
Statistics and Applications {ISSN 2454-7395 (online)}
Special Issue in Honour of Prof. V K Gupta
Volume 24, No. 2, 2026 (New Series), pp 1–22
http://www.ssca.org.in/journal

1

A Proportional Hazard Class Frailty Process2

Debasis Kundu1
3

1Department of Mathematics and Statistics4

Indian Institute of Technology Kanpur, Kanpur-208016, India5

Received: dd Month yyyy; Revised: dd Month yyyy; Accepted: dd Month yyyy6

7

Abstract8

In this paper we have proposed a new discrete time continuous state space stationary9

process. The important feature of the proposed process is that it has positive probability of10

ties of two consecutive values, although the marginal distributions are absolutely continuous.11

The motivation of this work came when we were trying to analyze the gold price data of the12

Indian market. It has been observed that there are significant amount of time when there13

are ties between the two consecutive values, although the gold price data at any particular14

time point can be treated as a continuous random variable. Further, it is observed from15

the autocorrelation function that the gold price data in Indian market possesses persistent16

dependence. In this paper we have tried to take care both these aspects. We have proposed17

a stationary process based on proportional hazard class distributions in presence of frailty.18

We have considered different baseline distributions and developed several properties of the19

proposed process. The maximum likelihood estimators cannot be obtained in explicit form,20

and we have proposed EM algorithm for this purpose. Extensive simulations have been21

performed to show the effectiveness of the proposed EM algorithm. We have provided an22

empirical goodness of test also. The analyses of the gold price data set has been performed23

and it has been observed that the proposed model fits the data set quite well.24

Key words: Marshall-Olkin bivariate exponential distribution; Marshall-Olkin bivariate25

Weibull distribution; bivariate singular distribution; bivariate copula; positive dependence,26

maximum likelihood estimators; EM algorithm.27
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1. Introduction30

In this paper we have proposed a new discrete time continuous state space stochastic31

process based on proportional hazard class distributions in presence of frailty. It is a very32

flexible process as one can choose different baseline distribution functions for the proportional33

hazard class. The important feature of the process is that it has the property P (Xn =34

Xn+1) > 0, although Xn’s are absolutely continuous random variables. The motivation of35
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this work came when we were trying to analyze the gold price data of the Indian market.36

In this case it has been observed that although Xn’s are positive valued continuous random37

variables, there is a significant number of n values for which Xn = Xn+1, which cannot be38

ignored. Further, from the autocorrelation function of the gold price data it is observed that39

it possesses persistent dependence. Hence, it is important to develop a process {Xn}, where40

Xn’s have absolutely continuous distributions with P (Xn = Xn+1) > 0 and it also possesses41

persistent dependence. This is an attempt towards that direction.42

There are several discrete time and continuous state space stochastic processes avail-43

able in the literature for more than four decades. Among the early ones, Tavares (1980)44

proposed a Markovian lag-1 stationary process where all the marginals follow exponential45

distribution. He has developed several properties of the proposed exponential process. Sim46

(1986) introduced two autoregressive processes; one is gamma process based on stochastic47

difference equation and the other one is Weibull process based on minimization approach.48

In the first case the marginals follow gamma distribution and in the second case they follow49

Weibull distribution. The author has provided efficient simulation techniques to generate50

from these processes. The autoregressive Pareto process was proposed by Yeh et al. (1988).51

It is also based on minimization approach and here the marginals have Pareto distribution.52

They have developed several properties of the proposed process and also discussed the classi-53

cal inference procedure, see also Arnold and Hallet (1989) in this respect. Following similar54

procedure as in Yeh et al. (1988), Pillai (1991) proposed autoregressive semi-Pareto process55

and provided its characterization.56

Jose et al. (2010) introduced Marshall-Olkin q-Weibull distribution, and based on the57

minification process they have developed autoregressive lag-1 process which has the above58

marginal distribution. Jayakumar and Girish Babu (2015) proposed a two-sided modified59

Weibull distribution which has support on the whole real line, and based on minimization60

approach they have developed modified Weibull process. It is a lag-1 stationary process61

and they have analyzed Bombay stock exchange data and showed that the proposed process62

provided a good fit. Arnold et al. (2026) recently proposed a power function distribution63

process based on proportional reversed hazard class distribution and using similar procedures64

as in Kundu (2024). But similar to Kundu (2024), they are all lag-1 processes. Arnold65

et al. (2026) have derived different properties of the proposed processes and provided simple66

method of moment estimators of the unknown parameters, which can be obtained quite67

conveniently. In all the above processes the marginals have absolutely continuous probability68

density functions, but P (Xn = Xn+1) = 0.69

It may be recalled that Marshall and Olkin (1967) introduced a bivariate exponen-70

tial random variable (X, Y ), where both X and Y follow exponential distributions and71

P (X = Y ) > 0. From now on we call this random variable as the Marshall-Olkin bivariate72

exponential (MOBE) random variable. The construction of the MOBE random variable is73

as follows. Suppose U1, U2 and U3 are three independent exponential random variables,74

then (X, Y ), where X = min{U1, U3} and Y = min{U2, U3}, is said to be MOBE random75

variable. Note that although U1, U2 and U3 are independent, X and Y are dependent due76

to the presence of U3. Part of the main idea of the proposed process mainly comes from77

the above construction. Here we have used more general proportional hazard class models78

and also we have used frailty as introduced by Vaupel et al. (1979), to incorporate some79

hidden dependence between X and Y . In this way we have created a stochastic process80
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which possesses persistent dependence.81

First we have introduced the process based on general proportional hazard distribu-82

tions and using frailty. We call this process as the proportional hazard class frailty (PHCF)83

process. It is a persistent dependence stationary process whose marginals have absolutely84

continuous distribution function and it has the required property P (Xn = Xn+1) > 0. We85

have considered some of the special cases of the baseline distribution namely; exponential,86

Rayleigh, Weibull and linear failure rate and discussed several properties of the proposed87

PHCF process. The maximum likelihood estimators of the unknown parameters cannot be88

obtained in explicit forms and it involves solving a higher dimensional optimization problem.89

We have proposed to use the EM algorithm, which significantly reduces the computational90

burden. Extensive simulations have been performed to show the effectiveness of the pro-91

posed EM algorithm. We have proposed some empirical goodness of fit test. Finally, we92

have analyzed the gold price data set, and it is observed that the proposed model provides93

a good fit to the data set, when the baseline distribution is Weibull.94

The rest of the paper is organized as follows. In Section 2 we have provided some95

preliminary results. The PHCF process has been introduced and several of its properties have96

been discussed in Section 3. In Section 4 we have presented the EM algorithm and simulation97

results have been provided in Section 5. The empirical goodness of fit test has been discussed98

in Section 6. In section 7 the analysis of the gold price data has been presented. Finally we99

have concluded the paper in Section 8.100

2. Some Preliminary Results101

In this manuscript we have assumed that all the univariate random variables are102

positive valued random variables and they are absolutely continuous. We will be using103

the following notations for the rest of the paper. A random variable X is said to be an104

exponential random variable with the scale parameter λ > 0, denoted by EX(λ), if X has105

the following probability density function (PDF)106

fEX(t;λ) = λe−λt; for t > 0, (1)

and 0, otherwise. It has the cumulative distribution function (CDF), survival function (SF)107

and hazard function (HF), respectively, for t > 0, as108

SEX(t;λ) = e−λt, FEX(t;λ) = 1− e−λt, hEX(t;λ) = λ. (2)

A random variable X is said to be a Weibull random variable with shape parameter α > 0109

and scale parameter λ > 0, denoted by WE(α, λ), if it has the following PDF110

fWE(t;α, λ) = αλtα−1e−λt
α ; for t > 0, (3)

and 0, otherwise. It has the cumulative distribution function (CDF), survival function (SF)111

and hazard function (HF), respectively, for t > 0, as112

SWE(t;α, λ) = e−λt
α

, FWE(t;α, λ) = 1− e−λtα , hWE(t;α, λ) = αλtα−1. (4)

A random variable X is said to have a linear failure rate (LFR) distribution with parameters113

α > 0 and β > 0, denoted by LFR(α, β), if it has the following PDF114

fLFR(t;α, β) = (α + 2βt)e−(αt+βt2); for t > 0, (5)
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and 0, otherwise. It has the cumulative distribution function (CDF), survival function (SF)115

and hazard function (HF), respectively, for t > 0, as116

SLFR(t;α, β) = e−(αt+βt2), FLFR(t;α, β) = 1− e−(αt+βt2), hLFR(t;α, β) = α + 2βt. (6)

A random variable X is said to have a gamma distribution with the shape parameter α > 0117

and the scale parameter λ > 0, denoted by GA(α, λ), if it has the PDF118

fGA(t;α, λ) = λα

Γ(α)t
α−1e−λt; for t > 0, (7)

and 0, otherwise.119

Suppose F0(t) is an absolutely continuous distribution function with the support on120

the positive real axis, and S0(t) = 1 − F0(t) is the corresponding survival function. Define121

a class of distribution function parameterized by λ > 0, which has the following survival122

function for t > 0;123

S(t;λ) = (S0(t))λ. (8)
Clearly, F (t;λ) = 1 − S(t;λ) is an absolutely continuous distribution function. It will124

be denoted by PHC(λ, S0). This is known as the PHC of distributions because if h0(t)125

is the hazard function of F0(t), then λh0(t) is the hazard function of F (t;λ). We denote126

H0(t) =
∫ t

0
h0(u)du, as the cumulative hazard function of h0(t). Note that if f0(t) denotes127

the PDF of F0(t), then the PDF of S(t;λ) is128

fPHC(t;λ, S0) = λf0(t)(S0(t))λ−1 = λh0(t)e−λH0(t). (9)

This class of distribution functions was originally introduced by Cox (1972). Note that129

several well known distribution functions belong to the PHC of distributions, for example130

exponential, Weibull, Rayleigh, generalized Pareto, Lomax, Gompertz etc. An extensive131

amount of work has been done in developing several properties of the PHC of distributions,132

see for example Cox and Oakes (1984) in this respect.133

Following similar approach as Marshall and Olkin (1967) defined the MOBE distribu-134

tion we define bivariate proportional hazard class (BPHC) distribution. Suppose U1 follows135

(∼) PHC(λ1, S0), U2 ∼ PHC(λ2, S0) and U3 ∼ PHC(λ3, S0) and they are independently dis-136

tributed, then (X, Y ), where X = min{U1, U3} and Y = min{U2, U3} is said to be BPHC137

random variable. The joint survival function of (X, Y ) can be written as138

P (X > x, Y > y) = SBPHC(x, y) =
{

(S0(x))λ1(S0(y))λ2+λ3 if x < y
(S0(x))λ1+λ3(S0(y))λ2 if x ≥ y

(10)

The joint PDF of (X, Y ) can be written as139

fBPHC(x, y) =


fPHC(x;λ1, S0)fPHC(y;λ2 + λ3, S0) if x < y
fPHC(x;λ1 + λ3, S0)fPHC(y;λ2, S0) if x > y

λ3
λ1+λ2+λ3

fPHC(z;λ1 + λ2 + λ3, S0) if x = y = z
(11)

From now on it will be denoted by BPHC(λ1, λ2, λ3, S0). It can be easily seen that

P (X < Y ) = λ1

λ1 + λ2 + λ3
, P (Y < X) = λ2

λ1 + λ2 + λ3
, P (X = Y ) = λ3

λ1 + λ2 + λ3
.
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The correlation coefficient of X and Y varies from zero to one. X and Y are independent if140

λ3 = 0 and the correlation tends to one as λ3 →∞.141

Now we will introduce the proportional hazard (gamma) frailty (PHF) model. Sup-142

pose V ∼ GA(β, β), F0(t) = 1 − S0(t) is a survival function with the corresponding PDF143

f0(t) and λ > 0. Let X be a random variable such that for t > 0,144

P (X > t|V = v) = (S0(t))λv. (12)

Then the survival function of X becomes145

SX(t;λ, β, S0) = P (X > t) = ββ

Γ(β)

∫ ∞
0

(S0(t))λvvβ−1e−vβdv = ββ

(β − λ lnS0(t))β . (13)

Hence, the corresponding PDF becomes146

fX(t;λ, β, S0) = λββ+1h0(t)
(β − λ lnS0(t))β+1 (14)

From now on it will be called PHF model and it will be denoted by PHF(λ, β, S0).147

Now we will introduce bivariate proportional hazard (gamma) frailty (BPHF) model148

based on BPHC model. Suppose V is same as defined above and (X, Y ) is a bivariate random149

variable such that {(X, Y )|V = v} ∼ BPHC(vλ1, vλ2, vλ3, S0), i.e. for x > 0 and y > 0,150

P (X > x, Y > y|V = v) =
{

(S0(x))vλ1(S0(y))v(λ2+λ3) if x < y
(S0(x))v(λ1+λ3)(S0(y))vλ2 if x ≥ y.

(15)

Hence, the joint survival function of (X, Y ) becomes151

SBPHF (x, y) = P (X > x, Y > y) =


ββ

(β−λ1 lnS0(x)−(λ2+λ3) lnS0(y))β if x < y
ββ

(β−(λ1+λ3) lnS0(x)−λ2 lnS0(y))β if x ≥ y.
(16)

The joint PDF of (X, Y ) becomes152

fBPHF (x, y) =


ββ+1(β+1)λ1(λ2+λ3)h0(x)h0(y)

(β−λ1 lnS0(x)−(λ2+λ3) lnS0(y))β+2 if x < y
ββ+1(β+1)(λ1+λ3)λ2h0(x)h0(y)

(β−(λ1+λ3) lnS0(x)−λ2 lnS0(y))β+2 if x > y
ββ+1λ3h0(z)

(β−(λ1+λ2+λ3) lnS0(z))β+1 if x = y = z

(17)

The BPHF has the following survival copula153

C(u, v) =


(

λ1
λ1+λ3

(u−1/β − 1) + v−1/β
)−β

if (λ2 + λ3)(u−1/β − 1) < (λ1 + λ3)(v−1/β − 1)(
u−1/β + λ2

λ2+λ3
(v−1/β − 1)

)−β
if (λ2 + λ3)(u−1/β − 1) > (λ1 + λ3)(v−1/β − 1)

(18)
If λ1 = λ2 and if we denote δ = λ1

λ1 + λ3
= λ2

λ2 + λ3
, then (18) becomes154

C(u, v) =


(
δ(u−1/β − 1) + v−1/β

)−β
if u > v(

u−1/β + δ(v−1/β − 1)
)−β

if u < v
(19)

Hence, different dependency properties of BPHF may be explored through copula function.155
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3. Proportional Hazard Class Frailty Process156

In this section we define the proportional hazard class frailty process and derive its157

different properties. Suppose {Un;n ≥ 1} is a sequence of identically distributed random158

variables, similarly, {Wn;n ≥ 1} is also a sequence of identically distributed random vari-159

ables. Let V be a gamma random variable with the shape and scale parameters both are160

β. It is assumed {Un|V = v} ∼ PHC(λ1v, S0) for n = 1, 2, . . ., and they are independent161

and identically distributed (i.i.d.). Similarly, {Wn|V = v} ∼ PHC(λ2v, S0) for n = 1, 2, . . .,162

and they are also i.i.d. Further, {Un|V = v;n = 1, 2, . . .} and {Wn|V = v;n = 1, 2, . . .} are163

independently distributed. . We define {Xn;n ≥ 1}, where164

Xn = min{Un, Un+1,Wn}; n = 1, 2, . . . . (20)

Then {Xn;n ≥ 1} is called as the proportional hazard (class) frailty process (PHFP)165

with parameters λ1, λ2, β and the baseline survival function S0(t). It will be denoted166

by PHFP(λ1, λ2, β, S0).167

Theorem 1: Suppose {Xn} is a PHFP(λ1, λ2, β, S0), then168

(i) {Xn} is a stationary process.169

(ii) Xn ∼ PHF(2λ1 + λ2, β, S0).170

Proof: (i) follows from the definition. To prove (ii), note that171

P (Xn > t) =
∫ ∞

0
P (Xn > t|V = v)fGA(v)dv

=
∫ ∞

0
P (Un > t|V = v)P (Un+1 > t|V = v)P (Wn > t|V = v)fGA(v)dv

=
∫ ∞

0
(S0(t))v(2λ1+λ2)fGA(v)dv

= ββ

(β − (2λ1 + λ2) lnS0(t))β .

Theorem 2: Suppose {Xn} is a PHFP(λ1, λ2, β, S0), then172

(i) The joint survival function of X1, . . . , Xn, for x1 > 0, . . . , xn > 0 is

SX1,...,Xn(x1, . . . , xn) = ββ
(
β + λ1

(
S0(x1) +

n−1∑
i=1

S0(zi) + S0(xn)
)

+ λ2

(
n∑
i=1

S0(xi)
))−β

,

here zi = max{xi, xi+1}, for i = 1, . . . , n− 1.173

(ii) min{X1, . . . , Xn} ∼ PHF((n+ 1)λ1 + nλ2, β, S0).174



2026] A STATIONARY PROCESS 7

Proof: To prove (i) note that175

P (X1 > x1, . . . , Xn > xn) = SX1,...,Xn(x1, . . . , xn)

= P

(
U1 > x1,

n−1∏
i=1
{Ui+1 > zi} , Un+1 > xn,

n∏
i=1
{Wi > xi}

)

=
∫ ∞

0
P

(
U1 > x1,

n−1∏
i=1
{Ui+1 > zi} , Un+1 > xn,

n∏
i=1
{Wi > xi} |V = v

)
fGA(v)dv

= ββ
(
β + λ1

(
S0(x1) +

n−1∑
i=1

S0(zi) + S0(xn)
)

+ λ2

(
n∑
i=1

S0(xi)
))−β

.

(ii) It mainly follows from (i) by using x1 = . . . = xn = x.176

The following results will be useful in deriving the joint PDF of X1, . . . , Xn in a177

convenient form. It might have some independent interest also.178

Theorem 3: Suppose {Xn} is a PHFP(λ1, λ2, β, S0), then179

(i) {Xn|V = v} ∼ PHC(S0, v(2λ1 + λ2)).180

(ii) {(Xn, Xn+1)|V = v} ∼ BPHC(v(λ1 + λ2), v(λ1 + λ2), vλ1).181

(iii) {Xn|V = v} and {Xn+m|V = v} are independently distributed for n ≥ 1 and m > 1.182

(iv) For any x1 > 0, . . . , xn > 0, v > 0,

P (Xn ≥ xn|Xn−1 = xn−1, . . . , X1 = x1, V = v) = P (Xn ≥ xn|Xn−1 = xn−1, V = v).

Proof: (i) mainly follows from (ii) of Theorem 1. To prove (ii) note that for x > 0, y > 0
and z = max{x, y},

P (Xn > x,Xn+1 > y|V = v) = [S0(x)]v(λ1+λ2)[S0(y)]v(λ1+λ2)[S0(z)]vλ1 .

Hence, the result follows. (iii) and (iv) follow from the definition.183

Now we will obtain the joint PDF of X1, . . . , Xn+1, and it will be used to develop the
likelihood based inference of the unknown parameters. The joint PDF of {(Xk, Xk+1)|V = v}
can be written as

fXk,Xk+1|V=v(xk, xk+1) =


fPHC(xk; v(λ1 + λ2), S0)fPHC(xk+1; v(2λ1 + λ2), S0) if xk < xk+1
fPHC(xk; v(2λ1 + λ2), S0)fPHC(xk+1; v(λ1 + λ2), S0) if xk > xk+1

λ1
(3λ1+2λ2)fPHC(zk; v(3λ1 + 2λ2), S0) if xk = xk+1 = zk

Hence, using (iv) of Theorem 3, the joint PDF of X1, . . . , Xn+1 can be written as184

fX1,...,Xn+1|V=v(x1, . . . , xn+1) = fX1|V=v(x1)fX2|X1,V=v(x2) . . . fXn+1|Xn,V=v(xn+1) (21)

=
fX1|V=v(x1)∏n

k=1 fXk,Xk+1|V=v(xk, xk+1)∏n
j=1 fXj |V=v(xj)

(22)

=
∏n
k=1 fXk,Xk+1|V=v(xk, xk+1)∏n

j=2 fXj |V=v(xj)
(23)
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for x1 > 0, . . . , xn+1 > 0, v > 0. Let us use the following notations: I = {1, . . . , n},185

I1 = {i : i ∈ I, xi < xi+1}, I2 = {i : i ∈ I, xi > xi+1}, I3 = {i : i ∈ I, xi = xi+1}, and n1, n2,186

n3 denote the number of points in I1, I2 and I3, respectively. Based on the above notations,187

n∏
k=1

fXk,Xk+1|V=v(xk, xk+1) = v2n1+2n2+n3λn3
1 (λ1 + λ2)n1+n2(2λ1 + λ2)n1+n2 ×∏

k∈I1

[S0(xk)]v(λ1+λ2)[S0(xk+1)]v(2λ1+λ2) ×
∏
k∈I2

[S0(xk)]v(2λ1+λ2)[S0(xk+1)]v(λ1+λ2) ×
∏
k∈I3

[S0(xk)]v(3λ1+2λ2) ×
∏
k∈I

h0(xk)×
∏

k∈I1∪I2

h0(xk+1)

and
n∏
j=2

fXj |V=v(xj) = vn−1(2λ1 + λ2)n−1
n∏
j=2
{[S0(xj)]v(2λ1+λ2)h0(xj)}.

Since, H0(x) = − ln(S0(x)) and if we denote D = {x1, . . . , xn+1},188

A1(S0, D) = 2
∑
k∈I1

H0(xk+1) +
∑
k∈I2

H0(xk+1) +
∑
k∈I3

H0(xk) + 2H0(x1)−
∑
k∈I1

H0(xk)

A2(S0, D) =
∑

k∈I1∪I2

H0(xk+1) +H0(x1) +
∑
k∈I3

H0(xk),

then189

fX1,...,Xn+1|V=v(x1, . . . , xn+1) = vn1+n2−1λn3
1 (λ1 + λ2)n1+n2

(2λ1 + λ2)n3−1 e−vλ1A1(S0,D)−vλ2A2(S0,D) ×

h0(x1)
∏

k∈I1∪I2

h0(xk+1). (24)

Therefore,190

fX1,...,Xn+1(x1, . . . , xn+1) =
∫ ∞
o

fX1,...,Xn+1|V=v(x1, . . . , xn+1)fGA(v; β)dv (25)

= ββ

Γ(β)
λn3

1 (λ1 + λ2)n1+n2

(2λ1 + λ2)n3−1 × h0(x1)
∏

k∈I1∪I2

h0(xk+1)×∫ ∞
0

vn1+n2+β−2e−v(β+λ1A1(S0,D)+λ2A2(S0,D))dv

= λn3
1 (λ1 + λ2)n1+n2

(2λ1 + λ2)n3−1 × Γ(n1 + n2 + β − 1)
Γ(β) × h0(x1)

∏
k∈I1∪I2

h0(xk+1)×

ββ

(β + λ1A1(S0,D) + λ2A2(S0,D))n1+n2+β−1 . (26)

It can be easily seen that

V |{X1, . . . , Xn+1} ∼ Gamma(n1 + n2 + β − 1, β + λ1A1(S0,D) + λ2A2(S0,D)),
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therefore
E(V |X1, . . . , Xn+1) = n1 + n2 + β − 1

β + λ1A1(S0,D) + λ2A2(S0,D) .

The above result will be used for implementing the EM algorithm in the next section.191

Stopping time plays an important role in any stationary time series. It has been dis-192

cussed in the literature by several authors. It has important applications in different areas193

including quality control, finance, sequential analysis, change-point detection etc. Chris-194

tensen (2012) discussed the optimal stopping time for autoregressive processes. Kundu195

(2024) provided the optimal stopping rule for a large class of stationary processes. Novikov196

and Shiryaev (2007) obtained the optimal stopping rule for stationary processes with inde-197

pendent increments. Surya (2007) discussed the optimal stopping problems driven by Levy198

processes. For some of the related works see the references cited therein.199

Suppose {Xn} is a PHFP(λ1, λ2, β, S0). Let use define the stopping time N for {Xn},
for a given L as follows:

{N = n} ⇔ {X1 > L, . . . , Xn−1 > L,Xn ≤ L}.

Since, the event {N = n} is independent of Xn+1, Xn+2, . . ., for all n ≥ 1, therefore, N is a200

stopping time for the above PHFP. Let us compute the probability mass function of N , for201

n = 1, 2, . . ..202

P (N = n) = P (X1 > L, . . . , Xn−1 > L,Xn ≤ L)
= P (X1 > L, . . . , Xn−1 > L)− P (X1 > L, . . . , Xn−1 > L,Xn > L)

=
(

1 + λ1

β
nS0(L) + λ2

β
(n− 1)S0(L)

)−β
−
(

1 + λ1

β
(n+ 1)S0(L) + λ2

β
nS0(L)

)−β
= (1 + An+B(n− 1))−β − (1 + A(n+ 1) +Bn)−β ,

where A = λ1

β
S0(L), B = λ2

β
S0(L), and it is defined that P (N = 0) = 1 − (1 + A)−β. The203

k-th moment of N exists for β > k + 1, and it is204

E(Nk) =
∞∑
n=1

P (N = n)nk

=
∞∑
n=1

nk (1 + An+B(n− 1))−β −
∞∑
n=1

nk (1 + A(n+ 1) +Bn)−β .

Using the Hurwitz zeta function ζ(s, q) =
∞∑
m=0

(m + q)−s, and if we use C = 1−B
A+B

and205

D = 1 + A

A+B
, then it can be seen that for β > 2, E(N) exits and for β > 3, E(N2) exists.206

They are as follows:207

E(N) = (A+B)−β[ζ(β − 1, D)− Cζ(β,D)− ζ (β − 1, 1 +D) +Dζ(β, 1 +D)],
E(N2) = (A+B)−β[ζ(β − 2, D)− 2Cζ(β − 1, D) + C2ζ(β,D)−

ζ(β − 2, 1 +D) + 2Dζ(β − 1, 1 +D)−D2ζ(β, 1 +D)].
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4. Inference208

In this section we discuss about the maximum likelihood estimators (MLEs) of the209

unknown parameters based on the random sample D = {x1, . . . , xn+1}. Note that the210

baseline survival function can be completely known, say for example in case of exponential,211

where S0(t) = e−t, or in case of Rayleigh, where S0(t) = e−t
2 . Otherwise, the baseline212

survival function also contains some unknown parameters, say for example in case of Weibull213

distribution where S0(t) = e−t
θ and in case of linear failure rate distribution S0(t) = e−(1+θt2).214

Therefore, if the baseline survival function is completely known then the unknown parameters215

are λ1, λ2 and β. When the baseline survival function also contains unknown parameter(s),216

say θ, where θ can be vector valued also, then the unknown parameters are λ1, λ2, β and θ.217

Let us assume that θ is of dimension p ≥ 1. We consider both the cases, when the baseline218

survival function is completely known and also when it has also some unknown parameter(s).219

4.1. Baseline is Completely Known220

In this case it is assumed that the baseline survival function S0(·) is completely known.221

Taking logarithm of the joint PDF of X1, . . . , Xn+1 as given in (26) based on the data D,222

the log-likelihood function without the additive constant can be written as223

l1(λ1, λ2, β|D) = n3 ln λ1 + (n1 + n2) ln(λ1 + λ2)− (n3 − 1) ln(2λ1 + λ2) +
ln Γ(n1 + n2 + β − 1)− ln Γ(β) + β ln β −
(n1 + n2 + β − 1) ln(β + λ1A1(S0,D) + λ2A2(S0,D)). (27)

The MLEs of λ1, λ2 and β can be obtained by maximizing (27) with respect to the unknown224

parameters. It involves solving a three dimensional optimization problem. To avoid that we225

treat this problem as a missing value problem, and we use the EM algorithm. It is observed226

that it avoids solving three dimensional optimization problem. One needs to solve only one227

dimensional optimization problem. The basic idea is to use profile likelihood method to228

compute the MLEs of λ1, λ2 and β. For a given β, first we can obtain the MLEs of λ1 and229

λ2 using EM algorithm. Then we maximize the profile log-likelihood function of β to obtain230

the MLE of β. The exact procedure is as follows.231

The complete data set in this case is Dc = (D, v). First we assume that β is known.232

Now using (24) and the PDF of the gamma distribution, based on the complete data set,233

the log-likelihood function without the additive constant becomes234

l1c(λ1, λ2|Dc, β) = (n1 + n2 − 1) ln v + n3 ln λ1 + (n1 + n2) ln(λ1 + λ2)−
(n3 − 1) ln(2λ1 + λ2)− v(β + λ1A1(S0,D) + λ2A2(S0,D)). (28)

Now we re-parameterize λ1 = γ1, λ2 = γ1 × γ2 and let us denote R(S0,D) = A1(S0D)
A2(S0,D) .235

Suppose λ̃1(v) and λ̃2(v) maximize (28) and we denote γ̃1(v) = λ̃1(v) and γ̃2(v) = λ̃2(v)
λ̃1(v)

.236

Then it can be shown (see Appendix A) that γ̃2(v) can be obtained as the positive root of237

the following quadratic equation238

−n3γ
2 +γ[R(S0,D)(n+1−2n3)−n−2]+R(S0,D)(2n−3n3 +1)−2(n1 +n2 +1) = 0. (29)
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and239

λ̃1(v) = γ̃1(v) = n1 + n2 + 1
v(A1(S0,D) + γ̃2(v)A2(S0,D)) . (30)

Based on the above observation, we propose to use the following procedure to compute the240

MLEs of λ1, λ2 and β as follows. For fixed β, we use the EM algorithm, to compute the241

MLEs of λ1 and λ2, say λ̂1(β) and λ̂2(β), respectively using Algorithm 1. Suppose at the242

k-th stage of the EM algorithm, the estimates of λ1 and λ2 are λ(k)
1 and λ

(k)
2 , respectively.243

Algorithm 1:244

Step 1: Compute γ(k)
2 as the positive root of (29). Note that it does not depend on k. Hence,245

we just need to compute it once only.246

Step 2: Compute

a(k) = n1 + n2 + β − 1
β + λ

(k)
1 A1(S0,D) + λ

(k)
2 A2(S0,D)

.

Step 3: Obtain

λ
(k+1)
1 = n1 + n2 + 1

a(k)(A1(S0,D) + γ
(k+1)
2 A2(S0,D))

and λ
(k+1)
2 = λ

(k+1)
1 × γ(k+1)

2 .

Step 4: Go back to Step 2, and the process continues until convergence.247

Once we get λ̂1(β) and λ̂2(β), we maximize l1(λ̂1(β), λ̂2(β), β|D) as in (27) with respect to248

β, to obtain the MLE of β, say β̂.249

Exponential Baseline Distribution: In this case h0(x) = 1 and H0(x) = x, for x > 0.250

Hence,251

A1(S0,D) = 2
∑
k∈I1

xk+1 +
∑
k∈I2

xk+1 +
∑
k∈I3

xk + 2x1 −
∑
k∈I1

xk

A2(S0,D) =
∑

k∈I1∪I2

xk+1 + x1 +
∑
k∈I3

xk.

Rayleigh Baseline Distribution: In this case h0(x) = 2x and H0(x) = x2, for x > 0.252

Hence,253

A1(S0,D) = 2
∑
k∈I1

x2
k+1 +

∑
k∈I2

x2
k+1 +

∑
k∈I3

x2
k + 2x2

1 −
∑
k∈I1

x2
k

A2(S0,D) =
∑

k∈I1∪I2

x2
k+1 + x2

1 +
∑
k∈I3

x2
k.
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4.2. Baseline has Unknown Parameters254

In this case it is assumed that the baseline survival function S0(·) has some unknown255

parameter(s), say for example Weibull, Pareto or Lomax distributions, where baseline dis-256

tributions have unknown parameters. In this section, we denote the baseline survival func-257

tion, hazard function, cumulative hazard function and PDF as S0(t; θ), h0(t; θ), H0(t; θ) and258

f0(t; θ), respectively. Similarly, A1(S0,D), A2(S0,D) R(S0,D) as A1(S0(θ),D), A2(S0(θ),D)259

R(S0(θ),D), respectively. Note that θ can be vector valued also. Based on the data D, the260

log-likelihood function can be written as261

l2(λ1, λ2, θ, β|D) = n3 ln λ1 + (n1 + n2) ln(λ1 + λ2)− (n1 + n3 − 1) ln(2λ1 + λ2) +
ln Γ(n1 + n2 + β − 1)− ln Γ(β) + β ln β −
(n1 + n2 + β − 1) ln(β + λ1A1(S0(θ),D) + λ2A2(S0(θ),D)). (31)

We modify the EM algorithm as follows. As before, first we fixed β. For fixed β, we262

use EM algorithm to compute the MLEs of λ1, λ2 and θ. To implement EM algorithm for263

fixed β, we re-write eqn. (28) as follows;264

l2c(λ1, λ2, θ|D, v, β) = (n1 + n2 − 1) ln v + n3 ln λ1 + (n1 + n2) ln(λ1 + λ2)−
(n3 − 1) ln(2λ1 + λ2)− v(β + λ1A1(S0(θ),D) + λ2A2(S0(θ),D)).

(32)

Now the EM algorithm proceeds as follows. Suppose at the k-th stage of the EM algorithm,265

the estimates of λ1, λ2 and θ are λ(k)
1 , λ(k)

2 and θ(k), respectively.266

Algorithm 2:267

Step 1: Compute γ(k+1)
2 as the positive root of (29) replacing S0 by S0(θ(k)).268

Step 2: Compute
a(k+1) = n1 + n2 + β − 1

β + λ
(k)
1 A1(S0(θ(k)),D) + λ(k)A2(S0(θ(k)),D)

.

Step 3: Obtain θ(k+1), by the argument maximum of g(θ), where269

g(θ) = n3 ln λ(k+1)
1 (θ) + (n1 + n2) ln(λ(k+1)

1 (θ) + λ
(k+1)
2 (θ))−

(n3 − 1) ln(2λ(k+1)
1 (θ) + λ

(k+1)
2 (θ))−

a(k+1)(β + λ
(k+1)
1 (θ)A1(S0(θ),D) + λ

(k+1)
2 (θ)A2(S0(θ),D)).

(33)

Here

λ
(k+1)
1 (θ) = n1 + n2 + 1

a(k+1)(A1(S0(θ),D) + γ
(k+1)
2 A2(S0(θ),D))

and λ
(k+1)
2 (θ) = λ

(k+1)
1 (θ)×γ(k+1)

2 (θ).

Note that (33) has been obtained from (32) by replacing v with its expectation at the270

k-th stage.271
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Step 4: Once θ(k+1) is obtained obtain λ
(k+1)
1 = λ

(k+1)
1 (θ(k+1)) and λ

(k+1)
2 = λ

(k+1)
2 (θ(k+1)).272

Step 5: Go back to Step 1, and the process continues until convergence.273

Once we get λ̂1(β), λ̂2(β) and θ̂(β), we maximize l2(λ̂1(β), λ̂2(β), θ̂(β), β|D) as in (31) with274

respect to β, to obtain the MLE of β, say β̂.275

Weibull Baseline Distribution: In this case for θ = α > 0, h0(x) = αxα−1 and H0(x) =276

xα, for x > 0. Hence,277

A1(S0(α),D) = 2
∑
k∈I1

xαk+1 +
∑
k∈I2

xαk+1 +
∑
k∈I3

xαk + 2xα1 −
∑
k∈I1

xαk

A2(S0(α),D) =
∑

k∈I1∪I2

xαk+1 +
∑
k∈I3

xαk + xα1 .

Linear Hazard Rate Baseline Distribution: In this case for θ = α, where α > 0 and278

h0(x) = 1 + 2αx and H0(x) = x+ αx2, for x > 0. Hence,279

A1(S0(α),D) = 2
∑
k∈I1

(xk+1 + αx2
k+1) +

∑
k∈I2

(xk+1 + αx2
k+1) +

∑
k∈I3

(xk + αx2
k) + 2(x1 + αx2

1)−
∑
k∈I1

(xk + αx2
k)

A2(S0(α),D) =
∑

k∈I1∪I2

(xk+1 + αx2
k+1) +

∑
k∈I3

(xk + αx2
k) + (x1 + αx2

1).

5. Simulation Results280

We have performed some simulation experiments to see how the proposed method281

works in practice for different models and for different parameter values and for different282

sample sizes. We have considered four different baseline distribution functions; (i) expo-283

nential, (ii) Rayleigh, (iii) Weibull and (iv) linear failure rate. Note that for (i) and (ii),284

the baseline distribution functions are completely known, and for (iii) and (iv), the baseline285

distribution functions have one unknown parameter. In all the cases we have taken four286

different sample sizes. In case of exponential and Rayleigh we have taken the following two287

sets of parameter values. Set 1: λ1 = 0.1, λ2 = 0.2, β = 1.0 and Set 2: λ1 = 0.4, λ2 = 0.2,288

β = 1.0. In case of Weibull and linear failure rate distributions we have taken the following289

two sets of parameters. Set 3: α = 1.25, λ1 = 0.1, λ2 = 0.2, β = 1.0 and Set 4: α = 1.5,290

λ1 = 0.4, λ2 = 0.2, β = 1.0.291

In all the cases we have computed the MLEs of the unknown parameters based on292

EM algorithm. We have started the EM algorithm with all the initial guesses as 1 for all the293

parameters. We stop the iterations whenever the relative difference between two consecutive294

log-likelihood values is less than 10−6. The results are reported in Tables 1 to 8. In all the295

cases the iterations stop within 15 iterations. Even if we start with other initial guesses, it has296

been observed that the algorithm converges to the same point, the number of iterations may297

be different. Some of the points are clear from the simulation results. The implementation298

of the proposed EM algorithm is quite simple in practice and it works quite well for both299

the cases. As the sample size increases in all the cases the biases and the mean squared300

errors (MSEs) decrease. It indicates the consistency properties of the MLEs of the unknown301

parameters.302
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Table 1: Average estimates and the associated mean squared errors based on
1000 replications. The baseline distribution is exponential. Here λ1 = 0.1 and
λ2 = 0.2 and β = 1.0.

n λ1 λ2 β

25 0.1014 0.2098 1.2121
(0.00015) (0.00031) (0.2312)

50 0.1010 0.2102 1.1889
(0.00008) (0.00022) (0.2011)

75 0.1011 0.2047 1.1453
(0.00006) (0.00017) (0.1587)

100 0.1009 0.2031 1.0298
(0.00003) (0.00011) (0.1015)

Table 2: Average estimates and the associated mean squared errors based on
1000 replications. The baseline distribution is exponential. Here λ1 = 0.4 and
λ2 = 0.2 and β = 1.0.

n λ1 λ2 β

25 0.4112 0.2047 1.2257
(0.00051) (0.00035) (0.2417)

50 0.4089 0.2098 1.1778
(0.00025) (0.00027) (0.2034)

75 0.4032 0.2055 1.1461
(0.00017) (0.00016) (0.1452)

100 0.4008 0.2022 1.0115
(0.00013) (0.00014) (0.1023)

6. Goodness of Fit Test303

In this section we have proposed an empirical goodness of test of the proposed PHFP.
The idea is similar to the idea proposed by the author in Kundu (2023). The problem
can be mathematically formulated as follows. Suppose {X1, . . . , Xn} is a sample from the
PHFP(λ1, λ2, β, S0), we want to test the following hypothesis:

H0 : {X1, . . . , Xn} ∼ PHFP(λ1, λ2, β, S0).

We denote X1:n < . . . < Xn:n as the ordered {X1, . . . , Xn} and the corresponding sample
version of {x1, . . . , xn} as {x1:n < . . . < xn:n}. We also denote a1 = EH0(X1:n) . . . , an =
EH0(Xn:n) as their ordered expected values under H0. Although, a1, . . . , an depend on θ,
β, λ1 and λ2, we do not make it explicit for brevity. We use the following statistic for the
goodness of fit test:

Wn = max
1≤i≤n

|Xi:n − ai|.



2026] A STATIONARY PROCESS 15

Table 3: Average estimates and the associated mean squared errors based on
1000 replications. The baseline distribution is Rayleigh. Here λ1 = 0.1 and
λ2 = 0.2 and β = 1.0.

n λ1 λ2 β

25 0.1017 0.2110 1.2341
(0.00018) (0.00034) (0.2298)

50 0.1015 0.2111 1.1799
(0.00010) (0.00023) (0.2101)

75 0.1013 0.2057 1.1541
(0.00008) (0.00014) (0.1498)

100 0.1004 0.2041 1.0119
(0.00006) (0.00012) (0.1017)

Table 4: Average estimates and the associated mean squared errors based on
1000 replications. The baseline distribution is Rayleigh. Here λ1 = 0.4 and
λ2 = 0.2 and β = 1.0.

n λ1 λ2 β

25 0.4222 0.2056 1.2311
(0.00058) (0.00041) (0.2398)

50 0.4101 0.2078 1.1889
(0.00031) (0.00026) (0.2067)

75 0.4057 0.2045 1.1367
(0.00021) (0.00017) (0.1387)

100 0.4008 0.2018 1.0110
(0.00015) (0.00018) (0.1016)

It is expected that Wn should be small under H0, and large otherwise. We use the following
test criterion for a given level of significance 0 < γ < 1

Reject H0 if Wn > cn(γ),

where cn(γ) is such that
PH0(Wn > cn(γ)) = γ.

Clearly, cn(γ) also depends on the true parameter values, but we do not make it explicit304

here also. It is difficult to compute cn(γ) even asymptotically. Note that if we want to305

compute cn(γ), for a given (known) λ1, λ2, β and S0, we can use the following simulation306

technique for this purpose. It is a two stage process, first we will compute ai = EH0(Xi:n), for307

i = 1, . . . , n, and then we will compute cn(γ). In the first stage we generate {(xj1, . . . , xjn); j =308

1, . . . , N} i.i.d. samples from PHFP(λ1, λ2, β, S0). Here, N is very large. We order them as309

{(xj1:n, . . . , x
j
n:n); j = 1, . . . , N}. Now we approximate ai’s as ãi = 1

N

N∑
j=1

xji:n, for i = 1, . . . , n.310
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Table 5: Average estimates and the associated mean squared errors based on
1000 replications. The baseline distribution is Weibull. Here α = 1.25, λ1 = 0.1,
λ2 = 0.2 and β = 1.0.

n α λ1 λ2 β

25 1.2378 0.1074 0.2217 1.3551
(0.0356) (0.00032) (0.00178) (0.3287)

50 1.2454 0.1031 0.2165 1.2487
(0.0256) (0.00019) (0.00113) (0.2619)

75 1.2478 0.1014 0.2119 1.1921
(0.0178) (0.00013) (0.00098) (0.1998)

100 1.2501 0.1011 0.2087 1.1101
(0.0093) (0.00009) (0.00051) (0.1315

Table 6: Average estimates and the associated mean squared errors based on
1000 replications. The baseline distribution is Weibull. Here α = 1.5, λ1 = 0.4,
λ2 = 0.2 and β = 1.0.

n α λ1 λ2 β

25 1.4218 0.4123 0.2278 1.3217
(0.0512) (0.00056) (0.00047) (0.3671)

50 1.4587 0.4101 0.2167 1.2541
(0.0468) (0.00035) (0.00029) (0.2589)

75 1.4781 0.4019 0.2141 1.1317
(0.0328) (0.00023) (0.00018) (0.1991)

100 1.4981 0.4004 0.2015 1.1127
(0.0167) (0.00015) (0.00011) (0.1418)

At the second stage we can approximate cn(γ) as follows. We generate again {(yj1, . . . , yjn); j =311

1, . . . ,M} i.i.d. samples from PHFP(λ1, λ2, β, S0). Here, M is very large. We order them312

as {(yj1:n, . . . , y
j
n:n); j = 1, . . . ,M}. We compute {(wjn = max

1≤i≤n
|yji:n − ãi|); j = 1, . . . ,M}.313

We order {wjn; j = 1, . . . ,M}. The upper γ-th percentile point will be an approximation of314

cn(γ). As M → ∞ and N → ∞, both the approximate values will converge to the true315

values.316

In practice we do not have the true values of λ1, λ2, θ and β. Hence, we suggest the317

following simulation technique to approximate cn(γ) from the given sample {x1, . . . , xn}.318

Algorithm:319

Step 1: Obtain β̂, λ̂1, λ̂2 and θ̂, the MLEs of β, λ1, λ2 and θ, respectively, based on320

the sample {x1, . . . , xn}.321
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Table 7: Average estimates and the associated mean squared errors based on
1000 replications. The baseline distribution is linear failure rate. Here α = 1.25,
λ1 = 0.1, λ2 = 0.2 and β = 1.0.

n α λ1 λ2 β

25 1.2392 0.1101 0.2234 1.3481
(0.0348) (0.00029) (0.00181) (0.3198)

50 1.2448 0.1029 0.2157 1.2501
(0.0268) (0.00020) (0.00117) (0.2598)

75 1.2498 0.1016 0.2121 1.2018
(0.0169) (0.00013) (0.00101) (0.1889)

100 1.2505 0.1014 0.2101 1.1008
(0.0101) (0.00011) (0.00071) (0.1298)

Table 8: Average estimates and the associated mean squared errors based on
1000 replications. The baseline distribution is linear failure rate. Here α = 1.5,
λ1 = 0.4, λ2 = 0.2 and β = 1.0.

n α λ1 λ2 β

25 1.4198 0.4117 0.2175 1.3210
(0.0499) (0.00078) (0.00052) (0.3598)

50 1.4489 0.4098 0.2158 1.2482
(0.0387) (0.00056) (0.00041) (0.2437)

75 1.4844 0.4023 0.2137 1.1254
(0.0316) (0.00033) (0.00025) (0.1783)

100 1.4991 0.4011 0.2023 1.1015
(0.0178) (0.00018) (0.00015) (0.1366)

• Step 2: Generate a sample of size n from a PHFP(β̂,λ̂1, λ̂2,S0(θ̂)) and order them. Let322

us denote them as (x1
1, . . . , x

1
n:n). Repeat this procedure B1 + B2 times, and obtain323

{(xb1:n, . . . , x
b
n:n); b = 1, . . . , B1 +B2}.324

• Step 3: Obtain estimates of a1, . . . , an as

âi = 1
B2

B1+B2∑
b=B1+1

xbi:n; i = 1, . . . , n.

• Step 4: Compute
wb = max

1≤i≤n
{|xbi:n − âi|}; b = 1, . . . , B1.

• Step 5: Order {w1, . . . , wB1} as w(1) < . . . < w(B1), then ĉn(γ) = w([B1100(1−γ)]) is an325

estimate of cn(γ).326
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Hence, if wn = max1≤i≤n |xi:n − âi| > ĉn(γ), we reject the null hypothesis with γ% level of327

confidence, otherwise we accept the null hypothesis.328

We have performed some small simulation experiments to see how the proposed329

method works in practice. We have taken the following two case: Case 1: H0: λ1 = 0.1, λ2330

= 0.2, β = 1.0 and the baseline is exponential. We have considered different H1: (i) λ1 =331

0.1, λ1 = 0.2, β = 1.0 and the baseline is Rayleigh, (ii) λ1 = 0.1, λ2 = 0.2, β = 1.0, and332

the baseline distribution is Weibull with α = 1.25, (iii) λ1 = 0.1, λ2 = 0.2, β = 1.0, and333

the baseline distribution is linear failure rate with α = 1.25. Case 2: H0: λ1 = 0.1, λ2 =334

0.2, β = 1.0, and the baseline distribution is Weibull with α = 1.25, We have considered335

different H1: (i) λ1 = 0.1, λ2 = 0.2, β = 1.0 and the baseline is exponential. (ii) λ1 = 0.1,336

λ1 = 0.2, β = 1.0 and the baseline is Rayleigh, (iii) λ1 = 0.1, λ2 = 0.2, β = 1.0, and the337

baseline distribution is linear failure rate with α = 1.25. For both the cases, we have taken338

γ = 0.05. We have computed the size and the power of the proposed test, reported below339

in brackets in each box, for different sample sizes based on 1000 replications. We have used340

M = N = 500 to compute ai’s and cn(γ), respectively. The results are reported in Table 9341

and Table 10, respectively.342

Table 9: The size and power of the goodness of fit test for Case 1. Both under
H0 and H1 in all the cases λ1 = 0.1, λ2 = 0.2, β = 1.0. H0: S0(x) = e−x and H1:
(i) S0(x) = e−x

2, (ii) S0(x) = e−x
1.25, (iii) S0(x) = e−x−1.25x2.

n Rayleigh Weibull LFR

25 0.059 0.059 0.059
(0.478) (0.515) (0.495)

50 0.057 0.057 0.057
(0.531) (0.567) (0.549)

75 0.053 0.053 0.053
(0.721) (0.849) (0.757)

100 0.052 0.052 0.052
(0.811) (0.838) (0.822)

It is observed that the proposed test works works well in practice. As the sample size343

increase it is observed that it maintains the level of the test and the power also increases for344

all the different alternatives.345

7. Data Analysis346

This data set represents the price of 1gm of 24 Carat (Kt) gold in Indian Rupees from347

Dec. 01, 2020 till Jan 31, 2021 of total 62 days. The gold price data has been plotted in348

Figure 1. There are 22, 29 and 10 cases such that Xn < Xn+1, Xn > Xn+1 and Xn = Xn+1,349

respectively. Some of the basic statistics are as follows: The minimum and maximum values350

are 4230.02 and 4515.21, respectively. The 25th percentile, median and 75th percentile values351

are 4433.57, 4486.16 and 4515.21, respectively. The augmented Dickey-Fuller test suggests352

that it is from a stationary time series. The auto-correlation function (ACF) and partial353

auto-correlation function (PACF) have been plotted in Figure 2. It indicates that it possesses354
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Table 10: The size and power of the goodness of fit test for Case 1. Both under
H0 and H1 in all the cases λ1 = 0.1, λ2 = 0.2, β = 1.0. H0: S0(x) = e−x

1.25 and H1:
(i) S0(x) = e−x, (ii) S0(x) = e−x

2, , (iii) S0(x) = e−x−1.25x2.

n Exponential Rayleigh LFR

25 0.061 0.061 0.061
(0.611) (0.423) (0.472)

50 0.056 0.056 0.056
(0.721) (0.522) (0.538)

75 0.052 0.052 0.052
(0.831) (0.613) (0.698)

100 0.049 0.049 0.049
(0.911) (0.745) (0.811)

Figure 1: (a) The plot of the gold price data.

persistent dependence.355

We want to fit all the four models to this data set. First we have subtracted 4225356

from all the data points. We have computed the MLEs of the unknown parameters and the357

associated 95% confidence intervals, for each model based on EM algorithm as it has been358

suggested in Section 4. We have also performed the goodness of fit test based on parametric359

bootstrap of 500 replications, as suggested in Section 6 and the obtained the associated360

p-values. The results are reported in Table 11. From the table values it is clear that the361

proposed PHFP model with the baseline distribution as the Weibull provides the best fit to362

the gold price data.363

8. Conclusions364

In this paper we have proposed a new discrete time continuous state space stationary365

process with P (Xn = Xn+1) > 0. It is possessing persistent dependence and the marginals366
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(a) (b)

Figure 2: (a) The autocorrelation function and (b) the partial autocorrelation
function of the gold price data.

can be very flexible depending on the baseline distribution. We have studied different prop-367

erties of the proposed process, and we have considered in details four different baseline368

distributions. We have developed an efficient EM algorithm to compute the MLEs of the369

unknown parameters. We have provided an empirical goodness of fit test also. Indian gold370

price data has been analyzed using this model, and it is observed that the proposed model371

can be used quite effectively to analyze the gold price data of the Indian market.372

Appendix A373

In this Appendix, we will show how (29) can be obtained. Note that using the374

notation as in Section 4, (28) can be written as375

l1c(γ1, γ2|Dc, β) = (n1 + n2 − 1) ln v + n3 ln γ1 + (n1 + n2) ln(γ1 + γ1γ2)−
(n3 − 1) ln(2γ1 + γ1γ2)− vβ − v(γ1A1(S0,D) + γ1γ2A2(S0,D)).

= (n1 + n2 − 1) ln v + n3 ln γ1 + (n1 + n2) ln γ1 + (n1 + n2) ln(1 + γ2)−
(n3 − 1) ln γ1 − (n3 − 1) ln(2 + γ2)− vβ − vγ1A2(S0,D)(R0(S0,D) + γ2)

= (n1 + n2 − 1) ln v − vβ + (n1 + n2 + 1) ln γ1 − vγ1A2(S0,D)(R0(S0,D) + γ2) +
(n1 + n2) ln(1 + γ2)− (n3 − 1) ln(2 + γ2). (34)

Hence, the argument maximum of (34) with respect to γ1 and γ2 is same as the argument376

maximum of377

l0(γ1, γ2) = (n1 + n2 + 1) ln γ1 − vγ1A2(S0,D)(R0(S0,D) + γ2) + (n1 + n2) ln(1 + γ2)−
(n3 − 1) ln(2 + γ2). (35)

Note that the maximization of (35) can be obtained in two steps. Observe that for fixed γ2,
if γ̃1(γ2) maximizes (35), then

γ̃1(γ2) = n1 + n2 + 1
vA2(S0,D)(R0(S0,D) + γ2) .
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Table 11: The MLEs and the associated confidence intervals of the unknown
parameters for different models in case of gold price data. The p-values of the
corresponding goodness of fit test have been reported.

Model λ1 λ2 β θ log-lik p-value

Exponential 0.2314 ×10−2 0.7891 ×10−2 0.9671 -401.121 0.005
(0.2134 ×10−3) (0.4541 ×10−3) (0.2019)

Rayleigh 0.9867 ×10−2 1.9878 ×10−2 1.3878 -382.453 0.071
(0.4325 ×10−3) (0.7531 ×10−3) (0.2341)

Weibull 1.6376 ×10−2 3.0394 ×10−2 1.6956 2.1518 -324.7195 0.344
(0.9167 ×10−3) (1.1165 ×10−3) (0.4562) (0.7545)

LFR 3.6751 ×10−2 4.2541 ×10−2 2.1165 1.9876 -378.556 0.154
(1.2134 ×10−3) (1.7341 ×10−3) (0.7334) (0.6874)

At the second step we obtain γ2 that maximizes l0(γ̃1(γ2), γ2). Now,378

l0(γ̃1(γ2), γ2) = (n1 + n2 + 1) ln γ̃1(γ2)− vγ̃1(γ2)A2(S0,D)(R0(S0,D) + γ2) +
(n1 + n2) ln(1 + γ2)− (n3 − 1) ln(2 + γ2)

= c− (n1 + n2 + 1) ln(R0(S0,D) + γ2) + (n1 + n2) ln(1 + γ2)− (n3 − 1) ln(2 + γ2).

Here c denotes the quantity which is independent of γ2. To find the value of γ2 which379

maximizes l0(γ̃1(γ2), γ2), we differentiate it with respect to γ2 and equate it to zero. It leads380

to solving381

− n1 + n2 + 1
R0(S0,D) + γ2

+ n1 + n2

1 + γ2
− n3 − 1

2 + γ2
= 0. (36)

To find γ2 > 0, which satisfies (36), is equivalent to find the positive root of the quadratic382

equation (29).383
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