ +

45

N4
Im

(
P β
N

QN

)
, (72)
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respectively, where

Pα
N =

N∑

t=1

y(t)

(
t− N

2

)
e−i(α̃t+β̃t2),

P β
N =

N∑

t=1

y(t)

(
t2 − N2

3

)
e−i(α̃t+β̃t2),

Qα
N =

N∑

t=1

y(t)e−i(α̃t+β̃t2).

The justification of the algorithm comes from the following two theorems. Please see Lahiri,

Kundu and Mitra [76] for the detailed proof.

Theorem 4.5 If α̃− α0 = Op(N
−1−δ1) for δ1 > 0, then

(a) (˜̃α− α0) = Op(N
−1−2δ1) if δ1 ≤ 1/4,

(b) N3/2(˜̃α− α0)
d−→ N (0, σ2

1) if δ1 > 1/4,

where σ2
1 =

384σ2

A02 + B02
.

Theorem 4.6 If β̃ − β0 = Op(N
−2−δ2) for δ2 > 0, then

(a) (
˜̃
β − β0) = Op(N

−2−2δ2) if δ2 ≤ 1/4,

(b) N5/2(
˜̃
β − β0)

d−→ N (0, σ2
2) if δ1 > 1/4,

where σ2
2 =

360σ2

A02 + B02
.

Now we show that starting from initial guesses α̃, β̃ with convergence rates α̃−α0 = Op(N
−1)

and β̃−β0 = Op(N
−2), respectively, how the above procedure can be used to obtain efficient

estimators. It may be noted that finding initial guesses with the above convergence rates

is not difficult. We can use the same initial guesses as it has been used in case of PEs

in Section 4.2. The main idea is not to use the whole sample at the beginning, as it was

originally suggested by Bai et al. [3]. A part of the sample is used at the beginning, and

we gradually proceed towards the complete sample. With varying sample size, more and
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more data points are used with the increasing number of iteration. The algorithm can be

described as follows. Denote the estimates of α0 and β0 obtained at the j-th iteration as α̃(j)

and β̃(j), respectively.

Algorithm 4.2 Step 1: Choose N1 = N8/9. Therefore, α̃(0)−α0 = Op(N
−1) = Op(N

−1−1/8
1 )

and β̃(0) − β0 = Op(N
−2) = Op(N

−2−1/4
1 ). Perform steps (71) and (72). Therefore, after

1-st iteration, we have

α̃(1) − α0 = Op(N
−1−1/4
1 ) = Op(N

−10/9) and β̃(1) − β0 = Op(N
−2−1/2
1 ) = Op(N

−20/9).

Step 2: Choose N2 = N80/81. Therefore, α̃(1) − α0 = Op(N
−1−1/8
2 ) and β̃(1) − β0 =

Op(N
−2−1/4
2 ). Perform steps (71) and (72). Therefore, after 2-nd iteration, we have

α̃(2) − α0 = Op(N
−1−1/4
2 ) = Op(N

−100/81) and β̃(2) − β0 = Op(N
−2−1/2
2 ) = Op(N

−200/81).

Step 3: Choose N3 = N . Therefore, α̃(2) − α0 = Op(N
−1−19/81
3 ) and β̃(2) − β0 =

Op(N
−2−38/81
3 ). Perform steps (71) and (72). Therefore, after 3-rd iteration, we have

α̃(3) − α0 = Op(N
−1−38/81) and β̃(3) − β0 = Op(N

−2−76/81).

Step 4: Choose N4 = N and perform steps (71) and (72). Now we obtain the required

convergence rates, i.e.

α̃(4) − α0 = Op(N
−3/2) and β̃(4) − β0 = Op(N

−5/2).

The above algorithm can be used quite efficiently to compute estimators in four steps

which are equivalent to the LSEs. It may be mentioned that the fraction of the sample

sizes which have been used in each step is not unique. It is possible to obtain equivalent

estimators with different choices. Although they are asymptotically equivalent, the finite

sample performances might be different. It might be interesting to compare the finite sample

performances of the different estimators by extensive Monte Carlo simulations.
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4.4 Least Absolute Deviation Estimators

Although LSEs and PEs are the most natural estimators in case of chirp model, it is well

known that they are not robust, in the sense if there are outliers in the data or if the error

variances are very high they may not work very well. Therefore, more robust estimators

are usually preferred. Among different robust estimators the L1 norm estimators or least

absolute deviation (LAD) estimators are quite popular for general linear and non-linear

regression problems, see for example Dielman [23] or Dodge [28]. There are two major issues

which are associated with the LAD estimators, (i) computational one, i.e. how to compute

the LAD estimators in an efficient manner, and (ii) theoretical issue, i.e. how to develop

properties of the LAD estimators.

In case of linear regression model in the famous paper by Charnes, Cooper and Ferguson

[17] it has been shown that the LAD estimators can be obtained very effectively by solving

a linear programming problem. Although, it has not been explored, similar method may

be tried even for non-linear regression model also. In this section we provide an alternative

method to compute the LAD estimators. Regarding developing the theoretical properties

of the LAD estimators, it is well known to be a difficult problem. Even in case of linear

regression model it has been observed that one needs stronger assumptions on the error

distribution than what is needed in case of LSEs. Some assumption on the PDF of the error

distribution is usually needed to develop the properties of LAD estimators. Lahiri, Kundu

and Mitra [78] developed the properties of LAD estimators under similar assumptions and

details will be presented here.

Note that LAD estimators of the unknown parameters of the one component chirp model

(57) can be obtained by minimizing

R(θ) =
N∑

n=1

∣∣y(n)− A cos(αn+ βn2)− B sin(αn+ βn2)
∣∣ . (73)
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Here θ = (A,B, α, β)⊤ is same as defined before. Let us denote the LAD estimators of A0,

B0, α0 and β0, by Â, B̂, α̂ and β̂, respectively. They can be obtained as

(Â, B̂, α̂, β̂) = arg min R(θ). (74)

Clearly, the computation of the LAD estimators is a challenging issue. Any optimization

algorithm which does not require derivative information may be used for this purpose. Al-

ternatively, one can use the importance sampling technique as it has been suggested by

Saha and Kay [109] in Section 4.1 with the obvious modifications. Developing efficient LAD

estimators is an interesting challenging problem.

Efficient technique of computing the LAD estimators is not available till date, but Lahiri,

Kundu and Mitra [78] established the asymptotic properties of the LAD estimators under

some regularity conditions. The results are stated below. The proofs are available in Lahiri,

Kundu and Mitra [78].

Assumption 4.2 The error random variable {e(t)} is a sequence of i.i.d. random variables

with mean zero, variance σ2, and it has a probability density function (PDF) f(x). The PDF

f(x) is symmetric and differentiable in (0, ǫ) and (−ǫ, 0), for some ǫ > 0, and f(0) > 0.

Theorem 4.7 If there exists an K, such that 0 < |A0|+ |B0| < K, 0 < α0, β0 < π, σ2 > 0,

and {e(t)} satisfies Assumption 4.2, then θ̂ = (Â, B̂, α̂, β̂)⊤ is a strongly consistent estimate

of θ0.

Theorem 4.8 Under the same assumptions as in Theorem 4.7,

(
N1/2(Â− A0), N1/2(B̂ − B0), N3/2(α̂− α0), N5/2(β̂ − β0)

)⊤ d−→ N4(0,
1

f 2(0)
Σ), (75)

here Σ is same as defined in (64).
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4.5 Iterative Approach

So far all the methods we have discussed are computationally quite demanding, but all of

them provide efficient estimators in the sense they achieve the best convergence rates possible

and it has been shown theoretically also. In all these cases the main computational time

involves finding the initial guess which requires a O(N3) search. Therefore, if N is large this

can take a significant amount of time. To avoid that several heuristics methods are available

in the literature. Out of several heuristic methods, the iterative method suggested by Ikarm,

Abed-Meraim and Hua [54], see also Ikarm, Abed-Meraim and Hua [53], is an important one

and we will briefly discuss this method now.

To implement the iterative method Ikarm, Abed-Meraim and Hua [54] used the complex

one parameter chirp model, i.e. without abuse of notation we can write the model as follows:

y(t) = Aei(αt+βt2) + e(t); t = 1, . . . , N. (76)

Here A is the complex valued amplitude, and e(t) is a complex valued random variable with

mean zero and finite variance. The frequency α and the frequency rate β are same as defined

before. The basic idea of the proposed iterative algorithm of Ikarm, Abed-Meraim and Hua

[54] is the following. Suppose

µ(t) = Aei(αt+βt2); t = 1, . . . , N.

Then for any fixed integer τ , consider

m(t) = µH(t)µ(t+ τ) = Cei(2βτt); t = 1, . . . , N − τ. (77)

Here µH(t) is the conjugate of µ(t) and C = |A|2ei(α+βτ2). The equation (77) indicates

that the sequence m(t) represents a sinusoidal signal with frequency 2βτ . Therefore, the

frequency β can be estimated from m(t) using one of the frequency estimation technique.
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Once β is estimated say by β̂, then the signal µ(t) can be demodulated as

z(t) = µ(t)e−i(β̂t2) ≈ Aei(αt).

Hence, α can be estimated from the demodulated signal z(t) by using again the same fre-

quency estimation technique. Note that in estimating α, it is assumed that the effect of β

has been removed in the demodulated signal z(t). Hence, Ikarm, Abed-Meraim and Hua [54]

proposed the following iterative technique to estimate β. Once in the first phase an accurate

estimate of β is obtained then in the second phase α is estimated by using the demodulation

technique as described above. Let us use the subscript k as the iteration number and τk as

the lag parameter at the k-th iteration.

The first step of the iterative algorithm depends on the following transformation

mk(t) = zk−1(n+ τk−1)z
H
k−1(t); t = 1, . . . , N − τk−1, (78)

where

zk−1(t) = y(t)e−iβ̂k−1t
2

; t = 1, . . . , N − 1.

Here, β̂k−1 is the estimate of β at the (k− 1)-th iterate. Let us start the iteration as follows.

For the first iteration (k = 1) the initial values of β̂0 = 0 and τ0 = 1 are chosen. Now from

the transformed data

m1(t) = y(t+ 1)yH(t); t = 1, . . . , N − 1,

obtain β̂1. At the kth (k = 1, 2, . . .) iteration, the demodulated signal zk−1(t) is considered

to be a chirp signal with the same frequency as the original signal y(t) but with different

frequency rate ∆βk−1 = β − β̂k−1. The parameter ∆βk−1 is estimated using the transform

mk(t), say as ∆̂βk−1. The estimate of β is than updated using

β̂k = β̂k−1 + ∆̂βk−1.
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It is very clear that the selection of the lag parameter τk affects the accuracy in estimating

β. Different τk’s can be chosen at different iteration steps. Ikarm, Abed-Meraim and Hua

[54] conducted extensive simulation experiments and they have taken fixed lag size τk = 9

and it is observed that the above method provides a very good result, although theoretically

the properties of the estimators could not be established.

4.6 Bayes Estimates

Lin and Djurić [81] and recently, Mazumder [87] considered the Bayes estimators of the

unknown parameters of the model (57) when e(t)’s are i.i.d. normal random variables.

Mazumder [87] provided a more general solution than Lin and Djurić [81], hence, we are

providing the methodology provided by Mazumder [87].

The following transformations and assumptions have been made for mathematical con-

venience.

A0 = r0 cos(θ0), B0 = r0 sin(θ0), r0 ∈ (0, K], θ0 ∈ [0, 2π], α, β ∈ (0, π).

The following prior assumptions distributions have been made on the above unknown pa-

rameters.

r ∼ uniform(0, K) (79)

θ ∼ uniform(0, 2π) (80)

α ∼ vonMises(a0, a1) (81)

β ∼ vonMises(b0, b1) (82)

σ2 ∼ inverse gamma(c0, c1). (83)

It may be mentioned that r and θ have non-informative priors, σ2 has a conjugate prior.

In this case, 2α and 2β are circular random variables, that is why, von Misses distribution,
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the natural analog of the normal distribution in circular data has been considered. Let us

denote the prior densities of r, θ, α, β, σ2 as [r], [θ], [α], [β], [σ2], respectively, and Y is the

data vector as defined in Section 2.1.1. If it is assumed that the priors are independently

distributed, then the joint posterior density function of r, θ, α, β, σ2 can be obtained as

[r, θ, α, β, σ2|Y ] ∝ [r][θ][α][β][σ2][Y |r, θ, α, β, σ2].

Now to compute the Bayes estimates of the unknown parameters using the Gibbs sampling

technique one needs to compute conditional distribution of each parameter given all the

parameters, known as the full conditional distribution, denoted by [·| . . .], and they are given

by

[r| . . .] ∝ [r][Y |r, θ, α, β, σ2]

[θ| . . .] ∝ [θ][Y |r, θ, α, β, σ2]

[α| . . .] ∝ [α][Y |r, θ, α, β, σ2]

[β| . . .] ∝ [β][Y |r, θ, α, β, σ2]

[σ2| . . .] ∝ [σ2][Y |r, θ, α, β, σ2].

The closed form expression of the full conditionals cannot be obtained. Mazumder [87]

proposed to use the random walk Markov Chain Monte Carlo (MCMC) technique to update

these parameters, which can be easily implemented in practice. The author has used this

method to predict future observation also.

4.7 Testing of Hypothesis

So far we have mainly talked about different estimation procedures of the unknown param-

eters for one component chirp model. But along with the estimation problem the associated

testing of hypothesis problem is of significant practical importance. The testing of hypoth-

esis can be very useful in identifying a source, mainly to detect whether a particular signal
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is coming from a known object or not. Recently, Dhar, Kundu and Das [22] considered the

following testing of hypothesis problem for the one component chirp model. The authors

considered the model (57) and the additive errors e(t)’s are assumed to be i.i.d. random vari-

ables with mean zero and finite variance σ2. To develop the testing procedure some more

technical assumptions on the density functions of the error random variables are needed, and

it will be spelt out later.

If we denote the vector θ0 = (A0, B0, α0, β0)⊤, then we would like to test the following

hypothesis

H0 : θ = θ0 vs. H1 : θ 6= θ0. (84)

It can be interpreted this way that whether the observed signal is coming from a known

source which emits chirp model with parameter θ0.

Dhar, Kundu and Das [22] proposed four different tests to test the hypothesis (84) based

on the following test statistics:

TN,1 = ||D−1(θ̂N,LSE − θ0)||22, (85)

TN,2 = ||D−1(θ̂N,LAD − θ0)||22, (86)

TN,3 = ||D−1(θ̂N,LSE − θ0)||21, (87)

TN,4 = ||D−1(θ̂N,LAD − θ0)||21, (88)

Here, θ̂N,LSE and θ̂N,LAD denote the LSE of θ and LAD estimate of θ as discussed in

Section 4.1 and Section 4.4, respectively. Further, || · ||2 and || · ||1 denote the Euclidean and

L1 distances, respectively, and the 4× 4 diagonal matrix D is as follows:

D = diag{N−1/2, N−1/2, N−3/2, N−5/2}.

All these test statistics are based on some normalized values of the distances between the

estimates and the true parameter value under the null hypothesis. The authors have chosen
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two specific distances, but in principle, any other distance can be considered. In all these

cases, it is expected that the null hypothesis should be rejected if the values of the test

statistics are large.

The natural question is how large is large? For this purpose we need to compute the

critical value of the tests for a given significance level. The hypothesis will be rejected for

the given significance level, if the value of the test statistic exceeds the critical value. For a

given error distribution based on extensive simulations, it is possible to compute the critical

value of a test, for a given significance level. To calculate it theoretically, the following error

assumptions are made by the authors.

Assumption 4.3 Let Fn be the distribution function of y(n) with the probability density

function fn(y,θ), which is twice continuously differentiable with respect to θ. It is assumed

that E

[
∂

∂θi
fn(y,θ)

]2+δ

θ=θ
0
< ∞, for some δ > 0 and E

[
∂2

∂θi∂θj
fn(y,θ)

]2

θ=θ
0
< ∞, for all

n = 1, 2, . . . , N . Here θi and θj, for 1 ≤ i, j ≤ 4, are the i-th and j-th component of θ.

Note that the above Assumption is not very unnatural. The above Assumption holds

for most of the well known probability density functions, e.g. normal, Lalace and Cauchy

probability density functions. Based on the above assumption the critical values for all

the four tests can be calculated, they are quite involved and they are not presented here.

Interested readers are refereed to the original article of Dhar, Kundu and Das [22] for details.

It can be shown that all the tests are consistent, i.e. as the sample size tends to infinity, the

power of the tests go to one.

In this section we have mainly addressed different inferential issues associated with the

one component chirp model. Now in the next section we will address the multicomponent

chirp model.
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5 One Dimensional Multicomponent Chirp Model

In this section we address different estimation problems associated with the multicomponent

chirp model, namely the following model

y(t) =

p∑

k=1

{A0
k cos(α

0
kt+ β0

kt
2) + B0

k sin(α
0
kt+ β0

kt
2)}+ e(t); t = 1, . . . , N. (89)

Here, similar to the one component model, A0
k, B

0
k are real amplitudes, α0

k and β0
k are the

frequency and frequency rate, respectively. The additive error e(t) has mean zero and the

other conditions will be explicitly stated whenever it is needed. At this moment, A0
k, B

0
k,

α0
k and β0

k are assumed to be unknown, and the number of components p is assumed to be

known. Based on the sample {y(t); t = 1, . . . , N}, the problem is to estimate the unknown

parameters. With the abuse of notations, the associated complex model can be written as

follows:

y(t) =

p∑

k=1

A0
ke

(α0
k
t+β0

k
t2) + e(t); t = 1, . . . , N. (90)

Here, A0
k are complex valued amplitudes, e(t) is a complex valued error with mean zero. The

problem remains the same to estimate the unknown parameters based on the complex valued

signal {y(t); t = 1, . . . , N}. Most of the estimation methods which have been developed for

the one component model, can be extended for the multicomponent model also. We mainly

discuss the estimation procedures for the real multicomponent model only (89).

Before proceeding further, let us define the following notations: α = (α1, . . . , αp)
⊤, β =

(β1, . . . , βp)
⊤, A = (A1, . . . , Ap)

⊤, B = (B1, . . . , Bp)
⊤, and Γj = (Aj, Bj , αj , βj)

⊤. Similarly,

α0, β0, A0, B0 and Γ
0
j are also defined. Based on the assumption that additive error e(t)s

are i.i.d. random variables with mean 0 and variance σ2, the most natural estimator of the

unknown parameters will be the least squares estimators. Now we will provide the estimation

procedures of the LSEs and derive their theoretical properties.
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5.1 Least Squares Estimators

The LSEs of the unknown parameters of the model (89) can be obtained by minimizing

Q(Γ1, . . . ,Γp) =
N∑

t=1

(
y(t)−

p∑

k=1

{Ak cos(αkt+ βkt
2) + Bk sin(αkt+ βkt

2)}
)2

. (91)

Note that if e(t)s are i.i.d. Gaussian random variables, then the LSEs become MLEs also.

The minimization of (91) can be performed along the same line as the one component model.

We can write Q(Γ1, . . . ,Γp) as follows It may be observed that Q(Γ1, . . . ,Γp) can be written

as follows:

Q(Γ1, . . . ,Γp) =

[
Y −

p∑

j=1

W (αj, βj)θj

]⊤ [
Y −

p∑

j=1

W (αj, βj)θj

]
, (92)

where the N × 2 matrix W (α, β) is same as defined in (60) and θj = (Aj, Bj)
⊤ is a 2 × 1

vector for j = 1, . . . , p. The data vector Y = (y(1), . . . , y(N))⊤. The LSEs of the unknown

parameters can be obtained by minimizing (92) with respect to the unknown parameters.

Now define the N × 2p matrix W̃ (α,β) as

W̃ (α,β) = [W (α1, β1) : · · · : W (αp, βp)],

then, for fixed α and β, the LSEs of θ1, . . . ,θp, the linear parameter vectors, can be obtained

as

[θ̂
⊤

1 (α1, β1) : · · · : θ̂
⊤

p (αp, βp)]
⊤ =

[
W̃

⊤

(α,β)W̃ (α,β)
]−1

W̃
⊤

(α,β)Y .

Observe that because W̃
⊤

(α,β)W̃ (α,β) is a diagonal matrix for large N due to Lemma

2.1, then θ̂j = θ̂j(αj, βj), the LSEs of θj, j = 1, . . . , p can also be expressed as

θ̂j(αj, βj) =
[
W⊤(αj, βj)W (αj, βj)

]−1
W⊤(αj, βj)Y .

Using similar techniques as in one component case, the LSEs of α and β can be obtained as

the argument maximum of

Y ⊤W̃ (α,β)[W̃
⊤

(α,β)W̃ (α,β)]−1W̃
⊤

(α,β)Y . (93)
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The criterion function, given in (93), is a highly non-linear function of α and β, therefore,

the LSEs of α and β cannot be obtained in closed form. One needs to solve a 2p dimensional

optimization problem to compute the LSEs of the unknown parameters. Since, the function

defined in (93) is a highly non-linear function, very good initial estimates are needed to find

the global maximum. The problem becomes more complicated for larger p. Saha and Kay

[109] suggested to use the method of Pincus [100] to maximize (93). Before describing other

efficient methods, we provide the properties of the LSEs.

Similar to the one component model, Kundu and Nandi [72] obtained the following

consistency result for the LSEs of the multicomponent model.

Theorem 5.1 Suppose there exists a K, such that for j = 1, . . . , p, 0 < |A0
j | + |B0

j | < K,

0 < α0
j , β

0
j < π, α0

j are distinct, similarly β0
j are also distinct. If e(t)s are i.i.d. random

variables with mean zero and finite variance σ2, then Γ̂j = (Âj, B̂j , α̂j, β̂j)
⊤, the LSE of Γ0

j

= (A0
j , B

0
j , α

0
j , β

0
j )

⊤ is strongly consistent, for j = 1, . . . , p.

Kundu and Nandi [72] also obtained the asymptotic normality properties of Γ̂j along

with the consistency results, but the elements of the asymptotic variance covariance matrix

are quite messy. Later Lahiri, Kundu and Mitra [79] using the result Lemma 2.1 and the

Conjecture 2.1 simplified the entries of the asymptotic variance covariance matrix and it can

be presented as follows.

Theorem 5.2 Under the same assumptions as in Theorem 5.1, for j = 1, . . . , p,

(
N1/2(Âj − A0

j), N
1/2(B̂j −B0), N3/2(α̂j − α0

j ), N
5/2(β̂j − β0

j )
)⊤ d−→ N4(0, 2σ

2
Σj), (94)

where Σj can be obtained from the matrix Σ defined in (64), by replacing A0 and B0 with

A0
j and B0

j , respectively. Moreover, Γ̂j and Γ̂k, for j 6= k are asymptotically independently

distributed.
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The consistency and asymptotic normality of the LSEs hold even when the errors are from

a stationary linear process.

5.2 Sequential Least Squares Estimators

Even though, the LSEs are the most natural estimators for multicomponent chirp model,

finding the LSEs is a numerically challenging problem, particularly if p is large. Due to

this reason, Lahiri, Kundu and Mitra [79] proposed a sequential procedure for the multiple

chirp model similar to the sequential procedure as suggested by Prasad, Kundu and Mitra

[102] in case of multiple sinusoidal model. Based on the number theoretic Lemma 2.1 and

the Conjecture 2.1, it has been shown that the LSEs and the sequential estimators are

asymptotically equivalent, i.e. the sequential estimators are also strongly consistent and

they have the same asymptotic distributions as the LSEs. The sequential estimators as

suggested by Lahiri, Kundu and Mitra [79] can be described as follows. Let us assume the

following, without loss of generality:

A02

1 + B02

1 > . . . > A02

p +B02

p .

Then first obtain the estimates of A0
1, B

0
1 , α

0
1 and β0

1 by minimizing

Q(Γ1) = [Y −W (α1, β1)θ1]
⊤ [Y −W (α1, β1)θ1] , (95)

Note that the minimization of (95) can be performed by solving a two dimensional optimiza-

tion problem. Suppose α̂1, β̂1, θ̂1 = (Â1, B̂1)
⊤, are the estimates of α0

1, β
0
1 and (A0

1, B
0
1)

⊤,

respectively, then obtain the new data set Y (1) from the original data set Y , by removing

the effect of the first component as follows:

Y (1) = Y −W (α̂1, β̂1)θ̂1 (96)

Then at the second step obtain the estimates of A0
2, B

0
2 , α

0
2 and β0

2 by minimizing

Q(Γ2) =
[
Y (1) −W (α2, β2)θ2

]⊤ [
Y (1) −W (α2, β2)θ2

]
. (97)
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In this case also the minimization of (97) can be performed by solving a two dimensional

optimization problem. Repeating this process we can obtain the estimates of (A0
3, B

0
3 , α

0
3, β

0
3),

. . ., (A0
p, B

0
p , α

0
p, β

0
p), sequentially. We call these estimators as the sequential least squares

estimators. It has been shown by Lahiri, Kundu and Mitra [79] that under the assumption of

stationary errors, the sequential estimators are strongly consistent and they have the same

asymptotic distribution as the LSEs. It has also been shown by Lahiri, Kundu and Mitra [79]

that if the process is repeated beyond p times, then the corresponding amplitude estimates

converge to zero almost surely. Hence, in practice the sequential procedure can be used to

estimate the number of components in a chirp signal also.

Note that the sequential procedure is a very powerful tool. It mainly works due to the

fact that as the sample size increases the two chirp components become orthogonal because

of the number theoretic Lemma 2.1 and the Conjecture 2.1. Hence, this sequential procedure

works for other estimators also. For example Grover, Kundu and Mitra [44] provided the

sequential periodogram estimators which are strongly consistent and which have the same

asymptotic distribution as the LSEs. It can be easily shown that the sequential method works

for the finite step algorithm as described in Section 4.3. It will be interesting to develop

the theoretical properties of the sequential LAD estimators and also sequential testing of

hypothesis for multicomponent chirp model.

6 Polynomial Phase Model

6.1 One Component Polynomial Phase Model

So far we have discussed about one component and multicomponent chirp model. But a

more general model than a one component chirp model is the one component polynomial

phase model. The one component polynomial phase signal was first introduced by Djurić
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and Kay [24] and it can be described as follows:

y(t) = A0ei(α
0
1t+α0

2t
2+...+α0

pt
p) + e(t); t = 1, . . . , N. (98)

Here also A0 is a complex number, and 0 < α0
1, . . . , α

0
p < π are the coefficients of the

polynomial and e(t)s are noise random variables with mean zero and finite variance. The

explicit assumptions on e(t)s will be mentioned later. Here also the problem remains the

same, based on the observations y(1), . . . , y(N), estimate the unknown parameters namely

A0, α0
1, . . . , α

0
p. Throughout it is assumed that the degree of the polynomial p is known.

The associated real valued model can be written as follows:

y(t) = A0 cos(α0
1t+α0

2t
2+ . . .+α0

pt
p)+B0 cos(α0

1t+α0
2t

2+ . . .+α0
pt

p)+ e(t); t = 1, . . . , N.

(99)

In case of model (99) A0, B0 are real valued and e(t)s are real valued random variables with

mean zero and finite variance. Clearly, the polynomial phase model is more general than the

chirp model.

One of the primary motivations for studying polynomial phase signals comes from Doppler

radar applications. Although the continuous time transmitted radar signal does not have

polynomial phase, the samples taken at the matched filter output of a pulsed radar system

give rise to a discrete time polynomial phase signal, when the target is moving, see for ex-

ample Rihaczek [108]. The polynomial coefficients are then related to the kinetic parameters

of the target. The polynomial phase models are often used in analyzing synthetic aperture

radar (SAR) images, see for example Porchia et al. [101].

Djurić and Kay [24] considered the MLEs of the unknown parameters based on the as-

sumptions that the error random variables are complex valued Gaussian random variables.

Hence, for the model (98) the MLEs of the unknown parameters can be obtained by mini-
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mizing

Q(θp) =
N∑

t=1

∣∣y(t)− Aei(α1t+...,αptp)
∣∣2 , (100)

with respect to θp, where θp = (AR, AI , α1, . . . , αp)
⊤ and A = AR + iAI . The minimization

of (100) can be performed by solving a p dimensional optimization problem. Any standard

non-linear optimization method may be used, but one needs a very good initial guesses to

attend the global optimum solution. Alternatively, the importance sampling as described in

Section 4.1 can be used for this purpose. Although, Djurić and Kay [24] proposed the MLEs

of the unknown parameters of the model (98), they did not provide any properties of the

MLEs. Clearly many desirable properties of the MLEs are not guaranteed as the non-linear

model (98) does not satisfy the sufficient conditions of Jennrich [58], Wu [122] or Kundu [63]

which are needed for the MLEs, under the assumptions of Gaussian error, or the LSEs to be

consistent and asymptotically normally distributed. Later Nandi and Kundu [91] established

the consistency and asymptotic normality properties of the LSEs under the assumptions that

the errors are i.i.d. complex valued random variables with mean zero and finite variance.

The following results are obtained, for detailed proofs, the readers are referred to Nandi and

Kundu [91]. We need the following assumption before stating the main result.

Assumption 6.1 A0 = A0
R+ iA0

I is an arbitrary complex number, 0 < α0
1 < . . . < α0

p, π and

e(t)s are i.i.d. complex valued random variables. Let us write e(t) = eR(t) + ieI(t), where

eR(t) and eI(t) are the real and imaginary parts of e(t). It is assumed E(eR(t)) = E(eI(t)) =

0 and V (eR(t)) = V (eI(t)) =
σ2

2
, and eR(t) and eI(t) are independently distributed.

Theorem 6.1 If e(t)s are i.i.d. complex valued random variables satisfying Assumption 6.1,

then the LSEs of (AR, AI , α1, . . . , αp)
⊤, say (ÂR, ÂI , α̂1, . . . , α̂p)

⊤, are strongly consistent and

(√
N(ÂR − Â0

R),
√
N(ÂI − Â0

I), N
3
2 (α̂1 − α̂0

1), . . . , N
2p+1

2 (α̂p − α̂0
p)
)⊤ d−→ Np+2(0, σ

2
Σp+2),
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where Σp+2 is a (p+2)× (p+2) positive definite matrix, and it is defined through its inverse

as follows:

Σ
−1
p+2 =




1 0 −1
2
A0

I −1
3
A0

I . . . − 1
p+1

A0
I

0 1 1
2
A0

R
1
3
A0

R . . . 1
p+1

A0
R

−1
2
A0

I
1
2
A0

R
1
3
|A0|2 1

4
|A0|2 . . . 1

p+2
|A0|2

−1
3
A0

I
1
3
A0

R
1
4
|A0|2 1

5
|A0|2 . . . 1

p+3
|A0|2

...
...

...
...

. . .
...

− 1
p+1

A0
I

1
p+1

A0
R

1
p+2

|A0|2 1
p+3

|A0|2 . . . 1
2p+1

|A0|2




.

Similar to the periodogram estimators as proposed by Grover, Kundu and Mitra [44] de-

scribed in Section 4.2, in this case also the periodogram estimators can be used. The peri-

odogram function for the polynomial phase model (98) can be described as follows:

I(α1, . . . , αp) =

∣∣∣∣∣
1

N

N∑

t=1

y(t)e−i(α1t+...+αptp)

∣∣∣∣∣

2

. (101)

Therefore, the estimators of α1, . . . , αp can be obtained by maximizing I(α1, . . . , αp) with

respect to the unknown parameters. If

(α̂1, . . . , α̂p) = arg max I(α1, . . . , αp),

then α̂1, . . . , α̂p are called the periodogram estimators of α0
1, . . . , α

0
p, respectively. Once we

obtain the periodogram estimators of α0
1, . . . , α

0
p, the periodogram estimator of A0 can be

obtained as

Â =
1

N

N∑

t=1

y(t)e−i(α̂1t+...+α̂ptp).

Note that the periodogram estimators of the polynomial chirp model also can be obtained

by solving a p dimensional optimization problem. If the error random variables e(t)s satisfy

Assumption 6.1, then following similar approach of Grover, Kundu and Mitra [44], even in

this case also it can be shown that the periodogram estimators are strongly consistent and

they have the same asymptotic distribution as the least squares estimators.
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6.2 Multicomponent Polynomial Phase Model

Although, one component polynomial phase model has been used quite extensively in mod-

eling SAR images and in many other signal processing applications, in number of practical

situations such as analysis of non-stationary signal in the presence of another non-stationary

jamming signal, the multicomponent model is more relevant. A multicomponent polynomial

phase model in presence of additive noise can be described as follows:

y(t) =
m∑

k=1

A0
ke

i(α0
1kt+α0

2kt
2+...+α0

pk
tp) + e(t); t = 1, . . . , N. (102)

Here A0
1, . . . , A

0
m are complex numbers, e(t)s are complex valued random variables as before,

and 0 < α0
1k, . . . , α

0
pk < π, for k = 1, . . . ,m. The problem remains the same, i.e. to estimate

the unknown parameters namely A0
1, . . . , A

0
m and α0

1k, . . . , α
0
pk, for k = 1, . . . ,m. Note that

a more general model then the model (102) will be when the degrees of the polynomials

for each components are different. Although, it is a more general model, analytically it has

the same challenges as the model (102). Hence, we restrict to the model (102) mainly for

notational simplicity.

This problem has been considered by several authors, see for example Friedlander and

Francos [37], Barbarossa, Scaglione and Giannakis [5], Ticahvsky and Handel [113], Pham

and Zoubir [99] and see the references cited therein. There are mainly two issues related

to multicomponent polynomial phase model. First, the interaction between the two com-

ponents, these are often called cross-terms, and they give rise to undesired sinusoids in the

higher order instantaneous moment, which strongly affects algorithms based on frequency

estimation. Secondly, the principle of demodulation of mono component polynomial phase

signals no longer works with multicomponent polynomial phase signals.

Pham and Zoubir [99] proposed to use the maximum likelihood method to estimate the

unknown parameters when the errors are i.i.d. complex Gaussian random variables with
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mean zero and finite variance. The MLEs of the unknown parameters can be obtained by

solving non-linear optimization problem. If the errors are not complex Gaussian random

variables but i.i.d. with mean zero and finite variance, then the least squares method can be

applied and LSEs can be obtained by minimizing

Q(A,α) =
n∑

t=1

∣∣∣∣∣y(t)−
m∑

k=1

Ake
i(α1kt+α2kt

2+...+αpkt
p)

∣∣∣∣∣

2

(103)

with respect to A = (A0
1, . . . , A

0
m)

⊤ and α = (α11, . . . , αp1, . . . , α1m, . . . , αpm)
⊤. The proper-

ties of the MLEs or the LSEs have not yet been established. It will be interesting to develop

the consistency and asymptotic normality properties of the MLEs and LSEs under different

error assumptions. More work is needed along that direction.

7 Random Amplitude Chirp Model

7.1 One Component Random Amplitude Chirp Model

So far we have discussed one component and multicomponent chirp model when the ampli-

tude is constant. Along the same line as the random amplitude sinusoidal model as proposed

by Besson and Stoica [9], Besson, Ghogho and Swami [10] proposed random amplitude chirp

signal model. The random amplitude chirp model can be described as follows:

y(t) = α(t)ei(θ
0
0+θ01t+θ02t

2) + e(t); t = 1, . . . , N. (104)

Here, e(t)s are the additive noise random variables with mean zero and finite variance, and

α(t) is the random time varying amplitude. The explicit structure of α(t) will be defined

later. This kind of signal arises in many applications signal processing. It is being used quite

extensively in different radar problems. Let us assume that a radar illuminating a target.

The transmitted signal will then be affected by two different phenomena. First, it will usually

undergo a phase shift induced by the distance and relative motion between the target and
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the receiver. Based on some smoothness assumption on the motion, the phase shift can be

modeled as quadratic function of time. The coefficients of the quadratic functions are usually

depend on the speed and acceleration of the radar, and kind of waveforms transmitted by

the target. The second phenomenon is due to amplitude distortion caused either by target

fluctuation or scattering of the medium. Due to these reasons, the random amplitude chirp

signal (104) can be used quite effectively in dealing with different radar problems.

Besson, Ghogho and Swami [10] made the following assumptions on the random ampli-

tude α(t) and the error component e(t). It is assumed that α(t) is a real valued stationary

mixing process with non-zero mean. The error component e(t) is a white complex Gaussian

process with mean zero and finite variance. Moreover, e(t) and α(t) are assumed to be in-

dependent. Recently Nandi and Kundu [94] considered the random amplitude chirp model

(104), and provided a theoretical justification that if the mean of the stationary mixing pro-

cess α(t) is unknown and θ00 is also unknown, then both are not identifiable. Therefore, if

both are present then one has to be known. Therefore, without loss of generality, we consider

the model

y(t) = α(t)ei(θ
0
1t+θ02t

2) + e(t); t = 1, . . . , N. (105)

The problem remains the same, i.e., estimate the frequency θ01 and the frequency rate θ02

based on a random sample {y(t); t = 1, . . . , N} from the model (105). Besson, Ghogho and

Swami [10] proposed the following estimators of θ01 and θ02. Consider the following function

Q(θ) =
1

N

∣∣∣∣∣

N∑

t=1

y2(t)e−i2(θ1t+θ2t2)

∣∣∣∣∣

2

. (106)

Note that the function Q(θ) as defined in (106) is the periodogram function of the trans-

formed signal y2(t) with exponent replaced by twice the usual periodogram component. The

unknown parameters θ1 and θ2 are estimated by maximizing Q(θ). Let θ̂ = (θ̂1, θ̂2)
⊤ be the

maximizer of Q(θ), then

θ̂ = (θ̂1, θ̂2)
⊤ = arg maxθ Q(θ). (107)
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In this case also, the maximization of Q(θ) can be performed by solving a two dimensional

optimization problem. Once θ̂1 and θ̂2 are obtained, then the random amplitude α(t) at the

time point t may be estimated by

α̂(t) = Re
{
y(t)× e−(α̂1t+α̂2t2)

}
.

Besson, Ghogho and Swami [10] provided the Cramer-Rao lower bound, and performed ex-

tensive simulations to show that the above estimators perform very well in practice. Besson,

Ghogho and Swami [10] did not provide any theoretical properties of the estimators. Nandi

and Kundu [94] provided the theoretical properties of θ̂1 and θ̂2 based on the following

assumptions of α(t) and e(t).

Assumption 7.1 The random amplitude {α(t)} is a sequence of i.i.d. real-valued random

variables with mean µα, variance σ2
α, µα 6= 0 and σ2

α > 0. The fourth moment of {α(t)}

exists.

Assumption 7.2 The additive error {e(t)} is a sequence of complex-valued i.i.d. random

variables with mean zero and variance σ2. Write e(t) = eR(t) + ieI(t), then {eR(t)} and

{eI(t)} are i.i.d. random variables with mean 0 and variance
σ2

2
, have fourth moment γ,

and are independently distributed.

Assumption 7.3 {e(t)} is assumed to be independent of {α(t)} and 0 < θ01, θ
0
2 < π.

It may be noted that the assumptions used by Nandi and Kundu [94] in case of the

random amplitude are stronger than it has been mentioned by Besson, Ghogho and Swami

[10], where as the assumptions on the error components are weaker than it has been used by

Besson, Ghogho and Swami [10]. Based on the above assumptions, the following consistency

and asymptotic normality results have been obtained. For detailed proofs, interested readers

are referred to Nandi and Kundu [94].
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Theorem 7.1 Under Assumptions 7.1-7.3, θ̂1 and θ̂2 as defined in (107) are strongly con-

sistent estimators of θ̂01 and θ̂02, respectively.

Theorem 7.2 Under Assumptions 7.1-7.3, as N → ∞,

D−1(θ̂ − θ0)
d→ N2(0, 4(σ

2
α + µ2

α)
2
Σ

−1
ΓΣ

−1),

where with Cα = 8(σ2
α + µ2

α)σ
2 + 1

2
γ + 1

8
σ4,

D =

(
N−

3
2 0

0 N−
5
2

)
, Σ =

2(σ2
α + µ2

α)
2

3

(
1 1
1 16

15

)
, Γ = Cα

[
1
3

1
4

1
4

1
5

]
.

From Theorem 7.2 it follows that the asymptotic variances of θ̂1 and θ̂2 are

Var(θ̂1) =
93

N3(σ2
α + µ2

α)
2

[
8(σ2

α + µ2
α)σ

2 +
1

2
γ +

1

8
σ4

]
,

Var(θ̂2) =
135

N5(σ2
α + µ2

α)
2

[
8(σ2

α + µ2
α)σ

2 +
1

2
γ +

1

8
σ4

]

respectively. In case the additive error is Gaussian with mean zero and variance σ2, then

the fourth moment is 3σ4 and the asymptotic variances reduce to

Var(θ̂1) =
93

N3(σ2
α + µ2

α)
2

[
8(σ2

α + µ2
α)σ

2 +
13

8
σ4

]
,

Var(θ̂2) =
135

N5(σ2
α + µ2

α)
2

[
8(σ2

α + µ2
α)σ

2 +
13

8
σ4

]
.

It should be mentioned that the asymptotic variances of θ̂1 and θ̂2 in case of Gaussian errors,

obtained heuristically by Besson, Ghogho and Swami [10] are slightly different than the

above and they are

Var(θ̂1) =
96

N3(σ2
α + µ2

α)
2

[
(σ2

α + µ2
α)σ

2 +
1

2
σ4

]
,

Var(θ̂2) =
90

N5(σ2
α + µ2

α)
2

[
(σ2

α + µ2
α)σ

2 +
1

2
σ4

]
.

Comment 7.1 The random amplitude It may be sinusoidal model y(t) = α(t)eiθ
0t + e(t) is

a special case of model (105). In this case, the effective frequency does not change over time
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and it constant since the frequency rate is zero. The unknown frequency can be estimated by

maximizing Q(θ), where

Q(θ) =
1

N

∣∣∣∣∣

N∑

t=1

y2(t)e−i2θt

∣∣∣∣∣

2

.

The consistency and asymptotic normality of the estimator of θ0 follow along the same way.

In Section 6.1 we have discussed polynomial phase signal. A more general random amplitude

polynomial phase signal can be defined as follows:

y(t) = α(t)ei(θ
0
1t+...+θ0pt

p) + e(t); t = 1, . . . , N. (108)

Under proper conditions on the random amplitude α(t) and the error random variables

e(t), it will be interesting to develop consistency and asymptotic normality properties of the

estimators of the unknown parameters. More work is need along that direction.

7.2 Multi Component Random Amplitude Chirp Model

Nandi and Kundu [94] proposed the multi component chirp model, where instead of a single

frequency and chirp rate pair, p such pairs are present. The model can be written as follows:

y(t) =

p∑

k=1

αk(t)e
i(θ01kt+θ02kt

2) + e(t); t = 1, . . . , N. (109)

Here, the number of component p is assumed to be known. The additive error e(t) satis-

fies Assumption 7.2, the random amplitudes α1(t), . . . , αp(t) and the parameters satisfy the

following assumptions

Assumption 7.4 The random amplitude corresponds to k-th component {αk(t)} is a se-

quence of i.i.d. real-valued random variables with mean µkα 6= 0, variance σ2
kα > 0 and

with finite fourth moment, for k = 1, . . . , p. Moreover, {αj(t)} and {αk(t)} for j 6= k, are

independent.
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Assumption 7.5 The additive error component {e(t)} is independent of the random ampli-

tudes {α1(t)}, . . . , {αp(t)}.

Assumption 7.6 The parameters satisfy 0 < θ011, θ
0
21, . . . , θ

0
1p, θ

0
2p < π, and (θ01j, θ

0
2j) 6=

(θ01k, θ
0
2k), for j 6= k, j, k = 1, . . . , p.

In this case the unknown parameters are estimated by maximizing Q(θ), for θ = (θ1, θ2)
⊤

as defined in (106) locally. Let us write θk = (θ1k, θ2k)
⊤ and θ0

k be the true value of θk.

Let us further use the notation Nk, as a neighborhood of θ0
k, such that for j 6= k, θ0

j /∈ Nk.

Estimate θk as

θ̂k = (θ̂1k, θ̂2k)
⊤ = arg max(θ1,θ2)∈Nk

1

N

∣∣∣∣∣

N∑

t=1

y2(t)e−i2(θ1t+θ2t2)

∣∣∣∣∣

2

. (110)

Nandi and Kundu [94] obtained the following results.

Theorem 7.3 Under Assumptions 7.2 and 7.4 to 7.6, θ̂k is a strongly consistent estimator

of θ0k, for k = 1, . . . , p.

Theorem 7.4 Under Assumptions 7.2 and 7.4 to 7.6, as N → ∞,

D−1(θ̂k − θ0
k)

d→ N2(0, 4(σ
2
kα + µ2

kα)
2
Σ

−1
k ΓkΣ

−1
k ),

where with Ckα = 8(σ2
kα + µ2

kα)σ
2 + 1

2
γ + 1

8
σ4,

D =

(
N−

3
2 0

0 N−
5
2

)
, Σk =

2(σ2
kα + µ2

kα)

3

(
1 1
1 16

15

)
, Γk = Ckα

[
1
3

1
4

1
4

1
5

]
.

Theorem 7.5 Under Assumptions 7.2 and 7.4 to 7.6, D−1(θ̂k − θk) and D−1(θ̂j − θj) for

k 6= j are asymptotically independently distributed.
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8 Sum of Sinusoidal and Chirplet Model

So far we have discussed about some of the well known models namely chirp model and some

related models which have been introduced in the literature for some times. Now we will

be discussing a new model which has recently been introduced by Grover [42] in her Ph.D.

thesis and which is very closely associated with the multicomponent chirp model and it has

been named as ‘chirp like model’. The ‘chirp like model’ can be described as follows;

y(t) =

p∑

j=1

{
A0

j cos(α
0
j t) + B0

j sin(α
0
j t

2)
}
+

q∑

k=1

{
C0

k cos(β
0
kt

2) +D0
k sin(β

0
kt

2)
}
+ e(t);

t = 1, . . . , N. (111)

Here p ≥ 1, q ≥ 1, A0
js, B

0
j s, C

0
ks,D

0
k are real numbers, α0

j s and β0
j s are the frequencies, and

frequency rates, respectively. It has been observed by extensive simulations that the model

(111) behaves very closely with a multicomponent chirp model (89), in the sense if a signal

has been generated from the model (89) then the model (111) fits the generated signal very

well and vice versa. Similarly, it has been observed while analyzing several data sets that if

the multicomponent chirp model (89) fits a data set well, then the ’chirp-like-model’ also fits

the data set well and it is very difficult to distinguish the two fitted models. On the other

hand the model (111) is easier to handle both analytically as well as computational point of

view. That is the main motivation of this model. While developing theoretical properties

of different estimators it has been assumed that p and q are known, but Grover [42] has

discussed estimation of p and q while analyzing real data set. So here, p and q are assumed

to be known.

It is interesting to note that the sinusoidal frequency model can be obtained as a special

case of model (111) when Cj = Dj = 0, for j = 1, . . . , q. Similarly, a simple elementary chirp

model namely

y(t) = C0 cos(β0t2) +D0 sin(β0t2) + e(t); t = 1, . . . , N. (112)
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can be obtained as a special case of the model (111) and it has been available in the signal

processing literature, see for example Casazza and Fickus [15] and Mboup and Adali [88].

Now we consider different estimation procedures of the ‘chirp like model’. First we consider

one component ‘chirp like model’ and then we will discuss about the multicomponent ’‘chirp

like model’.

8.1 One Component Chirp Like Model

The one-component ‘chirp like model’ can be described as follows:

y(t) = A0 cos(α0t)+B0 sin(α0t2)+C0 cos(β0t2)+D0 sin(β0t2)+e(t); t = 1, . . . , N. (113)

Here A0, B0, C0 and D0 are real numbers and 0 < α0, β0 < π, e(t)s are i.i.d. random

variables with mean zero and finite variance. Note that the one component chirp like model

has six parameters, where as one component chirp model has four parameters. Due to

presence of extra parameters it is expected that the one component chirp like model (113)

becomes more flexible than the one component chirp model (57).

Now the natural question is how to estimate the unknown parameters given the observed

signal {y(t); t = 1, . . . , N}. The most natural estimators of the unknown parameters will be

the least squares estimators. The LSEs of θ0 = (A0, B0, α0, C0, D0, β0)⊤ can be obtained by

minimizing

Q(θ) =
N∑

t=1

(
y(t)− A0 cos(α0t)−B0 sin(α0t2)− C0 cos(β0t2)−D0 sin(β0t2)

)2
, (114)

with respect to the unknown parameters θ = (A,B, α, C,D, β)⊤. If we write (114) in matrix

notation, it becomes

Q(θ) = (Y −Z(α, β)µ)⊤(Y −Z(α, β)µ), (115)
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here Y = (y(1), . . . , y(N))⊤, µ = (A,B,C,D)⊤ and

Z(α, β) =




cos(α) sin(α) cos(β) sin(β)
...

...
...

...
cos(Nα) sin(Nα) cos(N2β) sin(N2β)


 .

Since µ is a linear parameter vector, then using the method of separable regression technique

of Richards [107], the LSE of µ for a given α and β becomes

µ̂(α, β) = [Z(α, β)⊤Z(α, β)]−1Z(α, β)⊤Y . (116)

Hence, if we denote the LSEs of A, B, C and D as Â(α, β), B̂(α, β), Ĉ(α, β) and D̂(α, β),

respectively, then

R(α, β) = Q(Â(α, β), B̂(α, β), Ĉ(α, β), D̂(α, β), α, β)

= Y ⊤(I −Z(α, β)[Z⊤(α, β)Z(α, β)]−1Z⊤(α, β))Y .

Hence, the LSEs of α0 and β0 can be obtained by minimizing R(α, β) with respect to α and

β. It is a two dimensional optimization process. As we have shown before, once the LSEs

of α0 and β0 are obtained, say α̂ and β̂, then the LSEs of A0, B0, C0 and D0 can be easily

obtained as

Â = Â(α̂, β̂), B̂ = B̂(α̂, β̂), Ĉ = Ĉ(α̂, β̂), D̂ = D̂(α̂, β̂),

respectively. Therefore, it is observed that although the one component ‘chirp like model’

has six parameters, the LSEs of the unknown parameters can be obtained by solving a

two dimensional optimization problem similar to the one component chirp model only. The

following theoretical properties of θ̂ = (Â, B̂, α̂, Ĉ, D̂, β̂)⊤, the LSE of θ0 can be obtained,

see Grover [42] in this respect.

Theorem 8.1 Under the assumptions that there exists aK such that 0 < |A0|, |B0|, |C0|, |D0| <

K and e(t)s are i.i.d. random variables with mean zero and finite variance σ2 > 0,

θ̂
a.s.−→ θ0.
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Theorem 8.2 Under the same set of assumptions as of Theorem 8.1

D(θ̂ − θ0)
d−→ N6(0, σ

2
Σ),

where

D = diag{
√
N,

√
N,N

√
N,

√
N,

√
N,N2

√
N}, Σ =

[
Σ

(1)
0

0 Σ
(2),

]

and

Σ
(1) =

1

(A02 +B02)




2(A02 + 4B02) −6A0B0 −12B0

−6A0B0 2(4A0 + B0) 12A0

−12B0 12A0 24


 ,

Σ
(1) =

1

2(C02 +D02)




4C02 + 9D02 −5C0D0 −15D0

−5C0D0 9C0 + 4D0 15C0

−15D0 15C0 45


 .

Therefore, the behavior of the LSEs of the linear, frequency and chirp parameters are very

similar with the cone component chirp model. It is observed that the LSEs of frequency and

chirp parameters of the ‘chirp like model’ can be obtained by solving a two dimensional opti-

mization problem. As we have seen in case of chirp model, the main issue about computing

the LSEs is to find proper initial guesses and that involves a search of the order O(N3). If

N is large, it is computationally quite challenging. Due to this reason Grover [42] proposed

a sequential method which involves search of the order O(N2 + N), and which produce es-

timators which have the same asymptotic properties as the LSEs. We call these estimators

as the sequential least squares estimators. The sequential procedure can be described as

follows, we use the following notations for that purpose. Let us partition the matrix Z(α, β)

as follows:

Z(α, β) =
[
Z(1)(α) Z(2)(β)

]
,

where

Z(1)(α) =

[
cos(α) . . . cos(Nα)
sin(α) . . . sin(Nα)

]⊤
and Z(2)(β) =

[
cos(β) . . . cos(N2β)
sin(β) . . . sin(N2β)

]⊤
.
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Similarly, the vectors

µ =
(
µ(1)⊤ µ(2)⊤

)⊤
, θ =

(
θ(1)⊤ θ(2)⊤

)⊤

where µ(1) = (A,B)⊤, µ(2) = (C,D)⊤, θ(1) = (A,B, α)⊤ and θ(2) = (C,D, β)⊤. Similarly,

µ0 and θ0 are also partitioned. First obtain estimators of µ(1)0 and α0 by minimizing

Q1(θ
(1)) = (Y −Z(α)µ(1))⊤(Y −Z(α)µ(1)). (117)

Note that the minimization of (117) can be obtained by solving a one dimensional opti-

mization problem. Let the sequential least squares estimators be denoted by µ̂
(1) and α̂,

i.e.

θ̂
(1)

= (µ̂(1)⊤ , α̂)⊤ = (Â, B̂, α̂)⊤ = arg min Q1(θ
(1)).

Then at the second stage obtain the new data vector:

Y 1 = Y −Z(1)(α̂)µ̂(1).

Compute the estimators of µ(2)0 and β0, by minimizing

Q2(θ
(2)) = (Y 1 −Z(2)(β)µ(2))⊤(Y 1 −Z(2)(β)µ(2)). (118)

In this case also the sequential least squares estimators of µ(2)0 and β0 can be obtained by

solving a one-dimensional optimization problem. As it has been mentioned before that the

sequential least squares estimators also have the same asymptotic properties as the LSEs.

It will be interesting to look at the approximate least squares estimators of α and β and

they can be obtained by maximizing I1(α) and I2(β), respectively, where

I1(α) =
1

N

∣∣∣∣∣

N∑

t=1

y(t)e−iαt

∣∣∣∣∣

2

and I1(β) =
1

N

∣∣∣∣∣

N∑

t=1

y(t)e−iβt2

∣∣∣∣∣

2

.

Once the approximate least squares estimators of α and β are obtained the corresponding

linear parameters can be obtained in explicit form. Therefore, the approximate least squares
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estimators also can be obtained by solving two one dimensional optimization problems, and

in this case also finding the initial guesses involves search of the order O(N2 + N). It is

expected that the asymptotic properties of the approximate least squares estimators should

be same as the least squares estimators, although it has not been established yet. More work

is needed along that direction.

8.2 Multicomponent Chirp Like Model

Now we will be discussing about different estimation procedures of the multicomponent chirp

model as defined in (111). The most intuitive estimators will be the LSEs and they can be

obtained by minimizing

Q(θ) =
N∑

t=1

(
y(t)−

p∑

j=1

{
Aj cos(αjt) + Bj sin(αjt

2)
}
−

q∑

k=1

{
Ck cos(βkt

2) +Dk sin(βkt
2)
}
)2

(119)

with respect to the unknown parameters

θ = (A1, B1, α1, . . . , Ap, Bp, αp, C1, D1, β1, . . . , Cq, Dq, βq)
⊤.

It can be easily seen as before, that the LSEs of ϑ can be obtained by solving a p + q

dimensional optimization problem. Grover [42] provided the asymptotic properties of ϑ̂, the

LSE of ϑ0, the true parameter value of the model.

Theorem 8.3 Under the assumptions that there exists a K such that

0 < |A0
1|, |B0

1 |, . . . , |Ap|0, |Bp|0, |C0
1 |, |D0

1|, . . . , |C0
q |, |D0

q | < K

and e(t)s are i.i.d. random variables with mean zero and finite variance σ2 > 0, then

θ̂
a.s.−→ θ0.

The following results provide the asymptotic distribution of θ̂.
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Theorem 8.4 Under the same set of assumptions as in Theorem 8.3,

D
(
θ̂ − θ0

)
d−→ N3(p+q)(0,Σ).

Here

D = diag(D1, . . . ,D1︸ ︷︷ ︸
p times

,D2, . . . ,D2︸ ︷︷ ︸
q times

)

with

D1 = diag
(√

N,
√
N,N

√
N
)
,D2 = diag

(√
N,

√
N,N2

√
N
)

Σ =




Σ
(1)
1 0 . . . . . . . . . 0

0
. . . 0 . . . . . . 0

...
... Σ

(1)
p 0 . . . 0

0 . . . 0 Σ
(2)
1 . . . 0

0 . . . . . . 0
. . . 0

0 . . . . . . . . . 0 Σ
(2)
q




and for j = 1, . . . , p, k = 1, . . . , q,

Σ
(1)
j =




1
2

0
B0

j

4

0 1
2

−A0
j

4
B0

j

4
−A0

j

4

A02

j +B02

j

6


 , and Σ

(2)
k =




1
2

0
D0

k

6

0 1
2

−C0
k

6
D0

k

6
−C0

k

6

C02

k
+D02

k

10


 .

In this case also to avoid solving (p+q) optimization problem, Grover [42] proposed sequential

least squares estimators with the obvious modification of the one component sequential

least squares procedure as it has been described in details in Section 8.1 and based on the

number theoretic Conjecture 2.1, it has been shown that the LSEs and sequential LSEs are

asymptotically equivalent. Note that the sequential LSEs can be obtained by solving (p+ q)

one dimensional optimization problems.

In case of the multicomponent ‘chirp like model’ also, the approximate least squares

estimators also can be obtained along the same line as the one component ‘chirp like model’

as we have described in Section 8.1. The approximate LSEs also can be obtained by solving

(p + q) one dimensional optimization problems. It is expected that the approximate LSEs
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should be equivalent asymptotically with the LSEs, although it has not been established. It

will be interesting to see the performance of the approximate LSEs and develop its properties.

It is an interesting and important open problem.

9 Harmonic Chirp Model

In this chapter, we consider a special case of the chirp model, where the frequencies and

frequency rates instead of being arbitrary, are harmonics of a common constant fundamental

frequency and common constant fundamental frequency rate, respectively. The model can

be expressed mathematically as follows:

y(t) =

p∑

k=1

{
A0

k cos(kα
0t+ kβ0t2) + B0

k sin(kα
0t+ kβ0t2)

}
+ e(t); t = 1, . . . , N. (120)

Here A0
ks and B0

ks are arbitrary real numbers, 0 < α0 < π is the fundamental frequency and

0 < β0 < π is the fundamental frequency rate of the observed signal y(t), and e(t)s are real

valued additive error with mean zero and finite variance.

It may be mentioned that the problem of estimating the fundamental frequency of har-

monic time stationary sinusoids has several applications in speech processing, communica-

tions, radar and sonar, biomedical systems, electric power, and semiconductor devices, see

for example Christensen et al. [18, 19], Eddy [31] and Li, Stoica and Li [80]. An exten-

sive amount of work has been done in developing efficient estimators and developing their

properties both in the Statistical and Signal Processing Literature, see for example Quinn

and Thomson [105], Irizarry [56], Nandi and Kundu [92, 95], Chang and Chen [16], Jain and

Singh [57] and the references cited therein.

But in many other applications it is observed that the signal is more appropriately mod-

eled as a sum of harmonic components of a non-stationary signal, i.e. a signal that its

frequency content is varied with respect time. In active transmission used in tissue har-
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monic imaging in ultrasound or by mammals, namely bats, dolphins, whales, the signal is

deliberately transmitted as a sum of harmonic linear frequency modulated chirps to increase

the detectability of the source of interest, i.e. an organ in ultrasound or a prey in case of

mammals, see for example Vespe, Jones and Baker [114], Kopsinis et al. [62].

Doweck, Amar and Cohen [29] considered the model (120 when the errors are i.i.d. Gaus-

sian random variables with mean zero and finite variance. They have discussed about the

maximum likelihood estimators of the unknown parameters assuming the number of com-

ponents p to be known, and then using BIC criterion they have estimated p also. They have

obtained the Cramer-Rao lower bound and discussed several computational issues associated

with this problem. They have also used product high order ambiguity function method to

estimate the unknown parameters, but did not provide any theoretical results. It will be

interesting to develop theoretical properties of these estimators.

Grover [42] considered the LSEs and Approximate LSEs of the unknown parameters under

a fairly general set of assumptions on the additive errors e(t)s and provided the theoretical

properties of these estimators. Before providing the exact results let us define the following

notations: θ = (A1, B1, . . . , AP , Bp, α, β)
⊤. The true parameter value will be denoted by θ0.

The LSEs of the unknown parameters can be obtained by minimizing

Q(θ) =
N∑

t=1

(
y(t)−

p∑

k=1

{
Ak cos(kαt+ kβt2) +Bk sin(kαt+ kβt2)

}
)2

(121)

with respect to θ. Using matrix notation (121) can be written as

Q(θ) = (Y −Z(α, β)φ)⊤ (Y −Z(α, β)φ) . (122)

Here Y = (y(1), . . . , y(N))⊤ is the observed data vector, φ = (A1, B1, . . . , Ap, BP )
⊤ is the
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vector of linear parameters and the matrix Z(α, β) is defined as

Z(α, β) =




cos(α + β) sin(α + β) . . . cos(pα + pβ) sin(pα + pβ)
...

... . . .
...

...
cos(Nα +N2β) sin(Nα +N2β) . . . cos(pNα + pN2β) sin(pNα + pNβ)


 .

(123)

Since φ is a vector of linear parameters, for given α and β, they can be estimated using

simple linear regression technique as discussed before, and it will be

φ̂(α, β) =
[
Z⊤(α, β)Z(α, β)

]−1
Z⊤(α, β)Y . (124)

Therefore, the LSEs of α and β can be obtained by minimizing

R(α, β) =
(
Y −Z(α, β)φ̂(α, β)

)⊤ (
Y −Z(α, β)φ̂(α, β)

)

= Y ⊤(I − PZ(α, β))Y , (125)

where PZ(α, β) = Z(α, β)[Z⊤(α, β)Z(α, β)]−1Z⊤(α, β) is the projection matrix on the

column space of the matrix Z(α, β). Hence, the LSEs of α0 and β0 can be obtained by

minimizing R(α, β) with respect to α and β and let us denote them as α̂ and β̂, respectively,

i.e.

(α̂, β̂)⊤ = arg minR(α, β). (126)

Hence, the LSE of φ becomes

φ̂ = φ̂(α̂, β̂) =
[
Z⊤(α̂, β̂)Z(α̂, β̂)

]−1

Z⊤(α̂, β̂)Y . (127)

Grover [42] obtained the following consistency result of the LSEs.

Theorem 9.1 It is assumed that there exits aK, such that 0 < |A1|2, |B1|2, . . . , |Ap|2, |Bp|2 <

K, 0 < α0, β0 <
π

p
and the error random variables e(t)s satisfy Assumption 4.1. Then, θ̂,

the LSE of θ0, is strongly consistent i.e.

θ̂
d−→ θ0.
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The asymptotic distribution of the LSEs also has been obtained by Grover [42], and it is as

follows:

Theorem 9.2 Under the same set of assumptions as in Theorem 9.1

D(θ̂ − θ0)
d−→ N2p+2(0, 2cσ

2
Σ).

Here D = diag{
√
N, . . . ,

√
N︸ ︷︷ ︸

2p times

, N
√
N,N2

√
N}, c =

∞∑

j=−∞

a2(j), the matrix

Σ
−1 =

[
I Σ12

Σ21 Σ22

]
,

where I is a 2p×2p identity matrix, Σ12 is a 2p×2 matrix, Σ22 is a 2p×2p matrix as given

below:

Σ12 =

[
B0

1

2
. . .

pB0
p

2
−A0

1

2
. . . −A0

p

2
B0

1

3
. . .

pB0
p

3
−A0

1

3
. . . −A0

p

3

]
,

Σ12 = Σ
⊤

21 and

Σ22 =




∑p

k=1 k
2(A02

k
+B02

k
)

3

∑p

k=1 k
2(A02

k
+B02

k
)

4∑p

k=1 k
2(A02

k
+B02

k
)

4

∑p

k=1 k
2(A02

k
+B02

k
)

5


 .

Grover [42] also proposed approximate LSEs of the unknown parameters, and they can

be obtained by maximizing I(α, β), where

I(α, β) =
1

N

∣∣∣∣∣

N∑

t=1

y(t)e−i(αt+βt2)

∣∣∣∣∣

2

=
1

N
Y ⊤Z(α, β)Z⊤(α, β)Y . (128)

The maximization of I(α, β) can be obtained by solving a two dimensional optimization

problem. If α̂ and β̂ maximize I(α, β), i.e.

(α̂, β̂)⊤ = arg max I(α, β),

then the corresponding approximate LSE of φ can be obtained as

φ̂ =
2

N
Z⊤(α̂, β̂)Y .
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Under the same set of assumptions as in Theorem 9.1 Grover [42] showed that the LSEs and

approximate LSEs are asymptotically equivalent, i.e. approximate LSEs are also consistent

and they have the same asymptotic distribution as the LSEs.

10 Two Dimensional Chirp Model

So far we have mainly talked about one dimensional chirp model and some of its variants. In

this section we will be discussing about the two dimensional (2-D) chirp model in presence of

additive errors and some of its variants. Mathematically a 2-D chirp model can be expressed

as follows:

y(m,n) =

p∑

k=1

{
A0

k cos(α
0
km+ β0

km
2 + γ0

kn+ δ0kn
2) + B0

k cos(α
0
km+ β0

km
2 + γ0

kn+ δ0kn
2)
}

+e(m,n); m = 1, . . . ,M, n = 1, . . . , N. (129)

Here, y(m,n) is the observed signal in two dimension, A0
ks, B

0
ks are real numbers, α0

ks, γ
0
ks

are frequencies, and β0
ks, δ

0
ks are frequency rates. The random component e(m,n)s are real

valued random variables with mean zero and finite variance. The more explicit assumptions

on e(m,n)s will be stated later.

The 2-D chirp model is a natural generalization of the 2-D sinusoidal model which can

be described as follows:

y(m,n) =

p∑

k=1

{
A0

k cos(α
0
km+ γ0

kn) + B0
k cos(α

0
km+ γ0

kn)
}

+e(m,n); m = 1, . . . ,M, n = 1, . . . , N. (130)

The 2-D sinusoidal model (130) has received considerable amount of attention in the signal

processing literature. This model has different applications in ‘Multidimensional Signal

Processing’. This is basic model in many fields such as antenna array processing, geophysical

perception, biomedical spectral analysis etc. see for example the work by Barbieri and Barone
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[6], Cabrera and Bose [13], Chun and Bose [20], Hua [52] and see the references cited therein.

This problem has a special interest in spectrography, and it has bees studied quite rigorously

by Malliavan [84, 85].

The above 2D-chirp model (129) is a natural generalization of the 2-D sinusoidal model

and 1-D chirp model. Many 2-D signal processing applications require modeling and analysis

of non-homogeneous signals. In fact, almost any application where image interpretation is

required, has to face challenge of analyzing non-homogeneous in the observed image. Model

(129) and some of its variants have been used in modeling and analyzing magnetic resonance

imaging (MRI), optical imaging and different texture imaging. It has been also used in

modeling black and white ‘gray’ images, and to analyze finger print images data. This

model has a wide applications in modeling Synthetic Aperture Radar (SAR) data and in

particular Interferometric SAR data. See, for example, Pelag and Porat [98], Hedley and

Rosenfeld [50], Friedlander and Francos [38], Francos and Friedlander [35, 36], Cao, Wang

and Wang [14], Zhang and Liu [129], Zhang, Wang and Cao [130], and see the references

cited therein.

We mainly discuss different estimation procedures and their properties for single compo-

nent 2-D chirp model. All the results can be easily generalized for multiple 2-D chirp model

using sequential procedures as described before for 1-D chirp model.

10.1 Least Squares Estimators

The one component 2-D chirp model can be written as follows:

y(m,n) = A0 cos(α0m+ β0m2 + γ0n+ δ0n2) + B0 sin(α0m+ β0m2 + γ0n+ δ0n2)

+e(m,n); m = 1, . . . ,M, n = 1, . . . , N. (131)
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Here one component 2-D chirp model (131) can be obtained from model (129) when p = 1.

The problem is to find the estimators of the unknown parameters based on the observed data

y(m,n), under a suitable error assumption. First let us assume that the error components

e(m,n)s are i.i.d. random variables with mean zero and finite variance σ2, for m = 1, . . . ,M

and n = 1, . . . , N . More general error assumptions will be considered in subsequent sections.

Based on the assumptions that the errors are i.i.d. random variables the most reasonable

estimators will be the LSEs, and they can be obtained by minimizing the residual sums of

squares, i.e.

Q(θ) =
M∑

m=1

N∑

n=1

(
y(m,n)− A cos(αm+ βm2 + γn+ δn2)− B sin(αm+ βm2 + γn+ δn2)

)2
,

(132)

where θ = (A,B, α, β, γ, δ)⊤. The LSEs of the unknown parameters θ, say θ̂, can be obtained

as the argument minimum of Q(θ), i.e.

θ̂ = (Â, B̂, α̂, β̂, γ̂, δ̂)⊤ = arg min Q(θ).

As expected, the LSEs cannot be obtained in explicit forms. One needs to use some numer-

ical techniques to compute the MLEs. Newton-Raphson, Gauss-Newton, Genetic algorithm

or simulated annealing method may be used for this purpose. Alternatively, the method

suggested by Saha and Kay [109] as described in the Section 4.1 may be used to find the

LSEs of the unknown parameters. The details are avoided.

Lahiri [74], see also Lahiri and Kundu [75] in this respect, established the asymptotic

properties of the LSEs under a fairly general set of conditions. It has been shown that the

LSEs are strongly consistent and they are asymptotically normally distributed. The results

are provided in details below.

Theorem 10.1 If there exists a K, such that 0 < |A0| + |B0| < K, 0 < α0, β0, γ0, δ0 <
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π, and σ2 > 0, then θ̂ = (Â, B̂, α̂, β̂, γ̂, δ̂)⊤ is a strongly consistent estimate of θ0 =

(A0, B0, α0, β0, γ0, δ0)⊤.

Theorem 10.2 Under the same assumptions as in Theorem 10.1, if we denote D as a 6×6

diagonal matrix as

D = diag
{
M1/2N1/2,M1/2N1/2,M3/2N1/2,M5/2N1/2,M1/2N3/2,M1/2N5/2

}
,

then

D(Â− A0, B̂ − B0, α̂− α0, β̂ − β0, γ̂ − γ0, δ̂ − δ0)⊤
d−→ N6(0, 2σ

2
Σ),

where

Σ
−1 =




1 0 B0

2
B0

3
B0

2
B0

3

0 1 −A0

2
−A0

3
−A0

2
−A0

3
B0

2
−A0

2
A02+B02

3
A02+B02

4
A02+B02

4
A02+B02

4.5
B0

3
−A0

3
A02+B02

4
A02+B02

5
A02+B02

4.5
A02+B02

5
B0

2
−A0

2
A02+B02

4
A02+B02

4.5
A02+B02

3
A02+B02

4
B0

3
−A0

3
A02+B02

4.5
A02+B02

5
A02+B02

4
A02+B02

5




.

Note that the above result Theorem 10.2 can be used to construct confidence intervals of the

unknown parameters. They can be used for testing of hypothesis problem also. Since, the

LSEs are MLEs under the assumption of i.i.d. Gaussian errors, the above LSEs are MLEs

also when the errors are i.i.d. Gaussian random variables. In fact, the LSEs are consistent

and asymptotically normally distributed even for a more general error assumptions. Let us

make the following assumption on the error component e(m,n).

Assumption 10.1 The error component e(m,n) has the following form:

e(m,n) =
∞∑

j=−∞

∞∑

k=−∞

a(j, k)X(m− j, n− k),
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with
∞∑

j=−∞

∞∑

k=−∞

|a(j, k)| < ∞,

where, {X(m,n)} is a double array sequence of i.i.d. random variables with mean zero,

variance σ2, and with finite fourth moment.

Lahiri [74] established that under Assumption 10.1, the LSE of θ is strongly consistent under

the same assumption as in Theorem 10.1. Moreover, the LSEs are asymptotically normally

distributed as provided in the following theorem.

Theorem 10.3 Under the same assumptions as in Theorem 10.1 and Assumption 10.1,

D(θ̂ − θ0)
d−→ N6(0, 2cσ

2
Σ),

where matrices D and Σ are same as defined in Theorem 10.2 and

c =
∞∑

j=−∞

∞∑

k=−∞

a2(j, k).

10.2 Approximate Least Squares Estimators

As an alternative to the LSEs, Grover, Kundu and Mitra [44] considered approximate LSEs

which can be obtained by maximizing a 2-D periodogram type function defined as follows:

I(α, β, γ, δ) =
2

MN





(
M∑

m=1

N∑

n=1

y(m,n) cos(αm+ βm2 + γn+ δn2)

)2

+

(
M∑

m=1

N∑

n=1

y(m,n) sin(αm+ βm2 + γn+ δn2)

)2


 . (133)

The main idea about the above 2-D periodogram type function has been obtained from the

periodogram estimator in case the 2-D sinusoidal model. It has been observed by Kundu
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and Nandi [71] that the 2-D periodogram type estimators for a 2-D sinusoidal model are

consistent and asymptotically equivalent to the corresponding LSEs. The 2-D periodogram

type estimators or the ALSEs of the 2-D chirp model can be obtained by the argument

maximum of I(α, β, γ, δ) given in (133) over the range (0, π) × (0, π) × (0, π) × (0, π). The

explicit solutions of the argument maximum of I(α, β, γ, δ) cannot be obtained analytically.

Numerical methods are required to compute the ALSEs. Extensive simulation experiments

have been performed by Grover et al. [44], and it has been observed that the Downhill-

Simplex method performs quite well to compute the ALSEs, provided the initial guesses

are quite close to the true values. It has been observed in simulation studies that although

both LSEs and ALSEs involve solving 4-D optimization problem, computational time of

the ALSEs is significantly lower than the LSEs. It has been established that the LSEs and

ALSEs are asymptotically equivalent. Therefore, the ALSEs are strongly consistent and the

asymptotic distribution of the ALSEs is same as the LSEs.

Since the computation of the LSEs or the ALSEs is a challenging problem, several other

computationally efficient methods are available in the literature. But unfortunately in most

the cases, either the asymptotic properties are unknown or they may not have the same

efficiency as the LSEs or ALSEs. Now we provide two estimators which have the same

asymptotic efficiency as the LSEs or ALSEs and at the same time both of them can be

computed more efficiently than the LSEs or the ALSEs.

10.3 2-D Finite Step Efficient Algorithm

Lahiri, Kundu and Mitra [77] proposed finite step efficient algorithm for 2-D one component

chirp signal model. It is observed that if we start with the initial guesses of α0 and γ0 having

convergence rates Op(M
−1N−1/2) and Op(N

−1M−1/2), respectively, and β0 and δ0 having

convergence rates Op(M
−2N−1/2) and Op(N

−2M−1/2), respectively, then after four iterations
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the algorithm produces estimates of α0 and γ0 having convergence rates Op(M
−3/2N−1/2) and

Op(N
−3/2M−1/2), respectively, and β0 and δ0 having convergence rates Op(M

−5/2N−1/2) and

Op(N
−5/2M−1/2), respectively. Therefore, the efficient algorithm produces estimates which

have the same rates of convergence as the LSEs or the ALSEs. Moreover, it is guaranteed

that the algorithm stops after four iterations.

Before providing the algorithm in details, we introduce the following notation and some

preliminary results which we need for further development. If α̃ is an estimator of α0 such

that α̃ − α0 = Op(M
(−1−λ11)N−λ12), for some 0 < λ11, λ12 ≤ 1/2, and β̃ is an estimator of

β0 such that β̃ − β0 = Op(M
(−2−λ21)N−λ22), for some 0 < λ21, λ22 ≤ 1/2, then an improved

estimator of α0 can be obtained as

˜̃α = α̃ +
48

M2
Im

(
Pα
MN

Qα,β
MN

)
, (134)

with

Pα
MN =

N∑

n=1

M∑

m=1

y(m,n)

(
m− M

2

)
e−i(α̃m+β̃m2) (135)

Qα,β
MN =

N∑

n=1

M∑

m=1

y(m,n)e−i(α̃m+β̃m2). (136)

Similarly, an improved estimator of β0 can be obtained as

˜̃
β = β̃ +

45

M4
Im

(
P β
MN

Qα,β
MN

)
, (137)

with

P β
MN =

N∑

n=1

M∑

m=1

y(m,n)

(
m2 − M2

3

)
e−i(α̃m+β̃m2) (138)

and Qα,β
MN is same as defined above in (136).

The following two results provide the justification for the improved estimators, whose

proofs can be obtained in Lahiri, Kundu and Mitra [77].

81



Theorem 10.4 If α̃− α0 = Op(M
−1−λ11N−λ12) for λ11, λ12 > 0, then

(a) (˜̃α− α0) = Op(M
−1−2λ11N−λ12) if λ11 ≤ 1/4,

(b) M3/2N1/2(˜̃α− α0)
d−→ N(0, σ2

1) if λ11 > 1/4, λ12 = 1/2,

where σ2
1 =

384cσ2

A02 + B02
, the asymptotic variance of the LSE of α0, and c is same as defined

in Theorem 10.3.

Theorem 10.5 If β̃ − β0 = Op(M
−2−λ21N−λ22) for λ21, λ22 > 0, then

(a) (
˜̃
β − β0) = Op(M

−2−λ21N−λ22) if λ21 ≤ 1/4,

(b) M5/2N1/2(
˜̃
β − β0)

d−→ N(0, σ2
2) if λ21 > 1/4, λ22 = 1/2,

where σ2
2 =

360cσ2

A02 + B02
, the asymptotic variance of the LSE of β0, and c is same as defined

in the previous theorem.

In order to find estimators of γ0 and δ0, interchange the roles of M and N . If γ̃ is an

estimator of γ0 such that γ̃ − γ0 = Op(N
(−1−κ11)N−κ12), for some 0 < κ11, κ12 ≤ 1/2, and δ̃

is an estimator of δ0 such that δ̃ − δ0 = Op(M
(−2−κ21)N−κ22), for some 0 < κ21, κ22 ≤ 1/2,

then an improved estimator of γ0 can be obtained as

˜̃γ = γ̃ +
48

N2
Im

(
P γ
MN

Qγ,δ
MN

)
, (139)

with

P γ
MN =

N∑

n=1

M∑

m=1

y(m,n)

(
n− N

2

)
e−i(γ̃n+δ̃n2) (140)

Qγ,δ
MN =

N∑

n=1

M∑

m=1

y(m,n)e−i(γ̃n+δ̃n2), (141)

and an improved estimator of δ0 can be obtained as

˜̃
δ = δ̃ +

45

N4
Im

(
P δ
MN

Qγ,δ
MN

)
, (142)
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with

P δ
MN =

N∑

n=1

M∑

m=1

y(m,n)

(
n2 − N2

3

)
e−i(γ̃n+δ̃n2) (143)

and Qγ,δ
MN is same as defined in (141).

The following two results provide the justification for the improved estimators, the details

can be obtained in Lahiri, Kundu and Mitra [77].

Theorem 10.6 If γ̃ − γ0 = Op(N
−1−κ11M−κ12) for κ11, κ12 > 0, then

(a)(˜̃γ − γ0) = Op(N
−1−2κ11M−κ12) if κ11 ≤ 1/4,

(b)N3/2M1/2(˜̃γ − γ0)
d−→ N(0, σ2

1) if κ11 > 1/4, κ12 = 1/2.

Here σ2
1 and c are same as defined in Theorem 10.3.

Theorem 10.7 If δ̃ − δ0 = Op(N
−2−κ21M−κ22) for κ21, κ22 > 0, then

(a)(
˜̃
δ − δ0) = Op(N

−2−κ21M−κ22) if κ21 ≤ 1/4,

(b)N5/2M1/2(
˜̃
δ − δ0)

d−→ N(0, σ2
2) if κ21 > 1/4, κ22 = 1/2.

Here σ2
2 and c are same as defined in Theorem 10.5.

Now we show that starting from the initial guesses α̃, β̃, with convergence rates α̃ − α0 =

Op(M
−1N−1/2) and β̃ − β0 = Op(M

−2N−1/2), respectively, how the above results can be

used to obtain efficient estimators, which have the same rate of convergence as the LSEs. It

may be noted that finding initial guesses with the above convergence rates are not difficult.

It can be obtained by finding the minimum of Q1(α, β), where

Q1(α, β) =
M∑

m=1

(
N∑

n=1

y(m,n)−A cos(αm+ βm2)− B sin(αm+ βm2)

)2

.

Here also the main idea is not to use the whole sample at the beginning. We use part of the

sample at the beginning and gradually proceed towards the complete sample. The algorithm
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is described below. We denote the estimates of α0 and β0 obtained at the j-th iteration as

α̃(j) and β̃(j), respectively.

Algorithm 4:

Step 1: Choose M1 = M8/9, N1 = N . Therefore,

α̃(0) − α0 = Op(M
−1N−1/2) = Op(M

−1−1/8
1 N

−1/2
1 ) and

β̃(0) − β0 = Op(M
−2N−1/2) = Op(M

−2−1/4
1 N

−1/2
1 ).

Perform steps (134) and (137). Therefore, after 1-st iteration, we have

α̃(1) − α0 = Op(M
−1−1/4
1 N

−1/2
1 ) = Op(M

−10/9N−1/2) and

β̃(1) − β0 = Op(M
−2−1/2
1 N

−1/2
1 ) = Op(M

−20/9N−1/2).

Step 2: Choose M2 = M80/81, N1 = N . Therefore,

α̃(1) − α0 = Op(M
−1−1/8
2 N

−1/2
2 ) and

β̃(1) − β0 = Op(M
−2−1/4
2 N

−1/2
2 ).

Perform steps (134) and (137). Therefore, after 2-nd iteration, we have

α̃(2) − α0 = Op(M
−1−1/4
2 N

−1/2
2 ) = Op(M

−100/81N−1/2) and

β̃(2) − β0 = Op(M
−2−1/2
2 N

−1/2
2 ) = Op(M

−200/81N−1/2).

Step 3: Choose M3 = M , N3 = N . Therefore,

α̃(2) − α0 = Op(M
−1−19/81
3 N

−1/2
3 ) and

β̃(2) − β0 = Op(M
−2−38/81
2 N

−1/2
3 ).

Again, performing steps (134) and (137), after 3-rd iteration, we have

α̃(3) − α0 = Op(M
−1−38/81N−1/2) and

β̃(3) − β0 = Op(M
−2−76/81N−1/2).
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Step 4: Choose M4 = M , N4 = N , and after performing steps (134) and (137) we obtain

the required convergence rates, i.e.

α̃(4) − α0 = Op(M
−3/2N−1/2) and

β̃(4) − β0 = Op(M
−5/2N−1/2).

Similarly, interchanging the role of M and N , we can get the algorithm corresponding to

γ0 and δ0. Extensive simulation experiments have been carried out by Lahiri [74], and it is

observed that the performance of the finite step algorithm is quite good in terms of MSEs and

biases. In initial steps, the part of the sample is selected in such a way that the dependence

structure is maintained in the subsample. The MSEs and biases of the finite step algorithm

are very similar with the corresponding performance of the LSEs. Therefore, the finite step

algorithm can be used quite efficiently in practice.

10.4 Efficient Algorithm Based on Dimension Reduction

Recently, Grover, Kundu and Mitra [46] proposed an efficient estimators of the unknown

parameters of a 2-D chirp model (131) when the errors are i.i.d. random variables with mean

zero and finite variance σ2. It is a numerically efficient method and it uses the reduction

of 2-D chirp model to 1-D chirp models. The main advantage of the proposed estimators is

that although they can be obtained in a more computationally efficient manner, they have

the same convergence rates as the LSEs.

Suppose we fix n = n0, then (131) can be rewritten for m = 1, . . . ,M as follows

y(m,n0) = A0 cos(α0m+ β0m2 + γ0n0 + δ0n2
0) + B0 sin(α0m+ β0m2 + γ0n0 + δ0n2

0)

+e(m,n0);

= A0(n0) cos(α
0m+ β0m2) + B0(n0) sin(α

0m+ β0m2) + e(m,n0). (144)
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Cleary, (144) represents a 1-D chirp model with A0(n0), B
0(n0) as amplitudes, α0 as the

frequency parameter and β0 as the frequency rate parameter. Here,

A0(n0) = A0 cos(γ0n0 + δ0n2
0) + B0 sin(γ0n0 + δ0n2

0),

B0(n0) = −A0 sin(γ0n0 + δ0n2
0) + B0 cos(γ0n0 + δ0n2

0).

Therefore, for any fixed n0 ∈ {1, . . . , N}, it represents a 1-D chirp model with the same

frequency and frequency rate parameters, though different amplitudes. Thus each column of

the 2-D data matrix can be thought of as a data vector coming from 1-D chirp model with

the same frequency and frequency rate.

Therefore, each column of the data matrix can be used to estimate α0 and β0 and for

this purpose least squares method may be used. Hence, the estimators of α0 and β0 can be

obtained by minimizing the following function:

RM(α, β, n0) = Y ⊤

n0
(I −PZM

(α, β))Yn0

for each n0. Here, Yn0 =
[
y[1, n0], . . . , y[M,n0]

]⊤
is the n0th column of the original data

matrix, PZM
(α, β) = ZM(α, β)(ZM(α, β)⊤ZM(α, β))−1

ZM(α, β)⊤ is the projection matrix

on the column space of the matrix ZM(α, β) and

ZM(α, β) =




cos(α + β) sin(α + β)
...

...
cos(Mα +M2β) sin(Mα +M2β)


 . (145)

Therefore, estimates of α0 and β0 can be obtained from each column of the data vector and

they can be combined. This process involves minimizing N 2-D functions corresponding

to the N columns of the matrix. To avoid that, Grover, Kundu and Mitra [46] propose to

minimize the following function instead:

R
(1)
MN(α, β) =

N∑

n0=1

RM(α, β, n0) =
N∑

n0=1

Y
⊤

n0
(I −PZM

(α, β))Yn0 (146)

with respect to α and β simultaneously and obtain α̂ and β̂. It reduces the computational

burden significantly. It may be mentioned that since the errors are assumed to be i.i.d.,

replacing these N functions by their sum is justifiable.

86



Similarly, we can obtain the estimates, γ̂ and δ̂, of γ0 and δ0, by minimizing the following

criterion function:

R
(2)
MN(γ, δ) =

M∑

m0=1

RN(γ, δ,m0) =
M∑

m0=1

Y
⊤

m0
(I −PZN

(γ, δ))Ym0 (147)

with respect to γ and δ simultaneously. The data vector Ym0 =
[
y[m0, 1], . . . , y[m0, N ]

]⊤
,

is the m0th row of the data matrix, m0 = 1, . . . ,M , PZN
(γ, δ) is the projection matrix

on the column space of the matrix ZN(γ, δ) and the matrix ZN(γ, δ) can be obtained by

replacing α, β, N by γ, δ and M , respectively in the matrix ZM(α, β), defined in (145).

Once the non-linear parameters have been estimated, the estimates of the linear param-

eters can be obtained as given below:
[
Â

B̂

]
= [W(α̂, β̂, γ̂, δ̂)⊤W(α̂, β̂, γ̂, δ̂)]−1

W(α̂, β̂, γ̂, δ̂)⊤YMN×1.

Here, YMN×1 =
[
y(1, 1), . . . , y(M, 1), . . . , y(1, N), . . . , y(M,N)

]⊤
is the observed data

vector, and

W(α, β, γ, δ)MN×2 =




cos(α + β + γ + δ) sin(α + β + γ + δ)
cos(2α + 4β + γ + δ) sin(2α + 4β + γ + δ)

...
...

cos(Mα +M2β + γ + δ) sin(Mα +M2β + γ + δ)
...

...
cos(α + β +Nγ +N2δ) sin(α + β +Nγ +N2δ)
cos(2α + 4β +Nγ +N2δ) sin(2α + 4β +Nγ +N2δ)

...
...

cos(Mα +M2β +Nγ +N2δ) sin(Mα +M2β +Nγ +N2δ)




.

(148)

The following assumptions are needed to establish the asymptotic properties of the estima-

tors.

Assumption 10.2 The error random variable {e(m,n)} is a double array sequence of i.i.d.

random variables with mean zero, variance σ2 and finite fourth order moment.
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Assumption 10.3 The non-linear parameters satisfy 0 < α0, β0, γ0, δ0 < π and there exists

a K, such that 0 < A02 +B02 < K.

The results obtained on the consistency of the proposed estimators are presented in the

following theorems:

Theorem 10.8 Under assumptions 10.2 and 10.3, α̂ and β̂ are strongly consistent estima-

tors of α0 and β0 respectively, that is,

α̂
a.s.−−→ α0 as M → ∞.

β̂
a.s.−−→ β0 as M → ∞.

Theorem 10.9 Under assumptions 10.2 and 10.3, γ̂ and δ̂ are strongly consistent estima-

tors of γ0 and δ0 respectively, that is,

γ̂
a.s.−−→ γ0 as N → ∞.

δ̂
a.s.−−→ δ0 as N → ∞.

The following theorems provide the asymptotic distributions of the proposed estimators:

Theorem 10.10 If the assumptions, 10.2 and 10.3 are satisfied, then

D1

[
(α̂− α0), (β̂ − β0)

]⊤ d−→ N2(0, 2σ
2
Σ) as M → ∞.

Here, D1 = diag(M
3
2N

1
2 ,M

5
2N

1
2 ) and

Σ =
2

A02 + B02

[
96 −90
−90 90

]
(149)

Theorem 10.11 If the assumptions, 10.2 and 10.3 are satisfied, then

D2

[
(γ̂ − γ0), (δ̂ − δ0)

]⊤ d−→ N 2(0, 2σ
2
Σ) as N → ∞.

Here, D2 = diag(M
−1
2 N

−3
2 ,M

−1
2 N

−5
2 ) and Σ is as defined in (149).
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The asymptotic distributions of (α̂, β̂) and (γ̂, δ̂) are observed to be the same as those of the

corresponding LSEs. Thus, we get the same efficiency as that of the LSEs without going

through the process of actually computing the LSEs.

10.5 Two-Dimensional Polynomial Phase Signal Model

So far we have discussed about 1-D and 2-D chirp models in details. But 2-D polynomial

phase signal model also has received significant amount of attention in the signal processing

literature. The most general form of the 2-D polynomial phase signal model was introduced

by Francos and Friedlander [35]. In presence of additive error the model can be described

as follows:

y(m,n) = A0 cos

(
r∑

p=1

p∑

j=0

α0(j, p− j)mjnp−j

)
+B0 sin

(
r∑

p=1

p∑

j=0

α0(j, p− j)mjnp−j

)

+e(m,n); m = 1, . . . ,M ; n = 1, . . . , N, (150)

here e(m,n) is the additive error with mean 0, A0 and B0 are non zero real numbers,

and for j = 0, . . . , p, = 1, . . . , r, α0(j, p− j)’s are distinct frequency rates of order (j, p− j),

respectively, and lie strictly between 0 and π. Here α0(0, 1) and α0(1, 0) are called frequencies.

The explicit assumptions on the error X(m,n) will be provided later.

Different specific forms of model (150) have been used quite extensively in the literature.

For example Friedlander and Francos [38] used the following 2-D polynomial phase signal

model

y(m,n) = A0 cos(α0m+ β0m0 + γ0n+ δ0n2 + ν0mn)

+B0 sin(α0m+ β0m0 + γ0n+ δ0n2 + ν0mn)

+e(m,n); m = 1, . . . ,M ; n = 1, . . . , N,

to analyze finger print type data and Djurović et al. [27] used a specific 2-D cubic phase

signal model due to its applications in modelling Synthetic Aperture Radar (SAR) data and
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in particular Interferometric SAR data. Further, 2-D polynomial phase signal model also has

been used in modeling and analyzing magnetic resonance imaging (MRI), optical imaging

and different texture imaging. For some of the other specific applications of this model,

one may refer to Djukanović and Djurović [21], Ikram and Zhou [55], Wang and Zhou [120],

Tichavsky and Handel [113], Amar, Leshem and van der Veen [2] and see the references cited

therein.

Different estimation procedures have been suggested in the literature based on the as-

sumption that the error components are i.i.d. random variables with mean zero and finite

variance. For example, Farquharson et al. [32] provided a computationally efficient esti-

mation procedures of the unknown parameters of a polynomial phase signals. Djurović and

Stanković [26] proposed the quasi maximum likelihood estimators based on the normality

assumption of the error random variables. Recently, Djurović et al. [25] considered an effi-

cient estimation method of the polynomial phase signal parameters by using a cubic phase

function. Some of the refinement of the parameter estimation of the polynomial phase signals

can be obtained in O’Shea [97].

Interestingly, a significant amount of work has been done in developing different esti-

mation procedures to compute parameter estimates of the polynomial phase signal, but not

much work has been done in developing the properties of the estimators. In most of the

cases, the mean squared errors or the variances of the estimates are compared with the

corresponding Cramer-Rao lower bound, without establishing formally that the asymptotic

variances of the maximum likelihood estimators attain the lower bound in case the errors

are i.i.d. normal random variables. Recently, Lahiri and Kundu [75] established formally

the asymptotic properties of the LSEs of parameters in model (150) under a fairly general

assumptions on the error random variables. From the results of Lahiri and Kundu [75] it can

be easily obtained that when the errors are i.i.d. normally distributed the asymptotic vari-
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ance of the MLEs attain the Cramer-Rao lower bound. Lahiri and Kundu [75] established

the consistency and the asymptotic normality properties of the LSEs of the parameters of

model (150) under a more general error assumptions. Although, the LSEs are the most

efficient estimators, finding the LSEs is a computationally challenging problem. Moreover,

computationally efficient algorithm which provides estimators which have the same rate of

convergence as the LSEs does not exist. More work is needed along that direction.

11 Conclusions

In this chapter we have provided a brief review of different 1-D and 2-D chirp models which

have received a considerable amount of attention in recent years in the Statistical Signal

Processing literature. These models have been used quite effectively in analyzing 1-D and

2-D non-stationary signals. Several numerical algorithms and sophisticated statistical tools

are needed to develop efficient estimators and derive their properties. Since the models are

non-linear in nature, most of the properties are asymptotic. Extensive simulations have been

performed by different researchers to verify the effectiveness of the different estimators. We

have provided several open problems for future research. We hope that this review chapter

will generate enough interests among your researchers to come forward and solve some of

these challenging problems.

Acknowledgements

Part of the work of the first author has been supported by a grant from the Science and

Engineering Research Board, Department of Science and Technology, Government of India.

91



References

[1] Abatzoglou, T. (1986), “Fast maximum likelihood joint estimation of frequency

and frequency rate”, IEEE Transactions on Aerospace and Electronic Systems, vol.

22, 708 – 715.

[2] Amar, A., Leshem, A. and van der Veen, A. J. (2010), “A low complexity blind

estimator of narrow band polynomial phase signals”, IEEE Transactions on Signal

Processing, vol. 58, 4674 – 4683.

[3] Bai, Z.D., Rao, C.R., Chow, M. and Kundu, D. (2003), “An efficient algorithm

for estimating the parameters of superimposed exponential signals”, Journal of

Statistical Planning and Inference, vol. 110, 23 – 34.

[4] Barbarossa, S. and Petrone, V. (1997). Analysis of polynomial-phase signals by the

integrated generalized ambiguity function. IEEE Transactions on Signal Process-

ing, 45, 316-327.

[5] Barbarossa, S., Scaglione, A. and Giannakis, G. (1998). Product high-order ambi-

guity function for multicomponent polynomial-phase signal modeling. IEEE Trans-

actions on Signal Processing, 46, 691-708.

[6] Barbieri, M. M. and Barone, P. (1992) “A two dimensional Prony’s method for

Spectral estimation”, IEEE Transactions on Signal Processing, vol. 40, 2747 –

2756.

[7] Bates, D.M. and Watts, D.G. (1988), Nonlinear regression analysis and its appli-

cations, John Wiley & Sons, New York.

[8] Besson, O. and Castanié F. (1993), “On estimating the frequency of a sinusoid in

autoregressive multiplicative noise”, Signal Processing, vol. 30, 65–83.

92



[9] Besson, O. and Stoica, P. (1995), “Sinusoidal signals with random amplitude:

Least- squares estimators and their statistical analysis”, IEEE Transactions on

Signal Processing, vol. 43, 2733 – 2744.

[10] Besson, O., Ghogho, M. and Swami, A. (1999), “Parameter estimation for random

amplitude chirp signals”, IEEE Transactions on Signal Processing, vol. 47, 3208 –

3219.

[11] Besson, O., Giannakis, G.B. and Gini, F. (1999), “Improved estimation of hyper-

bolic frequency modulated chirp signals”, IEEE Transactions on Signal Processing,

vol. 47, 1384 – 1388.

[12] Bresler, Y. and Macovski, A. (1986), “Exact maximum likelihood parameter es-

timation of superimposed exponential signals in noise”, IEEE Transactions on

Acoustics, Speech and Signal Processing, vol. 34, 1081 – 1089.

[13] Cabrera, S.D. and Bose, N.K. (1993), “Prony’s method for two-dimensional com-

plex exponential modeling”, Chapter 15, In S.G. Tzafestas (Ed.), Applied COntrol

Theory, pp 401–411, New York, NY, Marcel and Dekker.

[14] Cao, F.,Wang, S., Wang, F. (2006), “Cross-Spectral Method Based on 2-D Cross

Polynomial Transform for 2-D Chirp Signal Parameter Estimation”, ICSP2006

Proceedings, DOI:10.1109/ICOSP.2006.344475.

[15] Casazza, P.G. and Fickus, M. (2006) “Fourier transforms of finite chirps”,

EURASIP Journal on Applied Signal Processing, vol. 2006, Article ID 70204, pp.

1-7.

[16] Chang, G.W. and Chen, C. (2010), “An accurate time domain procedure for har-

monics and inter-harmonics detection”, IEEE Transactions of Power Del., vol. 25,

1787–1795.

93



[17] Charnes A., Cooper,W.W. and Ferguson, R (1955), “Optimal estimation of execu-

tive compensation by linear programing”, Management Science, 1, 138–151.

[18] Christensen, M.G., Stoica, P., Jakobsson, A. and Jensen, H.S. (2008), “Multi-pitch

estimation”, Signal Processing, vol. 88, 972–983.

[19] Christensen, M.G., Jensen, S.H., Jakobsson, A. and Jensen, S.H. (2008), “Opti-

mal filter designs for fundamental frequency estimation”, IEEE Signal Processing

Letters, vol.15, 745–748.

[20] Chun, J. and Bose, N.K. (1995), “Parameter estimation via signal selectivity of

signal subspaces (PESS) and its applications”, Digital Signal Processing, vol. 5, 58

– 76.
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