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Abstract

In this paper we have proposed a new discrete time continuous state space stationary
process. The important feature of the proposed process is that it has positive probability of
ties of two consecutive values, although the marginal distributions are absolutely continuous.
The motivation of this work came when we were trying to analyze the gold price data of the
Indian market. It has been observed that there are significant amount of time when there
are ties between the two consecutive values, although the gold price data at any particular
time point can be treated as a continuous random variable. Further, it is observed from
the autocorrelation function that the gold price data in Indian market possesses persistent
dependence. In this paper we have tried to take care both these aspects. We have proposed
a stationary process based on proportional hazard class distributions in presence of frailty.
We have considered different baseline distributions and developed several properties of the
proposed process. The maximum likelihood estimators cannot be obtained in explicit form,
and we have proposed EM algorithm for this purpose. Extensive simulations have been
performed to show the effectiveness of the proposed EM algorithm. We have provided an
empirical goodness of test also. The analyses of the gold price data set has been performed
and it has been observed that the proposed model fits the data set quite well.

Key words:  Marshall-Olkin bivariate exponential distribution; Marshall-Olkin bivariate
Weibull distribution; bivariate singular distribution; bivariate copula; positive dependence,
maximum likelihood estimators; EM algorithm.

AMS Subject Classifications: 62F10, 62F03, 62H12

1. Introduction

In this paper we have proposed a new discrete time continuous state space stochastic
process based on proportional hazard class distributions in presence of frailty. It is a very
flexible process as one can choose different baseline distribution functions for the proportional
hazard class. The important feature of the process is that it has the property P(X, =
Xni1) > 0, although X,,’s are absolutely continuous random variables. The motivation of
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this work came when we were trying to analyze the gold price data of the Indian market.
In this case it has been observed that although X,,’s are positive valued continuous random
variables, there is a significant number of n values for which X,, = X1, which cannot be
ignored. Further, from the autocorrelation function of the gold price data it is observed that
it possesses persistent dependence. Hence, it is important to develop a process {X,,}, where
X,.’s have absolutely continuous distributions with P(X,, = X,,11) > 0 and it also possesses
persistent dependence. This is an attempt towards that direction.

There are several discrete time and continuous state space stochastic processes avail-
able in the literature for more than four decades. Among the early ones, Tavares (1980)
proposed a Markovian lag-1 stationary process where all the marginals follow exponential
distribution. He has developed several properties of the proposed exponential process. Sim
(1986) introduced two autoregressive processes; one is gamma process based on stochastic
difference equation and the other one is Weibull process based on minimization approach.
In the first case the marginals follow gamma distribution and in the second case they follow
Weibull distribution. The author has provided efficient simulation techniques to generate
from these processes. The autoregressive Pareto process was proposed by Yeh et al. (1988).
It is also based on minimization approach and here the marginals have Pareto distribution.
They have developed several properties of the proposed process and also discussed the classi-
cal inference procedure, see also Arnold and Hallet (1989) in this respect. Following similar
procedure as in Yeh et al. (1988), Pillai (1991) proposed autoregressive semi-Pareto process
and provided its characterization.

Jose et al. (2010) introduced Marshall-Olkin g-Weibull distribution, and based on the
minification process they have developed autoregressive lag-1 process which has the above
marginal distribution. Jayakumar and Girish Babu (2015) proposed a two-sided modified
Weibull distribution which has support on the whole real line, and based on minimization
approach they have developed modified Weibull process. It is a lag-1 stationary process
and they have analyzed Bombay stock exchange data and showed that the proposed process
provided a good fit. Arnold et al. (2026) recently proposed a power function distribution
process based on proportional reversed hazard class distribution and using similar procedures
as in Kundu (2024). But similar to Kundu (2024), they are all lag-1 processes. Arnold
et al. (2026) have derived different properties of the proposed processes and provided simple
method of moment estimators of the unknown parameters, which can be obtained quite
conveniently. In all the above processes the marginals have absolutely continuous probability
density functions, but P(X, = X,,41) = 0.

It may be recalled that Marshall and Olkin (1967) introduced a bivariate exponen-
tial random variable (X,Y’), where both X and Y follow exponential distributions and
P(X =Y) > 0. From now on we call this random variable as the Marshall-Olkin bivariate
exponential (MOBE) random variable. The construction of the MOBE random variable is
as follows. Suppose Uy, Uy and Us are three independent exponential random variables,
then (X,Y), where X = min{U;,Us} and Y = min{Us, Us}, is said to be MOBE random
variable. Note that although U;, U, and U; are independent, X and Y are dependent due
to the presence of Us. Part of the main idea of the proposed process mainly comes from
the above construction. Here we have used more general proportional hazard class models
and also we have used frailty as introduced by Vaupel et al. (1979), to incorporate some
hidden dependence between X and Y. In this way we have created a stochastic process
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which possesses persistent dependence.

First we have introduced the process based on general proportional hazard distribu-
tions and using frailty. We call this process as the proportional hazard class frailty (PHCF)
process. It is a persistent dependence stationary process whose marginals have absolutely
continuous distribution function and it has the required property P(X, = X,11) > 0. We
have considered some of the special cases of the baseline distribution namely; exponential,
Rayleigh, Weibull and linear failure rate and discussed several properties of the proposed
PHCF process. The maximum likelihood estimators of the unknown parameters cannot be
obtained in explicit forms and it involves solving a higher dimensional optimization problem.
We have proposed to use the EM algorithm, which significantly reduces the computational
burden. Extensive simulations have been performed to show the effectiveness of the pro-
posed EM algorithm. We have proposed some empirical goodness of fit test. Finally, we
have analyzed the gold price data set, and it is observed that the proposed model provides
a good fit to the data set, when the baseline distribution is Weibull.

The rest of the paper is organized as follows. In Section 2 we have provided some
preliminary results. The PHCF process has been introduced and several of its properties have
been discussed in Section 3. In Section 4 we have presented the EM algorithm and simulation
results have been provided in Section 5. The empirical goodness of fit test has been discussed
in Section 6. In section 7 the analysis of the gold price data has been presented. Finally we
have concluded the paper in Section 8.

2. Some Preliminary Results

In this manuscript we have assumed that all the univariate random variables are
positive valued random variables and they are absolutely continuous. We will be using
the following notations for the rest of the paper. A random variable X is said to be an
exponential random variable with the scale parameter A > 0, denoted by EX(A), if X has
the following probability density function (PDF)

fex(t; ) =Xe ™, for >0, (1)

and 0, otherwise. It has the cumulative distribution function (CDF), survival function (SF)
and hazard function (HF), respectively, for ¢ > 0, as

Spx(t; ) =e™  Fpx(tbN) =1—e hpx(t;\) =\ (2)

A random variable X is said to be a Weibull random variable with shape parameter a > 0
and scale parameter A > 0, denoted by WE(a, A), if it has the following PDF

fwe(t;a,\) = axt* te™,  for >0, (3)

and 0, otherwise. It has the cumulative distribution function (CDF), survival function (SF)
and hazard function (HF), respectively, for ¢ > 0, as

Swe(t;a, ) = e M Fye(t;a,\)=1— e M hwe(t;a, \) = at®t, (4)

A random variable X is said to have a linear failure rate (LFR) distribution with parameters
a >0 and § > 0, denoted by LFR(«, ), if it has the following PDF

frrr(tion B) = (a4 2B8t)e” @) for >0, (5)
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and 0, otherwise. It has the cumulative distribution function (CDF), survival function (SF)
and hazard function (HF), respectively, for ¢ > 0, as

Srrr(t;a, B) = e~ (@A) Frpp(tia,f) =1— e~ (@t+AL), hrrr(t;a, B) = a4 25t. (6)

A random variable X is said to have a gamma distribution with the shape parameter a > 0
and the scale parameter A > 0, denoted by GA(«, \), if it has the PDF

foalt;a, ) = Lt‘l_le—)‘t; for t>0, (7)

()
and 0, otherwise.

Suppose Fy(t) is an absolutely continuous distribution function with the support on
the positive real axis, and Sp(t) = 1 — Fy(t) is the corresponding survival function. Define
a class of distribution function parameterized by A > 0, which has the following survival
function for t > 0;

S(t; \) = (So(t))>. (8)
Clearly, F(t;\) = 1 — S(t;A) is an absolutely continuous distribution function. It will
be denoted by PHC(A, Sp). This is known as the PHC of distributions because if ho(t)
is the hazard function of Fy(t), then Aho(t) is the hazard function of F(¢; ). We denote

¢

Hy(t) = / ho(u)du, as the cumulative hazard function of ho(t). Note that if fy(¢) denotes
0

the PDF of Fy(t), then the PDF of S(; A) is

frac(t: X, So) = Afo(t)(So(t) 1 = Ahg(t)e Mo, (9)

This class of distribution functions was originally introduced by Cox (1972). Note that
several well known distribution functions belong to the PHC of distributions, for example
exponential, Weibull, Rayleigh, generalized Pareto, Lomax, Gompertz etc. An extensive
amount of work has been done in developing several properties of the PHC of distributions,
see for example Cox and Oakes (1984) in this respect.

Following similar approach as Marshall and Olkin (1967) defined the MOBE distribu-
tion we define bivariate proportional hazard class (BPHC) distribution. Suppose U; follows
(~) PHC(A1, Sp), Uy ~ PHC()A2, Sp) and Us ~ PHC()3,.Sy) and they are independently dis-
tributed, then (X,Y’), where X = min{U;,Us} and Y = min{U,, Us} is said to be BPHC
random variable. The joint survival function of (X,Y’) can be written as

o >0t - SRS 8 75T oo

The joint PDF of (X,Y’) can be written as

Trac(x; A1, 80) frac(y; A2+ A3, 50) if 2 <y
feprc(T,y) = fPHc(w AL+ A3,90) frac(y; A2, So) i @ >y (11)
frac(z; M+ A+ X3, 5) if x=y==2

>\1+)\2+>\3
From now on it will be denoted by BPHC(Aq, Aa, A3, Sp). It can be easily seen that
)\1 /\2 )\3
P(X <Y —, PV <X — PX=Y _
( )= AL+ Ao+ A3’ ( )= AL+ Ao+ A’ ( )= A+ Ao+ A3
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The correlation coefficient of X and Y varies from zero to one. X and Y are independent if
A3 = 0 and the correlation tends to one as A3 — oo.

Now we will introduce the proportional hazard (gamma) frailty (PHF) model. Sup-
pose V ~ GA(B, B), Fo(t) = 1 — Sy(t) is a survival function with the corresponding PDF
fo(t) and A > 0. Let X be a random variable such that for ¢ > 0,

P(X >tV =v)= (So(t))’\“. (12)
Then the survival function of X becomes
Sx(t: N, B, S0) = P(X > 1) = 56/%(5 ()P le B dy = i (13)
x (A B, S @) Jo (53— A So(1))7

Hence, the corresponding PDF becomes

AB7ho(t)
Fx (&2, 8, 50) = (3 —Aln Soo(t))ﬁﬂ

From now on it will be called PHF model and it will be denoted by PHFE(A, 3, Sp).

(14)

Now we will introduce bivariate proportional hazard (gamma) frailty (BPHF) model
based on BPHC model. Suppose V' is same as defined above and (X, Y') is a bivariate random
variable such that {(X,Y)|V = v} ~ BPHC(vAy, v, vA3, Sp), i.e. for x > 0 and y > 0,

_ (So(w))"™(So(y)) e if & <y
P(X >z,Y >y|V =0) = { (So(2))" (A1+A3)(S (y>)v)\2 it x>9. (15)
Hence, the joint survival function of (X,Y’) becomes
57 it <y
SBPHF(xay) _ P(X > x, Y > y { (B—A11n So(z)— )\2+/\3)ln50( DE " N (16)
(B—(ntra) lnSo(x) NmSoEyr L v
The joint PDF of (X,Y) becomes
B (B+1) M1 (A2+A3)ho(x)ho(y) ;
v *?i}r‘so(w)i(fzﬂi)1?150(5»%“ it w<y
DA +As3)Aaho(2)h :
fepur(z,y) = (5€(A15rﬁ;;)%1(1§0tz)31;2 1?1(53(;)()%2 if z>y (17)
B+ A3ho(2) if r=uy=
=y=2z

(B—(A\1+A2+X3) In So(2))PH1

The BPHF has the following survival copula

_ <7>\1 (Uil/ﬁ — 1) + U71/5>_ﬁ if (/\2 + )\3)(U71/B — 1) < ()\1 + )\3)(1)71/6 — 1)

C(u, ’U) — A1+A3 s
(P4 22— 1)) T o+ AP = 1) > (A + M) (0P - 1)
(18)
If A\; = Ay and if we denote § A A then (18) becomes
= 1 = =
P v MAAs At s
-8
_ S(u=/8 —1 —1/8 if u>
Olu.v) = ( (u )+ v ) if uw>w (19)

(u_l/ﬂ + (v 18 — 1))75 if u<w

Hence, different dependency properties of BPHF may be explored through copula function.
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3. Proportional Hazard Class Frailty Process

In this section we define the proportional hazard class frailty process and derive its
different properties. Suppose {U,;n > 1} is a sequence of identically distributed random
variables, similarly, {W,;n > 1} is also a sequence of identically distributed random vari-
ables. Let V be a gamma random variable with the shape and scale parameters both are
p. It is assumed {U,|V = v} ~ PHC(\v,Sp) for n = 1,2,..., and they are independent
and identically distributed (i.i.d.). Similarly, {W,|V = v} ~ PHC(A\v,Sy) for n =1,2,...,
and they are also i.i.d. Further, {U,|V =v;n=1,2,...} and {W,|V =v;n =1,2,...} are
independently distributed. . We define {X,,;n > 1}, where

X, =min{U,,U,1,W,}; n=12,.... (20)

Then {X,;n > 1} is called as the proportional hazard (class) frailty process (PHFP)
with parameters A\;, Ay, § and the baseline survival function Sy(t). It will be denoted
by PHFP()\l, )\2, 6, So)

Theorem 1: Suppose {X,,} is a PHFP(\y, Ao, 5, 5), then
(i) {X,} is a stationary process.
(ii) X, ~ PHF(2)\; + Ao, 3, So).

Proof: (i) follows from the definition. To prove (ii), note that

8

P(Xy>1) = | P(Xy >tV =v)faa(v)dv

8

= P(U, > t|V =v)P(Ups1 > t|V =v)P(W,, > t|V =v) faa(v)dv
) AR oy (v)dw

66
(B — (21 4+ X2) In Sy (¢))%

Il
S— 3
8

Theorem 2: Suppose {X,,} is a PHFP(\;, A, 5, Sp), then

(i) The joint survival function of Xi,..., X, for x; >0,...,x, > 0 is

n—1 n -3
SXl 77777 Xn(xl, e ,xn) = 56 <5 + )\1 (So(xl) + Z S()(Zl) + So(l’n)> + )\2 (Z So(fﬁl))) R

i=1

here z; = max{x;,x;41}, fori=1,...,n— 1.

(11) min{Xl, N ,Xn} ~ PHF((TL + 1))\1 + n>\2, 6, So)
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s Proof: To prove (i) note that

P(X1>x1,...,Xn>xn):SX1 77777 Xn(xl,...,xn)

n—1 n
=P (Ul > Ty, H Wit > 2}, U1 > H W > l'z})
i=1 =1

n—1 n

= / P (Ul > 1, H {UiJrl > zi}7Un+1 > Ty, H {VVZ > xl} ‘V = U) fctA(U)dU
0

i=1 =1

n—1 n -3

=1 i=1

s (ii) It mainly follows from (i) by using x; = ... =z, = x.

177 The following results will be useful in deriving the joint PDF of Xi,..., X, in a
s convenient form. It might have some independent interest also.

1o Theorem 3: Suppose {X,,} is a PHFP (A1, A, 3, .50), then
o (1) {X,|V =0} ~ PHC(Sp, v(2A1 + A2)).
11) {(Xn,Xn+1)|V = U} ~ BPHC(U()\l + /\2),1]()\1 + )\2), U/\l).

(
w2 (iil) {X,|V = v} and {X,1,n|V = v} are independently distributed for n > 1 and m > 1.
(

181

iv) For any =1 > 0,...,2, > 0,v > 0,

P(Xn Z xn‘anl =Tp—1y--- 7X1 =T, V= 'U) = P(Xn Z l'n|Xn,1 = Tnp—-1, V= U)-

Proof: (i) mainly follows from (ii) of Theorem 1. To prove (ii) note that for z > 0, y > 0
and z = max{x,y},

P(Xy > @, X1 > gV = ) = [So(@)]" 2 [So(y)] 2 [So (=)™
183 Hence, the result follows. (iii) and (iv) follow from the definition.

Now we will obtain the joint PDF of X3, ..., X,,11, and it will be used to develop the
likelihood based inference of the unknown parameters. The joint PDF of {( Xy, Xy41)|V = v}
can be written as

frac(Te;v(A1 + A2), So) frao(Trs1; v(2A1 + A2), o)  if T < Tg41
Fxoxeaveo(@rs Te1) = & frrc (@ v(2A01 + A2), So) fruc(Trer; v(A + A2), S0) i @k > pa
m]ﬂp}]c(zk; U(3/\1 —+ 2)\2), S()) lf Tk = Thy1 = Rk

18e  Hence, using (iv) of Theorem 3, the joint PDF of X,..., X,,11 can be written as

Ixt Xp V=o(Z1s - s Tng1) = [xiv=o(®1) fxax,v=o(®2) - -« X1 x0,v=o(Tng1) (21)
_ Ixv=o(1) iy fxe Xpoa[v=o(Ths Try1) (22)

H?:l fXj\Vzv(xj)

[Toet fxpXeia|V=o(Th, Tht1)

H;L:Q fXj |[V=v (.%’])

(23)
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for x;y > 0,..., 2,41 > 0,v > 0. Let us use the following notations: I = {1,...,n},
L={iticl,o;<wipn}, h={iiel,x;>x 1}, I[s={i:i€l,x; =241}, and n, ny,
ngz denote the number of points in I;, Iy and I3, respectively. Based on the above notations,

n

I Fxximv=o(@r, apga) = PMF2mFmags (h) 4 Ag)MF72(20) 4 Ag)™H12 x
k=1

H [So(.rk)]”()‘1+’\2) [SO($k+1)]U(2)‘1+>‘2) v

kel

H [So(xk)]v(Qth)\z) [SO (mk+1)]v()\1+/\2) %

kel

LT [So(a)) #2229 5 TT ho(wk) x TT - Po(zat1)

kels kel kel Ul

and

ﬁfx wvu(T;) = 0" (2A + M) ﬁ{[50(xj)]”(%ﬂg)ho(xj)}'

=2

Since, Ho(x) = —In(Sy(z)) and if we denote D = {1, ..., ZTn41},

A1(507D) = 2 Z Ho SUk+1 + Z Ho xk+1 + Z Ho wk + 2H0 961 Z Ho l‘k

kel kels kels kel
Ay(So, D) = > Ho(wesr) + Ho(x1) + Y Holxk),
kel,Ul> kels
then
,Un1+’n2—1>\?3<)\1 _|_ )\2)n1+n2 A
_ —v (So,D)—vA2A2(S0,D)
le ..... Xn+1\V=v(x1> cee 7xn+1) - (2)\1 + )\2>n3—1 e reneo 242420 X
ho 33’1 H ho xk+1) (24)
kel Ul

Therefore
le ..... Xn+1($1, e 7'Tn+1) = / le ..... Xn+1|V:v(x17 e 7In+1)fGA(U; B)dv (25)

@6 )\?3()\1 + )\2)n1+n2
X ho(zx ho(zks1) X
L(B) (2A1 + Ag)nst olo kegﬂz e

/OO Un1+n2+,872efv(ﬁ+)\1,41(SQ,D)+)\2A2(80,D))dU
0
AP (A +A)mHm2 T(ng +ng+ 58— 1)

= X X ho(x ho(x X
(2)‘1‘|‘)\2)n371 F(ﬂ) O 1ke£[ulg 0 k+1)

Il
(B + MA1(So, D) + AaAy(So, D))m+nati=1’

(26)

It can be easily seen that

VH{X1,. ..., Xpi1} ~ Gamma(ng +ny+ 8 — 1,8+ A\ A1(So, D) + A2 A2(S0, D)),
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therefore
niy + no + 5 -1

- 5 + /\1A1<SQ,D) + )\2142(507 D)

The above result will be used for implementing the EM algorithm in the next section.

E<V‘X17 cee 7Xn+1)

Stopping time plays an important role in any stationary time series. It has been dis-
cussed in the literature by several authors. It has important applications in different areas
including quality control, finance, sequential analysis, change-point detection etc. Chris-
tensen (2012) discussed the optimal stopping time for autoregressive processes. Kundu
(2024) provided the optimal stopping rule for a large class of stationary processes. Novikov
and Shiryaev (2007) obtained the optimal stopping rule for stationary processes with inde-
pendent increments. Surya (2007) discussed the optimal stopping problems driven by Levy
processes. For some of the related works see the references cited therein.

Suppose {X,,} is a PHFP (A1, A2, 5, 50). Let use define the stopping time N for {X,,},
for a given L as follows:

{N=n}te{X;>L,...,X,.1>L,X, <L}

Since, the event {N = n} is independent of X, 11, X, 42, .., for all n > 1, therefore, N is a
stopping time for the above PHFP. Let us compute the probability mass function of N, for
n=12 ...
P(N=n) = P(Xqy>L,....X,, 1 >L, X, <L)
= PX;>L,.... X, 1>L)—PX;>L,..., X1 >L, X, >1L)
A A 7 A A 7
= |1+ —=5nSe(L)+ —=(n—1)Se(L) —(14+ —=(n+1)Se(L) + —nSy(L)
B s p 5
= (1+A4An+Bn—-1)" -1+ A(n+1)+Bn)™",

A A
where A = EISO(L), B= EQSO(L), and it is defined that P(N = 0) = 1 — (1 + A)~?. The
k-th moment of N exists for > k + 1, and it is

E(N*) = i P(N =n)n*

= ink(l"‘An“‘B(”_l))iﬁ—ink(l—i—A(nle)%—Bn)*B‘

n=1 n=1

> 1-B
Using the Hurwitz zeta function ((s,q) = Y_(m + ¢)~°, and if we use C' = 1.5 an

m=0

d

1+ A
D = A——il_—B’ then it can be seen that for f > 2, F(N) exits and for 8 > 3, F(N?) exists.

They are as follows:
E(N) = (A+B)™"[((8—1,D)—C((B,D)— ¢ (8 —1,1+ D)+ D((B,1+ D)),
E(N*) = (A+ B)P[¢(8—2,D)—2C¢(8—1,D) + C*¢(8,D) —
C(B—2,14+D)+2D((B—1,1+ D) — D*(8,1+ D)].
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4. Inference

In this section we discuss about the maximum likelihood estimators (MLEs) of the
unknown parameters based on the random sample D = {zy,...,2,,1}. Note that the
baseline survival function can be completely known, say for example in case of exponential,
where So(t) = e, or in case of Rayleigh, where Sy(f) = ™. Otherwise, the baseline
survival function also contains some unknown parameters, say for example in case of Weibull
distribution where So(t) = ¢~ and in case of linear failure rate distribution So(t) = e~1+0%),
Therefore, if the baseline survival function is completely known then the unknown parameters
are A1, A2 and 8. When the baseline survival function also contains unknown parameter(s),
say 0, where # can be vector valued also, then the unknown parameters are A;, Ao, 5 and 6.
Let us assume that 6 is of dimension p > 1. We consider both the cases, when the baseline
survival function is completely known and also when it has also some unknown parameter(s).

4.1. Baseline is Completely Known

In this case it is assumed that the baseline survival function Sy(-) is completely known.
Taking logarithm of the joint PDF of Xi,..., X, as given in (26) based on the data D,
the log-likelihood function without the additive constant can be written as

ll()\la )\2, 6’@) = N3 In )\1 + (n1 + ng) 11’1()\1 + /\2) - (n3 - 1) 111(2)\1 + /\2) +
Inl'(ny +ne+ 8 —1)—Inl'(B)+ Blnp —
(n1 + no + B - 1) ln(ﬁ + )\1A1(S()7 D) + /\QAQ(S(), D)) (27)

The MLEs of A1, As and § can be obtained by maximizing (27) with respect to the unknown
parameters. It involves solving a three dimensional optimization problem. To avoid that we
treat this problem as a missing value problem, and we use the EM algorithm. It is observed
that it avoids solving three dimensional optimization problem. One needs to solve only one
dimensional optimization problem. The basic idea is to use profile likelihood method to
compute the MLEs of A\, A\ and 3. For a given f3, first we can obtain the MLEs of A\; and
A2 using EM algorithm. Then we maximize the profile log-likelihood function of 3 to obtain
the MLE of 8. The exact procedure is as follows.

The complete data set in this case is D, = (D, v). First we assume that [ is known.
Now using (24) and the PDF of the gamma distribution, based on the complete data set,
the log-likelihood function without the additive constant becomes

llc()\la )\2’ch, ﬁ) = (711 + ng — 1) Inv + ng3 In )\1 -+ (n1 —+ TLQ) ln()\l -+ )\2) —
(n3 — 1) 111(2)\1 + )\2) — U(ﬁ + /\1A1(So, D) + )\QAQ(SO, D)) (28)

Al(S()D)
AQ(S’Q, D) )

Suppose Ay (v) and \y(v) maximize (28) and we denote 7;(v) = Ay (v) and F5(v) = éz(v :

A1(v)

Then it can be shown (see Appendix A) that 42(v) can be obtained as the positive root of
the following quadratic equation

Now we re-parameterize A\; = 71, A2 = 71 X 79 and let us denote R(Sy,D) =

~—

—nzy2 +7[R(So, D)(n+1—2n3) —n— 2]+ R(Sp, D)(2n—3n3+1) —2(n; +ny+1) = 0. (29)
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and

- B ny+mng+1
M(v) =3(v) = - :

— 0(A1(Sp, D) + A2 (v) As(Sp, D)) (30)

Based on the above observation, we propose to use the following procedure to compute the
MLEs of A;, A» and 3 as follows. For fixed (3, we use the EM algorithm, to compute the
MLEs of A; and Ag, say A(5) and A\y(53), respectively using Algorithm 1. Suppose at the

k-th stage of the EM algorithm, the estimates of A\; and Ay are Aﬁ’“) and )\(Qk), respectively.
Algorithm 1:

(k)

2#5tep 1: Compute 75~ as the positive root of (29). Note that it does not depend on k. Hence,

246

we just need to compute it once only.

Step 2: Compute

(k): n1+n2+5—1
B4+ AP A8, D) + AP 4,(S0, D)

Step 3: Obtain

% ’7§k+1)-

/\(kz—i-l) . ny+ng+1
1 =

)\gk—i-l) _ )\gk—&-l)
a® (A1(So, D) + 15 A5(So, D))

and

udtep 4: Go back to Step 2, and the process continues until convergence.

248

249

250

251

252

253

Once we get A (8) and Ay(8), we maximize Iy (A1 (3), \2(3), B|D) as in (27) with respect to
B, to obtain the MLE of 3, say f.

Exponential Baseline Distribution: In this case ho(xz) = 1 and Hy(z) = x, for = > 0.
Hence,

A1(S0,D) = 2> @ps1+ D> T+ Y T+ 23 — Y 3y

kel kels kels kel
Ay(S0, D) = Z Tt1 + 21 + Z Tk
kel Ul kels

Rayleigh Baseline Distribution: In this case ho(x) = 2z and Hy(z) = 22, for x > 0.
Hence,

Ai(S0,D) = 2> aiq 4+ Y. w2 = Y

kel kels kels kel

Ay(S0, D) = D wg a4 Y ad

kel Ul kels
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4.2. Baseline has Unknown Parameters

In this case it is assumed that the baseline survival function Sy(-) has some unknown
parameter(s), say for example Weibull, Pareto or Lomax distributions, where baseline dis-
tributions have unknown parameters. In this section, we denote the baseline survival func-
tion, hazard function, cumulative hazard function and PDF as Sy(t;0), ho(t;0), Ho(t;0) and
fo(t; ), respectively. Similarly, A;(So, D), A2(So, D) R(So, D) as A1(So(0), D), A2(Soe(0), D)
R(Sy(0), D), respectively. Note that 6 can be vector valued also. Based on the data D, the
log-likelihood function can be written as

lg()\l, >\2, 9,6|D) = N3 In )\1 + (n1 + Tlg) 111()\1 + )\2) — (n1 +ng — 1) 111(2)\1 + )\2) +
Inl(ny+ne+56—1)—Inl(B)+ FInp —

We modify the EM algorithm as follows. As before, first we fixed 8. For fixed 3, we
use EM algorithm to compute the MLEs of A\;, A\ and #. To implement EM algorithm for
fixed (3, we re-write eqn. (28) as follows;

l2c()\17 )\2, (9|D, v, ﬁ) = (’I’Ll + ng — 1) Inv + ns In )\1 + (n1 + TLQ) 111()\1 + )\2) —
(n3 — 1) 1n<2)\1 —+ )\2) — U(ﬁ + )\1141(50(9), D) + )\2142(50((9), D))
(32)

Now the EM algorithm proceeds as follows. Suppose at the k-th stage of the EM algorithm,
the estimates of \;, Ay and 6 are )\gk), )\gk) and %) respectively.

Algorithm 2:

(k+1)

xStep 1: Compute v, ' as the positive root of (29) replacing Sy by Sy(0*)).

Step 2: Compute

(k1) _ ni+np+p5—-1
B4+ AP AL (S (0®), D) + AB) Ay(S,(6%)), D)

a

xStep 3: Obtain 0+ by the argument maximum of g(6), where

270

271

g(0) = nylnAFTV(0) + (ny + na) (ALY (@) + ATV (9)) -
(n3 — 1) In(2AF(0) + AF(9)) —
a® V(3 + AFTV(0) A1 (So(0), D) + ATV (0) A3 (So(6), D).
(33)

B n1+n2+1
alk D (A (So(8), D) + 75 A3(S0(6), D))

Note that (33) has been obtained from (32) by replacing v with its expectation at the
k-th stage.

and  AYTV(0) = A (0) x4V (6).
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#Step 4: Once 8%+ is obtained obtain A" = AP (gk+1)) ang AF = \FFD (g1,

a5tep H: Go back to Step 1, and the process continues until convergence.
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Once we get A (3), A2(B) and 6(3), we maximize ly(A(5), A2(5),0(8), 8|D) as in (31) with
respect to 3, to obtain the MLE of 3, say (.

Weibull Baseline Distribution: In this case for 6 = a > 0, ho(z) = ax®! and Hy(z) =
x®, for x > 0. Hence,

Ai1(So(a), D) = 2 Z T + Z Tir + Z Ty + 227 — Z Ty

kel kels kels kel
A(So(@), D) = Y ah+ Y g +af
kel Uly kels

Linear Hazard Rate Baseline Distribution: In this case for § = o, where o > 0 and
ho(z) = 1+ 2ax and Hy(z) = = + az?, for z > 0. Hence,

Ai(So(a), D) = 2 (w41 +axiyy) + D (wpp + axjy) + Y (2 + aa) + 2(z1 + ax)

kel kel kels
> (wp + axf)
kel
Ay(So(a), D) = > (zhs1+aziy)+ Y (zr+ azj) + (z1 + azd).
kel Ul kels
5. Simulation Results

We have performed some simulation experiments to see how the proposed method
works in practice for different models and for different parameter values and for different
sample sizes. We have considered four different baseline distribution functions; (i) expo-
nential, (ii) Rayleigh, (iii) Weibull and (iv) linear failure rate. Note that for (i) and (ii),
the baseline distribution functions are completely known, and for (iii) and (iv), the baseline
distribution functions have one unknown parameter. In all the cases we have taken four
different sample sizes. In case of exponential and Rayleigh we have taken the following two
sets of parameter values. Set 1: Ay = 0.1, Ay = 0.2, 8 = 1.0 and Set 2: \; = 0.4, A\, = 0.2,
B = 1.0. In case of Weibull and linear failure rate distributions we have taken the following
two sets of parameters. Set 3: o = 1.25, Ay = 0.1, Ay = 0.2, § = 1.0 and Set 4: a = 1.5,
A =04, X =02, f=1.0.

In all the cases we have computed the MLEs of the unknown parameters based on
EM algorithm. We have started the EM algorithm with all the initial guesses as 1 for all the
parameters. We stop the iterations whenever the relative difference between two consecutive
log-likelihood values is less than 107%. The results are reported in Tables 1 to 8. In all the
cases the iterations stop within 15 iterations. Even if we start with other initial guesses, it has
been observed that the algorithm converges to the same point, the number of iterations may
be different. Some of the points are clear from the simulation results. The implementation
of the proposed EM algorithm is quite simple in practice and it works quite well for both
the cases. As the sample size increases in all the cases the biases and the mean squared
errors (MSEs) decrease. It indicates the consistency properties of the MLEs of the unknown
parameters.
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Table 1: Average estimates and the associated mean squared errors based on
1000 replications. The baseline distribution is exponential. Here \; = 0.1 and

A =0.2 and § = 1.0.

DEBASIS KUNDU

n A A2 5

25 0.1014 0.2098 1.2121
(0.00015) | (0.00031) | (0.2312)

50 0.1010 0.2102 1.1889
(0.00008) | (0.00022) | (0.2011)

75 0.1011 0.2047 1.1453
(0.00006) | (0.00017) | (0.1587)

100 0.1009 0.2031 1.0298
(0.00003) | (0.00011) | (0.1015)

Table 2: Average estimates and the associated mean squared errors based on
1000 replications. The baseline distribution is exponential. Here \; = 0.4 and

Xy = 0.2 and 3 = 1.0.

n A A2 5

25 0.4112 0.2047 1.2257
(0.00051) | (0.00035) | (0.2417)

o0 0.4089 0.2098 1.1778
(0.00025) | (0.00027) | (0.2034)

75 0.4032 0.2055 1.1461
(0.00017) | (0.00016) | (0.1452)

100 0.4008 0.2022 1.0115
(0.00013) | (0.00014) | (0.1023)

6. Goodness of Fit Test

[Vol. 24, No. 2

In this section we have proposed an empirical goodness of test of the proposed PHFP.
The idea is similar to the idea proposed by the author in Kundu (2023). The problem
can be mathematically formulated as follows. Suppose {X7,..., X, } is a sample from the
PHFP (A1, A2, 5, S0), we want to test the following hypothesis:

HO . {Xl, e 7Xn} ~ PHFP(}\l,)\Q,/B,SO).

We denote X1, < ... < X,., as the ordered {X7,...,X,,} and the corresponding sample
version of {zy,...,x,} as {z1, < ... < Tpp}t. We also denote a1 = Ep,(X1.) ... 0, =
En,(Xn.n) as their ordered expected values under Hy. Although, ay,...,a, depend on 6,
B, A1 and X\, we do not make it explicit for brevity. We use the following statistic for the
goodness of fit test:
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Table 3: Average estimates and the associated mean squared errors based on
The baseline distribution is Rayleigh. Here \; = 0.1 and

1000 replications.
A =0.2 and § = 1.0.

A STATIONARY PROCESS

n A A2 5

25 0.1017 0.2110 1.2341
(0.00018) | (0.00034) | (0.2298)

50 0.1015 0.2111 1.1799
(0.00010) | (0.00023) | (0.2101)

75 0.1013 0.2057 1.1541
(0.00008) | (0.00014) | (0.1498)

100 0.1004 0.2041 1.0119
(0.00006) | (0.00012) | (0.1017)

Table 4: Average estimates and the associated mean squared errors based on
The baseline distribution is Rayleigh. Here \; = 0.4 and

1000 replications.
A =0.2 and § = 1.0.

n A A2 5

25 0.4222 0.2056 1.2311
(0.00058) | (0.00041) | (0.2398)

50 0.4101 0.2078 1.1889
(0.00031) | (0.00026) | (0.2067)

75 0.4057 0.2045 1.1367
(0.00021) | (0.00017) | (0.1387)

100 0.4008 0.2018 1.0110
(0.00015) | (0.00018) | (0.1016)

It is expected that W,, should be small under Hy, and large otherwise. We use the following
test criterion for a given level of significance 0 < v < 1

where ¢, (7) is such that

Reject Hy if W, > ¢,(7),

PHO(Wn > cn(’y)) =7

Clearly, ¢,(v) also depends on the true parameter values, but we do not make it explicit
here also. It is difficult to compute ¢,(7y) even asymptotically. Note that if we want to
compute ¢, (), for a given (known) A;, Ag, 5 and Sy, we can use the following simulation
technique for this purpose. It is a two stage process, first we will compute a; = Fy,(X;.,,), for

i=1,...,n, and then we will compute ¢, (7). In the first stage we generate {(z1,...,27);j =
1,..., N} iid. samples from PHEP(A;, Ay, 3, Sy). Here, N is very large. We order them as

{(x].,-,22 )5 =1,..., N}. Now we approximate a;’s as a; = i ol fori=1,...,n.

J=1
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Table 5: Average estimates and the associated mean squared errors based on
1000 replications. The baseline distribution is Weibull. Here a = 1.25, A\, = 0.1,
A =0.2 and § = 1.0.

n (e )\1 >\2 B

95 | 1.2378 | 0.1074 | 0.2217 | 1.3551
(0.0356) | (0.00032) | (0.00178) | (0.3287)
50 | 1.2454 | 01031 | 0.2165 | 1.2487
(0.0256) | (0.00019) | (0.00113) | (0.2619)
75 | 1.2478 | 0.1014 | 02119 | 1.1921
(0.0178) | (0.00013) | (0.00098) | (0.1998)
100 | 1.2501 | 0.1011 | 0.2087 | 1.1101
(0.0093) | (0.00009) | (0.00051) | (0.1315

Table 6: Average estimates and the associated mean squared errors based on
1000 replications. The baseline distribution is Weibull. Here o« = 1.5, \; = 0.4,
A2 =0.2 and g = 1.0.

n (0] /\1 >\2 ﬁ

25 | 14218 | 04123 | 02278 | 1.3217
(0.0512) | (0.00056) | (0.00047) | (0.3671)
50 | 1.4587 | 04101 | 0.2167 | 1.2541
(0.0468) | (0.00035) | (0.00029) | (0.2589)
75 | 1.4781 | 04019 | 0.2141 | 1.1317
(0.0328) | (0.00023) | (0.00018) | (0.1991)
100 | 1.4981 | 0.4004 | 02015 | 1.1127
(0.0167) | (0.00015) | (0.00011) | (0.1418)

At the second stage we can approximate ¢, (7) as follows. We generate again {(y/],...,%7):j =
1,..., M} iid. samples from PHFP(Ay, Ay, 3,S)). Here, M is very large. We order them
as {(Yl., -y )7 = 1,...,M}. We compute {(w) = max |y, —a;|);j = 1,...,M}.

1<i<n
We order {w’;j =1,..., M}. The upper y-th percentile point will be an approximation of
(7). As M — oo and N — oo, both the approximate values will converge to the true
values.

In practice we do not have the true values of \;, A9, 8 and 3. Hence, we suggest the
following simulation technique to approximate ¢, () from the given sample {z1,...,x,}.

Algorithm:

Step 1: Obtain B, Xl, Ao and HA, the MLEs of 3, A1, A\ and 6, respectively, based on
the sample {x1,...,x,}.
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Table 7: Average estimates and the associated mean squared errors based on
1000 replications. The baseline distribution is linear failure rate. Here a = 1.25,

A STATIONARY PROCESS

A =0.1, \, = 0.2 and 3 = 1.0.

n (0% )\1 )\2 6

25 1.2392 0.1101 0.2234 1.3481
(0.0348) | (0.00029) | (0.00181) | (0.3198)

20 1.2448 0.1029 0.2157 1.2501
(0.0268) | (0.00020) | (0.00117) | (0.2598)

75 1.2498 0.1016 0.2121 1.2018
(0.0169) | (0.00013) | (0.00101) | (0.1889)

100 || 1.2505 0.1014 0.2101 1.1008
(0.0101) | (0.00011) | (0.00071) | (0.1298)

Table 8: Average estimates and the associated mean squared errors based on
1000 replications. The baseline distribution is linear failure rate. Here o = 1.5,

)\1 = 04, )\2 =0.2 and ﬂ = 1.0.

n (0% /\1 )\2 6

25 1.4198 0.4117 0.2175 1.3210
(0.0499) | (0.00078) | (0.00052) | (0.3598)

50 1.4489 0.4098 0.2158 1.2482
(0.0387) | (0.00056) | (0.00041) | (0.2437)

75 1.4844 0.4023 0.2137 1.1254
(0.0316) | (0.00033) | (0.00025) | (0.1783)

100 || 1.4991 0.4011 0.2023 1.1015
(0.0178) | (0.00018) | (0.00015) | (0.1366)

Step 2: Generate a sample of size n from a PHFP(B,Xl, 5\2750(5)) and order them. Let
us denote them as (z1,...,x. ). Repeat this procedure B; + B, times, and obtain
{(Il{:n, ce 7$2:n); b= 1, ce ,Bl + BQ}

rrnin

Step 3: Obtain estimates of aq,...,a, as
1 B1+B2
~ b . .
a; = — Tims t=1,...,n.
By b=B;+1
Step 4: Compute
b b . _
w’ = g%ﬁ{\xm aly; b=1,...,B.
Step 5: Order {wy,...,wp,} as wM < ... < wP) then ¢,(y) = wB100=) j5 an

estimate of ¢, (7).
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Hence, if w,, = maxi<;<, |Tin — @i| > ¢,(7), we reject the null hypothesis with 7% level of
confidence, otherwise we accept the null hypothesis.

We have performed some small simulation experiments to see how the proposed
method works in practice. We have taken the following two case: Case 1: Hy: A\ = 0.1, A
= 0.2, § = 1.0 and the baseline is exponential. We have considered different Hy: (i) Ay =
0.1, Ay = 0.2, § = 1.0 and the baseline is Rayleigh, (ii) A\; = 0.1, A\, = 0.2, § = 1.0, and
the baseline distribution is Weibull with o = 1.25, (iii) A; = 0.1, Ay = 0.2, § = 1.0, and
the baseline distribution is linear failure rate with @ = 1.25. Case 2: Hy: Ay = 0.1, Ay =
0.2, B = 1.0, and the baseline distribution is Weibull with @ = 1.25, We have considered
different Hy: (i) Ay = 0.1, Ay = 0.2, § = 1.0 and the baseline is exponential. (ii) Ay = 0.1,
A1 = 0.2, f = 1.0 and the baseline is Rayleigh, (iii) A\; = 0.1, Ay = 0.2, § = 1.0, and the
baseline distribution is linear failure rate with o = 1.25. For both the cases, we have taken
v = 0.05. We have computed the size and the power of the proposed test, reported below
in brackets in each box, for different sample sizes based on 1000 replications. We have used
M = N = 500 to compute a;’s and ¢, (7), respectively. The results are reported in Table 9
and Table 10, respectively.

Table 9: The size and power of the goodness of fit test for Case 1. Both under
Hy and H; in all the cases \; = 0.1, A\, = 0.2, § = 1.0. Hy: So(z) = e * and H;:
(i) So(x) = e, (ii) So(x) = e="", (iii) Sp(x) = e~=125%",

n || Rayleigh | Weibull | LFR

25 | 0.059 | 0.059 | 0.059
(0.478) | (0.515) | (0.495)
50 | 0.057 | 0.057 | 0.057
(0.531) | (0.567) | (0.549)
75 | 0.053 | 0.053 | 0.053
(0.721) | (0.849) | (0.757)
100 | 0.052 | 0.052 | 0.052
(0.811) | (0.838) | (0.822)

It is observed that the proposed test works works well in practice. As the sample size
increase it is observed that it maintains the level of the test and the power also increases for
all the different alternatives.

7. Data Analysis

This data set represents the price of 1gm of 24 Carat (Kt) gold in Indian Rupees from
Dec. 01, 2020 till Jan 31, 2021 of total 62 days. The gold price data has been plotted in
Figure 1. There are 22, 29 and 10 cases such that X,, < X, 11, X, > X,,41 and X, = X1,
respectively. Some of the basic statistics are as follows: The minimum and maximum values
are 4230.02 and 4515.21, respectively. The 25th percentile, median and 75th percentile values
are 4433.57, 4486.16 and 4515.21, respectively. The augmented Dickey-Fuller test suggests
that it is from a stationary time series. The auto-correlation function (ACF) and partial
auto-correlation function (PACF) have been plotted in Figure 2. It indicates that it possesses
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Table 10: The size and power of the goodness of fit test for Case 1. Both under
Hy and H; in all the cases \; = 0.1, \, = 0.2, § = 1.0. Hy: Sp(x) = e~ and H;:
(i) So(z) = e *, (ii) So(z) = e, , (iii) So(z) = e #1257,

n || Exponential | Rayleigh | LFR
25 0.061 0.061 0.061
(0.611) (0.423) | (0.472)
50 0.056 0.056 0.056
(0.721) (0.522) | (0.538)
75 0.052 0.052 0.052
(0.831) (0.613) | (0.698)
100 0.049 0.049 0.049
(0.911) (0.745) | (0.811)

60-Day Gold Price Plot

4600

4500

Gold Price

4400

4300

I T
Day

Figure 1: (a) The plot of the gold price data.

persistent dependence.

We want to fit all the four models to this data set. First we have subtracted 4225
from all the data points. We have computed the MLEs of the unknown parameters and the
associated 95% confidence intervals, for each model based on EM algorithm as it has been
suggested in Section 4. We have also performed the goodness of fit test based on parametric
bootstrap of 500 replications, as suggested in Section 6 and the obtained the associated
p-values. The results are reported in Table 11. From the table values it is clear that the
proposed PHFP model with the baseline distribution as the Weibull provides the best fit to
the gold price data.

8. Conclusions

In this paper we have proposed a new discrete time continuous state space stationary
process with P(X,, = X,,11) > 0. It is possessing persistent dependence and the marginals
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Autocorrelation Partial Autocorrelation
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(a) (b)

Figure 2: (a) The autocorrelation function and (b) the partial autocorrelation
function of the gold price data.

can be very flexible depending on the baseline distribution. We have studied different prop-
erties of the proposed process, and we have considered in details four different baseline
distributions. We have developed an efficient EM algorithm to compute the MLEs of the
unknown parameters. We have provided an empirical goodness of fit test also. Indian gold
price data has been analyzed using this model, and it is observed that the proposed model
can be used quite effectively to analyze the gold price data of the Indian market.

Appendix A
In this Appendix, we will show how (29) can be obtained. Note that using the

notation as in Section 4, (28) can be written as

he(11,7%2De, B) = (n1+mng —1)Inv +nglny + (ny 4+ ng2) In(y +7172) —

(ng — 1) In(271 + 172) — vB8 — v(1141(So, D) + 717242(S0, D)).
(n1+ng —1)Inv+nglny + (ng +ng) Iny + (ng + n2) In(1 + 1) —
(ng — 1) Iny — (ng — 1) In(2 4+ 42) — v — vy1A2(So, D)(Ro(So, D) + 72)
(

(

ny +n2) In(1 +792) — (n3 — 1) In(2 + 72).

Hence, the argument maximum of (34) with respect to v; and 79 is same as the argument
maximum of

lo(v1,72) = (n1+n2+1)Iny; — vy A2(So, D)(Ro (S0, D) + ¥2) + (n1 + ng) In(1 + v5) —
(ng — 1) In(2 + 72). (35)
Note that the maximization of (35) can be obtained in two steps. Observe that for fixed ~s,
if 41(72) maximizes (35), then
~ ( ) . ny + No + 1
T 45(S0, D) (Ro(S0, D) + 72)

ni+ny —1)Inv—vf+ (n1 +ns + 1) Iny — vy142(S0, D)(Ro(So, D) + 12) +

(34)
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Table 11: The MLEs and the associated confidence intervals of the unknown
parameters for different models in case of gold price data. The p-values of the
corresponding goodness of fit test have been reported.

Model A1 A2 15} 0 log-lik | p-value
Exponential | 0.2314 x1072 0.7891 x10~2 0.9671 -401.121 0.005
(0.2134 x1073) | (0.4541 x1073) | (0.2019)
Rayleigh 0.9867 x10~2 1.9878 x1072 1.3878 -382.453 | 0.071

(0.4325 x1073) | (0.7531 x1072) | (0.2341)

Weibull | 1.6376 x102 | 3.03904 x10~2 | 1.6956 | 2.1518 | -324.7195 | 0.344
(0.9167 x1073) | (1.1165 x1073) | (0.4562) | (0.7545)

LFR 3.6751 x10°2 | 4.2541 x10°2 | 2.1165 | 1.9876 | -378.556 | 0.154
(1.2134 x1073) | (1.7341 x1072) | (0.7334) | (0.6874)

At the second step we obtain ~y, that maximizes ly(51(72),72). Now,

l(V1(72),72) = (n1+ng+ 1) InF1(72) — v71(72) A2(So, D) (Ro(So, D) + 72) +
(n1 +n2) In(1+72) — (n3 — 1) In(2 + )

= c¢—(ng1+na+1)In(Ro(So, D) + 12) + (n1 + n2) In(1 +12) — (ng — 1) In(2 + 72).

Here ¢ denotes the quantity which is independent of 5. To find the value of ~5 which
maximizes ly(31(72),72), we differentiate it with respect to v2 and equate it to zero. It leads

to solving
1 -1
_ ny + ng + n1+n2_n3 —0. (36)
Ro(S0,D)+72  1+7 2+
To find 9 > 0, which satisfies (36), is equivalent to find the positive root of the quadratic
equation (29).
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