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Abstract

This work is motivated by a data set obtained from an experiment performed on
diabetic retinopathy patients. The experiment was conducted to test whether there
is any significance difference between two different treatments namely laser treatment
and traditional treatment. The two treatments have been administered on two different
eyes of the same patient. The two eyes of a patient are modeled as a two-component
load-sharing system. In such systems, the failure of one component can increase the
stress on the other, leading to earlier failure. In most of the existing literature, the
initial lifetimes of the two components are assumed to be independent, which may
not be a reasonable assumption in this context. In this paper it has been assumed
that the lifetimes of the two components may be dependent. The model allows for
a positive probability that both components fail simultaneously. If they do not fail
simultaneously, the survivor’s lifetime is adjusted according to the tampered failure
rate assumption, resulting in a bivariate distribution with a singular part. We have
developed Bayesian inference of the unknown parameters under a very general set of
prior assumptions when the baseline distributions are exponential, Weibull or piecewise
constant hazard functions. Bayesian hypothesis testing is conducted using Bayes fac-
tors approach. Extensive simulations have been performed to show the performances
of the proposed methods. The analysis of the diabetic retinopathy data set has been
conducted to show the effectiveness of the Bayesian approach.

Keywords: Load-sharing model; Bayes estimated; Importance sampling; Credible intervals;
Posterior analysis



1 Introduction

The motivation of our work came when we were trying to analyze a data set based on a
diabetic retinopathy study. Diabetic retinopathy is a medical condition of the eye and it
causes blindness. It is one of the leading cause of blindness, often progressing without early
symptoms, and its severity has been shown to increase with disease duration, patient age,
hypertension, and elevated serum lipid levels. The purpose of the experiment is to test
whether there is any significance difference between two treatments namely laser treatment
and traditional treatment. In this experiment for each patient in one eye (chosen at random)
the laser treatment and in the other eye the traditional treatment have been administered.
The observation is of the form (Y7, Y3), where Y; and Y3 denote the time to onset of blindness
of the laser treated eye and the traditionally treated eye, respectively. The data set was
developed by Vincent [20] and it is based on 197 diabetic patients. All possible outcomes
(Y1 < Y2, Y] > Y, and Y} = Y;) are represented in this experiment. The data are heavily
censored in both variables, primarily due to: (i) the event not occurring before the study
ended, (ii) loss to follow-up, and (iii) withdrawal from the study. Out of 197 observations
only 38 observations are complete and the rest of the observations are censored either in
one or in both variables. Kundu [13] first analyzed this complete data set of 38 observations
based on the assumption that it is two-component load-sharing system. In this paper also
we have made the same assumption. The main difference of the present paper with that
of Kundu [13] is that he has only developed the classical inference based on the complete
observations, where as here we have developed Bayesian inference based on complete as well
as censored observations.

In a load-sharing system, when one component fails, the load on the remaining compo-
nents changes. This usually means the surviving components will have shorter expected
lifetimes than they would have under the original conditions. In some cases, the failure of
one component might free up resources, allowing the remaining components to last longer.
A model that captures these changes in the lifetimes of components in a parallel system is
called a load-sharing model. The load-sharing model was first proposed by Daniels [5] in
the analysis of textile data. Since then, it has been applied in many areas. In reliability
studies, it has been used to model systems such as electrical generators, multi-processor
computer systems, suspension bridge cables, and valves or pumps in hydraulic systems (see,
for example, Suprasad et al. [19], Kvam and Pean [14] and related references). Gross et al.
[10] applied the model to biological systems involving paired organs, such as eyes or kidneys.
For more recent developments in load-sharing models, see Wang et al. [21], Xu et al. [22],
Park et al. [15], Rychlik and Spizzichino [17] and references therein.

The bivariate load-sharing model introduced by Freund [8] has been widely used in prac-
tice. In this model, the two lifetimes are initially assumed to be independent and expo-
nentially distributed. Once one component fails, the survivor’s lifetime distribution changes
to reflect the additional load. Many extensions of this model have been proposed in the



literature, see for example Asha et al. [1], Franco et al. [7] and the references cited there
in, but most retain the assumption of initial independence, which may not be realistic in
practice.

Recent studies show that Marshall-Olkin bivariate Weibull type models are still widely
used and have many new developments, including Bayesian analyses. Since our model al-
lows dependence and also permits simultaneous failures, it has a clear Marshall-Olkin type
structure, and it reduces to the usual Marshall-Olkin or bivariate prportional hazard (BPH)
model for special choices of the load factors. Recent Bayesian methods for Marshall-Olkin
Weibull models have also been developed in reliability problems. Zhang et al. [24] presented
a Bayesian inference approach for the Marshall-Olkin Weibull model.

A more general approach was developed by Kundu [13], where the initial lifetimes to be
dependent and included the possibility of simultaneous failures. If the components do not
fail together, the survivor’s lifetime changes according to the tampered failure rate model,
see Bhattacharyya and Soejoeti [3]|, a natural choice in step-stress settings. A schematic
diagram of the load sharing of a two component system is provided in Figure 1. This
model is flexible and includes a singular component in its distribution, which earlier models
lack. Methodologically, classical inference for the bivariate load-sharing model is based
on maximum likelihood estimation, which does not directly incorporate prior knowledge.
Bayesian inference, on the other hand, offers several advantages. In particular, results under
classical inference are typically asymptotic, whereas Bayesian methods provide inference that
remains valid for finite samples. For these reasons, it is both natural and necessary to extend
the model of Kundu [13] to a Bayesian framework.

In this paper, we investigate the bivariate load-sharing model within a Bayesian frame-
work. Prior distributions are specified for the model parameters, and methods are developed
to obtain the Bayes estimates and credible intervals under different baseline hazard func-
tions, including exponential, Weibull, and piecewise constant forms. Specifically, we assume
a flexible Dirichlet-Gamma prior on the model parameters, as suggested by Pena and Gupta
[16] for the Marshall-Olkin bivariate exponential distribution. A Gamma prior is used for
the Weibull hazard rate parameter, and an independent Dirichlet prior is adopted for the
piecewise constant hazard rate parameters. It is observed that the Bayes estimates of the
unknown parameters cannot be obtained in closed form, since they involve multidimensional
integrations. To address this, we propose the use of the importance sampling technique
to compute the Bayes estimators and the associated credible intervals. Bayesian hypothe-
sis testing is also carried out using Bayes factors, with particular emphasis on testing the
equality of the marginal lifetime distributions. The performance of the proposed methods is
examined through extensive simulation studies under various parameter settings and sample
sizes. Finally, the diabetic retinopathy data set has been analyzed in presence of censoring
to demonstrate how the proposed method can be used in practice.

The rest of the paper is organized as follows. Section 2 introduces the model and the
corresponding likelihood function for the complete data set. Section 3 presents the prior
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Figure 1: Schematic diagram of the load-sharing of a two component system when (a) the
first component fails before the second component (b) the second component fails before the
first component and (c¢) both the component fail at the same time.

and posterior distributions, along with the Bayes estimates, highest posterior density (HPD)
intervals, and symmetric credible intervals. In Section 4, the likelihood function for complete
and censored data is developed, followed by the corresponding posterior analysis. Bayesian
hypothesis testing problems are addressed in Section 5. Section 6 reports the results of
simulation studies, while Section 7 presents the analysis of the retinopathy data set, first
under complete observations and then under the complete and censored data. Finally, Section
8 provides concluding remarks.

2 Model and Likelihood Function for Complete Data

We consider a system with two components, A and B. The system stops working only when
both components fail. Let X and Y be the lifetimes of components A and B, respectively.
These lifetimes are continuous random variables and may be related to each other. There
are three possible cases:

Case 1: Both components A and B fail at the same time. The system stops immediately.

Case 2: Component A fails first, but component B is still working. The system keeps
running because B is still active. However, the failure of A increases the load on B, so
its lifetime changes from Y to Y*. The system stops when B finally fails.



Case 3: This is similar to Case 2, but B fails first. The lifetime of A changes from X
to X* after B fails. The system stops when A finally fails.

Let (Y1,Y2) be the lifetimes of components A and B at the time the system fails. Then,

<X7Y>7 1fY1 = }/27
<Y17Yv2) = (X7 Y*)a if Yi < Y'27 (1)
(X*,Y), ifVi> Ya.

We assume (X, Y') follows a bivariate proportional hazards model with the baseline survival
function Sp and parameters A\; > 0, Ay > 0 and A3 > 0, i.e. (X,Y’) has the following joint
survival function

_ [ (Se@)M(Se(y) iz <y
PX>2Y >y) = { (Sp(@) (S if @ >y,
The joint probability density function (PDF) of (Y1, Y3), given by Kundu [13], is:
Case 1: When y; = yo = v,

Sy, y) = As his(y) [Sp(y)) 2, (2)

where hp is the baseline hazard function.

Case 2: When y; < s,

fviva (Y1 92) = MAs hip(y1)hp(ys2) [Sp(y) M (S (o), (3)
where A5 = v(Ay + A3) and v > 0 is the load factor on B after A fails.

Case 3: When y; > s,

Fya (Wi y2) = Aada hp(y1)hs(y2) [Se(y2) ] 2 M[Sp ()M, (4)

where Ay = d(A\; + A3) and § > 0 is the load factor on A after B fails.

The load-sharing parameters describe how the risk of failure of one component changes
after the other component fails. In this model, § controls how the hazard of the surviving
component A is multiplied when B fails: § > 1 means the survivor is under extra load and
fails faster, while 6 < 1 means the survivor experiences relief and fails more slowly. The
parameter v plays a similar role for B when A fails. In the diabetic retinopathy study, the
two components are the patient’s two eyes. If blindness occurs in one eye, the patient may
rely more on the other eye in daily life, which can be interpreted as an increased functional
load on the remaining eye and hence a higher risk of blindness, corresponding to § > 1 (or
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v > 1). Thus, 6 = v = 1 represents no load-sharing effect, and the model reduces to the
usual BPH (Marshall-Olkin type) model.
Next, to find the likelihood function, we take a random sample of size n,

S = {(y11> y21), ey (yln, y?n)}

Define the index sets
Li={i: g <wau}, L={i:yu>yu}t, Is=1{i:yu=2y5=1ui}

Let nq, no, and ng be the number of elements in Iy, I, and I3, respectively.
Using the joint density functions given in (2), (3), and (4), the likelihood function can be
written as

10,a]8) =L(0,a|S) la]S),

where © = (A, A2, A3, Ay, As) T and « is the parameter of the baseline distribution. There
are two situations: the baseline distribution may be known or unknown.
The terms [;(©, a | S) and ly(« | S) are given by

h(©,al8) = APAPAFAPAS [ [1S () e [T 195 ()™

i€h i€ly
< TLISa) 52 TS [T [Sn))
i€l i€l 1€13

= ATLAIZ AR \B2 AT ™ (Mt2otxs-5) Sicy, Horiia) =3s Sier, Hp(waiia)
e ()\1+>\2+>\3—)\4) 2ier, B (yzi;a)e—M Yier, Ha(y1i50)
we~ (NHhetXs) Tie, Ho i), (5)

where Hpg is the cumulative baseline hazard function, and

blalS)=]]rswic) [ [hsia) sl e)]. (6)

i€l3 ielLUIlo

3 Prior and Posterior Analysis

3.1 Prior Assumptions

In this section, we describe the prior distributions for the unknown parameters. We first
specify the priors for A;, ¢ = 1,...,5, and then, based on the baseline distribution, we choose
priors for the baseline parameters.

Following Pena and Gupta [16], we assume a conjugate prior for (A1, A2, Az). The conju-
gate prior is used mainly for convenience and stability. Under conjugacy, the posterior stays



in the same family as the prior, so we can obtain the posterior by simply updating the hyper-
parameters. This makes computation fast and stable, which is important here because the
model has many parameters and the data can be heavily censored. Morepver, the proposed
conjugate prior is a very flexible one. The joint PDF can take variety of shapes. Similar use
of conjugate priors for efficient Bayesian updating in reliability problems is discussed in Xu
and Wang [23].

Assume that, A = A\; + Ay + A3 has a Gamma(a, b), a > 0,b > 0 prior. The probability
density function of Gamma(a,b) is

b2 _Na—le=bA if \ > (

mo(Aa,b) = {F(“) (7)

0 otherwise.

Given A, (Al ’\2) has a Dirichlet prior, that is

EXbY
A1 A2 T(ay + as +az) (A\@—1 /Ay a1/ A3\ as—1
m < N s az a3) T(a1)D(as)T (az) ( X\ ) ( X\ ) ( X\ > ’ ®)

where A3 = A — A\ — A\, and the hyperparameters a1, as and a3 are > 0. The joint prior of
A1, A and A3 are obtained as

F(a) - b 1 —b\s
A Aoy Asla, b, a1, ag, ag) = ——2 (bA)* [—X.” } 9
m2(A1, A2, Asla, b, ay, as, as) F(a)( ) g T(a;)" € (9)
where @ = a; + ag + a3. The probability density function in (9) is known as the density
function of Gamma-Dirichlet distribution.

Next, for A\, and A5, we consider the independent Gamma priors, that is

byt yaa—l,—bids  f )
4 >0
m3(Ag]ag, by) = {S(M) ) otherwise

and

as
b5

N5 le=bs A if Ao > ()
7T4()\5|a5,b5) — {F(a5) 5 € I As

(11)

0 otherwise.
If the baseline distribution is unknown, we consider the suitable prior for the baseline pa-

rameters.

3.2 Posterior Analysis

In this section, We first look at the case when the baseline distribution is known, and then
the case when it is not.



Known Baseline Distribution Here, the baseline parameter « is known. So, the likeli-
hood depends only on [1(0|D). The joint posterior distribution of © = (A1, Ay, A3, Ay, As) |
can be obtained as

H(@|D) o )\7111+a1—1)\7212-1-(12—1)\g3+a3—1)\22-1—(14—1)\gzl+a5—le—(sl+b))\1
e—(Sl-‘rb))\z6—(S1+b)>\36—(Sz+b4)>\46—(53+b5))\5 % /\a—&

=C X fa(A;n1 4+ a1, 51 +b) fa(Ag;ng + az, S1+b) fa(As;ng + ag, S1 + b)

fa(Aasng + aq, So + by) fa(Xs;n1 + as, Sz + bs) X h(A1, Ao, Ag). (12)
Here, fo(\iic,d) ~ Gamma(c,b), S = Y Hp(yu) + Y Hp(y) + Y Hp(yi), So =
icly icls i€ls

Z [HB(yli) - HB(?J%)} and S3 = Z [HB(yzi) - HB(Qli)]a h(A1; A2, Az) = AT

i€l i€l
Baseline distribution: exponential

We take the baseline distribution as exponential with o = 1 and Hp(y) = y. Here
S1=Zy1i+zy2i+zyu SQZZ[QM—?J%L 5322[,02@'—91@}-
el icly iclg icly icly

We use the importance sampling procedure to compute the Bayes estimate of g = ¢(©) and
also to construct the corresponding credible intervals of g. We use the following procedure:

Step 1: Generate

A1 ~ Gamma(ny + aq, S1 + b)
Ay ~ Gamma(ng + az, S1 + b)
A3 ~ Gamma(ns + az, S1 + b)
Ay ~ Gamma(ng + ay, So + by)
A5 ~ Gamma(n; + as, Sz + bs)

Step 2: Repeat this N times to obtain {A1;, Ag;, Asi, Adgis Asisi = 1,..., N}

Step 3: For squared error loss, the Bayes estimate of g(©) can be obtained as

N
Z gih()\u, Aois )\3i)
§(0) =5

~ : (13)
Z h()\lia )\2i7 )\31)

i=1
where g; = 9()\11'7 A2y A3y Adi, )\51')-

Now to construct a (1 —7)100% HPD credible interval of ¢(O) :
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First compute
h()\lia )\Qia )\31)
N 7
> h(Mai, A, Asi)

=1

(14)

w; =

Sort the pairs {(g1,w1),...,(gn, wN)} as {( (1) W))s - - -5 (gvy, wy) }, where gy <
. < g(vy and wEZ)s are assoc1ated with g

For any p € (0, 1),
Np+1

sz)<p< Zw and g, = g(n,)

e A (1 —v)100% credible interval of g(©) can be obtained as (gs, §s+1—~), for v =
N'V

Wy, W)y + W Zw( Hence, a HPD (1 — v)100% credible interval of g(©)

=1
can be obtained as (gs*, Jsst1-~), Where

Gost1— — s« < Js+1- — s, for all 0.

Unknown Baseline Distribution If the baseline parameter « is unknown, we put a prior
7(a) on it. The joint posterior of (O, ) can be written as

(0, a|D) =11,(6|a, D) x h(0,a) x Iy («a|D), (15)
where

Hl(@|0é, D) XX fg<)\1, ny + as, Sl<0é) + b)fg()\g, N9 + as, Sl(Oé) + b)fg<)\3, R} + as, Sl(Oé) + b)
fg()\4; N9 + Qay, SZ(OC) + b4)f(;()\5; nq + as, Sg(Oé) + b5) (16)

N7 x [y (a| D) x 7(a)
(S1(a) + b)"*+e(Sy(r) + ba)r2toa(Sz(a) + bs)mtes

h(O,a) x T(a|D) = (17)

Here Si(o) = Y _ Hp(yia) + > Hp(yaii o) + Y Hp(yi; ), Sala) = > [Ha(yi ) —

i€l i€lq i€ls i€l

HB(yZi;Oé)} and S3(ar) = Z [HB(yziS a) — HB(yu;Oéﬂ-
i€l
Baseline distribution: Weibull

If the baseline distribution is Weibull, we have one parameter «, and Hg(y;a) = y*. Then

=D un Y U+ > v Saa) =D [t —wsl, Ssla) = [v5 —un.

i€l i€l i€ls i€ly el



Here,

m(a) x azezestes(TTye=t) (T wi'vs!)

i€l3 i€l1Uly

(S1(@) +b)+(Sy() + ba)m2te1(Ss(a) + bs)mtes

I («|D) =

and h(©) = X7
We take the prior for @ as Gamma distribution: 7(a) = fa(o; ¢, d).

Lemma 3.1. If the probability density function of 7(«) is log-concave, then Ils(«|D) is
log-concave.

Proof. The proof is similar as the proof of Theorem 2 of [12], so we do not repeat it here. [J

Using Lemma 1, we consider an importance sampling method to obtain the Bayes esti-
mators and credible intervals of © and « as follows

Step 1: Generate « from the density Il («|D) using the method proposed by [6].

Step 2: Generate

A1 ~ Gamma(ny + ag, S1(a) + b
Ay ~ Gamma(ng + az, S1(a) + b
a)+b
)+ b
)+ b

1(
(
Ay ~ Gamma(ng + a4, So(a
(

)
S )
S )

1)
5)

(
(
A3 ~ Gamma(ns + as,
(
(

A5 ~ Gamma(n; + as, S3(«

Step 3: Repeat the Steps 1 - 2 to get {au, A\ii, Ao, Asiy A, Asiz i =1,..., N}
Step 4: The Bayes estimator of g = g(«, ©) under the squared error loss function is

N

ZgihO\m A2is )\31')
9(a,0) = = : (18)

N

Z h/()\lia >\2i7 )‘31)
i=1

where g; = g(ai, Alis A2i; A3iy Adg, >\5i)-

In the same way as for the exponential case, one can also find the HPD credible intervals.
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Baseline distribution: Piecewise constant hazard (PCH) In this case we do not
assume any specific form of baseline distribution function. Instead the baseline hazard
function hp(t) is assumed to be piecewise constant. This means it is defined by a set of
constants (ci,...,cy) and cut points 0 = 79 < 7 < ... < 7p. The hazard hp(t; ) has the
following form

M
ho(t:a) =il (), (19)
j=1

where ¢/s are constants and [j,,_, -,)(t) is the indicator function as

I (1) =
r-1m) (1) 0 otherwise.

{1 ift e [Tj_l,Tj)

It may be mentioned that in case of proportional hazard class of distributions as defined
above, cy,...,cy are identifiable only up to a multiplicative constant. Hence, without loss
of generality it can be assumed that

ZCj =1, cj > 0.
=1

Thus, in this case o = (¢, ..., cpr)T. Further, when M = 1, it reduces to exponential hazard
function. Based on the hazard function (18), the cumulative hazard function is obtained as

Hy(t;o) =) cj(mm{t, 7} — Tj_l)J[Tj,w)@). (20)

For the PCH case, we to write y;, y2; and y; in the following way: for yy;(y2;) € I; U I, as

Ywow (thw) s where

e u =1 or 2 depending on whether ¢ € I or i € Iy,
® v=1m, ifTmfl < 911(3/21) S Tm, for m = 17- . 'aM7
o w=1,...,num(N2um).

Here, n1ym(n2um) denotes the number of observations satisfying {i;y1;(yo;) € Lu,Tmo1 <
y1:(y2i) < Ty }. Similarly, we write y; as Yy, and define n,,. With these notations, the
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cumulative hazard function becomes

ZHB(Z/M;@) =D +ceDig+ ...+ ceyDiy (21)
i€ly
> Hp(yiiia) = c1Dy + ¢2Don + ... + ey Doy (22)
i€l
Z Hp(yo; ) = c1Bn + coFo+ ...+ cuEiu (23)
i€l
Z Hp(y2i; ) = 1By + 2By + ... + ey Banr (24)
i€ly
ZHB(Z/i;Oé) =i telh+.. . +eylFy. (25)
i€l3

/
)

The explicit expressions of D
We now define

.8, Ei;s and Fjs are described in the Appendix.

Sl((l/) == ClU1+CQU2+...+CMUM
S2(Oé> = Cl‘/l -+ 02‘/2 + ...+ CMVM
S3(CY) = 01W1 + 02W2 + ...+ CMWM,

Where Uj = Dlj —+ Egj + Fj, V} = ng — E2j and Wj = Elj — Dlj'

Next, we assume the prior for o = (cy,...,cp) " is Dirichlet:
I p— (26)
) ) B(@) o g )

M M
here § = (0y,...,00).01 > 0,....0y > 0 and B(6) = [Hr(ej)] /F(Z 0;) is the normalis-
e =1

ing constant.
From (16),
() = fp(a; 0 + k),
where fp(a; 60+ k) ~ Dirichlet(0 + k), 0 +k = (61 + k1,...,0m + k+ M) and k; = #{j :
Ti1 <y <7+ o <y ST+ #{ T <y <7ihforj=1,..., M.
The weight function is

)\afd
(S1(a) +b)m+a(Sy(@) + ba)ratas(Ss(ax) + bs)mtes

h(O,a) =

Algorithm to compute the Bayes estimates and the corresponding credible intervals

Step 1: generate o = (cy,...,cp) ~ Dirichlet(6 + k).

12



Step 2: generate

A1 ~ Gamma(ny + ag, S1(a) + b
Ay ~ Gamma(nsy + ag, S1(a) + b
A3 ~ Gamma(ns + asz, S1(a) + b
Ay ~ Gamma(ng + ay, So(a) + b

( (@) +b

A5 ~ Gamma(n; + as, S3
Step 3: repeat the Step 1 and Step 2 to obtain {(cyj, . .., Cari, A1iy A2iy A3iy Ay Asi); 0 =
L,...,N}

Step 4: The Bayes estimator of g = g(a, ©) under the squared error loss function is

igih@u, A2, )\31')
§(a,0) = : (28)

Z h )\lu )\217 )‘31

i=1

where g; = g(Cu, ooy CMiy My A2y A3iy Adi )\Si)-

The HPD intervals can be computed following the same steps as given in the case of expo-
nential.

When the baseline is PCH, it can take any shape depending on the values of 7; and ¢;.
This makes it a data-driven model, which can be regarded as a semi-parametric-parametric
approach. It has been used by several researchers (e.g., Balakrishnan et al. [2]; Ibrahim et
al. [11]; Samanta and Kundu [18]; Ganguly et al. [9] and the references cited therein).

4 Likelihood function and Posterior Analysis for Com-
plete and Censored data

In this section, first we discuss the likelihood function for the complete and censored data
and then find the posterior distribution. We have a complete and censored bivariate dataset
where each observation belongs to one of four types:

Type 1: (y1,¥2), here y; is the exact failure time of the first component and ¥, is the
exact failure time of the second component. It may happen that y; < yo, y1 > yo
or y; = yo. Let T7 is the set of observation of this type of data. The likelihood
contribution of this data type is

13



— When y; < yo,
MAs Big(y1) s (y2) [Sp ()] 225725 [Sp (o)),
— When y; > 1,

XoAa hip(y1) b (ya) [Sp(ye) M 272 [Sp (yn)]™M,

— When y; = v,
Ashp(y) [Sp(y) M T2

Type 2: (y1,vs), here y; is the exact failure time of the first component and y; denotes
that the second component has been censored at y,. In this case y; < yo and the
likelihood contribution is

Ath (1) [SB (1)) 23720 [Sp (o)) 0.

Type 3: (3, y2), here yi denotes that the first component has been censored at y; and
Yo is the exact failure time of the second component. In this case y; > yo and the
likelihood contribution is

Aoh (y2) [SB (y2) M T2 M S ()M,

Type 4: (yi,y3), here both the components have been censored at y; and and y,. In
this case y; = yo = y and the likelihood contribution is

Ashp(y)[Sp(y)M e,
We denote the index sets as
Ty={i: (v}, To={i:(Wi,vs)t Ta3={i:(py20)}, To={i: (¥, 5)}
and
Iw=T1NL, Ly=T\NIL, L3=TiNI3 In=T,NIL, I3p=T5NIl, Ii3=T,NI;.
Let
my = #ln + #la1, mo = Fho+ #lza, ma=H#hs+ H#lus, ma=Fha, ms=#In
The likelihood function can be written as
(0, 5) = 11(0,a| F) la(x | ),
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where

la(0,a]8) = A"APAPAPAT [T Sy T [See)™

1€111Ul2 1€l11Ul21
< T Selp)M ™7 T [Se)™ [ [Sew)) e+
1€l12Ul32 i€l12Ul32 1€l13Ul43

_ mypyma ym3 ymg \ms — >\1+>\2+>\3—>\5) Y ieryuls; HB(Y1650) . —=Xs D icr - ur,, HB(y2i50)
)\1 )\2 )\3 )\4 )\5 e 11U121 e 11121

e~ ()\1+/\2+)\3—)\4) Zielmul& Hp (y2z‘;a)€—)\4 216112&32 Hp(y1i;a)

e~ ()\1+)\2+)\3) Zi6113U143 HB(?JZ';O‘)’ (29)
and
lea(a| S) H hp(y:; o H [hs(yi; @) hp(yai; @)]. (30)
i€l13Ul43 16111U1'12U121U132
Here, the priors for A\;,2 = 1,...,5, have been considered as similar as discussed in Section

3.1. So the joint posterior can be obtained as

Known Baseline Distribution
- 1 5—1 —1y\mstas—1 —
HC(@’D) Oc)\gnl-&-m 1)\;ﬂ2+a2 )\gng—f—as )\Zz4+a4 )\gno-f—ao e (Sc1+b)A1
e—(5c1+b)>\26—(Sc1+b)>\36—(5c2+b4)>\46—(563+b5)>\5 % \@—@

=C X fa(A;m1 + a1, Sa +b) fa(Aa;ma + ag, Ser + b) fa(As; ms + as, S + b)
Jfa(Ag;my + ag, Sea + ba) fa(As; ms + as, Ses + bs) X h(A1, A2, Ag). (31)

Here,
Se1 = Z Hp(yi) + Z Hp(y2) + Z Hp(y:),
i€l11Ul2q i€l12Ul3o i€l13Uly3
S = Z [Hp(y1:) — Hp(y21)],
i€l19Ul3o
Se3 = Z [HB<y2i>_HB<yli)]a
i€l11Ul21
A, doy Ag) = A
and

Unknown Baseline Distribution
[1.(©,a|D) = .1(B|a, D) x h(O,a) x Mu(a|D). (32)
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Here

[I1(Ola, D) < fa(A;my + a1, Sa () + ) fa(Aa;ma + ag, Ser (@) + b) fa(As; ms + ag, Sei(a) + b)
fa(Aa;my + ag, Sa() + by) fa(Xs; ms + as, Sez() + bs) (33)

A7 x 1 o(a|D) x ()
(Scl (CL/) + b)m1+m2+m3+5(502(a) + b4)m4+a4 (ch(Oé) + b5)m5+a5

h(O,a) x Ty(a|D) = (34)

where

Sa = > Hplpsa)+ Y Hplywia)+ Y. Hp(ysa),

i€l11Ulaq i€l19Ul3o i€l13Uly3
Sz = Z [HB(yu;Oé) - HB(yzz‘;Oé)]>

i€l12Ul32
Sz = Z [HB(Z/%;@) - HB(yu;a)]-

i€l11Ul2

The Bayes estimators and credible intervals for the exponential, Weibull, and PCH baseline
distributions are computed using the algorithms discussed in Section 3.

5 Testing of Hypothesis

In this section, we have considered the following testing of hypothesis problem:
Hy: A\ =X and A= Xs VS. Hy : at least one equality in Hj fails. (35)

Note that the above H, indicates that there is no difference between the two treatments.
We have used the Bayes factor approach to address this problem. Under Hj it is assumed
that (A1, A\3) has the Beta-Gamma prior

[(co + dp) ao—co—do P0" \eo—1 —bohs b’
F(ao) [bo(A1+)\3)]

_0

776()\17)\3’@071707007610) = F(C()) 1 F(do)

)\gl()—lefbo)\g
(36)

and A\ has the prior 7m7(\s|c1, dy) ~ Gamma(cy, dy).

5.1 Complete observation

Note that for the complete observations, under Hy the likelihood function is lo(©y, a| D) =
llo(@o, CX|D)Z2(O(|D), where @0 = ()\1, )\3, )\4)T and

Lo(B,a|D) = AmFnepma Azﬁ"%(%“‘”’)(&@h B 0n) e, M)+ sy o))

e*>\4<zi611 {HB(y2i;a)*HB(y1i;a)}+Ziel2 {Hs(yu;a)*HB(yzi;a)}> ' (37)

There will be two cases, known baseline distribution and unknown baseline distribution.
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Known baseline distribution Here « is known. Therefore, under Hj, the marginal
distribution of D is

U110, (D) = ///l10(®0|D)7T6()‘1a)‘3|a0’b07007d0)777(/\4|cladl)d/\ld)\3d/\4

b°I'(co + do)d7' /// +nateo—1 yna+do—1 yni+natei—1 d
— )\nl n2—+co— )\TL3 0— )\nl nz-+cir— )\ _|_ )\ apg—Ccp—ao
['(ao)T(co)T (do)T (c1) (A +2s)

6—/\1(b0+251)6—>\3(b0+51)e—>\4(d1+52+53)] d)\1d>\3d)\4

_ bgol—‘<60 + do)dcl ny+ne + ¢ // )\n1+n2+co 1)\n3+do 1
['(ao)T(co)T(dg)T(cy) (dy + Sy + Sz)natnater

()\1 + )\S)GO*CO*do67A1(50+251)e*/\3(bo+51 i|d)\1d)\3 (38)

where 57,95 and S3 have defined in Section 3.2. Under, H;, we have considered the same
priors as in Section 3.1. So the marginal of D is obtained as

lHu(D) = //ll(@’D)ﬂ'Z()\la)\Qa)‘SMa baal,(12,03)73()\4|a4,54)774()\5|a5,b5)d@
_ baba4bao // n1+a1 1)\n2+a2 1)\n3+a3 1)\n2+a4 lAn1+a5 1
Hz IF al

e*(sl+b))\167(51+b))\2€7(51+b))\367(52+b4)/\467(53+b5 /\5 X )\afai| d@

. babi4bg5]‘—‘(d> F(TLQ + CL4) 'I’Ll + CL5 Anl+a1 1)\n2+a2 1)\n3+a3 1
T, T(ay) (S2+ ba)ratas(Sy 4 by)matas

_(Sl—f—b))\)\a—a] d>\1)\2)\3

Hence, the Bayes Factor (BFy) is

Ly 01 (D )
lu 11 (D )
Here, ly,, and ly,, do not have closed-form expressions, so they can be computed using

BF1 -

the importance sampling technique for a given dataset and for the chosen hyperparameters.

Unknown baseline distribution Here « is unknown. Therefore, under Hy, the marginal
distribution of D is

lH()g(D) ://llo(@o,CX|D)Z2(O!’D)7T(OZ)7T6()\1,Ag’&g,bo,CQ,do)W7()\4|Cl,dl)d)\ld)\gd)\4da

Under, Hy, we have considered the same priors as in Section 3.1. So the marginal of D is
obtained as

lHlQ(D) ://ll(@0a|D)l2(a|D)7r2()\1,)\2,)\3|a,b,a1,a2,a3)7r3()\4|a4,b4)7r4()\5|a5,b5)7r(04)d@d04
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Hence, the Bayes Factor (BFs) is

BF, = lHOQ (D) .

ln 12 (D )
In this case, ly,, and lg,, does not have closed form, so it can be calculate using importance
sampling technique for a given data set and a set of hyperparameters. We can compute the
Bayes Factor for censored data in a similarly.

5.2 Censored observation

For the censored data, the likelihood function under null hypothesis Hy, is
lco(@o, OC‘D) = lcw(@o, @’D)ZCQ(OJ|D)

where O = (A1, A3, A\y) and

lClO(@O, O[|D) = ATl“l”ﬁ’Lg )\gns)\T4+m5 e

—A | 2ien Uty (HB(y%a)*HB(yu;a))+Zi6112U132 (HB(y1i§a)HB(y2i§a))]
e

For both known and unknown baseline distributions, the marginal distributions and Bayes
factor under the null and alternative hypotheses coincide with those based on complete
observations.

6 Simulation

In this section, a simulation study with complete observations is conducted to examine
the performance of the proposed Bayes estimators and credible intervals under different
baseline distributions and parameter values. Three baseline distributions are considered:
(i) exponential, (ii) Weibull, and (iii) piecewise constant hazard. The Bayes estimates and

credible intervals are computed based on 1000 replications and N = 10000 importance
samples. To check the efficiency of the importance sampling procedure, we use simple weight-
based diagnostics. Let wy,...,wy be the importance weights and w; = w;/ Z;VZI w; be the

normalized weights. We compute the effective sample size (ESS) as ESS = 1/ 3N 2. In
our analysis, ESS/N is close to 1, showing that the weights are well behaved and there is no
serious weight degeneracy. We also compute the coefficient of variation (CV) of the weights,
which is very small. Overall, these results indicate that the importance samples are efficient
and the posterior estimates are stable.
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6.1 Baseline distribution: exponential and Weibull

In case of exponential baseline distribution, we have considered the sample sizes 25, 50, 75
and 100. The following parameter values and the hyperparameters have been considered:

Set 1: Ay = 0.03, Ay = 0.051, A3 = 0.015, \y = 0.074, A5 = 0.057. The corresponding
hyperparameters: a = 0.001, b = 0.001, a; = 1, a0 = 1, a3 = 1, a4y = 1, a5 = 1,
by = 0.001, and b5 = 0.001. (Tables 1, 2 and 3)

Set 2: Ay = Ay = 0.038, A3 = 0.015, Ay = A5 = 0.066. The corresponding hyperparameters:
a=0.001,b=0.001,a1 =1,a3 =1,a3 =1,a4 =1, a5 = 1, by = 0.001, and b5 = 0.001.
(Tables 4, 5 and 6)

For the Weibull baseline distribution, we have considered the following parameter and hy-
perparameter values:

Set 3: Ay = 0.19, Ay = 0.32, \3 = 0.097, \y = 0.46, A5 = 0.34, o = 1.1. The corresponding
Hyperparameters: a = 0.001, b = 0.001, a1 = 1, a0 = 1, a3 =1, a4 = 1, a5 = 1,
by = 0.001, b5 = 0.001, ¢ = 12.1, and d = 11. (Tables 7, 8 and 9).

Set 4: A\ = Ay = 0.2, A3 = 0.25, Ay = A5 = 0.8, a = 1.25. The corresponding Hyperparam-
eters: a = 0.001, b = 0.001, a; = 1, a3 =1, a3 =1, a4 = 1, a5 = 1, by = 0.001,
bs = 0.001, ¢ = 15.625, and d = 12.5. (Tables 10, 11 and 12)

When the baseline is PCH, we have considered M = 2 and M = 3. For M = 2, we have
taken 7 = 10 and for M = 3, 7y = 15, 5 = 30. The parameter values have considered for
M = 2 and M = 3 respectively

Set 5: Ay = 0.09, Ay = 0.15, A3 = 0.045, \y = 0.2, A5 = 0.15, ¢ = 0.31, o = 0.69. The
corresponding Hyperparameters: a = 0.001, b = 0.001, a; =1, a, =1, a3 =1, a4y = 1,
as =1, by = 0.001, b5 = 0.001, and 6 = (1,1). (Tables 13, 15 and 15)

Set 6: /\1 = )\2 = 027 )\3 = 025, )\4 = /\5 = 08, C1 = 0009, Co = 033, C3 = 0.58. The
corresponding Hyperparameters: a = 0.001, b =0.001, a1 =1, a0, =1, a3 =1, a4 = 1,
as =1, by = 0.001, b5 = 0.001, and 6 = (1,1,1). (Tables 16, 17 and 18)

In all cases considered , the mean squared error decreases as the sample size increases.
Similarly, the average length of both the HPD and symmetric credible intervals decreases
with increasing sample size. Moreover, the HPD intervals are consistently shorter than the
corresponding symmetric intervals. Finally, the coverage probabilities are found to be close
to the nominal levels in all cases. We have also conducted a prior sensitivity analysis by
considering different choices of moderately informative and misspecified hyperparameters.
The results indicate that the Bayes estimates of \q, ... A5 remain largely stable across dif-
ferent prior specifications, demonstrating robustness of the proposed method. In contrast,
the estimates of the Weibull shape parameter show greater sensitivity to the choice of hy-
perparameters.
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Table 1: The average estimates (the associated mean squared error) for parameters in Set 1

n )\1 )\2 )\3 )\4 )\5

25 0.03524538 0.05655591 0.0165225 0.08127592 0.08043361
(0.00017725) (0.00027949) (0.000076648)  (0.0004877922)  (0.001688493)

50 0.03548162 0.05397847 0.01646442 0.0784903 0.08165693
(0.000095354)  (0.00011955)  (0.0000338068) (0.0002695914)  (0.001074359)

75 0.03529128 0.05368103 0.01643105 0.07710862 0.08039329
(0.000073376)  (0.0000788737)  (0.0000245986) (0.0001894844) (0.0008591837)

100 0.03493918 0.05375558 0.01628247 0.07703081 0.07917972

(0.0000563187)  (0.0000629178)  (0.000017324)  (0.0001308397) (0.0007090642)

Table 2: AL (CP) for 95% HPD intervals for parameters in Set 1
n )\1 )\2 )\3 )\4 )\5
25 0.0455 0.0591 0.0288 0.0851 0.1080
(0.94) (0.96) (0.93) (0.96) (0.94)
50 0.0331 0.0412 0.02180 0.0605 0.0776
(0.95)  (0.95) (0.94) (0.97) (0.95)
75 0.0271 0.0336 0.0181 0.0486 0.0625
(0.95) (0.95) (0.95) (0.96) (0.95)
100 0.0234 0.0292 0.0157 0.0419 0.0535
(0.96) (0.94) (0.96) (0.96) (0.95)

Table 3: AL (CP) for 95% Symmetric intervals for parameters in Set 1
n )\1 )\2 )\3 )\4 )\5
25 0.0469 0.0603 0.0308 0.0868 0.1121
(0.96) (0.94) (0.94) (0.96) (0.95)
50 0.0336 0.0417 0.0225 0.0613 0.0790
(0.94) (0.96) (0.95) (0.96) (0.93)
75 0.0274 0.0339 0.0185 0.0490 0.0632
(0.95) (0.96) (0.95) (0.97) (0.94)
100 0.0236 0.0294 0.0159 0.0423 0.0540
(0.95) (0.95) (0.95) (0.95) (0.95)

7 Choice of cut points and data analysis

7.1 Choice of cut points

Earlier, it has been assumed that both the number of cut points and their positions were
known. In practice, this is rarely the case, and the problem has received limited attention
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Table 4: The average estimates (the associated mean squared error) for parameters in Set 2

n )\1 )\2 )\3 )\4 )\5

25 0.0413521 0.0421219 0.01861577 0.08551281 0.08406939
(0.0001578195)  (0.0001689288) (0.0000744159)  (0.001518075)  (0.001365964)

50 0.0417459 0.04182613 0.01729333 0.07574637 0.0746796
(0.000085173)  (0.000085094)  (0.000032212)  (0.0004660099) (0.0003761172)

75 0.04234654 0.04485402 0.01722576 0.07123323 0.0693818
(0.000079978)  (0.000068298)  (0.000024729)  (0.0002257297) (0.0001653067)

100 0.04344405 0.04340614 0.01836784 0.07244238 0.07185556

(0.0000739835)  (0.000059591)  (0.000014418)  (0.0002126984) (0.000155533)

Table 5: AL (CP) for 95% HPD intervals for parameters in Set 2
n )\1 /\2 )\3 /\4 )\5
25 0.0474 0.0479 0.0299 0.0978 0.0974
(0.95)  (0.96) (0.96) (0.95) (0.94)
50 0.0346 0.0346 0.0215 0.0629 0.0620
(0.96) (0.95) (0.96) (0.94) (0.95)
75 0.0296 0.0305 0.0184 0.0487 0.0491
(0.96) (0.94) (0.96) (0.95) (0.95)
100 0.0262 0.0262 0.01671 0.0439 0.0437
(0.94)  (0.96) (0.95) (0.95) (0.95)

Table 6: AL (CP) for 95% Symmetric intervals for parameters in Set 2
n /\1 /\2 )\3 /\4 /\5
25 0.0486 0.0492 0.0315 0.1004 0.1001
(0.95) (0.96) (0.95) (0.93) (0.94)
50 0.0351 0.0352 0.0222 0.0639 0.0629
(0.96) (0.95) (0.95) (0.94) (0.94)
75 0.0299 0.0308 0.0189 0.0492 0.0497
(0.94) (0.95) (0.94) (0.95) (0.95)
100 0.0264 0.0264 0.0169 0.0443 0.0441
(0.95) (0.96) (0.94) (0.95) (0.94)

in the literature. In this section, we present a Bayesian framework for estimating cut points
when they are unknown.
Let 7 be the maximum observed time point,

T = max{y;, Y1i, Yoi; 0 = 1,...,n}

Apart from 7, estimation of the hazard function is not possible without further assump-
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Table 7: The average estimates (the associated mean squared error) for parameters in Set 3

n )\1 )\2 )\3 )\4 )\5 (0%

25 0.1995897 0.3258452 0.09736655 0.4593465 0.3326005 1.129031
(0.00519472)  (0.0106578)  (0.00275401)  (0.00319623) (0.00242894)  (0.00103729)

50 0.1935924 0.3143088 0.09364148 0.4496803 0.3361917 1.128296
(0.00263679)  (0.00435470)  (0.001087)  (0.00271758) (0.00236553) (0.000940602)

75 0.1950794 0.3148872 0.09216822 0.4483436 0.321636 1.127461
(0.00002705)  (0.000039670) (0.0000055517) (0.00006891) (0.00003215)  (0.0008814)

100 0.190708 0.312146 0.09785704 0.4461793 0.3329123 1.127801

(0.0000098640)  (0.000018259)  (0.000001854)  (0.00002067) (0.00002138)  (0.0002775)

Table 8: AL (CP) for 95% HPD intervals for parameters in Set 3

n )\1 )\2 )\3 )\4 )\5 «

25 0.2604 0.3410 0.1695 0.3076 0.2926 0.1262
(0.95)  (0.96) (0.95) (0.98) (0.98) (0.98)

50 0.1844 0.2381 0.1236 0.2612 0.2533 0.1233
(0.96)  (0.96) (0.96) (0.98) (0.98) (0.99)

75 0.1527 0.1968 0.1022 0.2345 0.2157 0.1208
(0.97)  (0.96) (0.98) (0.99) (0.98) (0.99)

100 0.1317 0.1705 0.0925 0.2153 0.2052 0.1188
(0.97) (0.97) (0.98) (0.99) (0.99) (0.99)

Table 9: AL (CP) for 95% Symmetric intervals for parameters in Set 3
n )\1 )\2 )\3 )\4 )\5 «
25 0.2689 0.3483 0.1815 0.3108 0.2974 0.1266
(0.95) (0.95) (0.95) (0.98) (0.98) (0.99)
50 0.1878 0.2412 0.1279 0.2635 0.2565 0.1237
(0.95) (0.96) (0.95) (0.98) (0.98) (0.99)
75 0.1547 0.1987 0.1047 0.2363 0.2182 0.1212
(0.96) (0.96) (0.96) (0.98) (0.99) (0.99)
100 0.1331 0.1717 0.0942 0.2170 0.2072 0.1193
(0.97) (0.96) (0.96) (0.99) (0.99) (0.99)

tions. We model the cut points as the ordered arrival times of events in [0, 7] from a non-
homogeneous Poisson process (NHPP) {N(¢);t > 0} with intensity function u(t) = 6°°!,
for § > 0. Since these arrival times are not observed, they are treated as latent (missing)
variables. Conditional on § and M — 1, the joint density of the ordered arrival times T, ...,
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Table 10: The average estimates (the associated mean squared error) for parameters in Set
4

n )\1 )\2 )\3 )\4 )\5 [0

25 0.2024462 0.2045058 0.263843 0.7992495 0.8007952 1.283305
(0.00564486)  (0.00478168)  (0.007600264)  (0.000891887)  (0.00076333)  (0.00131538)

50 0.2042641 0.2017424 0.2447375 0.7977674 0.7916068 1.279794
(0.00321674) (0.003008492) (0.003004192)  (0.0001868905)  (0.0002025389)  (0.00104066)

75 0.1999402 0.2003999 0.2421109 0.7912395 0.7904181 1.278518
(0.0000132)  (0.00001883)  (0.000019188) (0.00002016512)  (0.000026459)  (0.00097518)

100 0.1996108 0.1974317 0.2486446 0.7937357 0.7953618 1.277454

(0.0000118)  (0.00001423)  (0.00000966) (0.00001408) (0.00002479)  (0.000876168)

Table 11: AL (CP) for 95% HPD intervals for parameters in Set 4

n )\1 )\2 /\3 )\4 )\5 «

25 0.2705 0.2728 0.3149 0.3673 0.3684 0.1341
(0.96) (0.96) (0.96) (0.98) (0.98) (0.99)

50 0.1964 0.1949 0.2159 0.3498 0.3466 0.1316
(0.96) (0.97) (0.97) (0.99) (0.99) (0.99)

75 0.1596 0.1594 0.1762 0.3318 0.3321 0.1288
(0.97) (0.97) (0.97) (0.99) (0.99) (0.99)

100 0.1392 0.1382 0.1562 0.3212 0.3212 0.1268
(0.97) (0.97) (0.97) (0.99) (0.99) (0.99)

Table 12: AL (CP) for 95% Symmetric intervals for parameters in Set 4
n )\1 )\2 )\3 )\4 )\5 «
25 0.2801 0.2826 0.3236 0.3694 0.3709 0.1346
(0.95) (0.95) (0.95) (0.98) (0.98) (0.99)
50 0.1998 0.1987 0.2196 0.3519 0.3488 0.1320
(0.95) (0.95) (0.95) (0.98) (0.98) (0.99)
75 0.1617 0.1616 0.1783 0.3337 0.3340 0.1294
(0.96) (0.96) (0.96) (0.99) (0.99) (0.99)
100 0.1407 0.1397 0.1577 0.3232 0.3231 0.1272
(0.96) (0.96) (0.96) (0.99) (0.99) (0.99)

Ty—1, given N(17) =M — 1, is
I N@=m—1(t1s 1) = s T o 0<ti<...<ty1<T
(40)

and zero otherwise. In the Bayesian approach, we assign prior distributions to all unknown

(M — 1)!5M_1t5 1 et
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Table 13: The average estimates (the associated mean squared error) for parameters in Set

5

n )\1 )\2 )\3 )\4 )\5 C1 Co

25 0.09624685 0.1555908 0.05395494  0.2408837  0.2094545 0.3118677  0.6881323
(0.001015)  (0.001862)  (0.000615)  (0.008137) (0.016719) (0.003659) (0.003659)

50 0.09167736 0.1550339 0.05142827 0.2224331  0.178794  0.3140777  0.6859223
(0.000809)  (0.001002)  (0.000309)  (0.004605) (0.004275) (0.002593) (0.002593)

75 0.1000041  0.1510861  0.04775873  0.2145094  0.1741843 0.3058327  0.6941673
(0.000511)  (0.000739)  (0.000197)  (0.002106) (0.001871) (0.001233) (0.001233)

100 0.09341043 0.149516  0.04943435 0.2145031 0.1717686  0.3084021  0.6915979
(0.000241)  (0.000344) (0.0000935) (0.001152) (0.001005) (0.001056) (0.001056)

Table 14: AL (CP) for 95% HPD intervals for parameters in Set 5

n )\1 /\2 )\3 )\4 )\5 C1 Co
25 0.1257 0.1697 0.0884 0.2471 0.2772 0.2519 0.2519
(0.94) (0.94) (0.98) (0.92) (0.94) (0.95) (0.95)
50 0.0852 0.1171 0.0628 0.1623 0.1669 0.1715 0.1715
(0.95) (0.94) (0.97) (0.93) (0.95) (0.96) (0.96)
75 0.0735 0.0938 0.0486 0.1264 0.1257 0.1254 0.1254
(0.95)  (0.94) (0.94) (0.95) (0.93) (0.95) (0.95)
100 0.0598 0.0782 0.0427 0.1087 0.1103 0.1012 0.1012
(0.94)  (0.97) (0.94) (0.94) (0.97) (0.95) (0.95)
Table 15: AL (CP) for 95% Symmetric intervals for parameters in Set 5
n )\1 /\2 )\3 )\4 )\5 C1 (6))
25 0.1329 0.1763 0.0952 0.2548 0.2907 0.2653 0.2623
(0.96) (0.96) (0.97) (0.92) (0.92) (0.95) (0.95)
50 0.0878 0.1214 0.0656 0.1679 0.1733 0.1843 0.1816
(0.94) (0.94) (0.98) (0.91) (0.92) (0.94) (0.94)
75 0.0762 0.0977 0.0510 0.1309 0.1302 0.1376 0.1353
(0.96) (0.95) (0.96) (0.95) (0.94) (0.94) (0.94)
100 0.0623 0.0814 0.0445 0.1126 0.1157 0.1123 0.1106
(0.95)  (0.95) (0.96) (0.94) (0.93) (0.95) (0.95)

quantities, including 6 and the cut points, and use the observed data to update these priors

via the posterior distribution. We assign prior distributions as follows:

NHPP shape parameter:

7(0) = 6 ~ Gamma(ag, bs), as > 0,bs > 0.
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Table 16: The average estimates (the associated mean squared error) for parameters in Set

6

n )\1 )\2 )\3 )\4 )\5 C1 Co C3

25 0.064872 0.096835 0.036789 0.135999 0.115956 0.062749 0.317226  0.620024
(0.00052)  (0.00084) (0.00047) (0.00293) (0.00549) (0.00130) (0.00487) (0.00677)

50  0.061878 0.096956 0.033891 0.119404 0.109687 0.071862 0.322342  0.605796
(0.00015)  (0.00039) (0.00025) (0.00083) (0.00188) (0.00059) (0.00264) (0.00371)

75 0.054883  0.090467 0.028445 0.115803  0.100636  0.073837  0.323039  0.603124
(0.00008)  (0.00016) (0.00003) (0.00043) (0.00077) (0.00046) (0.00101) (0.00171)

100 0.059822 0.093253 0.028614 0.118129 0.092482 0.066807  0.324078  0.609114
(0.00005) (0.00012) (0.00001) (0.00016) (0.00037) (0.00012) (0.00089) (0.00077)

Table 17: AL (CP) for 95% HPD intervals for parameters in Set 6

n /\1 )\2 )\3 /\4 )\5 C1 Co C3
25 0.0832 0.1046 0.0582 0.1439 0.1489 0.0932 0.2663 0.2775
(0.97)  (0.93) (0.94) (0.94) (0.93) (0.95) (0.94) (0.94)
50 0.0554 0.0678 0.0362 0.0786 0.0904 0.0650 0.1596 0.1767
(0.96) (0.93) (0.95) (0.94) (0.92) (0.96) (0.95) (0.94)
75 0.0379 0.0520 0.0277 0.0662 0.0748 0.0402 0.1375 0.1307
(0.96) (0.94) (0.94) (0.95) (0.94) (0.94) (0.95) (0.95)
100 0.0253 0.0358 0.0177 0.0429 0.0408 0.0242 0.0796 0.0749
(0.95) (0.95) (0.94) (0.95) (0.95) (0.94) (0.94) (0.96)

Table 18: AL (CP) for 95% Symmetric intervals for parameters in Set 6

n )\1 )\2 )\3 )\4 )\5 C1 Cy C3
25 0.0880 0.1091 0.0623 0.1495 0.1563 0.1009 0.2744 0.2855
(0.96)  (0.96) (0.94) (0.93) (0.92) (0.94) (0.93) (0.92)
50 0.0596 0.0709 0.0375 0.0819 0.0959 0.0733 0.1675 0.1852
0.97) (0.95) (0.94) (0.94) (0.93) (0.95) (0.94) (0.94)
75 0.0379 0.0520 0.0277 0.0662 0.0748 0.0402 0.1375 0.1306
(0.96) (0.95) (0.93) (0.94) (0.94) (0.95) (0.94) (0.94)
100 0.0337 0.0437 0.0232 0.0574 0.0505 0.0332 0.1085 0.1013
(0.96)  (0.96) (0.94) (0.93) (0.94) (0.94) (0.95) (0.93)

The joint PDF of the cut points conditional on d:

(7, ..

.,TM_1|5) =

25

Tj
j=1

(M =111
F(M—1)5 )



So the posterior distribution will be
(0, 7,a) = w(6) X (714, ..., Tnm-1]9) X w(a) X 1(O, | D), (41)

where « is the baseline parameter. As the resulting posterior does not have a closed-form
expression, estimation is carried out using an importance sampling technique. In this ap-
proach, candidate values for § and 7 are generated from appropriate proposal distributions
(for example, a Gamma distribution for § and Dirichlet-based transformations for 7), and
the normalized weights are then used to obtain posterior summaries, including the posterior
means, standard deviations, and credible intervals for § and the cut points.

7.2 Data Analysis

In this section, we analyze a bivariate diabetic retinopathy dataset to illustrate the applica-
tion of the proposed model. The study was conducted to investigate the effectiveness of laser
treatment in delaying the onset of blindness among patients with diabetic retinopathy. For
each patient, one eye was randomly assigned to receive laser treatment, while the fellow eye
received the traditional treatment. The time to vision loss was recorded for both eyes, where
Y; denotes the time to vision loss in the laser-treated eye and Y5 denotes the corresponding
time for the other eye. In cases where vision loss was not observed during the study period
due to death, dropout, or termination of the study, the observations were treated as censored
and denoted by Y;* or Y;. The dataset is publicly available in R as data(retinopathy,
package="survival") and is also discussed in details in Samanta and Kundu [18].

The study sample consisted of 197 patients. Among these, 38 were complete cases with
uncensored values for both eyes, while 80 were censored for both eyes. In addition, 54
patients had censoring in the laser-treated eye only, and 96 patients had censoring in the
traditionally treated eye only. Based on these data, we aim to address two questions: (i)
whether laser treatment significantly delays blindness, and (ii) whether blindness in one eye
affects the time to blindness in the other eye.

We first consider the uncensored case, that is, when neither Y; nor Y5 is censored. Here
the sample size is n = 38, with 12 cases where Y; < Y5, 20 cases where Y] > Y5, and 6 cases
where Y} = Y. Next, we consider the full dataset of 197 observations including censored
cases.

7.3 Complete observations

Now we fit the bivariate load sharing model with different baseline distributions and compute
the estimators of the parameters.

Baseline distribution: exponential We fitted the load-sharing model with the exponen-
tial baseline distribution. Here the hyperparameters we have taken as a = 0.001, b = 0.001,
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a1 =1,a,=1,a3=1,a4 =1, a5 = 1, by = 0.001, and b5 = 0.001., which behave almost as
non-informative priors (see [4]). For exponential, we follow the Algorithm 1 with N = 10000.
The Bayes estimates and the associated standard errors (within brackets) are as follows:
Ap = 0.0269(20.0077), Xy = 0.0453(£0.0090), A3 = 0.0181(£0.0064), A, = 0.0739(=£0.0166),
and A5 = 0.0469(£0.0138). In Figure 2, we present the empirical Kaplan-Meier survival
estimates for the two treatment groups together with the fitted marginal survival functions
obtained under the exponential baseline distribution.

Exponential baseline

10
Lasered
Traditional
—— Lasered (exponential)
0.8 1 Traditional (exponential)
c
1=
5 0.6
c
=]
=
©
2
Z 0.4
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(]
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o] 10 20 30 40 50 60

Time
Figure 2: Survival functions of the time to blindness for laser-treated and traditional eye.

The 95% HPD and symmetric credible intervals for all the parameters are obtained as
follows (Table 19): Now to test whether there is any significance difference between the two

Table 19: 95% HPD and Symmetric intervals with the exponential baseline for complete
data

A1 A2 A3 Mg As
HPD LL 0.0129 0.0262 0.0068 0.0429 0.0217
UL 0.0426 0.0647 0.0306 0.1069 0.0730
SYM LL 0.0139 0.0274 0.0078 0.0451 0.0243
UL 0.0443 0.0662 0.0324 0.1102 0.0770

treatments we have performed the test (35). The corresponding Bayes factor for the data
using almost non informative prior is 323202.6, hence we cannot reject the null hypothesis.
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Baseline distribution: Weibull Next, we have also fitted the load sharing model with
the baseline distribution as Weibull. In this case, similar as exponential, we have taken the
hyperparameters as a = 0.001, b =0.001, a; =1, a0 =1, a3 =1, a4 =1, a5 = 1, by = 0.001,
bs = 0.001 ¢ = 0.001 and d = 0.001. The Bayes estimates and the associated standard
errors are as follows: a = 1.1495(£0.0097), A; = 0.0175(£0.0051), Xy = 0.0292(%0.0066),
Ay = 0.0117(+£0.0042), Ay = 0.0426(40.0096), and A5 = 0.0261(+£0.0076). Figure 3 presents
the empirical Kaplan—Meier survival estimates for the two treatment groups together with
the fitted marginal survival functions obtained under the Weibull baseline distribution.

Weibull baseline
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Figure 3: Survival functions of the time to blindness for laser-treated and traditional eye.

The credible intervals are obtained as follows (Table 20): In this case the testing the

Table 20: 95% HPD and Symmetric intervals with the Weibull baseline for complete data
(0] )\1 /\2 )\3 )\4 )\5
HPD LL 1.1308 0.0084 0.0168 0.0044 0.0249 0.0120
UL 1.1688 0.0278 0.0423 0.0200 0.0620 0.0412
SYM LL 1.1304 0.0089 0.0177 0.0050 0.0259 0.0133
UL 1.1685 0.0289 0.0438 0.0212 0.0634 0.0430

hypothesis (35), the Bayes factor is 222769344 when we consider almost non informative
priors, which implies Hy cannot be rejected.

Baseline distribution: PCH When M = 1, the PCH model becomes exponential.
Here we have fitted the model with M = 2 and 3. For both the M, we have taken
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7 = max{X,Y} = 63.33. We have estimated the change points as given in Section 6.1
and we consider a; = 0.001 and bs = 0.001. When M = 2, the hyperparameters have
been considered as a = 0.001, b = 0.001, a; = 1, ao = 1, a3 = 1, ay = 1, a5 = 1,
by = 0.001, b5 = 0.001, and @ = (1,1). The point estimates and the associated standard
error are as follows: 0 = 1.9847(40.1288), 7, = 42.3771(+0.0718), A\; = 0.0369(=0.0092),
Xy = 0.0745(£0.0141), X3 = 0.0268(£0.0075), As = 0.1187(£0.0276), A5 = 0.0695(40.0212),
¢ = 0.7589(£0.0287) and ¢ = 0.2411 (£0.0287). Figure 4 shows the empirical Kaplan—Meier
survival estimates for the two treatment groups along with the fitted marginal survival
functions under PCH baseline distribution with M = 2. The credible intervals are as fol-
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Figure 4: Survival functions of the time to blindness for laser-treated and traditional eye.

lows(Table 21):

Table 21: 95% HPD and Symmetric intervals with the PCH (M = 2) baseline for complete
data

) T1 /\1 )\2 )\3 )\4 )\5 (&1 (&)
HPD LL 1.7481 42.261 0.0169 0.0468 0.0096 0.0776 0.0344 0.7315 0.1841
UL 22373 42.505 0.0591 0.0900 0.0369 0.1609 0.0897 0.8159 0.2684
SYM LL 1.7481 42.260 0.0169 0.0449 0.0126 0.0718 0.0343 0.7316 0.1679
UL 22372 42501 0.0591 0.0899 0.0447 0.1608 0.0925 0.8320 0.2684

We have performed the test (35) to verify whether there is any significance difference
between the two treatments or not. The Bayes factor is 514757.4, so we can not reject Hj.
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When M = 3, the hyperparameters have been considered as a = 0.001, b = 0.001, a; = 1,
ay=1,a3=1a4=1, a5 =1, by = 0.001, b5 = 0.001, and 6 = (1,1,1). The point estimates
(standard error) are obtained as follows § = 3.0716(£0.2184), 7, = 42.1641(£0.1309), 7 =
55.2362(£0.2259), A o= 0.0623(+0.0122), Xo = 0.0969 (£0.0214), A3 = 0.0348(+£0.0203),
Ay = 0.1673(£0.0320), X5 = 0.0891(+£0.0192), ¢ = 0.4619(£0.0113), é;, = 0.3585(£0.0353),
and ¢3 = 0.1797(40.0367). In Figure 5, the empirical Kaplan—Meier survival estimates for
the two treatment groups are compared with the fitted marginal survival functions obtained
under the PCH baseline distribution with M = 3. The credible intervals are given in Table

Survival function
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Figure 5: Survival functions of the time to blindness for laser-treated and traditional eye.

22: In this case, for testing the hypothesis (35), the Bayes factor is 1774.913 so we cannot

Table 22: HPD and Symmetric intervals with the PCH (M = 3) baseline for complete data

)

71

T2

A1

A2

A3

A4

)\5 C1

C2

C3

HPD LL
UL

2.6793
3.5361

41.875
42.417

54.943
55.644

0.0366
0.0791

0.0711
0.1309

0.0176
0.0827

0.0906
0.1886

0.0517 0.4525

0.1272  0.4839 0.4367

0.3141

0.1176
0.2342

SYM LL
UL

2.6793
3.5362

41.876
42.418

54.943
55.644

0.0366
0.0889

0.0719
0.1543

0.0170
0.0827

0.0906
0.2417

0.0517 0.4525 0.2707

0.1312  0.4941

0.4231

0.1176
0.2549

reject the null hypothesis Hy. Now to see which model is the best fitted one, we have presented
the AIC, BIC and 5-fold log posterior density (LPD) values in Table 23. Based on the AIC,
BIC and LPD values PCH(M = 3) is the best fitted model to the complete data set.
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Table 23: AIC, BIC and LPD values for the different models for complete data set

Criterion | Exponential ~ Weibull PCH (M =2) PCH(M =3)
AIC 606.1147 666.3937 556.7361 474.2156
BIC 714.1147 810.3937 736.7361 690.2156
LPD -302.9373  -296.3846 -280.6311 -237.3069

7.4 Complete and Censored Observations

We fit the bivariate load-sharing model with different baseline distributions to the complete
and censored data and compute the corresponding estimators of the model parameters. All
hyperparameters are taken to be the same as those used for the complete observations.

Baseline distribution: exponential The Bayes estimates and the associated standard
errors are as follows: A; = 0.0051(£0.0009), Ay = 0.0137(£0.0016), A3 = 0.0158(%0.0017),
As = 0.0105(£0.0023), and X5 = 0.0184(=0.0051). The 95% HPD and symmetric credible
intervals for all the parameters are obtained as follows (Table 24): Here, the value of the

Table 24: 95% HPD and Symmetric intervals with the exponential baseline for censored data
A A2 A3 A4 A5
HPD LL 0.0032 0.0106 0.0125 0.0059 0.0090
UL 0.0069 0.0168 0.0191 0.0148 0.0285
SYM LL 0.0034 0.0108 0.0126 0.0065 0.0098
UL 0.0071 0.0170 0.0192 0.0154 0.0296

Bayes factor is 0.0722, which implies that H, should be rejected.

Baseline distribution: Weibull The Bayes estimators and the associated errors are
as follows: & = 1.0067(+0.0069), A; = 0.0038(£0.0007), X, = 0.0103(+0.0012), X3 =
0.0117(£0.0013), Ay = 0.0101(£0.0022), X5 = 0.0177(£0.00492). The credible intervals are
given in Table 25. The Bayes factor for the Weibull baseline is 0.0002, which implies H

Table 25: HPD and Symmetric intervals with the Weibull baseline for censored data
« )\1 )\2 )\3 )\4 )\5
HPD LL 0.9944 0.0024 0.0080 0.0092 0.0059 0.0087
UL 1.0205 0.0052 0.0127 0.0142 0.0147 0.0276
SYM LL 0.9959 0.0025 0.0080 0.0093 0.0061 0.0093
UL 1.0226 0.0053 0.0127 0.0144 0.0149 0.0285

should be rejected.
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Baseline distribution: PCH(M = 2) The point estimates and the associated standard
error are as follows: § = 1.9782(£0.1391), 7, = 38.38013(£0.0944), \; = 0.0136(£0.0008),
X2 = 0.0372(£0.0021), A3 = 0.0333(£0.0009), s = 0.0188(40.0008), A5 = 0.0258(40.0056),
¢ = 0.3967(£0.0041) and ¢ = 0.6033(£0.0041). The credible intervals are as follows(Table
26):

Table 26: HPD and Symmetric intervals with the PCH (M = 2) baseline for complete and
censored data

) 1 )\1 )\2 )\3 )\4 )\5 C1 (&)
HPD LL 1.7202 38.175 0.0108 0.0309 0.0331 0.0176 0.0245 0.3954 0.5946
UL 22332 38.560 0.0138 0.0378 0.0352 0.0188 0.0294 0.4054 0.6045
SYM LL 1.7202 38.176 0.0108 0.0309 0.0331 0.0176 0.0244 0.3954 0.5878
UL 22333 38.560 0.0138 0.0378 0.0352 0.0189 0.0575 0.4088 0.6045

For this baseline, the value of the Bayes factor is 1.194931e-4, so we reject the Hj.

Baseline distribution: PCH(M = 3) The point estimates and the associated standard
error are as follows: 6 = 2.9255(+0.2084), 7, = 26.7931(+0.5276), 7 = 54.0394(£0.1098),
Ap = 0.0156(20.0003), Xy = 0.0431(£0.0007), A3 = 0.0495(£0.0005), A; = 0.0302(=£0.0007),
A5 = 0.0719(£0.0026), ¢; = 0.3443(=£0.0022), ¢, = 0.3084(40.0081) and ¢ = 0.3473(£0.0061).
The credible intervals are given in Table 27: The Bayes factor is 6.484857e-5, the H should

Table 27: HPD and Symmetric intervals with the PCH (M = 3) baseline for complete and
censored data

]

T1

T2

A1

Az

A3

A

As

C1

C2

C3

HPD LL
UL

2.5351
3.3264

25.825
27.631

53.836
54.256

0.0144
0.0174

0.0367
0.0508

0.0467
0.0515

0.0259
0.0339

0.0512
0.1134

0.3248
0.3575

0.2786
0.3493

0.3259
0.3638

SYM LL
UL

2.5352
3.3264

25.825
27.631

53.837
54.256

0.0145
0.0174

0.0367
0.0508

0.0467
0.0515

0.0254
0.0339

0.0512
0.1134

0.3248
0.3575

0.2785
0.3493

0.3258
0.3638

be rejected. The AIC, BIC and LPD (5-fold) values for the complete and censored observa-
tions are presented in Table 28. In this case also based on the AIC, BIC and LPD values,
PCH(M = 3) is the best fitted model to the complete and censored data set. they are as
follows;

Compared with the MLEs in [13], the standard errors for Ay, ..., A5 are nearly the same. In
contrast, the Bayesian approach produces considerably lower MSEs for the Weibull baseline
parameter . Similar improvements are observed for 9, the cut points 7;, and the hazard
constants ¢; for the PCH baseline distribution, where the Bayesian estimates achieve smaller
MSEs than the MLEs.

In addition to this, we also compared the proposed load-sharing model with the BPH
model. Note that when the load factors are set to 6 = 1 and v = 1, our model reduces to
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Table 28: AIC, BIC and LPD values for the different models for complete and censored data
set

Criterion | Exponential ~ Weibull PCH (M =2) PCH(M = 3)
AIC 2374.603 2531.423 2005.249 1868.285
BIC 3349.603 3506.423 3373.249 2156.285
LPD -1187.327  -1201.836 -1030.902 -607.4358

the BPH (Marshall-Olkin—type) model, and the likelihood also reduces to the corresponding
BPH likelihood. Using this fact, we computed AIC, BIC, and the 5-fold LPD for both
complete and censored data (presented in the tables 29 and 30). The results show that for
complete observations, the BPH model gives smaller AIC, BIC, and LPD values than the
load-sharing model. However, when censoring is present, the load-sharing model produces
smaller AIC, BIC, and LPD values, suggesting a better fit in the censored case.

Table 29: AIC, BIC and LPD Values for different BPH models for complete data

Criteria | Exponential ~ Weibull PCH (M =2) PCH (M =3)
AIC 604.3086 657.8692 555.4385 472.2384
BIC 676.3086 801.8692 699.4385 652.2384
LPD -302.528 -293.1733 -279.6841 -236.7148

Table 30: AIC, BIC anf LPD Values for different BPH models for complete and Censored
data

Criteria | Exponential ~ Weibull PCH (M =2) PCH (M = 3)
AIC 2393.136 2569.670 2027.826 1884.359
BIC 3368.136 3544.670 3392.826 2173.359
LPD -1194.005  -1205.187  -1039.803 -651.315
Conclusion

In this paper, we have proposed a Bayesian framework for the bivariate load-sharing model.
One important advantage of the proposed approach is that it allows a data-driven baseline
distribution. There is no need to assume any particular form of the baseline hazard function;
for example, whether it is increasing, decreasing, or of any other specific shape, the data
itself can capture the structure. Hence, the model behaves like a semi-parametric model,
and its implementation is straightforward in practice. Another advantage of the proposed
methodology is that it can handle censored observations naturally, while also accommodating
complete data, which makes it more widely applicable. In the case of complete observations,
the analysis suggests that laser treatment does not have any significant effect in delaying
blindness, as it was observed by Kundu [13]. However, when censored observations are
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included, the results indicate that laser treatment has a significant effect compared to the
traditional treatment. In this paper, we have mainly developed the Bayesian inference of
the unknown parameters and obtained both point and interval estimates using suitable
priors. It will be interesting to explore extensions of this framework to more general baseline
distributions, alternative censoring schemes, or hierarchical structures. More work is needed
in that direction.
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Appendix

The explicit expressions of D;;, E;; and F; are obtained by Kundu (2025) as follows:

niii M
Dy = g y111w+7’1§ N1im
w=1 m=2

nii2

M
Dy = Z(ylmw —71)+ (2 — 71) Z N11im
m=3

w=1
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ni1(M—1)

Dyy-1y = Z (Y11 (m—1yw — Tv—2) + (Tv—1 — Tv—2)Mim

w=1
niim
Dy = E (yuMw - TM—1)
w=1
ni121 M
Dy = E Y121w + T1 E N12m
w=1 m=2
ni22 M
Dyy = E (Y1220 — T1) + (T2 — 1) E N12m
w=1 m=3
ni2(M-1)
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w=1
niem
Doy = E (y12Mw - TMfl)
w=1
n211 M

En = E y211w+7—15 No1m
w=1 m=2
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