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Abstract

The five-parameter bivariate Birnbaum-Saunders and bivariate lognormal distributions
are two models used to study positive lifetime bivariate data. These distributions exhibit
striking similarities, from the surface plot of their joint density functions to the nature of
their reliability functions and hazard gradients within certain parameter spaces. Addition-
ally, their marginal distributions share similar shapes. This paper aims to discriminate
between these two distributions. To achieve this, we use the difference between the maxi-
mized log-likelihood functions as a discrimination statistic. The asymptotic distribution of
the test statistic is derived to compute the probability of correct selection (PCS). Moreover,
we have also studied the effects of model misspecification on the mode of the marginal haz-
ard function as well as on the components of the hazard gradient. Due to the limitations
of the usual likelihood approach, we also propose a suitable modification for the decision
rule. Finally, we do a real data analysis.

Keywords: Bivariate Birnbaum Saunders distribution, bivariate lognormal distributions, Like-
lihood ratio test, asymptotic distribution, probability of correct selection, Monte Carlo simula-
tions.

1 Introduction

Kundu et al. (2010) introduced a bivariate Birnbaum–Saunders (BVBS) distribution with five
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parameters. The joint probability density function of the BVBS distribution is given by:

fBV BS(x, y; Γ) =
1

4α1α2β1β2

[(
β1
x

) 1
2

+

(
β1
x

) 3
2

][(
β2
y

) 1
2

+

(
β2
y

) 3
2

]

× exp

[
− 1

2(1− ρ21)
(u2 + v2 − 2ρ1uv)

]
, (1)
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The density surface of BV BS(α1, α2, β1, β2, ρ1) is unimodal and can take on a variety of
shapes (see Kundu et al. (2010)), making it useful for analyzing bivariate lifetime or reliability
data. Another well-known five-parameter model is the bivariate lognormal (BVLN) distribution,
whose joint probability density function is:
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Both the BVBS and BVLN distributions share the same Gaussian copula, and the latter has
been widely applied across several fields. It models the size distribution of aerosol particles and
airborne fibers (Schneider and Holst (1983), Ramachandran and Vincent (1999), Baron (2001)),
paired PSA values in prostate cancer screening (Ross et al. (2000)), and healthcare cost data
before and after interventions (Zhou et al. (2001)). It is also extensively used in insurance
modeling.
To illustrate the similarities between these two distributions, we have plotted their contour
shapes together. Figure 1 presents contour plots for representative parameter choices. In partic-
ular, Figure 1a compares BV BS(0.25, 0.25, 1, 1, 0.5) with its closest BVLN counterpart, while
Figure 1b provides a similar comparison for BV BS(0.4, 0.4, 2, 2, 0.5). Each figure presents both
distributions on the same plot to highlight their contour similarity under different parameter
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settings.

(a) BV BS(0.25, 0.25, 1, 1, 0.5) (blue)
vs BV LN(−3.40 × 10−5,−6.69 ×
10−5, 0.24, 0.24, 0.5) (red)

(b) BV BS(0.4, 0.4, 2, 2, 0.5) (blue) vs
BV LN(1.05 × 10−5, 3.14 × 10−5, 0.39, 0.39, 0.5)
(red)

Figure 1: Contour plots demonstrating the similarity between BVBS and BVLN distributions.

The parameters for the BVBS distribution were chosen arbitrarily, whereas the corresponding
BVLN parameters were determined by minimizing the two-dimensional Hellinger distance (see
Hellinger (1909)) between their probability density functions. Table 1 reports the closest BVLN
distributions obtained for selected BVBS parameter settings, along with the associated Hellinger
distances. It is evident that when both shape parameters are small (e.g., 0.25), the two distribu-
tions are nearly indistinguishable, as indicated by the very small Hellinger’s distance. However,
as the shape parameters increase, the Hellinger’s distance also increases, suggesting greater dis-
similarity between the distributions. Notably, even when only one of the shape parameters is set
to 1 (with the other held at 0.25), the Hellinger’s distance becomes larger compared to the case
where both shape parameters are small. These observations motivate the need for appropriate
model selection criterion, discussed in the subsequent sections.

BVBS Parameters Closest BVLN Parameters Hellinger Distance
(0.25, 0.25, 2, 2, 0.5) (0.69, 0.69, 0.24, 0.24, 0.50) 3.85× 10−5

(0.50, 0.50, 2, 2, 0.5) (0.69, 0.69, 0.49, 0.49, 0.50) 5.25× 10−4

(1.00, 1.00, 2, 2, 0.5) (0.69, 0.69, 0.90, 0.90, 0.50) 4.72× 10−3

(0.25, 1.00, 2, 2, 0.5) (0.69, 0.69, 0.24, 0.90, 0.50) 2.42× 10−3

Table 1: Closest Bivariate Lognormal (BVLN) distribution to a given BVBS based on Hellinger
distance.
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The problem of determining whether a given data set originates from one of multiple proba-
bility distributions has a long history. It was first addressed by Cox (1961), who explored the
consequences of incorrect model selection. Subsequent developments were made by Atkinson
(1969, 1970), Dyer (1973), and Chen (1980). Since then, the topic has evolved considerably,
with contributions such as Dey and Kundu (2009), Ahmad et al. (2017), and Raqab et al.
(2018). Recent work includes Abid and Kokonendji (2023), who investigated discrimination
between Poisson–Tweedie models; Diyali et al. (2023), who studied lognormal vs. log-logistic
discrimination under Type-II censoring; and Basu and Kundu (2023), who analyzed the Birn-
baum–Saunders vs. lognormal case under model misspecification. Other studies such as Diyali
et al. (2024) extended this to inverse Weibull and inverse Gaussian models.

Discrimination between two distributions is crucial, since the assumed model directly affects
estimates of tail probabilities, quantiles, and reliability functions—all of which are highly sen-
sitive to model choice. Several studies have explored model misspecification effects, e.g., Wiens
(1999) and Khakifirooz et al. (2020). Basu et al. (2009) demonstrated how model misspecifi-
cation impacts strength estimation in brittle materials, and Pasari (2018) examined its role in
forecasting rare events such as large Himalayan earthquakes. However, only limited work has
been done on discrimination between bivariate distributions—most notably by Dey and Kundu
(2012) and Ristić et al. (2018). A new addition in the bivariate setup has been done by Rajput
et al. (2026).

The key contributions of this paper are threefold: (i) development of asymptotic results for the
proposed discrimination criterion; (ii) introduction of a modified approach to address cases where
the conventional method fails; and (iii) investigation of the effects of model misspecification on
the mode of the marginal hazard function and on the individual components of the bivariate
hazard gradient.

The rest of the paper is organized as follows. Section 2 discusses the motivation for the study
and highlights why discrimination between the BVBS and BVLN models can be particularly
challenging. Section 3 introduces the proposed discrimination criterion and develops its asymp-
totic properties. Section 4 presents the computation of misspecified parameters along with
supporting numerical results. Section 5 describes the modified decision rule and demonstrates
its effectiveness through simulation. A real data application is provided in Section 6, and con-
cluding remarks are given in Section 7.
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2 Motivation

Despite the apparent similarity between the univariate and bivariate forms of the Birnbaum–Saunders
and lognormal distributions, there can be some serious effects of model misspecification. To
demonstrate this, we analyze a dataset from Vasey and Thayer (1987) involving 22 participants,
where electromyographic (EMG) activity from the left brow region was recorded under two con-
ditions: Stage 1 (X), exposure to relaxing music, and Stage 2 (Y ), exposure to music inducing
positive affect. Each trial lasted 90 seconds, and the response variable in both stages was the
average EMG amplitude (µV).

Subject 1 2 3 4 5 6 7 8 9 10 11
Stage 1 143 142 109 123 276 235 208 267 183 245 324
Stage 2 368 155 167 135 216 386 175 358 193 268 507
Subject 12 13 14 15 16 17 18 19 20 21 22
Stage 1 148 130 119 102 279 244 196 279 167 345 524
Stage 2 378 142 171 94 204 365 168 358 183 238 507

Table 2: Left brow EMG amplitudes from 22 subjects.

Both BVBS and BVLN models were fitted to the data via maximum likelihood estimation
(MLE), with initial values obtained from marginal fits and the sample correlation. The resulting
estimates are:

BVBS: α̂1 = 0.4255, α̂2 = 0.4623, β̂1 = 199.60, β̂2 = 235.57, ρ̂1 = 0.6925,

BVLN: µ̂1 = 5.2930, µ̂2 = 5.4609, σ̂1 = 0.4281, σ̂2 = 0.4650, ρ̂2 = 0.6896.

Marginal adequacy was assessed using Kolmogorov–Smirnov (KS) statistics:

BVBS: DX = 0.1233 (p = 0.8912), DY = 0.1827 (p = 0.4547),

BVLN: DX = 0.1189 (p = 0.9149), DY = 0.1801 (p = 0.4729),

indicating both models fit the marginals well (see Figure 2). However, marginal fit alone does
not ensure joint adequacy, which is the main motivation for this study.

To assess joint fit, we applied transformations that should yield bivariate normality if the
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(a) Stage 1 (relaxing music). (b) Stage 2 (positive affect).

Figure 2: Marginal survival functions under fitted BVBS and BVLN models.

assumed model is correct:
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BVLN: g1(x) = log(x), g2(y) = log(y).

Both transformed datasets passed Mardia’s skewness and kurtosis tests, and Royston’s multi-
variate Shapiro–Wilk test (p values are obtained in Table 3), again suggesting that both models
describe the data well at the joint level.

Model Skewness Kurtosis Shapiro–Wilk
BVBS 0.769 0.228 0.645
BVLN 0.778 0.211 0.643

Table 3: Bivariate normality test p-values for transformed data.

Despite these similarities, the models yield substantially different estimates for reliability-
related quantities. Figure 3 compares the fitted hazard functions for each marginal under the
two model assumptions. Although both models fit well marginally, substantial differences appear
in the estimated modes of the hazard functions (see Table 4) Identifying the mode of the hazard
function is often important in survival studies, where it indicates the most critical period for
intervention (Gupta et al. (1997)).
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(a) Stage 1 data. (b) Stage 2 data.

Figure 3: Comparison of fitted hazard functions under BVBS and BVLN models.

Model Stage 1 Stage 2

BVBS 1474.54 (722.65, 2488.76) 1369.26 (662.89, 2887.48)
BVLN 389.98 (299.96, 496.11) 437.20 (325.78, 583.52)

Table 4: Estimated modes of marginal hazard functions with 95% confidence intervals.

Simulation experiments further confirm this discrepancy. When data are generated from
BV BS(α, α, 1, 1, 0.5) but incorrectly modeled as BVLN, the estimated mode of the marginal
hazard differs substantially (see Supplementary Tables S1–S2). To understand the multivariate
impact of misspecification, we also examine the bivariate hazard gradient (Johnson and Kotz
(1975)) defined as:

h(x1, x2) =
(
h1(x1, x2), h2(x1, x2)

)
, hi(x1, x2) = − ∂

∂xi
lnR(x1, x2), (3)

where R(x1, x2) is the bivariate survival function. Comparing the components of h(x1, x2) under
correct and misspecified models reveals significant differences—for instance, h1BVBS(2500, 200) =

0.0140 versus h1BVLN(2500, 200) = 0.0056, and h2BVBS(2.5, 0.2) = 0.006 versus h2BVLN(2.5, 0.2) =

0.003. These analyses underscore that even when BVBS and BVLN appear similar in shape or
marginal behavior, their inferential and reliability implications can differ sharply (see Supple-
mentary Tables S3–S6). Hence, it is crucial to make appropriate model selection.

7



3 Discrimination criteria and some asymptotic properties

In this section, we first describe the discrimination criterion used to solve the discrimination
problem. We then develop its asymptotic distribution, which will help us calculate the proba-
bility of correct selection.

3.1 Discrimination criteria

Let (x, y) = {(x1, y1), (x2, y2) . . . (xn, yn)} be the random sample. We will develop discrimination
procedure on basis of this random sample in this section. We will use the following notations
throughout this paper. We will be denoting the set of parameters associated with BVBS as
Γ = (α1, α2, β1, β2, ρ1) and with that of BVLN as Σ = (µ1, µ2, σ1, σ2, ρ2) It is assumed that the
data has been obtained from one of the two bivariate distributions: BV BS(Γ) or BV LN(Σ).
Based on the observed sample, let the corresponding log-likelihood function for BVBS and
BVLN be denoted by LBV BS(Γ|x, y) and LBV LN(Σ|x, y), respectively. If Γ̂ = (α̂1, α̂2, β̂1, β̂2, ρ̂1)

and Σ̂ = (µ̂1, µ̂2, σ̂1, σ̂2, ρ̂2) denote the corresponding ML-estimators, then the discrimination
procedure is as follows: Choose:
a) BVBS if LBV BS(Γ̂|x, y) > LBV LN(Σ̂|x, y)
b)BVLN if LBV LN(Σ̂|x, y) > LBV BS(Γ̂|x, y)

Let T = LBV BS(Γ̂|x, y)−LBV LN(Σ̂|x, y). T is the difference of maximized log-likelihood and
it will be our statistic used for discrimination criterion. This approach was used by Gupta et al.
(2002) to discriminate between two overlapping families of distributions. The concept was ini-
tially introduced by Cox (1961, 1962) for discriminating between distinct models. Subsequently,
Dumonceaux et al. (1973) applied this method to discriminate among various distributions.
Bain and Engelhardt (1980) later employed this technique to discriminate between Weibull and
gamma distributions. If the data comes from BV BS(Γ0) then probability of correct selection is
given as: PCSBV BS = P (T > 0|Γ0) Similarly, if the data comes from BV LN(Σ0) then PCS is
given as: PCSBV LN = P (T < 0|Σ0)

3.2 Asymptotic Distribution

In this section, we use the following notations. Let U = (X,Y ) follow BV BS(Γ0) where Γ0 =

(α0
1, α

0
2, β

0
1 , β

0
2 , ρ

0
1). Then for any functions, f1(U) and f2(U), EBV BS(f1(U)|Γ0), VBV BS(f1(U)|Γ0)

and CovBV BS(f2(U), f1(U)|Γ0) will denote the mean of f1(U), the variance of f1(U), and the
covariance between f1(U) and f2(U), respectively. Similarly, if U = (X, Y ) follow BV LN(Σ0),
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where Σ0 = (µ0
1, µ

0
2, σ

0
1, σ

0
2, ρ

0
2) then , for any functions f1(U) and f2(U), we define EBV LN(f1(U)|Σ0),

VBV LN(f1(U)|Σ0) & CovBV LN(f2(U), f1(U)|Σ0) as the mean of f1(U), the variance of f1(U), and
the covariance between f1(U) and f2(U), respectively. Any function ϕ1(fBV BS(X, Y ; Γ)) denotes
a function of joint PDF of BVBS for arbitrary parameter set Γ = (α1, α2, β1, β2, ρ1). Similarly,
any function ϕ2(fBV LN(X, Y ; Σ)) denotes a function of joint PDF of BVLN for arbitrary pa-
rameters Σ = (µ1, µ2, σ1, σ2, ρ2). We have the following two main results:

Theorem 3.1 If the data comes from BV BS(Γ0) then T is asymptotically normally distributed
with mean EBV BS(T |Γ0) and variance VBV BS(T |Γ0).

To prove the above theorem we need the following lemma :

Lemma 3.1 If the data comes from BV BS(Γ0) we have the following results as n→ ∞ :

a)Γ̂ → Γ0 a.s. where

EBV BS(ln(fBV BS(X, Y ; Γ0))) = max
Γ

EBV BS(ln(fBV BS(X, Y ; Γ)))

b)Σ̂ → Σ̃ a.s. where

EBV BS(ln(fBV LN(X, Y ; Σ̃))) = max
Σ

EBV BS(ln(fBV LN(X, Y ; Σ)))

c)Let us define

T ⋆ = LBV BS(Γ
0)− LBV LN(Σ̃)

then 1√
n
(T − EBV BS(T |Γ0)) is asymptotically equivalent to 1√

n
(T ⋆ − EBV BS(T

⋆)).

Proof of Lemma 3.1: See in appendix
Proof of Theorem 3.1: Using Central limit theorem and part (b) of Lemma 3.1, it follows

that 1√
n
(T ⋆ − EBV BS(T

⋆)) is asymptotically normally distributed. Therefore, using part (c) of
Lemma 3.1, the result follows immediately.

Similarly, we can establish the asymptotic distribution of T when data is coming from
BV LN(Σ0). In this case as well, T is asymptotically normally distributed with mean EBV LN(T |Σ0)

and variance VBV LN(T |Σ0). The detailed theorem and its proof are available with the authors
and can be provided upon request.
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4 Numerical Results

In this section, we perform Monte Carlo (MC) simulations to estimate the Probability of Correct
Selection (PCS) and to evaluate the performance of the asymptotic results under varying sample
sizes and parameter settings for both distributions. Each experiment is replicated 10,000 times,
and PCS is computed as the proportion of correct model selections across all replications.

For the derivation of asymptotic properties of the test statistic T , we require the misspec-
ified parameter estimates under both competing models. These parameters are obtained by
maximizing the expected log-likelihood of one model when the data are generated from the
other.

To compute Σ̃, we maximize

EBV BS

[
ln fBV LN(X, Y ; Σ)

]
with respect to Σ for fixed Γ0. Let

ψ(µ1, µ2, σ1, σ2, ρ2) = − ln(σ1)− ln(σ2)− EBV BS[ln(XY )]− 1
2
ln
√
1− ρ22 − 1

2(1−ρ22)
EBV BS(Q).

(4)

Since ψ has no closed form, numerical maximization was carried out using the Nelder–Mead
algorithm via the optim() function in R, with MLEs from the true BVBS model used as initial
values. Convergence was based on relative function changes with reltol = 1e–8.

Similarly, to obtain the misspecified parameters Γ̃, we maximize

EBV LN

[
ln fBV BS(X, Y ; Γ)

]
with respect to Γ for fixed Σ0, where

ϕ(α1, α2, β1, β2, ρ1) = − ln(α1α2β1β2)− 1
2
ln(1− ρ21) + EBV LN

[
ln
(√

β1

X
+
(
X
β1

)3/2)]
+ EBV LN

[
ln
(√

β2

Y
+
(
Y
β2

)3/2)]− 1
2(1−ρ21)

EBV BS(u
2 + v2 − 2ρ1uv). (5)

As closed-form MLEs are unavailable for the BVBS model, initial values were obtained via a grid
search (step size = 0.001), and optimization was performed using the same numerical procedure
as above.
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4.1 Case 1 : Parent distribution is BVBS

Now we provide values of PCS for given case using first Monte Carlo(MC) simulations and
secondly, using asymptotic results discussed in previous sections. In this particular case, we
consider four sets of parameters: Set 1: (0.25, 0.25, 2, 2, 0.5), Set 2: (0.5, 0.5, 2, 2, 0.5), Set 3:
(1, 1, 2, 2, 0.5), and Set 4: (2, 2, 2, 2, 0.5). For each parameter set and various sample sizes, we
generate a sample from BVBS distribution. The reason for fixing equal parameter values with
ρ = 0.5 is that the correlation coefficient has a negligible effect on the value of PCS, except when
it approaches extreme values (towards ±0.99). We also examined the effect of the correlation
coefficient by fixing the other parameters and varying ρ. This observation is further illustrated
in see Supplementary Table S8 and S10.

Next, we estimate the maximum likelihood estimates (MLEs) of the unknown parameters
and compute the corresponding log-likelihood values, assuming that the data follows either the
BVBS or BVLN distribution. True parameter values were used as initial guesses for computing
MLE’s. Based on the maximized log-likelihood values, we make a decision regarding whether
the appropriate distribution has been chosen or not. To assess the performance of our approach,
we repeat this process 10,000 times and calculate the proportion of correct selections. This
provides an indication of how accurately the correct distribution is identified under different
parameter sets and sample sizes. Further, in addition to the PCS values obtained via Monte
Carlo simulation and those based on asymptotic results, we also computed the PCS using the
parametric bootstrap approach. The corresponding findings are summarized in Table 5. (for
different sample size, n = 20, 50, 80, 100, 250, 500). As we see, when α > 1, the PCS is high and
the method for discrimination criteria is working upto expectation. Furthermore, the PCS values
obtained through Monte Carlo simulation and those obtained via the parametric bootstrap are
largely consistent with each other. Additionally, for sample sizes n ≥ 80, the PCS values based
on asymptotic approximations also exhibit close correspondence with those obtained from Monte
Carlo simulation and parametric bootstrap.

However, for the case when α < 1 the results so obtained are quite counter intuitive. The
behavior of PCS as the sample size increases is quite abrupt. The discrimination method under
consideration does not perform well for the range of shape parameters where α < 1. This
phenomenon can be partially explained by the findings reported in Table 1, which show that the
similarity between the two distributions is very high when the shape parameters are less than 1.
As a result, the method fails and yields counter-intuitive results with increasing sample size. A
similar behavior for this range of shape parameters was also reported in the work of Basu and
Kundu (2023), where the authors studied discrimination between the Birnbaum–Saunders and
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lognormal distributions. This highlights the interesting nature of the problem, as conventional
methods struggle to discriminate effectively within this range of shape parameters.

α Method n = 20 n = 50 n = 80 n = 100 n = 250 n = 500

0.25
MC 0.757 0.677 0.664 0.642 0.626 0.622

Parametric Bootstrap 0.743 0.662 0.655 0.628 0.615 0.610
Asymptotic (0.510) (0.516) (0.520) (0.523) (0.536) (0.552)

0.50
MC 0.782 0.735 0.723 0.702 0.771 0.823

Parametric Bootstrap 0.767 0.722 0.710 0.684 0.759 0.809
Asymptotic (0.559) (0.594) (0.618) (0.631) (0.702) (0.774)

1
MC 0.849 0.844 0.871 0.889 0.957 0.988

Parametric Bootstrap 0.833 0.829 0.857 0.873 0.947 0.981
Asymptotic (0.679) (0.770) (0.825) (0.852) (0.950) (0.990)

2
MC 0.933 0.968 0.993 0.999 1.000 1.000

Parametric Bootstrap 0.920 0.954 0.987 0.998 1.000 1.000
Asymptotic (0.859) (0.953) (0.983) (0.991) (1.000) (1.000)

Table 5: Probability of Correct Selection (PCS) based on Monte Carlo simulations, parametric
bootstrap, and asymptotic approximation for data from BV BS(α, α, 2, 2, 0.5).

We further looked at PCS values when both the shape parameters are unequal. (results are
presented in Supplementary Table S7)

We can see that when both the shape parameters are < 1, then the method is not working
in a desired manner, whereas, even if one parameters ≥ 1, then the nature of PCS with sample
size is acting in an expected manner. We also observed the effect of correlation coefficient for a
fixed value of rest of the parameters.We computed PCS for varying values of ρ1 when X follows
BV BS(0.5, 1, 2, 2, ρ) and the results are presented in see Supplementary Table S8.

We can see that as the value of ρ1 is moved to extremes then the PCS for initial sample sizes
is fairly lower than that of when compared to middle range of ρ1.

The PCS obtained using the asymptotic distribution for a negative correlation value is ap-
proximately the same as that for the corresponding positive correlation. This observation
can be explained by the similarity in the values of the misspecified parameters when the
data is generated from BV BS(0.5, 1, 2, 2, 0.75) and BV BS(0.5, 1, 2, 2,−0.75). Specifically, the
misspecified parameter values are (0.69, 0.69, 0.48, 0.91, 0.74) for the positive correlation and
(0.68, 0.69, 0.49, 0.90,−0.74) for the negative correlation. Consequently, the asymptotic mean
and variance for both cases are nearly identical, with an asymptotic mean of 0.0102 and an
asymptotic variance of 0.0151. This leads to similar PCS values. A consistent pattern was
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observed for other pairs of positive and corresponding negative correlations as well.

4.2 Case 2 : Parent distribution is BVLN

Similarly, when sample is drawn from BVLN(µ1 = µ2 = 0, σ2
1 = σ2

2 = σ2, ρ = 0.5) the PCS so
obtained(for different sample size,n = 20, 50, 80, 100, 250, 500) is given in Table 6.

In this case there is no counter intuitive results so obtained, yet the PCS is very low for
entire parameter space at smaller sample size. The asymptotic correspondence is met for signif-
icantly larger sample size and as σ2 increases the sample size needed to meet asymptotic results
decreases(something similar was observed in case of BVBS).

σ2 Method n = 20 n = 50 n = 80 n = 100 n = 250 n = 500

0.25
MC 0.258 0.415 0.476 0.512 0.635 0.734

Parametric Bootstrap 0.246 0.398 0.462 0.498 0.623 0.721
Asymptotic (0.561) (0.596) (0.621) (0.634) (0.707) (0.779)

0.50
MC 0.316 0.490 0.576 0.628 0.792 0.921

Parametric Bootstrap 0.302 0.472 0.559 0.610 0.779 0.908
Asymptotic (0.606) (0.665) (0.705) (0.726) (0.829) (0.911)

1
MC 0.382 0.621 0.742 0.789 0.944 0.994

Parametric Bootstrap 0.368 0.605 0.728 0.774 0.934 0.988
Asymptotic (0.664) (0.749) (0.802) (0.828) (0.933) (0.983)

2
MC 0.492 0.797 0.894 0.941 0.998 1.000

Parametric Bootstrap 0.475 0.785 0.883 0.930 0.996 0.999
Asymptotic (0.711) (0.811) (0.868) (0.894) (0.975) (0.997)

Table 6: Probability of Correct Selection (PCS) based on Monte Carlo simulations, parametric
bootstrap, and asymptotic approximation when data is coming from BV LN(0, 0, σ, σ, 0.5).

We also obtained results when σ1 ̸= σ2 in Supplementary Table S9. Something similar could
be concluded in this case as well. When even one scale parameter is ≥ 1,the PCS increases.
Yet, for initial sample sizes the PCS ≤ 0.50 and this is a serious issue to be resolved.

Effect of ρ for the case X follows BV LN(0, 0, 0.5, 0.5, ρ) are presented in Supplementary
Table S10. Unlike the case of BVBS, we see that as value of ρ is moved to extremes, the PCS
is fairly high when compared to that of mid range values of ρ.
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5 Modified Method

As discussed earlier, the usual method based on the ratio of maximized log-likelihoods does not
perform well in certain parameter ranges, particularly when shape parameters are less than one.
To address these shortcomings, we propose a modified decision criterion that ensures better
decision where the usual method fails.

5.1 Motivation for the Modified Method

The usual approach generally performs well when the shape parameters are greater than one.
However, in the case of BVBS, when α < 1, the PCS behaves counterintuitively. On the other
hand, if at least one shape parameter is ≥ 1, the method functions as expected. Similarly, in
the case of BVLN, the PCS falls below 0.5 for small sample sizes when σ2 < 2.

These issues indicate that the standard method does not effectively discriminate between
the two distributions in certain parameter ranges. To address this, we require an alternative
criterion that:

1. Ensures PCS increases with sample size.

2. Guarantees PCS is at least 0.5, as otherwise, a random guess (e.g., a fair coin toss) would
be equally effective.

To illustrate the need for modification, we consider the case where data is generated from
BV BS(0.25, 0.25, 2, 2, 0.5). The histogram of the relevant statistic T is plotted and compared
with the closest matching BVLN distribution (see Figure 4). This suggests that the problem
reduces to distinguishing between two overlapping normal distributions with the same variance,
say N(µ∗

1, σ
∗2) vs. N(µ∗

2, σ
∗2).

Given an observed sample T ∗, the optimal decision criterion should be of the form T > C,
where C minimizes the total probability of misclassification while ensuring PCS remains at least
0.5. The total misclassification probability is given by:

1− Φ

(
C − µ∗

2

σ∗

)
+ Φ

(
C − µ∗

1

σ∗

)
.

Minimizing this expression leads to the choice of cutoff:

C =
µ∗
1 + µ∗

2

2
.
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(a) n = 500 (b) n = 1000

Figure 4: Plot of T when data is coming from BV BS(0.5, 0.5, 2, 2, 0.5) vs when data is coming
from closest BVLN.

5.2 Algorithm for Modified Method

Suppose we have a random sample of size n, {(x1, y1), (x2, y2), (x3, y3) . . . (xn, yn)} either from
BV BS(α1, α2, β1, β2, ρ) or BV LN(µ1, µ2, σ1, σ2, ρ) and we have to choose the parent distribu-
tion.We will be using the following notations before we move on to the algorithm for modified
method: limn→∞

EBV BS(T |Γ0)
n

= µ∗
1 and limn→∞

VBV BS(T |Γ0)
n

= σ∗2.Similarly,limn→∞
EBV LN (T |Σ0)

n
=

µ∗
2 and limn→∞

VBV LN (T |Σ0)
n

= σ∗2

Thus, we provide the algorithm for modified method below:

• Step 1: Fit both the distributions to the given sample and find respective MLEs say
α̂1, α̂2, β̂1, β̂2, ρ̂1 (denote it as Γ̂) and µ̂1, µ̂2, σ̂1, σ̂2, , ρ̂2 (denote it as Σ̂).

• Step 2: Find value of statistic T (say T ∗).

• Step 3: Further simulate a sample of size n from fitted distribution BV BS(Γ̂) and calculate
the statistic T (say T11).

• Step 4: To obtain the estimate of µ1 , repeat step 3 for some k times( 1000 iterations) to
obtain (T11, T12, T13...T1k).

• Step 5: Based on T11, T12, T13...T1k, obtain estimate of µ∗
1 (denote it as µ̂∗

1 ).

• Step 6: Repeat Step 3 to Step 5, replacing BV BS(Γ̂) to BV LN(Σ̂) and obtain µ̂∗
2.
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• Step 7:Choose Cut-off point as : C =
µ̂∗
1+µ̂∗

2

2
.

• Step 8: Choose BVBS IF T ∗ > C, else, we choose BVLN.

5.3 Simulation Results:

Based on the algorithm provided in previous section, we present the PCS obtained using MC
simulation under choice of both the distribution as parent distribution. First, we provide
PCS so obtained for varying sample sizes and different values of α when data is coming from
BV BS(α, α, 2, 2, 0.5) in Table 7.

α Method n = 25 n = 50 n = 75 n = 100 n = 200 n = 500

0.25
MC Simulation 0.524 0.548 0.553 0.557 0.562 0.571

Parametric Bootstrap 0.512 0.538 0.547 0.552 0.560 0.569

0.50
MC Simulation 0.598 0.633 0.657 0.672 0.708 0.788

Parametric Bootstrap 0.585 0.620 0.643 0.660 0.700 0.778

0.75
MC Simulation 0.633 0.726 0.762 0.784 0.857 0.956

Parametric Bootstrap 0.620 0.710 0.748 0.770 0.845 0.948

Table 7: PCS based on Monte Carlo (MC) simulations and parametric bootstrap using the
modified method when data is coming from BV BS(α, α, 2, 2, 0.5).

Next, we provide PCS so obtained for varying sample sizes and different values of σ2 when
data is coming from BV LN(0, 0, σ, σ, 0.5) in Table 8.

σ2 Method n = 25 n = 50 n = 75 n = 100 n = 200 n = 500

0.25
MC Simulation 0.503 0.519 0.521 0.576 0.612 0.733

Parametric Bootstrap 0.503 0.510 0.518 0.565 0.603 0.725

0.50
MC Simulation 0.526 0.613 0.619 0.669 0.722 0.855

Parametric Bootstrap 0.515 0.600 0.610 0.658 0.712 0.847

0.75
MC Simulation 0.567 0.638 0.669 0.712 0.842 0.946

Parametric Bootstrap 0.555 0.625 0.658 0.700 0.832 0.940

Table 8: PCS based on Monte Carlo (MC) simulations and parametric bootstrap using the
modified method when data is coming from BV LN(0, 0, σ, σ, 0.5).

As discussed in previous subsections, the standard method based on the maximized log-
likelihood fails when the data is generated from BV BS(α, α, 2, 2, 0.5) with α < 1 or from
BV LN(0, 0, σ, σ, 0.5) with σ2 < 1, as found in Tables 5 and 6. However, as shown in Tables 7
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Figure 5: Histogram of bootstrap sample of the discrimination statistic.

and 8, the modified method successfully addresses these shortcomings within the problematic
parameter space. The proposed modification performs well even for small sample sizes, ensuring
that the probability of correct selection remains at least 0.5 in both cases without producing
the counterintuitive results observed with the usual method.

We further examined the effect of correlation coefficient for modified approach as well and
the findings are reported Supplementary Table S11 and S12, From Table S11, we observe that
for a fixed sample size, the PCS is slightly lower when ρ is near the extremes (±0.99) for the
BVBS model. Conversely, in Table S12, the PCS tends to be slightly higher at these extreme ρ
values for the BVLN model, with a similar pattern of PCS increasing as sample size grows. For
other values of ρ, the PCS remains relatively similar for both models.

6 Real data analysis

Revisiting the dataset discussed in Section 1, we now determine the more appropriate distribu-
tion using our proposed decision criterion. The MLEs for respective distribution were as follows:
For the BVBS distribution:

α̂1 = 0.4255, α̂2 = 0.4623, β̂1 = 199.6003, β̂2 = 235.5726, ρ̂1 = 0.6925.

For the BVLN distribution:

µ̂1 = 5.2930, µ̂2 = 5.4609, σ̂1 = 0.4281, σ̂2 = 0.4650, ρ̂2 = 0.6896.
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Since all estimated parameters α1, α2, σ1, and σ2 are all less than 1, we apply the modified
decision rule for model selection. The computed test statistic is

T ∗ = LBV BS(Γ̂ | x, y)− LBV LN(Σ̂ | x, y) = 0.3512,

with a cutoff value of C = 0.0981. Since T ∗ > C, we select the BVBS distribution as the
preferred model.

To evaluate the probability of correct selection in this scenario, we conduct a parametric
bootstrap analysis. The histogram of the bootstrap sample for the discrimination statistic is
presented in Figure 5. Based on 1, 000 bootstrap replications, it is observed that the probability
of correct selection is 0.611.

7 Conclusions

In this paper, we have addressed the classical problem of model discrimination between two non-
nested distributions, specifically the five-parameter bivariate Birnbaum-Saunders and bivariate
lognormal distributions. We employed the traditional likelihood ratio approach to discriminate
between these distributions and observed that, for certain ranges of shape parameters, discrim-
ination becomes challenging. To overcome this issue, we proposed a modified likelihood ratio
method, which demonstrates improved performance.

Additionally, we explored the effects of model misspecification on the mode of the hazard
gradient of the respective marginals, as well as on both components of the bivariate hazard gra-
dient. If prior information is available, a Bayesian approach could be employed to discriminate
between these distributions. Furthermore, this work may be extended for censored observations.
Further exploration in higher dimensions and censored settings remains a promising direction
for future research.
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Appendix:

Proof of Lemma 3.1(a):

From Strong law of large number, we have:

− 1

n

n∑
i=1

logfBV BS(xi, yi; Γ̄) → −EBV BS(logfBV BS(X, Y ; Γ̄)) wp 1

Also, −EBV BS(logfBV BS(X, Y ; Γ̄)) has a minimum at true value ie: Γ0 = (α0
1, α

0
2, β

0
1 , β

0
2 , ρ

0
1)

which are identifiably unique.
Moreover,

− 1

n

n∑
i=1

logfBV BS(xi, yi; Γ̂) = inf
Γ̄∈Θ

− 1

n

n∑
i=1

logfBV BS(xi, yi; Γ̄)

Using Lemma 2.2 of White (1980), we have, Γ̂ → Γ0 a.s.

Proof of Lemma 3.1(b):

Using similar flow of logic as used in Lemma 3.1(a), proof of Lemma 3.1(b) can be established.

Proof of Lemma 3.1(c):

Now for proving statement of Lemma 3.1(c), we need to show that :

1√
n
[T − EBV BS(T |Γ0)− T ∗ + EBV BS(T

∗)]
P−→ 0

In order to do so let us focus on the establishment of the statement:

1√
n
[T − T ∗]

P−→ 0

followed by proving :

EBV BS

(
1√
n
[T − T ∗]

)
−→ 0
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Before that let: h(Xi, Yi;χ) = logfBV BS(Xi, Yi; Γ)− logfBV LN(Xi, Yi; Σ) where
χ = (α1, α2, β1, β2, ρ1, µ1, µ2, σ1, σ2, ρ2) = (χ1, χ2, χ3, χ4, χ5, χ6, χ7, χ8, χ9, χ10)

Now consider,

1√
n
[T − T ∗] =

√
n

[
1

n

n∑
i=1

[h(Xi, Yi; χ̂)− h(Xi, Yi; χ̃)]

]

=
10∑
j=1

[
1

n

n∑
i=1

h
′

j(Xi, Yi; χ̃j)

]√
n(χ̂j − χ̃j) + op(1)

where h′
j(.) =

∂h(.)
∂χj

.Here χ̂ = (α̂1, α̂2, β̂1, β̂2, ρ̂1, µ̂1, µ̂2, σ̂1, σ̂2, ρ̂2) and
χ̃ = (α0

1, α
0
2, β

0
1 , β

0
2 , ρ

0
1, µ̃1, µ̃2, σ̃1, σ̃2, ρ̃2).χ̂j is the j-th component of χ̂ and χ̃j is the j-th

component of χ̃ for j = 1(1)10. Thus,using WLLN, we have:

1

n

n∑
i=1

h
′

j(Xi, Yi; χ̃j)
P−→ EBV BS(h

′

j(X, Y ;χ))

∣∣∣∣
χ=χ̃

(6)

EBV BS(h
′

j(X, Y ;χ))

∣∣∣∣
χ=χ̃

=

[ ∫ ∞

0

∫ ∞

0

∂

∂χj

log

(
fBV BS(x, y; Γ)

fBV LN(x, y; Σ)

)
fBV BS(x, y; Γ

0) dx dy

]∣∣∣∣
χ=χ̃

(7)

Now for first component of χ Equation (10) being the expectation of score function is 0, under
usual regularity conditions that allow us to interchange the operations of integration and dif-
ferentiation. For last five components, after interchanging integration and differentiation using
dominated convergence theorem (DCT), we have:

∂

∂Σk

EBV BS(logfBV LN(X,Y,Σ)

∣∣∣∣
χ=χ̃

= 0

where Σk is k-th component of Σ = (µ1, µ2, σ1, σ2, ρ2) Therefore,

EBV BS(h
′

j(X, Y ;χ))

∣∣∣∣
χ=χ̃

= 0 (8)

Using above results and the fact that
√
n(χ̂j − χ̃j) converges to a normal distribution with zero
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mean and some finite variance(using theorem 3.2 of White (1982)), we have

1√
n
[T − T ∗]

P−→ 0

Now,

EBV BS

(
1√
n
[T − T ∗]

)
= EBV BS

1√
n

n∑
i=1

[h(Xi, Yi; χ̂)− h(Xi, Yi; χ̃)]

≤
10∑
j=1

EBV BS

∣∣∣∣[ 1n
n∑

i=1

h
′

j(Xi, Yi; χ̃j)

]√
n(χ̂j − χ̃j)

∣∣∣∣+ o(1)

≤
10∑
j=1

[
EBV BS[

√
n(χ̂j − χ̃j)]

2EBV BS[
1

n

n∑
i=1

h
′
(Xi, Yi; χ̃j)]

2

] 1
2

+ o(1)

Here o(1) refers to a sequence that tends towards 0. Last step is written using Cauchy-Schwarz
inequality. Since EBV BS[

√
n(χ̂j − χ̃j)]

2 < ∞ (using theorem 3.2 of White (1982)) and using
equation (8), we have,

EBV BS

[
1

n

n∑
i=1

h
′
(Xi, Yi; χ̃j)

]2
−→ 0

Thus, EBV BS

(
1√
n
[T − T ∗]

)
−→ 0

Hence, the result follows.
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