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Abstract

Acceptance sampling plan within the decision theoretic frame work has received
a considerable amount of attention during the last few decades. In this review article
we have mainly discussed different acceptance sampling plans based on the decision
theoretic approach under the Bayesian set up for different censoring schemes. We have
discussed optimal sampling plans for one and two sample problems, in case of com-
peting risks and also for interval censored data. Throughout the article, we mention
several open problems and suggest possible future work for the benefit of readers in-
terested in this area of research. Finally, we have presented some numerical results to

compare the performances of the different Bayesian sampling plans.
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1 INTRODUCTION

In this modern world, a country’s progress mainly depends on its ever-flourishing and
sustainable industrial growth, which, in turn, is directly linked to the quality of manufac-
tured products it produces. The improvement in quality is an essential issue of service
of companies and industries. Maintaining the standards of durability and overall quality
of the products is the primary concern of a manufacturer. Manufacturers (or customers)
need quality assurance before releasing (or buying) a product. Thus, it is necessary to do
quality inspection and reliability testing to ensure product quality and reliability. Accep-
tance sampling plan is one of the earliest aspects of quality assurance in the applications
of quality control. A sample is randomly taken from a lot, and the decision on the lot
depends on the information obtained from this sample. It is the area of statistical quality
control, which is useful in analyzing the quality of a product and improve the process per-
formance. Both manufacturers and customers need proper acceptance sampling plans to
control the risk of rejecting good quality items or accepting bad quality items. Notably, ac-
ceptance sampling plan is used to accept or reject the items, not for estimating the quality

of the lot.

Acceptance sampling plans are divided into two classes, viz., attribute sampling
plan and variable sampling plan. An attribute sampling plan is used when a category
measures the quality of an item, say, non-defective or defective, satisfactory or unsatis-
factory, etc.. In contrast, a variable sampling plan is used when the quality of an object
is measured on a continuous scale. A statistically framed variable sampling plan is more
efficient than an attribute sampling plan as it needs less sampling to achieve an optimal
result, see Krishnamoorthi [30]. Variable sampling plans provide more information than
attribute plans. Since a numerical value for the characteristic is specified, the extent to

which the item is conforming or not, can be obtained.

In this review, we mainly focus on the variable sampling plans. In case of a vari-

able sampling plan, we take a random sample from the batch and compare its performance



with some standard value. The batch will be accepted if the observations of a performance
indicator, for example the lifetimes of the sampled units, is better (higher or lower depend-
ing on the indicator) than the standard value, and it will be rejected otherwise. Thus, a
variable sampling plan typically requires a standard value of some measuring character-
istic - mean, median, range, quantile, standard deviation, etc., before deciding whether to
accept or reject a lot. If the quality of the item being inspected is measured by its lifetime,
then after the completion of sampling inspection, we have data on lifetimes of sampled
units. The variable sampling plan based on these lifetimes of sampled items is termed

‘acceptance sampling plan based on life test” or ‘reliability test plan.’

We have mainly discussed different decision theoretic sampling plans under the
Bayesian set up which are available till today in the area of acceptance sampling plan.
The standard methods used in decision theory can be found in many standard statistical
text books. In the decision theoretic frame work one chooses a loss function, a decision
function, a prior, and based on these, the Bayes risk is obtained. Finally, based on the
Bayes risk, the optimal decision function has been obtained. From the point of view of
economic consideration, the decision-theoretic approach is more scientific and realistic.
Here, the sampling plan is determined by making an optimal decision driven by some
economic considerations, such as maximizing the return or minimizing the loss. In the
decision-theoretic approach, a decision § is taken with respect to (w.r.t.) the quality of the
lot, whether to accept or reject it, and it is invariably subject to the risks associated with
two types of errors, i.e., rejecting a good lot, or accepting a bad lot. Hence we consider a
loss function L, which is a function of various costs, e.g., inspection cost, acceptance cost,
rejection cost, etc. Thus, to design a variable sampling plan, we have to determine some
non-negative integer n and an acceptance region or set say, A; according to some specified
criterion, it minimizes the loss L. To implement the sampling plan, we have to draw a
sample of size n from the lot and measure the variable values for all the items drawn. We
can then decide to accept or reject the lot by inspecting whether the variable values belong

to the acceptance region A; according to some specified criteria.



The acceptance sampling plans within the decision-theoretic approach under the
Bayesian framework are more appealing because of the economic consequences of accept-
ing or rejecting a production lot and providing a way of combining prior information and
judgment with the available data. Therefore, to obtain the optimal sampling plans un-
der various scenarios, the standard Bayesian approach is quite popular, attractive, more
precise, and scientific. In the usual Bayesian approach, the optimal decision function 0 is
determined by minimizing the Bayes risk of the sampling plan for a given loss function
among all sampling plans. The Bayesian approach arises naturally when prior information

is available for planning and estimation.

Optimal Bayesian decision-theoretic sampling plans have found significant appli-
cations in modern industrial settings where decisions must balance sampling cost, time,
and the consequences of incorrect actions. By incorporating prior information and explic-
itly modeling loss functions, these approaches provide a principled framework for opti-
mizing sampling strategies under uncertainty. Two important application domains are

semiconductor manufacturing and pharmaceutical stability testing.

Semiconductor manufacturing involves highly complex and expensive processes,
where even small defects can lead to substantial financial losses. Reliability and yield anal-
ysis are therefore critical. The Bayesian sampling plans are used to determine the num-
ber of chips to be tested under life-testing experiments, often under censoring schemes,
to assess failure rates. The decision-theoretic frameworks help determine optimal burn-
in times and sample sizes to minimize total expected cost, including warranty and re-
placement costs. The main advantages are the incorporation of historical production data
through prior distributions. It reduces the testing costs by avoiding unnecessary sampling.

It has the flexibility to adapt to rapidly changing manufacturing conditions.

Pharmaceutical products must meet stringent regulatory requirements regarding
shelf life and stability. Stability testing involves monitoring degradation over time under

various environmental conditions. The Bayesian sampling plans help determine optimal



testing schedules and sample sizes to estimate product shelf life accurately. The decision-
theoretic approaches are used to design experiments at elevated stress conditions to infer
long-term stability. The Bayesian decision rules assist in determining whether a batch
meets quality standards based on sampled data. The main advantages are the efficient
use of prior scientific knowledge and historical data. It reduces the duration and cost of
stability studies. Moreover, it has the ability to handle complex degradation models and
censoring schemes. In general the optimal Bayesian decision-theoretic sampling plans
play a crucial role in modern industries characterized by high costs of failure and limited

testing resources.

The rest of the paper is organized as follows. In Section 2, we provide the nec-
essary preliminaries. The developments of the decision-theoretic approach based on the
complete sample is discussed in Section 3. We have reviewed different optimal sampling
plans for classical Type-I and Type-II censoring, hybrid censoring, progressive hybrid cen-
soring, generalized hybrid censoring and for interval censoring cases in Sections 4, 5, 6, 7
and 8, respectively. Results based on the joint censoring scheme and for competing risks
set up are provided in Sections 9 and 10, respectively. Numerical comparisons of different
optimal censoring schemes are provided in Section 11 and finally we conclude the paper,
point out some open problems for future work, and provide some references for future
reading in Section 12. Throughout the article, unless otherwise mentioned, it is assumed
that n identical units are placed simultaneously on a life-testing experiment at time zero.

The failed units are not replaced.

2 PRELIMINARIES

2.1 Basic CENSORING SCHEMES

We will be using the following notation throughout this section. {Xj,...,X,} is a random
sample of size n from a given distribution function F(x). The ordered sample will be de-

noted by {X),...,X(,}. Further, the observed values of {Xi,...,X,} and {X(y),...,X(»}
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will be denoted by {x1,...,x,} and {x(1,...,x(, }, respectively. In general we will denote
the capital letter as the random variable and the corresponding observed value will be

denoted by the small letter. It should be clear from the context.

The most commonly used censoring schemes are the time-censored and failure-
censored schemes, also known as Type-I and Type-II censoring schemes, respectively. In a
Type-I censoring scheme, the experiment starts with n number of units with a predefined
termination time 7. The experiment terminates at time t with M € {0, 1,...,n}, the number
of failures in the experiment. Note that if x(;) > 7, then M = 0. If x(;) < 7, the observed data

are:
X(1)<...<X(m), (1)

where x(,,;) < T < X(41) and M = m. Ina Type-I censoring scheme the time of the experiment
is fixed before hand, although the number of failure(s) is random. In a Type-II censoring
scheme, we put n items on the test and stop the experiment when r, pre-fixed number of

failures, is observed. The observed data set in this case is:
X(l) <...< )C(r). (2)

In a Type-II censoring scheme the time of the experiment is not fixed, although the number

of failures is fixed.

2.2 HyBriD CENSORING SCHEMES

The Type-I hybrid censoring scheme (Type-I HCS) is proposed by Epstein [21]. It is a
mixture of both Type-I and Type-II censoring schemes. Here, we prefix censoring time 7
and a positive integer r € {1,...,n} before starting the experiment. We put n items on test
and terminate the experiment at a time t* = min{X,),7}. As before, if M is the random
variable denoting the number of failures in the experiment, then the observed data in
the experiment for Type-I HCS is one of the following forms: if X(;) > 7, then we do not

observe any failure till the time point 7, similar to the Type-I censoring scheme, if X(;) < 7
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and X(,) > 7, then

X(1) <X@2) <. <X(m), (3)
where m € {1,...,r — 1} and if X,y < 7, then

X(1) <X@2) <. < X(p), (4)
withm =r.

Childs et al. [16] proposed the Type-II hybrid censoring scheme(Type-II HCS).

Here also we prefix a censoring time 7 and the number of failures r, a positive integer,
before the experiment starts. We put n items on test in the experiment and terminate the

experiment at the time max{X,), 7}. The observed data in the experiment for Type-Il HCS

is in one of the following forms: if X,y > 7, then

x(1) <Xy < ... <X (5)
and if X,y < 7, then

x(1) <Xy <o <X, (6)
where m € {r,r+1,...,n} is as defined earlier. Readers are referred to Balakrishnan and

Kundu [3] for more information on hybrid censoring.

2.3  GENERALIZED HYBRID CENSORING SCHEME

Chandrasekar et al. [4] proposed two generalized hybrid censoring schemes:

2.3.1 GeneraLizep TypPe-I HyBrip CeEnsorRING (TypPe-1 GHCS):

Fix integers r,/ € {1,2,...,n} such that/ < r < n, and time 7 € (0,). If the /' failure occurs
before time 7, terminate the experiment at min{X,,t}. If the I'* failure occurs after time
7, terminate the experiment at X;). It ensures / number of failures before the experiment

terminates. Here the experiment gets terminated at a random time,
T = min{X(r), T}I(X(l) < T) +X(I)I(X(l) > T).
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If M" and M are the number of failures before prefixed time 7, and during the entire ex-
periment, respectively, then the data observed during the experiment can be categorized

into three possible scenarios:

(a) If x() < T < x(;), then 7* = 7, the observed number of failures are equal, i.e., m = m'’
and observations are 0 < x(j) <... <xp) < ... <X4y) <T;

(b) Ifx() <7, then 7" = x(,), m = r and observations are 0 < x(j) <... <x() <7T;

(c) Ifxy) > 1, then " =x), m=1Iand observations are 0 < x(;) <... <x(p) < T <X(py1) <

<X(1).

2.3.2 GeneraLizep Type-1I HyBrip CensoORING ScHEME (Type-II GHCS):

For a fixed integer r € {1,2,...,n} and time points 7;, 7> € (0,), with 7 < 1, if the rh
failure occurs before the time point 7;, terminate the experiment at 7;. If the A" failure
occurs between 71 and 7,, terminate the experiment at Xin)- Finally, if the " failure occurs
after 7, terminate the experiment at 7,. Thus, this censoring scheme guarantees that the
experiment will be completed by time 7,. Let the experiment get terminated at a random
time,

TF = max{X(r), T] }I(X(r) <m)+ TzI(X(r) > D).

Let M and M, be the number of failures among the n items before time 7; and 1, respec-
tively and as before, M is the total number of failures in the experiment. Then the data

observed during the course of the experiment can be categorized into three cases:

(a) Ifx() <7, thent" =1, m=m and observations are 0 < x(j) < ... <x(;) <... <X(p,) <
T1;
(b) If 1y < X(r) < T, then 7" = x(,), m = r and observations are 0 < x(j) < ... <X(»);

(c) If X(r) > T2, then " = 1, m = mp and observations are 0 < x(1) <o < X(my) < T2

In order to save time, Chandrasekar et al. [4] added a second threshold time
T) > 71, which serves as an upper bound for the experimental duration. This further min-

imizes the possibility of no failures during the entire experiment. For more details on
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the generalized hybrid censoring schemes, readers can see Balakrishnan and Kundu [3].
Besides these, there are other censoring schemes too, which are popular in the literature,
e.g., random censoring scheme, progressive and progressive hybrid censoring schemes,
generalized progressive hybrid censoring etc. Readers are referred to Lawless [38], Miller

[50] and Balakrishnan and Kundu [3] for details.

2.4 PROGRESSIVE CENSORING SCHEME

In the classical Type-I and Type-II censoring schemes or in the ordinary hybrid censoring
schemes, surviving units can only be removed at the terminal point of the experiment.
However, in some lifetime experiments, it is not uncommon to remove surviving units
during the experiment also, particularly when the items being tested are very expensive.

In the statistical literature this is known as a progressive censoring scheme.

Suppose n identical units are placed on a life test. Let m < n be the number of fail-
ures to be observed. A progressive censoring scheme is defined by a vector (Ry,Rz,...,Rn),

such that R; > 0 and /" | R; = n —m. The experiment proceeds as follows:

o At the time of the first failure, R; surviving units are randomly removed.
e At the time of the second failure, R, surviving units are removed.
e ...

o At the time of the m-th failure, the remaining R,, units are removed.

In recent times an extensive amount of work has been done in this area, see for example

the book by Balakrishnan and Cramer [2] for an excellent exposition of this topic.

Let us briefly introduce the progressive hybrid censoring scheme as introduced
by Kundu and Joarder [31] and Childs et al. [15]. Childs et al. [15] proposed a Type-I
progressive hybrid-censoring scheme (Type-I PHCS) in the context of life-testing exper-
iment in which n identical units are placed on test with progressive censoring scheme

(Ry,...,Ry), and the experiment is terminated at the time min{X,,.,.n, T}, where T € (0,0)



and 1 < m < n are fixed in advance, and X;.;.;, < -+ < X,.mn are the ordered failure times
resulting from the experiment. Similarly, Type-II progressive censoring scheme (Type-II
PHCS) is defined when the termination time is max{X,..n, T }, see for example Kundu and

Joarder [31].

2.5 INTERVAL CENSORING SCHEMES

Sometimes, it may not be possible to monitor continuously the failure times of the experi-
mental units due to different causes. In this type of situation, one usually performs a sys-
tematic investigation, in which the test items are inspected only at specific points in time.
Thus, one can only record whether a test item fails in an interval instead of measuring the
exact failure time. Suppose n items are put in a life testing experiment and the items are
inspected at predetermined times 0 < 7; < ... < 7 < o. Here, 7;’s are usually taken to be
equidistant and 7 is the censoring time where the experiment stops. One observes the
number of failures n; in (7,1, 7;), fori=1,2,...,k+ 1, where 1) = 0 and 744 = oo. This type
of inspection is called interval censoring, and the corresponding sample obtained from
such an experiment is called grouped data. Interval censoring scheme is very common in
reliability engineering where the components are inspected at scheduled times, so failure

is only known to occur between inspections, see for example the monograph by Sun [66].

In decision theoretic sampling plans, censoring schemes play a crucial role in de-
termining the structure and efficiency of sampling plans. The choice of censoring scheme
affects the risk function through sampling cost, time constraints, and information content.
In case of Type-I censoring, the main advantage is that the experiment terminates at a fixed
time duration, making it suitable when time is a primary constraint. It is particularly use-
ful in industrial settings with strict deadlines. The main disadvantage is that in this case
the number of failures may be too small, leading to poor inference. The associated risk
function may have high variability due to randomness in the number of observed failures.

On the other hand, Type-II censoring guarantees a fixed number of failures, ensuring suf-
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ficient information for inference. It often leads to more precise parameter estimation and
associated risk function is typically more stable compared to Type-I censoring. But the
main problem about the Type-II censoring is that the total experimental time is random

and may be excessively long. It is not suitable when time constraints are critical.

In case of Type-I1 hybrid censoring scheme, it provides an upper bound on experi-
mental time. It tries to balances time and information considerations. But it may still result
in a small number of failures if failure rates are low. Further, the analytical expressions for
the associated risk can be more complicated. Similar to Type-II censoring scheme, Type-II
Hybrid Censoring guarantees a minimum number of failures, improving inferential qual-
ity. It avoids premature termination of the experiment and it provides more informative
than Type-T hybrid censoring. But in this case also, the experimental duration can be quite

large, leading to higher cost. It has less control over total testing time.

The generalized Type-1 hybrid censoring has greater flexibility in designing sam-
pling plans. It can be tailored to optimize decision-theoretic risk and it balances time,
cost, and information more effectively. But it increases the model complexity and com-
putational burden quite significantly. Moreover, it is difficult to implement in practice
without sophisticated monitoring. The progressive censoring schemes provides flexibil-
ity in resource allocation and it reduces experimental cost while retaining information.
But it involves more complex likelihood and risk structure. It requires careful design to
avoid excessive information loss. Hence, it is clear that from a decision-theoretic perspec-
tive, no censoring scheme is uniformly optimal. Type-I censoring offers control over time
but may lack sufficient data, whereas Type-II censoring ensures information at the cost of
uncertain duration. Hybrid and generalized hybrid schemes attempt to strike a balance
between these competing objectives. The optimal choice depends on the loss structure,

cost of sampling, and practical constraints such as time and resource availability.
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2.6 ComPETING Risks

In many situations, an investigator is often interested in the assessment of a specific risk, in
presence of other risk factors. In the statistical literature, it is well known as the competing
risks problem. In a competing risks problem, the data consist of failure times and an
indicator denoting the cause of failure. There are several models to analyze the competing
risks problem. Among them, the two most popular models are: (i) the latent failure times
model proposed by Cox [18], and (ii) the cause-specific hazard functions model suggested
by Prentice [63]. In latent failure model of Cox [18], it is assumed that the competing risks
are independent of one another, i.e., if X;; denotes the lifetime of the i"" unit under the ;"
risk then X;;’s are independent for each i. Let us assume that there are only two causes of
failures. Suppose n units are put in the experiment and {X;;, Xj»} are the random variables
denoting the lifetimes of i’ units due to cause 1 and 2, respectively. Suppose I; = 1, denotes
that the ' unit fails due to cause 1 and I; = 0 denotes that the i/ unit fails due to cause 2,

ie.,
1, if Xi <Xp
0, if X;; > X,

foralli=1,2,...,n. Itis assumed that if the i-th unit fails at Z;, then Z; = min{X;;,X;» }. Fur-
ther, {Z,,2,,...,Z,} are statistically independent lifetimes of n units and {/,,5,...,I,} are
associated indicator variables denoting the cause of failure of these n units, respectively.

A typical competing risks data set is of the following form:

Z:{(Zlvll)a(Z2712)7"'7(Zn71n)}' (7)

A substantial amount of work has been done on different aspects related to competing
risks. Interested readers are referred to the classical book of Crowder [19] for further

reading in this area.
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2.7 LireTiME DISTRIBUTIONS

In this section we provide some brief reviews of some of the lifetime distributions which
have been used in this article. Readers are referred to Johnson et al. [28, 29] for more

details on these lifetime distributions.
Exponential Distribution

The exponential distribution serves as one of the basic lifetime models and plays
a significant role in the field of life testing experiments. It is the simplest, most natural and

widely used model in many areas of research, and is defined as follows:

Definition 2.1. A continuous random variable X follows a one-parameter exponential distribution,

denoted by X ~ exp(A), if its PDF is given by:

“Ax
Flal) = Ae™™ if x>0,1>0 (8)

0, otherwise,

where A is the scale parameter. In this case it also represents the failure rate of items per unit of

time.

If 6 is the mean lifetime of the item then 8 = 1. Throughout this article in exp(1), we mean
A is the scale parameter as in (8) and 6 as the mean lifetime of exp(1), unless otherwise
mentioned. The more general model is a two parameter exponential model and will be

denoted exp(u, 1), it has the following PDF

Ae 1) §f x>, A >0,—c0< U < oo
fx[A) = (9)

0, otherwise.

Here, A and u are the scale and location parameters, respectively.
Gamma Distribution

A continuous random variable is said to have a gamma distribution with the

shape parameter a and the scale parameter b, will be denoted by G(a,b), if its PDF is given
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”ﬁ%%%&ifx>aa>ab>o

f(xla,b) = (10)

r
0, otherwise.

If a = 1, we obtain
be ™™, if x>0,b>0
f(xlb) =
0, otherwise,
i.e. G(1,b) =exp(b). A more general form of a gamma distribution is known as the shifted
gamma distribution with the shape parameter a, the scale parameter b and the location

parameter ¢, and it has the following the PDF;

b4 Na—1,—b(y—c) if 0.h>0.—o o
¢ e , 1 >c,a>0,b>0, <c<
fscblabie) =4 @) ’ a1)

0, otherwise.

Beta Distribution

A continuous random variable is said to have a Beta distribution (more specially,

Beta distribution of the first kind) if it has the following PDF:

L ye-lp_p)B-1 if 0<y<1,a>0,8>0
vl p) = § e (1) 0=y p (12)

0, otherwise,

where B(o, ) = ??025%%)

Normal Distribution

A continuous random variable is said to follow a Normal distribution with mean

u and variance 62, will be denoted by N(, ), if it has the following PDF:

1 ,;(ﬂy
flxju,0) = e 2\ o) —oolx< oo —oo L <oo,0>0. (13)
oV2T1

3 COMPLETE SAMPLE

In this section we provide a brief review on the Bayesian sampling plan for a complete

sample. Fertig and Mann [22] has discussed the decision-theoretic approach to find the
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variable sampling plan for finite lots based on a Bayesian framework. It is assumed that
the quality of a lot is determined by the proportion of defective items in the lot, and the
lifetime distributions of the experimental units are either exponential or Gaussian. Fertig
and Mann [22] used the loss function L, developed by Hald [24], which depends on %,
the number of defects in the lot, the decision §(x) and on the realization x of the random
vector X. It is given by

Lk, 5(x)) = nas+ (k—1), if 6(x) = d,

nas+ (N —n)a,, if 6(x)=d,

where [ represents the number of defects in a sample of size n, N is the lot size, ay is the
cost of sampling per item, and a, is the cost of sorting the rejected portion of the lot per
item. The unit of cost is taken as the cost of a defective item in an accepted lot. The term
do(d, ) represents the action "accept the lot" ("reject the lot"). We will be using this notation
throughout this article. In some places we will use dy = 1 (accept the lot) and d; =0 (reject
the lot). It should be clear from the context. Let X ~ Fx(x|0), then the distribution of k

given 6, is binomial. Set §(x) = d if
E{L(k,do)|x} < E{L(k,d1)|x} (14)

equivalently,

E{k—I|x} < (N—n)a, (15)

The expected value of k — I given x is computed from
E{k—1x} = Egix(E{k—I|x,0}), (16)
where
E(k—1|x,0) = (N—n)[1 — Fx(u|0)] = (N —n)p, (17)

p = [1—Fx(u|0)] is the process quality and u is the upper specification limit. The Equation
(15) tells us to accept the lot if and only if the expected cost of accepting is less than the cost
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of rejecting. The acceptance region when observations are coming from an exponential or

from a normal distribution can be obtained as follows:

Acceptance Region for an Exponential Process: Let X ~ exp(A), as defined in (8). Let
us assume an improper prior (1) = %, A > 0 on the unknown parameter A. Hence, the

posterior becomes G(n,nx). Therefore,

E{k—zyx}:(zv—n)( n )

nx+u

Using (15) the acceptance region of the lot becomes

a;/n(l ——ai/n)
—

< | =

<

Acceptance Region for a Normal Process: It is assumed that X ~ N(u,o). The poste-
rior density of p, given the sample, can be determined by using the fact that (¥ —pu)/o is
N(0, \/iﬁ), i.e.,, normal with mean zero and standard deviation 1/+/n. Thus, u ~ N(Z, \%)
This corresponds to a prior density for u of the form w(u) =1, —oo < u < co. The prior
density 7(u) is also a limiting member of the natural conjugate family of densities given

by Raiffa and Schlaifer [64]. Therefore,
E{k—Ilx,c} = (N—n){l —q>< "X )}

n+1
G n

where @(.) is the distribution of standard normal random variable. For known variance
case by (15) acceptance region of the lot is

X—u n—+1
S _
(o nZl—a,

where z is such that ®(z4) = a. For unknown variance case,

E{k—I|x} = (N—n){l—Tn—1<;ti)}

n+l1

n

where s? is the sample variance, 7, is the cumulative Student’s-t distribution with r degrees

of freedom and lot is accepted if

X—u n+1
S - 9
s Nt —g, n—1
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where 14, is the 100ath percentile of a Student’s-t variate with r degrees of freedom. In
determining the sample size, the classical procedure can be adopted, i.e. choose the small-
est n such that the "risks" at the acceptable quality level (AQL) and the rejectable quality

level (RQL) are less than some preassigned values.

Fertig and Mann [22] have considered sampling inspection plans based on a decision the-
ory approach where they obtained the acceptance region by minimizing the posterior risk
for fixed n. But for determining the optimal value of n they don’t use Bayes risk minimiza-
tion criterion and also they deal with only the case of linear loss which lead them to the
optimal sample size which was usually not an integer. Lam [32] had discussed the single
Bayesian variable sampling plans for polynomial loss functions in a different way by min-
imizing the Bayes risk. A single measurement is taken on each component from a batch
of products, and is assumed to have a normal distribution N(m,1?), where 72 is known.
Furthermore, m has a prior distribution N(i, 62) with known p and 6%. A random sample
of size n is taken from the batch. A decision function 6(x), either dy or d, is adopted. The

one-sided and two sided decision functions are as follows:

dy, 0<i—u<?a
5x) =14 " H (18)

dy, otherwise,

and

dy, 0 <x—
5(x) 0, O <X—Uu< (19)

di, otherwise,
where i is the sample mean, and §, §;, and §, are all non-negative real numbers. The loss

function is given by:

n m— m— )k X) =
L(m. 5(x)) = Cs+Co+Cr(m—po)+...+Ce(m—po)*  8(x) =dp (20)

nCy+C, 5(x) = dy,

where L is the standard value of X specified by standard or contract, and Cy, Cy, ..., Cy,

C, and C;, are constants all independent of m.
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In Bayesian decision theory, the choice of a loss function plays a crucial role in de-
termining optimal sampling plans. A commonly used class of loss functions in this context
is the polynomial loss function. The preference for polynomial forms arises from several
theoretical and practical considerations. First, polynomial loss functions provide substan-
tial analytical tractability. When the prior and likelihood belong to conjugate families, the
posterior distribution often admits closed-form expressions. In such cases, the expected
posterior loss under a polynomial loss function can frequently be expressed in terms of
moments of the posterior distribution. Since posterior moments are often available in
closed form, this simplifies the computation of Bayes risk and facilitates the derivation of
optimal decision rules. Second, polynomial loss functions are flexible and general. They
can approximate a wide range of loss behaviors through suitable choice of degree and coef-
ficients. For example, the squared error loss is a special case of a quadratic polynomial loss
function. Higher-order polynomials allow asymmetric and more complex penalty struc-
tures, which may be useful in practical applications such as reliability testing and quality
control. Third, these loss functions are compatible with moment-based summaries. In
many sampling plan problems, especially in life-testing and acceptance sampling, deci-
sions depend on summary statistics such as sample means or order statistics. Polynomial
loss functions naturally align with such summaries, as their expectations can be expressed
using moments of the underlying distribution. Fourth, polynomial loss functions often en-
sure computational efficiency. In Bayesian optimal sampling plans, one needs to evaluate
expected losses repeatedly for different sample sizes and decision rules. Polynomial forms
reduce computational burden compared to more complex nonlinear loss functions, par-
ticularly when numerical integration is required. Finally, from a modeling perspective,
polynomial loss functions can be interpreted as providing smooth and continuous penal-
ties for estimation or decision errors. This avoids abrupt changes in the loss structure and

leads to stable and well-behaved optimal solutions.

Now the optimal decision function §(x) is determined such that the Bayes risk is mini-

mized under the given loss function. In other words, in one-sided case, a single sampling
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plan (n,d) of size n with one specification limit § is obtained, so that the decision func-
tion 6(x) minimizes the Bayes risk r(n,6) = E[L(m, 6(X))]. Similarly, in a two-sided case, a
single sampling plan (n, 6, 6,) of size n with two specification limits d; and 6, is obtained,
so that the decision function § (x) minimizes the Bayes risk r(n, 8;,8,) = E[L(m, (X))]. Ex-
plicit expressions of the Bayes risks in case of a quadratic loss function (k = 2) can be
obtained for the one-sided and two-sided cases. An optimal single sampling plan is ob-
tained by choosing a pair (ng, ) which corresponds to the smallest value of the Bayes risk
r(n,0). Similarly for two-sided case also optimal sampling plan is obtained by minimizing

the Bayes risk r(n, 01, 62).

The Bayesian sampling plan for symmetric two-sided decision function, that is when 0, =
0, = 6 becomes

5(x) = do |X—pol <0 (21)

d; |)f—‘uo| >

and for py = 0, the associated loss function takes the following form;

n m2 =
Lim,500) = 4" T o) =do (22)

nCs +C; o(x) =di
The above Bayesian sampling plan is considered by Lam [33], when the 7? is known. Lam

and Lau [37] generalizes this work for unknown 7.

Lam and Lam [36] has discussed the Bayesian double-sampling plans for complete sample
with normal distribution. Suppose that the quality of an item in a batch is measured by a
random variable X. Assume that X ~ N(A,7?) with known variance 7> and 2 has a prior
distribution N(u,6?) where u and 62 are known. The double sampling plan can be briefly
described as following. A random sample X; = (Xj,...,X,,) of size n; is taken from the

batch. Let the observations be x; = (xy,...,x,,) and let

1
X1 = x,'/nl

1

p=
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Then the batch is accepted if —8,; < X — Ay < 842, and it is rejected if X} — Ay < —&,1 or
X1 — Ao > 0,2, where 6, > 6, > 0,0,» > 0,0 > 0 and Ay is the standard value. Otherwise, a
second random sample Xa = (X, +1,Xy,+2, - - -, X») Of size n, is taken independently of the
tirst random sample with n = n; +ny. Thus X; and X; are independent. Let the observa-
tions for the second sample be x2 = (X, 41,42, Xx). Also let X = (X1,X2), x = (x1,X2)
and
n
= Zx,- /n
i=1
Then, the batch is accepted if —§; <X — Ay < —0, and it is rejected otherwise; here 6;, 8, > 0.

The double-sampling plan is denoted by (n;,n2, 8,4/, 82, 6+1, 6,2, 01, 62). Now, write

Vie = {x:x=x1,—6,1 <% — X < On2}

Vi = {x: =861 <x1—A <0y and —6 <i—A < &}
U{x:=08u <F1—A <dpand — 0 <i—-A < O}

Vip = {x:x—x1,X1 —A < =61 0rx; —A > 60},

Vor = {x:=61<x—A<&rand (x—A< -8 orx—Ay> &)}
U{x: =0, <x1—Ap<dpand (Xx—Ay< -6 ori—Ag> &)}

The meaning of this notation is as follows: Vi, means the event that the batch is accepted
after taking the i-th sample, whereas Vj, represents the event of rejecting the batch after
taking the i-th sample (i = 1,2). Thus the decision function is of the form:
dy xe€ViuUVy,,
6(X> _ a a
di xeV,,UV,,.
The following loss function has been used:

.

nle+a0+a17L—|—...—i—aklk if x € Vi,

nCs+ag+aid+ ...+ @Ak if x € Vo,
L(m,8(x)) = (23)
nCs+C, if x e Vy,,

\nCs +Cr lf X G VZV
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where the coefficients ag,ay, . ..,a; and the parameters C, and C; are constants, C; refers to
the inspection cost per item and C, is the cost of rejecting a batch. Assume further that
C, > 0and

ayt+aA+...+aqAf >0 forallreal A >0

A double-sampling plan will reduce to a single-sampling plan if §,; = 6,1, and 6,2 = 2.
In this case, we can take n, = 0. Hence the plan (n,0, 8./, 642, 641, 042, 0162) Will represent a
single-sampling plan. The Bayes risk of double-sampling plan (n;,n2, 84, 042, 01, 612, 61, 82)
is obtained by computing E(L(m, 5(x))). The optimal double sampling plan, let us denote
it by (n;0,n20, 8410, 9420, 6r10, 6120, 810, 620), is obtained by minimizing the associated Bayes
risk. For the quadratic loss function, i.e., when k = 2, explicit expressions of the Bayes risk

and the corresponding optimal double sampling plan can be obtained.

4 Type-I AND TyYPE-II CENSORING

In this section, we will discus the Bayesian variable sampling plan for Type-I and Type-
IT censoring schemes. Lam [33] has obtained the optimal single variable sampling plan
for Type-1II censoring scheme. It is assumed that the lifetime X ~ exp(A1). The property
of an item is determined by the lifetime X. Moreover, A has a gamma conjugate prior
distribution G(a,b). A random sample of size n is taken from the batch and the decision

function is as follows:

{ dy if 6>T
6(X) = (24)

dj otherwise.

Here, T is the minimum acceptable survival time, based on which the batch will be ac-
cepted or rejected and 6, the maximum likelihood estimator (MLE) of the mean lifetime
0, is given by

Lio1 X+ (n—1)X(
r

6 =

(25)
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The following polynomial loss function has been considered,

Cy A4 FaAr if §(X)=d
L(La(x))_{n +apt+aidA+...+aqr* if §(X)=dp (26)

nCy +C, if §(X)=d,

where ay),...,a;,C, and Cy are constants with a natural constraint
ao—i-al?l,l—l—...—i—ak)ukzo, A >0.

Under this set up the Bayes risk can be obtained in explicit forms for the quadratic loss
function. The optimal sampling plan (ng, 9, Tp) can be obtained by minimizing the Bayes

risk r(n,r,T) w.r.t. n, r, and T numerically.

The result has been extended when the lifetime of an item in a batch follows a two-
parameter exponential distribution with the scale parameter A and the location parameter
p. A four-parameter conjugate prior distribution for (A, 1) has been assumed, and it has

the following joint density function:
1
pop) =A% texp[=A(B—Aw)], A >00<p<mn,

where ¢ >0, >0,a <y<B/n.

—1 1 1 :
A— ay [([3—777)0‘_1 - BT if o 7& 17
JmB—in(B—ym)] if a=1

with known «, B3, 7, and 1. This conjugate prior distribution was introduced and studied

by Varde [69]. Varde restricted o and 7 to be positive integers, but this is not necessary.
The loss function in this case is also a polynomial as follows;
nCs + Z C,-jli,uj if S(X) =dy
L1, 3(X)) = osiTj<k (27)
nCs +C, if o(X)=d,.

where C;; are constants. The decision function is as follow:

5(X) = (28)

do, if W>T
dy, otherwise
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where T > u and

N i} if r=1,
W= ) (29)

p+6 if r>2.
is the MLE of the average lifetime W, where I and 6 are the MLEs of u and 6, respectively.
For degree k = 2 the Bayes risk r(n,r,T) can be obtained in explicit forms, and the optimal

sampling plan (ng,rp,7p) can be obtained by minimizing the Bayes risk w.r.t. n, r, and

T.

Lam [34] has provided the Bayesian sampling plan for Type-I censoring scheme.
In this case also it is assumed that the lifetime random variable X ~ exp(2). The scale pa-
rameter A has a conjugate Gamma prior G(a,b) prior. The loss function (26) is considered
with the decision function (24) under Type-I censoring, where the estimator 8 is defined

as:

. Oy if M>1
0= (30)
nt if M=0.

In this case 8) is the MLE of 8 under Type-I censoring and it has the following form;

T X+ (n—m)T
. =1 X +nmmT M>1
Oy = M (31)

oo if M=0.

Under this setup also for a quadratic loss function, the Bayes risk can be obtained in explicit
forms. Further, the Bayesian optimal sampling plan, (ng, 7y, Tp), which minimizes the Bayes

risk r(n,7,T) w.r.t. n, T, and T can be obtained in a finite discrete search algorithm.

Chen and Lam [7] have developed the Bayesian sampling plan for the Weibull
distribution when the data are Type-I censored. The quality of an item in a batch is mea-
sured by a random variable which follows a Weibull distribution with the scale parameter
A and the shape parameter m. It is assumed that the scale parameter has a gamma prior

and the shape parameter has an independent uniform prior. The decision function in this
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case depends on the Kaplan-Meier estimator of the survival function:

d;, otherwise,
where under Type I censoring, the Kaplan-Meier estimator of the survival function is given

by:

1 ’L'<X(1)

n—i )
H ( - ), otherwise.
n—i—+1

X(>)<‘L'

)=

Sn(T) = (33)

The single sampling plan in this case is defined by (n, 7, p), where n is the sample size, 7 is
the censoring time and p is the minimum acceptance reliability. The following exponential
loss function has been used;

nCy— (n—M)rg+ tas+ C ps—e_hgnle_mn< s), 0(X)=d
L, 6()) = ( ) o J( ps), 8(X) =do (34)

nCs — (n—M)rs+ tas+C, o0(X) =d,
where Cs, 1y, a;, Cr, Cp, ps, and t; are pre-assigned values. At the end of the experiment,
there are (n — M) surviving items each of which can be sold at a reduced price r; and
ay is the rate of time-consuming cost. To determine an optimal sampling plan (no, 7o, po)
the Bayes risk R(n, 7, p) is minimized w.r.t. n, 7, and p. It can be shown that the optimal

sampling plan can be obtained in a finite search algorithm.

Huang and Lin [26] has provided an improved Bayesian sampling plan under Type-I cen-
soring when the lifetime distribution of an experiment unit follows exponential distribu-

tion. The following estimator of the mean lifetime has been used:

L X0 | [(n=M)T] L1 1
éM: 1114 + M (1—A—4+m—m), if M;zé()7 (35)

nrt, otherwise

The estimator 6y, dominates the MLE of 8 asymptotically both in bias and in mean square
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error (see Huang and Chen [25]). The decision function is defined as:

(

do, if éMZ T +¢,

dy, with probability pif T —e <0y < T +e¢,
5(X) = P Y (36)
dy, with probability 1 —pif T —e <8y <T +e¢,

\dl, if éM<T—£.

The sampling plan is given by (n,7,T, €, p) and the associated loss function becomes:
L(A,6(X)) =nCs+1Cr 4+ 3(X)h(A) + (1 —3(X))C, (37)

where C; is cost on per unit time and 4(4) is acceptance cost which will be positive and
increasing in A for 4 > 0. The explicit expressions of Bayes risk can be derived under the
loss function with (1) = ag +a;A +ayA?, and the corresponding optimal sampling plan
(no, 70, To, €0, po) can be obtained by minimizing the Bayes risk r(n,7,T,€,p) w.r.t. n,7,T,€,

and p.

Linetal. [49] has observed that the sampling plan proposed by Lam [34 | has some defects.
Although, the MLE of the mean lifetime has certain optimal property and the decision
function based on the MLE is a natural decision function, the decision function is not the
Bayes decision function. The main reason is that the cost on the time 7 is notincluded in the
loss function of Lam [34]. Therefore, when the sample size n is fixed then the best choice
of the censoring time becomes at T = oo, from which one observes the complete sample and
this will provide a better decision rule. Lin et al. [49] has obtained the Bayesian sampling
plan for Type-I censoring by obtaining the Bayes decision function and including cost on
time of the experiment in the loss function. The following loss function including the cost
of time has been considered:

nCs+7C: +h(A), 8(X) =1
L(A,5(X)) = (38)

nCs+ 1Cr + Cy, o0(X) =0,
where h(1) = ag+a; A +ayA?. Under Type-I censoring scheme, the Bayes decision function
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takes the following form;

55(X) = 1, if ¢(m,y(n,t,m)) <C, (39)

0, otherwise,
where ¢(m,y(n,t,m) is the posterior expectation of #(A) and y(n,t,m) =Y, x;+ (n —m)T.
It can be shown that for a fixed m, ¢(m,y(n,t,m) is strictly decreasing in y(n,t,m) for
y(n,7,m) > 0. Therefore, an alternative form of the Bayes decision function becomes:

53(X) = 1, ify(n,m,7) > Dy(m)—P (40)

0, otherwise,

where

ay(m+a) +/a}(m+ 022 +4(C, — ap)as(m -+ o) (m+ 0+ 1)
2(Cr—ap) '

D,(m) =

Note that if the acceptance cost 4(A) is a higher degree polynomial function or a non-
polynomial function then D,(m) cannot be obtained analytically. The optimal Bayesian

sampling plan (np, 7g) is obtained by minimizing the Bayes risk r(n, 7), w.r.t. nand 7.

For M = 0, the MLE of the mean life time does not exist. Due to this reason, Lin et al. [45]
obtained the exact Bayesian sampling plan for Type-I censoring based on the conditional
MLE. But due to conditioning on at least one failure in order for the MLE to exist, the
proposed Bayesian sampling plan has a higher Bayes risks than the minimum Bayes risks.
Prajapati et al. [54] has used a shrinkage estimator of the mean lifetime which always
exists and had provided a decision-theoretic sampling plan for Type-I censoring scheme
which is as good as the Bayesian sampling plan in terms of the Bayes risk. The shrinkage

estimator of the mean lifetime 6 has the following form:

YM X+ (n—M)z

9M+c = M+ c
The decision function is;
1, if Gy >
§(X) = o : (41)
0, if Oyic<E,
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and the associated sampling becomes (n, 7,&,c). Based on the loss function

L(L.8(X)) = nCs—(n—M)rg+1Cr+h(A)  8(X)=1,

nCs — (n—M)rg+1Cr +C; o0(X)=0,
the Bayes risk of decision theoretic sampling plan (n,1,,c) can be obtained. The optimal
decision theoretic sampling plan is obtained by minimizing the Bayes risk with respect to
n,7, & and c. The main advantage of this method is that even when the loss function is a
higher degree polynomial or a non-polynomial function, the optimal Bayesian sampling
plan can be obtained. Prajapati et al. [55] had also provided another decision theoretic

sampling plan based on the estimator of A, for Type-I censoring scheme. The estimator of

A is

A 0, if M=0
F I (42)
Avre, if M>1

where Ay1r is the MLE of A. It is clear that 1 always exists. Based on 1, the decision

function becomes:

6(X)—{1’ if A<{¢ (43)

0, otherwise

where { is the threshold point which is used to determine the quality of the lot, and it
is a part of the sampling plan. In this case a decision theoretic sampling plan is (n,7,{).
The optimal decision-theoretic sampling plan is obtained by minimizing the Bayes risk.
Prajapati et al. [56] further proposed a decision function based on the Bayes estimator of
the mean lifetime of 6. It always exists for all values of M, under Type-I censoring scheme.

The optimal sampling plan can be obtained by minimizing the Bayes risks.

The quality control of products is essential to the manufacturer since it immedi-
ately influences the market sales and also the manufacturer’s profits. If the batch of items
which will be sold in the market is under a warranty policy, the study must include a

warranty cost. A manufacturer’s warranty gives certain levels of quality assurance of a
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product during a specific periods. However, the costs incurred to the manufacturer due
to this policy, reduces the profits. The commonly used warranty policies are the failure-
free policy and the prorated rebate policy as introduced by Thomas [67]. In this case, the
failure-free policy is used during the period (0,w;) and the prorated rebate policy is used
during (w;,w>) where w; < w, are pre-specified positive constants. Chen et al. [9] first
considered this and designed the Bayesian sampling plans for Type-II censored samples
when the lifetime distribution of the item follows an exponential distribution with the

parameter A. The following loss function has been considered:

N
L(8,n,r,A) =nCs— (n—M)rs+1C: 48 ) C(X;)+ (1 - 8)C,
i=1

where 0 is an action taken on the batch, when 6 = 1, it means to accept the batch; and
when 6 = 0, it means to reject the batch, C, = N¢), is the cost of rejection the batch, ¢, is the
cost of rejecting an item in the batch, and according to the general rebate warranty policy,

the cost of an accepted item with lifetime X is:

p

Cy if X <wy
C(X)= caw—=X)/(wp—wy), ifw <X <wy, (44)
0, if X > wo,

\
where w; is time limit of total rebate warranty, w; is time limit of prorated warranty (w, >
wi), and ¢, is the cost associated with the failure of an item in the accepted batch during the
warranty period. The Bayes decision function, and an efficient optimal Bayesian sampling

plan have been obtained by using the curtailment procedure.

The curtailment procedure was first introduced by Chen et al. [13]. Sometimes,
it is necessary to make a proper decision as soon as the cumulative information regard-
ing the lifetime of the experiments units is sufficient. An online inspection design can
enhance the efficiency of the conventional censoring schemes. Chen et al. [13] discussed
the optimal curtailed censoring scheme for Type-II censoring scheme. Similar procedure

has been followed by Tsai et al. [68] for Type-I censored data. Bayes decision functions,
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and optimal censoring schemes have been provided in both the cases. In both the cases
the resulting decision functions can reduce the experimental times, which lead to smaller

Bayes risks.

5 Tyre-I AND TYPE-II HYBRID CENSORING

In the last section we have discussed about the Bayesian sampling plans under the tra-
ditional Type-I and Type-II censoring schemes. In recent times Bayesian sampling plans
under different other censoring schemes have also been developed. In this section we will
briefly review Bayesian sampling plans for Type-I and Type-II hybrid censoring schemes.
Chen et al. [5] first designed Bayesian acceptance sampling plan for Type-I hybrid censor-
ing scheme. The decision function is based on the survival function given in (32), and it

has the following form:

8(X){ do, if M<[n(1=p)], us)

dy, otherwise
here M denotes the number of failures observed in the experiment and [a] is the integer

part of a. The loss function has the form;

L. 8(X) = nCs— (n—M)rg+7*C:+h(A) if 6(X) =do, (46)
’ nCy— (n—M)ry,+7°Ce +C, if 8(X)=d,

where ry is the salvage value. In case of exponential lifetime distribution, #(1) =ap+ajA +
...+ aAF and for Weibull lifetime (1) = (N —n)C[ps — S(t;)[I(S(t) < ps), where t; and p
are known pre-assigned values and C is a proportional constant. An optimal sampling
plan (ng, ro, 70, po) is obtained by minimizing the Bayes risk. Lin et al. [46] obtained the
exact Bayesian variable sampling plans for an exponential distribution based on Type-I
and Type-II hybrid censored samples. The decision function is based on the MLE of the
mean lifetime of 0, and it is defined as:

5(X) — 1, ifo>¢& (47)

0, otherwise
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For M = 0 the MLE does not exist in case of Type-I hybrid censoring. The exact distribution
of the conditional MLE of the mean lifetime has been used to compute the Bayes risk of

the decision function under the quadratic loss function:
L(8(X),A,n) = nCy+ 8(X(ag + a1 A +axA?) + (1 — 8(X)C,. (48)
Optimal sampling plans have been obtained by minimizing the Bayes risks.

Liang and Yang [41] criticized the method proposed by Lin et al. [46] and men-
tioned that not including the cost on time in the loss function the exact Bayesian sampling
plan obtained by Lin et al. [46] has Bayes risk lager then the minimum Bayes risk. They
have considered the loss function which has the cost on time component and obtained the
Bayes risks in explicit forms. Finally optimal censoring schemes have been provided by

minimizing the Bayes risks.

The Bayesian sampling plan proposed Liang and Yang [41] cannot be obtained
quite easily when the loss function is a higher degree polynomial or a non-polynomial
function. Prajapati et al. [54] had mention this limitation of the Bayesian sampling plan
proposed by Liang and Yang [41]. Instead of using the conditional MLE of the mean
lifetime 6, Prajapati et al. [54] proposed a shrinkage estimator of the mean lifetime 6

as:

M . _
M M:O,...,r_l

Ohr+c = r XA/_I;; X, (49)
i=l AT\ )2 () —
e M=r

It always exists even when there is no failure has been observed in the experiment. The

corresponding decision function takes the form

1, Oyie>
5(X) = e (50)
07 éM-O—C < g

Based on the same loss function as in Liang and Yang [41], Prajapati et al. [54] obtained

the Bayes decision function, and by minimizing the Bayes risks Bayes optimal sampling
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plan has been obtained. It has been shown by Prajapati et al. [54] that the two Bayesian
sampling plans have the same Bayes risks if the acceptance cost h(A) = ap + a4 +axA?,
and they could extend their results for higher degree polynomial and non-polynomial loss
functions also. The optimal decision-theoretic sampling plan is obtained by determining
the optimal decision function which minimizes the Bayes risk among all decision-theoretic
sampling plans (n,r,7,&,c). Due to the presence of shrinkage estimator the dimension of
the sampling plan increases. To tackle this issue Prajapati et al. [55] had suggested a de-
cision theoretic sampling plan based on the estimator of the scale parameter A instead
of 6, which always exists. The optimal decision-theoretic sampling plan is obtained by
minimizing the Bayes risk. It has been shown that the optimum decision-theoretic sam-
pling plan (no, ro, 7, o) is as good as Bayesian sampling plan of Liang and Yang [41] in
terms of Bayes risk and it can be easily used even for higher degree or non-polynomial

loss functions also.

Prajapati et al. [56] discussed the Bayesian sampling plan for Type-I hybrid cen-
soring using the Bayes estimator of mean lifetime which always exists for all values of M.
The Bayes estimator of mean lifetime 6 for squared error loss function under Type-I hybrid

censoring scheme is given by:

b+¥¥ | Xi+(n—M)t

if X(r) >7T

%=1y Z+< )X G
+ {: i+ - r .
e Xy <7
The decision function is:
1, éB > é
5(X) = (52)

0, otherwise

The optimal sampling plan (ng, ro, T, §o) is obtained by minimizing the Bayes risk w.r.t. n,
r,T,and &.
Chen et al. [8] constructed a curtailed Bayesian sampling plan with Type-I hy-

brid censored samples. The curtailed decision function possesses the property that it is
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equivalent to the Bayes decision function in the sense that the decisions made by the two
decision functions on whether accepting or rejecting the batch are the same. It reduces
the duration time of the life test experiment, the resulting Bayes risk is always less than or

equal to that of Bayes risk of Bayesian sampling plan.

6 Tyre-I AND TYPE-II PROGRESSIVE HYBRID CENSORING

Lin et al. [48] generalized the results of Lin et al. [46] for progressively hybrid censored
data. It is assumed that the lifetime of the item follows an exponential distribution with
scale parameter A and the prior is the conjugate gamma prior. The goal is to find an op-
timal sampling plan (n,m,Ry,...,Rn,T,&) possessing the property that the Bayes risk is
minimum among the class of all sampling plans (n,m,Ry,...,R,,T,&) based on Type-I and
Type-II PHCS, respectively. The decision function for acceptance sampling is

1, 6>¢&
o(X) = (53)

0, otherwise,

where 8 is MLE of mean lifetime 8 under Type-I and Type-II PHCS, respectively and the

following loss function has been considered:
L(8X,A,n) = nCs 4 8(X)(ap +a1A +a22) 4 (1 — 8(X))C,. (54)

Based on simulated annealing algorithm of Corana et al. [17], an optimal sampling plan
is obtained by minimizing the associated Bayes risk. The optimal sampling plans based
on progressive hybrid censoring scheme and ordinary hybrid censoring scheme have been

compared. Itis observed that the former performs better in terms of lower Bayes risks.

Lin and Huang [44] have applied the same procedure to investigate the optimal
sampling plans from an exponential distribution under adaptive progressive censoring
schemes (APCS). The APCS as introduced by Ng et al. [52] can be briefly described as
follows. In a Type-I APCS, during the experiment, for each j = 1,...,m — 1, when the
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Jjth failure is observed, immediately after the failure, R; functioning items are randomly
removed from the life test. Let Xj.,, , and X, denote the lifetime of the jth and mth
failed item, respectively. When X, , > 7, the experiment terminates at time 7. When
Xm:mn < T, at the mth failure, do not follow the pre-specified censoring scheme to remove
the remaining R,, functioning items; instead, continue to observe failures without any
further withdrawals up to time 7. For the Type-II APCS, during the experiment, for each
j=1,...,mif Xj,,., <T, immediately after the failure, R; functioning items are randomly
removed from the life test; if X.,., > T and j < m, do not follow the pre-specified censoring
scheme to remove R; functioning items from the life test; instead, continue to observe
tailures without any further withdrawals; and if X,,.,., > T, immediately remove all the
remaining functioning items and terminate the experiment. Let D denote the number
of failures before time 7. Thus, 0 < D < m. The duration of the life test experiment is
T = Xp:m:n. Lin and Huang [44] have obtained the optimal sampling plan for Type-I APCS
and Type-II APCS under a fairly general class of loss functions, and compared them with

Type-I PHCS and Type-1I PHCS.

Liang [39] observed that the sampling plans proposed by Lin and Huang [44]
are not Bayesian sampling plans. Liang [39] provided the Bayesian sampling plans for
quadratic loss function, and numerically it has been shown that it performs better than

the sampling plans proposed by Lin and Huang [44] in terms of lower Bayes risks.

7 GENERALIZED HYBRID CENSORING SCHEMES

Usually, any life testing experiment incorporates different types of costs, for example, cost
on time, cost on items, etc. Standard life testing experiments are usually censored due
to the unavailability of time or money. The choice of the censoring scheme also becomes
essential for getting the maximum information from the observed sample. In a Type-I
hybrid censoring scheme, experiment time is bounded, but it may so happen that very

few failures occur in that time, which affects the efficiency of the estimators.
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On the other hand, the Type-II hybrid censoring scheme ensures ¥’ number of
failures, but it may take a long time to observe those ‘v’ failures. To overwhelm the defi-
ciency of the hybrid censoring scheme, Chandrasekar et al. [4] proposed the generalized
hybrid censoring schemes. Most of the work on the Bayesian sampling plan are based on
an estimator of the mean lifetime. However, if the estimator is not efficient, it affects the
optimal sampling plan, leading to a wrong decision. Therefore, it is reasonable to include
the efficiency of the estimator of the mean lifetime of an experimental unit, as a component
of the loss function. Prajapati et al. [57] has considered such a loss function in deriving
the Bayesian sampling plan for the generalized Type-II hybrid censoring scheme (Type-II
GHCS).

Let us introduce briefly a Type-II GHCS as introduced by Chandrasekar et al. [4].
In a Type-II GHCS, for a fixed integer r € {1,2,...,n} and time points 71, 7> € (0,o0), with
71 < T, if the /" failure occurs before the time point 7j, the experiment is terminated at 7;.
If the " failure occurs between 7; and 1, the experiment is terminated at Xin)- Finally, if
the 7" failure occurs after 7,, the experiment is terminated at 7,. This censoring guaran-
tees that the experiment will be completed by time 7,. It is assumed that X;,X,...,X, are
mutually independent and identically follow an exponential distribution with parameter
A and the parameter A4 has a prior distribution gamma G(a,b). In Type-II GHCS, let the
experiment gets terminated at random time t*. Let M; and M, be the number of failures

among n items up to time 7; and 17, respectively. Then the MLE of A is given by:

(

M, ; —
, if Mi=rr+1,...,n
Z?illX@-i-(n—Ml)Tl !
= r 1 — _ —
;LMLE f:]X([)+(n—r)X(,)’ if M = 0,1,...,1’ 1 & My=r
L if My=1,....,r—1
Z?iz] X(,')+(n*M2)‘L'27 2 ) ) ’
M M

_ _ LY M > 1,
?ilX(,-)—l—(n—M)r* Y(n,r,1,7,M)

where Y (n,r,71,70,M) = Z?ilX(,-) + (n—M)t*. Clearly for M = M, = 0, the MLE does not

exist. In place of the MLE of A, the following estimator has been used, which always
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exists.

R 0, if M=0
A = (55)

/iMLEa if M>0.

The associated Bayes decision function becomes:

1, if ¢z(m,y(n,r,7,70,m)) <C
8 = Sp(m,y(n,r, 71, T2, m)|n, 1,71, ) = " ' (56)

0, otherwise,
where ¢z (m,y(n,r, 71, 72,m)) is the posterior expectation of the acceptance cost i(4). It has
been shown that the Bayes decision function can be written as:

1, if A< c(n,r, T, T, m)
SB(m,y(n,r,’cl,Tz,mﬂn,r, T17T2) = (57)

0, otherwise,
where for m > 1, ¢(n,r, 71, 7,m) = m/T (n,r,71,7T,m) and for m =0, ¢(n,r,71,7,,0) = nt —
T(n,r,71,7,0),and T'(n,r,71,72,m=0) =To; T (n,r,71, 7a,m) =min{Ty,nta },form=1,2,... n,
where if A(m) = {y > 0|¢r(m,y) < C,} then
inf A(m), if A(m) is nonempty
Tn= (58)
oo, otherwise.
The Bayesian decision function (57) can be written in terms of the estimator 4 indicates
that the estimator plays an important role in making decision of the batch. The following
loss function has been used which has included the efficiency of the estimator of A as a
component in it:

LS(X). ) = nCs — (n—M)rs+1°Co +MSE(A)C, +h(A), if §(X) =1 59

nCs— (n—M)rg+°Ce + MSE(A)C, +C,,  if §(X) =0,

where n is the sample size, M denotes the number of failures in the experiment, t* is the
duration of the experiment, MSE (A) is the MSE of the estimator A, C, is the cost associated

with the imprecision in the estimator 4, and /(1) is the cost on accepting the batch, which
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is positive and an increasing function in A for A > 0. Finally, the Bayes decision function,
and the optimal Bayes sampling plans have been obtained. The results have been extended
for the generalized Type-I censoring scheme (Type-I GHCS) also, see for example Prajapati
etal. [58].

8 INTERvVAL CENSORING SCHEMES

Chen et al. [12] discussed the Bayesian sampling plans for exponential distributions with
interval censored samples as discussed in Section 2.5. In an interval censoring, n items are
placed in a life testing experiment at the initial time 0. The items are inspected at predeter-
mined times 0 < 71 < ... < Ty < oo, where 7; = jJA,A> 0, j=1,...,k and 7; is the censoring
time. A is the time duration between two successive inspection times and it is assumed to
be known. The life testing experiment terminates either when all the n items fail before
time 7 or at the time 7;. When the latter case occurs, the remaining functioning items are
censored at 7;. It is assumed that the lifetime of the n items are independent identically
distributed exponential distribution, having the expected lifetime 6. The scale parameter

A has the usual conjugate gamma prior. The loss function is as follows:
L(6,A,n,k) = 6h(A)+ (1 —0)Cr+nCs+ t(n,k,A)Cy (60)

where 6 denotes an action on the problem of acceptance sampling. When 6 = 1, it means
that the batch is accepted; and when 8 = 0, it means to reject the batch and C; is the cost
of rejecting the batch, 4(A4) is the cost of accepting the batch, #(1) > 0 and increases in A
for A > 0, C, the cost per sampling unit, C; the cost per unit of the life test experiment,
and 7(n,k,A) denotes the duration of the experiment. Based on the loss function (60) the

Bayes decision function takes the following form:

I, ifg(x)—C, <0,
o(x|n,k) = ) (61)
0, otherwise,

where ¢(x) is the posterior expectation of #(A) given X = x. The Bayes decision function

cannot be obtained in closed forms, hence, the optimal Bayesian sampling plan has been
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obtained numerically.

Chen et al. [12] under this same set up obtained the curtailed Bayes decision
function. It has been shown that the curtailed Bayes decision function is equivalent to
the Bayes decision function. The optimal curtailed Bayesian sampling plan is obtained by
minimizing the corresponding Bayes risk. It is observed that this curtailed Bayes decision
function can reduce the duration time of the experiment, leading to a reduction in the
Bayes risk. Therefore, the Bayes risk of a curtailed Bayesian sampling plan is smaller than

the Bayes risk of the Bayesian sampling plan.

9 JoinT CENSORING SCHEMES

An extensive amount of work has been done in developing decision theoretic sampling
plans for one sample problem, although not much work has been done for more than
one sample. Prajapati et al. [60] first considered the optimal Bayesian sampling plans for
more than one sample based on a joint censoring scheme proposed by Mondal and Kundu
[51]. Mondal and Kundu [51] have introduced a joint progressive censoring scheme ap-
plied on two or multiple samples called the balanced joint progressive censoring (BJPC)

scheme.

The BJPC scheme as proposed by Mondal and Kundu [51] can be briefly de-
scribed as follows. Suppose there are two different kinds of products from product lines
A and B, and it is required to study the relative merits of these two kinds of products. A
sample of size m is drawn from the product line A and it is called sample A. Similarly, an-
other sample of size n is drawn from the product line B and it is called sample B. Let k be the
total number of failures to be observed from the life testing experiment and Ry, ...,R;_; be
pre-specified non-negative integers such that Y*~ (R; + 1) < min(m,n). The units of these
two samples are simultaneously put on the test. Suppose the first failure comes from sam-
ple A and the failure time is denoted by W;. Then at W; time point, R; units are removed

randomly from the remaining m — 1 surviving units of sample A, and R + 1 units are cho-
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sen randomly from the remaining n surviving units of sample B, and they are withdrawn
from the experiment. Next, if the second failure comes from sample B at time point W,
R> + 1 units are withdrawn from the remaining m — R; — 1 units of sample A, and R; units
are withdrawn from the remaining n — R; — 2 units of sample B randomly at W, time point.
The experiment is continued until the k-th failure occurs. At the k-th failure time point
Wy, the experiment is terminated with the removal of all the remaining surviving units
from both the samples. Along with the ordered failure time W;, we also record the indi-
cator variable Z;, which is 1, if i-th failure comes from sample A and 0 if it comes from
sample B. Let us define, K| = Y*_, Z; denoting the number of failures from sample A and
K> =Y% (1 —Z) be the number of failures from sample B, in this experiment. Suppose n
items from product line A follow exponential distribution with mean 6; and »n items from
product line B follow exponential distribution with mean 6,. Applying the BJPC scheme
and from the likelihood function, it is evident that the MLEs of 8; and 6, exist only when
0 <k <k.

Prajapati et al. [60] used the following shrinkage estimators of 6; and 6, to obtain

the optimal sampling plan.

~ U ~ U
9 = — 9 =
1Sh ki —i—C, 2Sh kz—l—c’

for some ¢ > 0. The shrinkage parameter c is included in the part of the sampling plan.
It is possible to choose different ¢ values for two different estimators, but it makes the
optimization problem more comple, so it is not recommended. The shrinkage estima-
tors exist even when k| = 0 or k, for any ¢ > 0. The decision function based on shrinkage

estimator becomes:

(

(d10,dn0), if Brsy > &1, By > &

(dio,dar), if Bisn > &1, Bosy < &

(di1,doo), if Bisn < &1, Bosy > &
)

| (di1,dn), if Brsn < &1, Oosi < &2,
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where djo(d;1) denotes the action of accepting (rejecting) a batch from product line A
and dyo(d»1) denotes the action of accepting (rejecting) a batch from product line B. &,
and &, denote the minimum acceptable mean survival time from product line A and B,

respectively. The associated loss function is given by:

(

nCs — (n—Ky)rg, — (n— Ka)ry, + WiCr

+MSE(8y54)Ce, + MSE(625)Co, +81(A1) + g2(A2),  if 8(W, Z) = (dy0,da0)
nCs — (n— Ky )rs, — (n— Ka)rs, + WiCr

+MSE(6,53)Ce; + MSE(655,)Ce, + g1(A1) +Cp if §(W, Z) = (d1o,d21)
L(S,)»l,lz) =
nCs — (n—Ky)ry, — (n—Kp)rs, + WiCr

+MSE(§1Sh)Cel +MSE(§2S/,)C32 +Cr1 —f—gz()l,z), if S(W, Z) = (dll,dzo)

nCs — (n—Ky)rg, — (n— Ka)ry, + WiCr

+MSE(8y54,)Ce, + MSE(653)Ce, +Cy, if (W, Z) = (d11,da1).
(63)

Here, C; = Cy, +C;, where Cy, (Cy,) is the inspection cost per item from product line A (line

\

B), C; is the cost per unit time for conducting the experiment, C;, (C,, ) is the cost of rejecting
the batch from product line A (line B), and C, is the cost of rejecting both the batches.
Further, g1 (A1) = I{+ A1 + I5A} is the cost on accepting the batch from product line A,
which has to be positive and an increasing function in A for A; >0, and g>(A2) = Ij +1{ A, +
1523 is the cost on accepting the batch from product line B, which is also positive and an
increasing function in A, for 4, > 0. If an item from product line A (line B) does not fail, it
can be reused with a salvage value ry, (ry,) such that Cy, > rg, >0 (Cy, > rg, > 0). If the mean
square errors (MSE) of the estimators are high, then from sample to sample the decision
may vary significantly even when the production process is under control. Therefore,
we consider cost C,, and C,, on the mean square errors of the estimators @1 s, and 525;,,
respectively. Note that when we reject a batch, the whole batch is discarded or returned to
the supplier, and the loss is fixed, so we presume that C,,, C, and C, are fixed. Under this

set-up the decision-theoretic sampling plan can be defined as (n,k,R,...,Rk—1,&1,8,¢).
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Based on the following joint beta-gamma prior on A; and A,

['(a;+ay)
I'(ao)I(a1)T(a2)

and the loss function (63), the explicit expression of the Bayes risk of the decision function

(A, M) = bo® (Ay + Ap) @ ap @l palmhoitha) ) 9, >0 (64)

(62), which is a function of the sampling plan (n,k,R;,...,Rr_1,&1,62,¢) has been derived.
The optimal sampling plan (ng, ko, R10, - - - , Rk—10 10, §20, co) can be obtained by minimizing
the Bayes risk w.r.t. n,k,Ry,...,Rx_1,&1,&2, and c. Prajapatietal. [61] extended this work by
constructing the Bayes decision fucntion under BJPC scheme and obtained the two sample

Bayesian acceptance sampling plan.

10 ComPETING Risks PROBLEM

Prajapati et al. [59] considered the Bayesian sampling plan under competing risks set up.
They have mainly considered Type-II and Type-I hybrid censoring schemes based on the
latent failure model assumption of Cox [18]. In which it is assumed that the competing
risks are independent of one another, i.e., if X;; denotes the lifetime of the i h unit under the
j™ risk then X;;’s are independent for each i. Let n identical test units be simultaneously
put on a test. Let there be only two competing causes of failures, and lifetimes X;; of
the i’ test unit due to j" competing cause follow exponential distribution with the scale
parameter A;. Since X;; and X, are independent and if Z; denotes the lifetime of the i
unit, then Z; = min{X;1,Xn} with {Z,,7,,...,Z,} being statistically independent lifetimes
of n units. If X;; has an exponential distribution then clearly Z;s are also exponentially

distributed.

Suppose I; = 1 denotes that the i’ unit fails due to cause 1 and /; = 0 denotes that

the i unit fails due to cause 2, i.e.,

I 1, if Xil S X,‘z
=
0, if X1 > Xiz,

foralli=1,2,...,n. Then{I,h,...,I,} are indicator variables denoting the cause of failure

of {Z,2y,...,Z,}, respectively. Let {Z(l),Z(z), . ,Z(n)} be the ordered lifetimes of n units,
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and Ij; is the associated indicator variable denoting the cause of failure of Z;). Let 6 denote
the decision function based on the observations. For 6 = 1, the batch is accepted and 6 =
0, the batch is rejected. The following loss function has been considered:

nCs+17°Ce— (n—M)ry+g(A1,A), if 6(Z)=1
L(8(Z), M, 1) = e i E i 4) 2 (65)

nCs+1t*Cr — (n—M)rg+C,, if 8(Z)=0.
Here C; be the inspection cost per item, C; cost per unit time, C, rejection cost, g(A1,42) ac-
ceptance cost. Items which do not fail in the experiment are reused with a salvage value ;.
It is assumed that Cy, Cr, C;, ry are non-negative, Cs; > ry > 0, and acceptance cost g(A1,42)
is positive and non-decreasing function of 1; and A,. Based on independent gamma priors
of A; and 4, the following Bayes decision function can be obtained:

1, if ¢r(dy,dr,w) <C,
8 = 83(dy,d, w|S) = (1,2, W) (66)

0, otherwise,

where ¢ (d;,d2,w) is posterior expectation of acceptance cost g(A;,42) and

n,r,7), under Type-I hybrid censorin
g ) mn7) ype-Lhy 8 (67)

(n,r),  under Type-II censoring.

It is also observed that if the acceptance cost g(A1,A2) = ap + a1A1 + axAs, or g(A1,A2) =
aoo +ajoM +api A+ azollz + aoglzz + a1 A1 Ay, with positive coefficients, then explicit forms
of the Bayes decision functions can be obtained. Under this set-up the optimal Bayesian

sampling plans have been reported by Prajapati et al. [59].

11 NumericaL ResuLTs

In this section, we present some numerical results mainly to compare different Bayesian

sampling plans available under different censoring schemes.
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11.1 Type-I CENSORING

In this section first we compare the Bayesian sampling plans proposed by Lam [34], Lin
et al. [49] and Huang and Lin [26] under Type-I censoring schemes. It may be recalled
that the loss function considered by Lam [34] did not have the cost on time component.
Since there is no cost on time component in the loss function, it is natural to run the ex-
periment as long as possible to make a better decision, and it results smaller Bayes risks.
In Table 1 we have presented the optimal sampling plan as presented by Lam [34] along
with optimal sampling plan when 7 = «. Here 7 denotes the stopping time for a Type-I
censoring scheme. We have used the following coefficients in the cost function C; = 0.5,
C;=0,C,=30ap =a; =ay =2.0.. Further, a and b denote the hyperparameters of the con-
jugate gamma prior. From Table 1, it is clear that the optimal sampling plan as presented

by Lam [34], is actually not optimal because it does not minimize the Bayes risk.

Table 1: Lam’s sampling plan

a b r(ng, T0, 7o) r(ng,oo, T™)

02 0.2 r(4,0.0270,0.1080) = 12.1499  r(4,00,0.3020) = 9.2253
1.5 0.8 r(3,0.5262,0.2631) = 16.6233 r(3,0,0.2333) = 16.5825
25 0.8 r(3,0.7077,0.3539) = 24.9366 r(3,,0.3336) = 24.8847
3.0 0.8 r(3,0.8170,0.4085) = 27.6136 r(3,20,0.3865) = 27.5581

Linetal. [49] and Huang and Lin [26] also observed this, and they have included
the cost on time component in the loss function. In Table 2 we have provided the optimal
sampling plans and the associated Bayes risks based on the decision functions proposed
by Lin et al. [49] and Huang and Lin [26]. In both the cases the cost on time ¢; = 0.5. It is
clear from Table 2 that the decision function proposed by Lin et al. [49] provides a better

result than Huang and Lin [26] in terms of smaller Bayes risks.

Let us recall that Prajapati et al [54, 55, 56] proposed three different decision

functions to compute the optimal sampling plans for Type-I censored samples. Now in

42



Table 2: Comparison between the Lin et al. [49] and Huang and Lin [26] Bayesian sam-

pling plans.

a b r(np, s, T, €8, PB) r(np, s, 6p)

( Huang and Lin [26]) (Lin et al. [49])
0.1 0.2 r(2,0.0576,0.1729,0.0005,0.5) = 8.1382 r(2,0.4038) = 6.1832
25 0.8 r(3,1.4611,0.7305,0.0040,0.1) = 259132 r(3,0.6750) = 25.2777
25 1.0 r(4,1.2546,0.6273,0.0035,0.3) = 22.6044 r(4,0.6738) = 22.0361
3.0 0.8 r(3,1.2800,1.2800,0.0090,0.7) = 28.4507 r(3,0.8250) = 28.0087

Table 3 we compare the Bayes risks of the optimal sampling plans of Lin et al. [49] and

Prajapati et al [54, 55, 56]. We have considered the same set of coefficients as before.

Table 3: Bayes risks comparison of the Bayesian sampling plans between the Lin et al. [49]

and Prajapati et al. [54, 55, 56] for Type-I censoring scheme.

a b Linetal [49] Prajapatietal. [54] Prajapatietal. [55] Prajapatietal. [56]

01 02 6.1832 6.1832 6.1832 6.1832

25 038 25.2777 25.2777 25.2777 25.2777
25 1.0 22.0361 22.0361 22.0361 22.0361
3.0 08 28.0087 28.0087 28.0087 28.0087

In Figure 1 we have provided the Bayes risks of the different optimal sampling
plans for Type-I censored cases. Some of the points are clear from Table 3 and Figure 1.
It is immediate that the optimal sampling plan proposed by Lam [34] is not optimal. The
plan proposed by Lin et al. [49] is optimal. The optimal sampling plans proposed by
Prajapati et al. [54, 55, 56] perform as good as the sampling plans of Lin at el. [49] in
terms of the Bayes risks. The main advantage of the optimal sampling plans proposed by
Prajapati et al. [54, 55, 56] is that it can be used quite easily in practice and also for higher

degree polynomial and for non-polynomial loss functions also.
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Lam [34]

<]24.9367
Lin et al. [45]
<]24.9893
Prajapati et al. [56]
<]24.8419

Prajapati et al. [55]
24.8419

Prajapati et al. [54]

24.8419

Type-I censoring scheme
Lin et al. [49]

<]25.2777
Huang and Lin [26]

<]25.9132
Prajapati et al. [56]

<]25.2777

Prajapati et al. [55]
25.2777

Prajapati et al. [54]
25.2777

Figure 1: Comparison of optimal sampling plan under Type-I censoring scheme

11.2 Type-I HyBrip CENSORING

In this section we provide a comparison between the different optimal sampling plans
proposed by Chen et al. [5], Lin et al. [46, 47], Liang and Yang [41], and Prajapati et
al. [54, 55] for Type-I hybrid censoring scheme. Lin et al. [46, 47] presented a sampling
plan based on the conditional MLE (conditioning on M > 1). Liang and Yang [41] pointed
out that the decision function proposed by Lin et al. [46, 47] is not Bayes. Further, Lin et
al. [46,47] did not consider the cost on time component in the loss function, hence the
Bayes sampling plans obtained by Lin et al. [46, 47] are not optimal. In Table 4 we have
presented the Bayes risks of the optimal sampling plans proposed by Lin et al. [46, 47]
and Liang and Yang [41]. Here a and b are the hyperparameters, and the other coefficients

are ap =a; = ap =2.0, C; = 0.5, C, = 30,r, = 0. It is clear that the optimal sampling plans
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Table 4: Bayes risks comparison of the Bayesian optimal sampling plan between the Lin et

al. [46, 47] and Liang and Yang [41] for Type-I hybrid censoring scheme.

a b Linetal. [46,47] Liang and Yang [41]

25 04 29.7850 29.7505
25 0.6 27.7279 27.7266
25 08 24.8419 24.8418
3.0 08 27.5593 27.5581
3.5 038 29.3031 29.2788

proposed by Liang and Yang [41] perform better than Lin et al. [46,47] in terms of smaller

Bayes risks.

Let us recall that Liang and Yang [41], Chen et al. [5] and Prajapati et al. [54,
55] provided optimal sampling plans based on a loss function which has cost on time
component. In Table 5 we have compared different optimal sampling plans with different
cost on time coefficient C; and for a = 2.5 and b = 0.8. Rest of the coefficients remain same.

In Figure 2, we have provided the Bayes risks of the different optimal sampling plans for

Table 5: Bayes risks comparison between the Chen et al. [5], Liang and Yang [41], and
Prajapati et al. [54, 55] Bayesian sampling plans.

C; Chenetal [5] Liangand Yang [41] Prajapatietal. [54] Prajapatietal. [55]

00 246827 24.6354 24. 6736 24.6754
80 264962 264662 24,4672 264672
160 27.26% 272513 27.2513 272513

Type-I hybrid censored cases. Some of the points are clear from this comparison. Itis clear
that the optimal sampling plan proposed by Chen et al. [5] is not optimal. The optimal
sampling plan proposed by Liang and Yang [41] is optimal. The sampling plans proposed
by Prajapati et al. [54, 55] behave as good as Liang and Yang [41], and they behave better
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than Chen et al. [5]. Similar to the Type-I censoring case, the sampling plans proposed by
Prajapati et al. [54, 55] can be implemented very easily in practice, and it can be used for

higher degree polynomial and non-polynomial loss function also.

Chen et al. [5]

<]24.6827
<< Liang and Yang [41]
<]24.6354

C:=0,r;=03 Prajapati et al.[54]

<]24.6754
<< Prajapati et al. [55]
<]24.6736

Type-I hybrid censoring scheme Chen et al. [5]

<]26.4962
< Liang and Yang [41]
<]26.4662

C;=80,r,=03 Prajapati et al. [54]

<]26.4672
<< Prajapati et al. [55]
<]26.4672

Figure 2: Comparison of optimal sampling plans under Type-I hybrid censoring scheme

11.3 Type-I anDp Type-1I APCS anp PHCS

In this section we compare the the Bayesian sampling plans proposed by Lin and Huang
[44] and Liang [39] under Type-I and Type-II APCS and PHCS. In Table 6 we present the
results for Type-I APCS and PHCS cases, and similarly in Table 7 we present the results for
Type-II APCS and PHCS. In both the cases, we have considered different hyperparameters,
and the other coefficients are as the following: C; =1.0,C; =2.0,C, =5,r;,=0.5,a0 =1,
a; =1,a; =1, and N = 1000. It is clear from Tables 6 and 7 that the Bayesian sampling
plans of Liang [39] perform better than Lin and Huang [44].
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Table 6: Bayes risks comparison between the Lin and Huang [44] and Liang [39] Bayesian
sampling plans Type-I APCS and PHCS.

a b Scheme Bayes risk
1.5 2.0 Lin and Huang [44] APCS 3.7787
PHCS 4.8883
Liang [39] APCS 2.6875
1.5 0.8 Lin and Huang [44] APCS 5.5397
PHCS 6.3410
Liang [39] APCS 5.0000
2.0 2.0 Lin and Huang [44] APCS 4.4285
PHCS 5.5777
Liang [39] APCS 3.5000
1.5 3.0 Lin and Huang [44] APCS 3.0255
PHCS 4.2257
Liang [39] APCS 1.9167

Table 7: Bayes risks comparison between the Lin and Huang [44] and Liang [39] Bayesian
sampling plans under Type-II APCS and PHCS.

a b Scheme Bayes risk
1.5 2.0 Lin and Huang [44] APCS 7.1844
PHCS 7.1011
Liang [39] APCS 2.6875
1.5 0.8 Lin and Huang [44] APCS 7.4685
PHCS 3.7891
Liang [39] APCS 5.0000
2.0 2.0 Lin and Huang [44] APCS 6.7917
PHCS 5.6288
Liang [39] APCS 3.5000
1.5 3.0 Lin and Huang [44] APCS 7.9389
PHCS 7.8989
Liang [39] APCS 1.9167
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11.4 GeNEeErALIZED HYBRID CENSORING SCHEMES

Prajapatietal. [58] obtained the Bayesian sampling plan for Type-I GHCS under a quadratic
loss function and also under a fifth degree polynomial loss function. In case of the quadratic
loss function the coefficients are ag =2, a; = 2, a, = 2, C; =0.3, r, =0.1, C; =0.8, C, = 30.
Different optimal sampling plans have been reported in Table 8 for different hyperparam-
eters and for different C, values. Prajapati et al. [60] provided similar results for Type-II
GHCS under a quadratic loss function. In Table 9 we have presented some optimal sam-
pling plans for Type-II GHCS cases. In this case the coefficients are ap =2, a; = 3, a» =4,
Cs=15r,=12,C,=05,C; =0.1, and C, = 75. We have reported the results for different
hyperparameters and for different C, values. It is clear from both the tables that if the cost

on MSE is high, more sample size is needed to make a decision about the batch.

Table 8: Optimum Bayesian sampling plans and their Bayes risks when a, b and C; vary

withag=2, ay =2, a2 =2, r;,=0.1, C;=0.3, C; = 0.8, C, = 30

a b C, RgB ng rg kg B a b C, RgB ng rg kg B
22 038 241538 8 7 6 0.6281 05 246611 6 5 2 0.5070
25 0.8 2511849 7 6 5 0.6234 15 248292 6 5 3 0.5234
30 10 30 250148 7 6 4 05633 |30 1.0 3.0 250148 7 6 4 0.5633
30 12 223891 7 6 4 0.4898 50 252457 7 6 5 0.6039
3.5 0.8 292754 4 4 3 1.1500 8.0 255379 8 7 6 0.6414
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Table 9: Minimum Bayes risks and their optimum Bayesian sampling plans when a, b and

Csvary withap =2, a1 =3, a2 =4, r;,=12,C;=15,C;=0.1, C, =75

a b G Rg" ng rg T ToB a b G Rg" ng rp TiB Top
155 0.45 572735 9 6 0.1625 0.2538 0.2 51.8132 7 5 0.1580 0.2761
155 0.50 53.3555 8 6 0.2041 0.2843 1.0 55.2654 10 7 02077 0.2226
240 080 0.5 55.1567 8 8 0.1037 0.2173 | 1.55 050 1.5 56.8266 11 11 0.0998 0.2278
2.50 0.80 573335 8 8 0.1166 0.2235 2.0 581953 12 12 0.1165 0.2164
450 1.25 685803 8 5 0.1803 0.2241 25 594396 13 13 0.1116 0.2184

11.5 JoiNnT CENSORING SCHEME

Prajapati et al. [60] developed optimal decision theoretic sampling plans for two samples
based on BJPC scheme. In the optimal sampling plan based on the BJPC scheme, it is
observed that R; = ... = Ry_; = 0. In this section we compare the Bayes risks of the opti-
mal decision-theoretic sampling plan based on the BJPC scheme with the sum of optimal
Bayes risks based on two Type-II censoring schemes applied on the two samples sepa-
rately. For single sample case, we have considered the optimal sampling plans proposed
by Lam [33]. Independent gamma priors have been used with hyperparameters (a;,bo)
and (az,bp). In order to make the comparison meaningful, the following coefficients have
been used: C; = Cy, +Cy, = 0.08+0.08, ry, =0.07, r,, =0.07, C; =0.1, C,, =9, C,, = 16
C,, =05,C,=05,C=C,+C,=25and [, =4, 1 =5,1,=1,1] =4, 1{ =5, 1) =4. The
optimal sampling plans and the associated Bayes risk under Type-II censoring for each
samples based on Lam’s [33] decision functions are obtained. The optimal Bayes risks for
Sample A and Sample B are denoted by R} and Rf, respectively. The optimal sampling
plans for Sample A, Sample B, and the associated Bayes risks are provided in Tables 10
and 11. In Table 12, the Bayes risk of the optimal decision-theoretic sampling plan under
the BJPC scheme, denoted by RS and compared it with the sum of the two optimal Bayes
risks RE and RS, based on single sample Type-II censoring scheme. From Table 12, it is evi-

dent that the Bayes risk R} of the optimal decision-theoretic sampling plan is smaller than
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the sum of the Bayes risks RE and R%. Therefore, it can be concluded that joint censoring
scheme is preferable than single censoring schemes if there are more than one samples are

present.

Table 10: Lam’s sampling plan for Sample A Table 11: Lam’s sampling plan for Sample B

ar by RE no kio EL a> by R% no koo &%

50 5.0 89303 o6 6 1.3375 50 5.0 13.1262 8 8 0.7441
50 55 87875 6 6 1.2543 50 55 12.1374 8 8 0.6816
4.0 5.0 84689 8 8 1.1500 6.0 5.0 145789 8 8 0.8471
3.5 4.0 8.6000 8 8 1.2015 45 4.0 13.8375 8 8 0.8179
4.7 5.0 8.8173 6 6 1.2789 4.3 5.0 11.8701 8 8 0.6725

Table 12: Comparison between optimal decision-theoretic sampling plan and Lam’s sam-

pling plan in terms of Bayes risks under two samples case

a a1 ay by R+ RS RS ny ko & &2 co
10.0 5.0 5.0 5.0 8.9303+13.1262=22.0565 20.3742 5 4 6.9407 0.0036 1.2445
10.0 5.0 5.0 5.5 8.7876+12.1374=20.9250 19.8696 4 64416 0.0042 1.2451
10.0 4.0 6.0 5.0 8.4689+14.5789=23.0478 19.3091 5 10.0423 0.0062 1.1807

5
5

80 35 45 4.0 8.6000+13.8375=22.4375 20.0316 8.8095 0.0013 1.1712
90 47 43 5.0 8.8173+11.8701=20.6874 20.2678 6.5293  0.0030 1.2919

N NN O S

11.6 ComPeTING Risks

Prajapati et al. [59] provided the optimum Bayesian sampling plan in presence of com-
peting risk for Type-II censoring and also for Type-I hybrid censoring. It is observed that
when the loss function is quadratic, the Bayes decision function can be obtained in explicit
forms. It is assumed that there are two competing causes, and the lifetime of these two

causes follow independent exponential distributions. In this section we present some op-
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timal Bayesian sampling plans based on the assumptions that the priors are independent
gamma priors with hyperparameters (a,b) and (c,d). The other coefficients are as follows:
apn =2, ai0=4, ap1 =4, ayo=4, ap =4, a;1 =4,C;=0.3, r;=0.25, C; =0.3,and C, =40
In the Table 13, optimal censoring plans and the associated Bayes risks are presented. Sim-
ilarly, the results for Type-I hybrid censoring scheme are presented in Table 14. In this case
the following coefficients are chosen: agy =5, ajo =6, ap1 =6, axo =6, app =6, a;; =6,
C; =05, r,=02, C; =03, and C, = 130. In both the cases it has been observed that
although the optimal sampling schemes are more or less robust with respect to the hyper-

parameters, they vary significantly as Cs changes.

Table 13: Minimum Bayes risks and their optimum Bayesian sampling plans for different
values of a,b,c, d and C; when agy = 2, aj9o =4, ap1 =4, axo =4, app =4, a1 =4, rg =

0.25, C; =0.3, C, = 40

a b c d Cg Rg” (ng,rg) np rp| a b c d C, RgB (np,rg) np rp
1.5 08 1.5 0.8 37.3147 6 5 0.27 348397 10 6
1.5 06 15 0.8 38.5331 5 4 0.30  35.0911 8 6
20 08 1.5 08 03 39.2008 5 4|25 15 22 2.0 035 354204 6 5
1.5 0.8 2.0 0.8 39.2008 5 4 0.40 35.6856 5 5
25 15 22 1.2 38.5062 6 5 0.50 36.1067 4 4
25 15 22 20 35.0911 8 6 1.00 37.5068 2 2

12 ConcLusioNs, OPEN PrROBLEMS AND FURTHER READING

In this article we have presented briefly different acceptance sampling plans based on
Bayesian decision functions. The Bayesian decision function has some advantages, as it
minimizes the Bayes risks, and it can be implemented quite easily if the loss function is
quadratic. It should be mentioned that most of the work which has been done during the
last two decades are based on the assumption that the lifetime of the experimental units

follow one parameter exponential distribution. While this choice simplifies the analysis,
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Table 14: Minimum Bayes risks and their optimum Bayesian sampling plans for different
values of a,b,c, d and CS when apg = 5, ayp = 6, apl = 6, azy = 6, apy = 6, ayl = 6, Vg =

0.2, C; =0.3,and C, = 130

a b ¢ d G Rgg (ng,rp,T8) np 1B B a b ¢ d G RgB(nB,rB,TB) ng rp Tp
15 05 25 1.0 116.2559 9 9 1.0031 0.3 114.0845 12 12 0.8891
25 1.0 15 05 116.2559 9 9 1.0031 04 115.2524 11 11 0.9313
25 07 15 05 05 123.9614 8§ 8 11688 |15 05 25 1.0 05 116.2559 9 9 1.0031
20 07 15 05 117.8878 9 9 1.0375 0.8 118.6031 7 7 1.0344
25 1.0 25 08 121.8392 9 9 1.1000 1.0 119.8281 6 6 1.0250
30 15 25 08 117.8483 10 10 0.9875 1.5 122.1700 4 4 09281

it restricts attention to more flexible families such as Weibull, log-normal, generalized ex-
ponential etc. which are more realistic in practice. There are some issues related to these
non-exponential lifetime distributions. Often in these cases it is not possible to obtain
conjugate priors, hence, the Bayes decision function cannot be obtained explicitly. One
can only obtain the Bayes decision function numerically. Due to this reason, finding the
optimal Bayes decision theoretic sampling plan becomes computationally quite challeng-
ing. Some attempts have been made mainly for Weibull distribution by Prajapati etal. [59]
and Prajapati et al. [61]. Efficient numerical methods need to be developed for practical
implementation. More work is needed in this direction. Although as extensive amount of
work has been done for different censoring schemes for one sample problem, not much
work has been done for more than one sample. It will be interesting to develop optimal

sampling plans for more than one sample also.
Now we will provide some open problems for future research.

Open Problem 1: In Section 3 Bayesian optimal sampling plans have been developed for
exponential and normal distributions for complete sample. The problem is still remains

open for other distributions like Weibull, log-normal, Pareto distributions etc.

Open Problem 2: In Section 4 it has been observed that the most of the work considered in
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Type-I and Type-II censoring scheme is based on one parameter exponential distribution.
Prajapat et al. [53] obtained the optimal Bayesian sampling plan in case of Type-I cen-
sored data for two-parameter exponential distribution based on conjugate priors. It will
be interesting to develop optimal Bayesian sampling plans for two-parameter exponential

distribution in case of Type-II censoring.

Open Problem 3: Under Type-I and Type-II hybrid censoring scheme problem of find-
ing the Bayesian sampling plan for two or more parameter distribution function remains

open.

Open Problem 4: Under Progressive censoring scheme finding the optimal Bayesian sam-
pling plan problem is still growing. The problem remains open for other distributions

except the one-parameter exponential distribution.

Open Problem 5: Finding optimal Bayesian sampling plan problem still remains open for
other type of progressive censoring schemes under exponential and related distribution

functions.

Open Problem 6: Generalized hybrid censoring schemes has certain advantages over the
hybrid censoring schemes. Which open up an interesting problem; among all censoring

schemes which censoring scheme will perform the best in a given scenario.

Open Problem 7: Finding the optimal Bayesian sampling plan for generalized hybrid cen-
soring problem is still open for distributions other than the one-parameter exponential

distribution.

Open Problem 8: Optimal Bayesian sampling plans for joint censoring schemes remains
an open problem for more than two populations and also for distributions other than one-

parameter exponential distribution.

Open Problem 9: Among different joint censoring schemes, which one will perform the

best is an exciting problem need to be considered.
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Open Problem 10: It will be interesting to generalize the results for interval censoring

schemes for other lifetime distributions like two-parameter exponential, Weibull etc..

Open Problem 12: Optimal Bayesian sampling plan in presence of competing risk is an
exciting problem and it remains open for other distributions except the exponential distri-

bution case.

Open Problem 13: Optimal Bayesian sampling plans in presence of competing risk under
the different censoring schemes like interval censoring, progressive censoring are some

important problems to address in the future.

Open Problem 14: It will be interesting to develop optimal Bayesian sampling plans in
presence of complementary risks for different lifetime distributions under various censor-

ing schemes.

In a review article of this type it is not possible to cover every aspects of this
problem. Interested readers are requested to see some of the related work which we have
not covered here, for example Lam [35], Chen et al. [6], Huang and Lin [27], Liang et al.
[40], Salem et al. [65], Chen et al. [10], Prajapat et al. [53], Prajapati and Kundu [62],
Chen et al. [14], Chen et al. [11], Liang et al. [42], Liang et al. [43] and the references

cited therein.
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