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Abstract

Surles and Padgett (2001) recently considered two-parameter Burr Type X distri-
bution by introducing a scale parameter and called it the generalized Rayleigh dis-
tribution. It is observed that the generalized Rayleigh and log-normal distributions
have many common properties and both distributions can be used quite effectively to
analyze skewed data set. In this paper we mainly compare the Fisher information ma-
trices of the two distributions for complete and censored observations. Although, both
distributions may provide similar data fit and quite similar in nature in many aspects,
the corresponding Fisher information matrices can be quite different. We compute the
total information measures of the two distributions for different parameter ranges and
also compare the loss of information due to censoring. Real data analysis has been
performed for illustrative purpose.
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1 INTRODUCTION

Recently, Surles and Padgett [21] considered the two parameter Burr Type X distribution
by introducing a scale parameter and correctly named it as the generalized Rayleigh (GR)
distribution. The two-parameter GR distribution for a > 0 and A > 0 has the cumulative

distribution function (CDF) and probability density function (PDF)
For(z;a,\) = (1 — e’(m)z)a; for x>0, (1)

and

a—1
for(z;o, \) = 2aX\ze” 00’ (1 - e’(’\x)Q) ; for x>0, (2)

respectively. Here a and A are the shape and scale parameters respectively. From now on
the generalized Rayleigh distribution with the shape parameter a and scale parameter A will
be denoted by GR(«, \). Several aspects of the GR distribution have been studied by Surles
and Padgett [21], Ragab and Kundu [19] and Kundu and Ragab [15]. For some general
references on Burr Type X distribution, the readers are referred to Sartawi and Abu-Salih
[20], Jaheen [9, 10], Ahmad et al. [2], Ragab [18] and the references cited there. It is observed
that the GR distribution is always right skewed and they can be used quite effectively to
analyze any skewed data. Shapes of the different PDF's of the GR distribution can be found

in Ragab and Kundu [19].

Among several other right skewed distributions, two parameter log-normal distribution
also is used quite effectively to analyze lifetime skewed data. In this paper it is assumed that

the two-parameter log-normal distribution for > 0, ¢ > 0 has the PDF

1 _(1n1‘—1nﬂ)2

fin(z; B,0) = e 207 ; x> 0. (3)

2rxo

Here o and [ are the shape and scale parameters respectively. The corresponding CDF can



be expressed as

Fin(z;0,0) =@ (MTM> =3 i §Erf (%), @

where ®(+) is the cumulative distribution function of a standard normal distribution and

Erf(z) = % /OgC et dt. (5)

From now on a log-normal distribution with the PDF (3) will be denoted by LN(e, 3). A
log-normal distribution has always a unimodal PDF. The shapes of the different log-normal

PDFs can be obtained in Johnson et al. [11].

The Fisher information matrix of a distribution function, plays a significant role in any
statistical inference. Therefore, computation of the Fisher information matrix is quite im-
portant both from the theoretical and applications point of view. It can be used to compute
the asymptotic variance of any function of the estimators and in turn it can be used to
construct confidence intervals also. Recently it is observed by Kundu and Raqab [14] that
for certain ranges of the shape and scale parameters the PDFs of the log-normal and the
generalized Rayleigh distributions can be very close. For example, see Figures 1 and 2 of
Kundu and Raqab [14], where it is observed that the the PDFs and CDFs of GR(15, 1) and

LN(0.1822, 1.7620) are almost indistinguishable.

Computation of the Fisher information matrix for both complete and censored sample, is
very important in the statistical literature. In this paper we compute and compare the Fisher
information matrices of both distributions for (i) complete sample and (ii) censored sample
(fixed time). We compare the total information measures and also the loss of information due
to truncation. It is interesting to observe that although the PDF's of the log-normal and GE
distributions can be quite close but the total information measures or the loss of information

measures due to truncation can be quite different, which is quite counter intuitive.

The rest of the paper is organized as follows. We provide the necessary preliminaries in



Section 2. The results for complete sample and censored sample are provided in Sections 3

and 4. We analyze one data set in Section 5 and finally conclude the paper in Section 6.

2 PRELIMINARIES

Let X > 0 be a continuous random variable with the CDF, survival function and PDF as
F(z;0), F(x;0) and f(x;0) respectively. Here 6 is a vector parameter and for brevity it
is assumed that @ = (61, 65), although all the results in this section are valid for any finite

dimensional vector. The hazard function and reversed hazard function of X will be denoted

by

oy S8 d. o oy J(@:8) d ,
h(x;0) = Fa0) —%lnF(x, 0) and r(z;0)= F0) %lnF(x,H) (6)

respectively. Under the standard regularity conditions (see Lehmann [16]), the Fisher infor-
mation matrix for the parameter vector 6 is

- In f(X : 0)

~—

I(G)E(

X ) [ggllnf(X:O) aaezlnf(X:G)l). (7
002 :

Interestingly it may be observed that /(8) can be expressed as

](0)E<

I(O)E(

- Inh(X : 6)

0 0
5 LR 8) la—el Inh(X :0) 8—92111 h(X : 0)]) (8)
002 )

or 5
0. In7(X : 0)

06, 00,

[i Inr(X :0) ilnr(X : 9)]) . 9)
%lnr(X : 0)

respectively. The derivations of (8) and (9) are quite simple and they can be obtained using
the definition of the hazard function and reversed hazard function in terms of the density
function, see for example Efron and Johnstone [5] and Gupta et al. [8]. It may be mentioned

that sometimes it may be convenient to use (8) or (9) than (7).



Now consider the case when the observation X is both left and right censored at fixed

time points 7T and 75 respectively, 7.e. one observes Y, where

X if Ti<X<T
Y =<1 if X <1

T, if X>T.

In this case the Fisher information of one observation Y for the parameter vector 6 is

Ic(0; 11, T) rn e + = o P50 [8 F(Ty;0) 0 F(T. 0)1
c\Y,L1,42) = =N B YR 2; YR 2;
A21  QA22 F(TQ’O) %F(Tz;e) % 92
Lo o F(T1;6) [ 9 F(T6) 9 F(T~9)]
F(Ty; 0 a6, T a8, Y
( 1 ) aiezF(Tlﬂe) 1 2
= 1nu(60; 11, T2) + 1r(0;T3) + 1.(0;Th)  (say) (10)

where

(2 p0)) (2t fas 0 0)d
Qij = T 801 Tlf([[‘, ) 8_0] Tlf(l‘, ) f(xa ) X,
for i,7 = 1,2. Note that (10) can be obtained easily using the definition of the Fisher

information of a random sample.

Therefore, the Fisher information for complete sample or for fixed right censored (at time

T3) sample or for fixed left censored (at time 77) sample can be obtained as
I(0;0,00), I1(0;0,13) + Ir(0;15) and In(6;T1,00) + 1(0;T1)

respectively, by observing the fact Ig(@;00) =0 and I,(6;0) = 0.

3 FISHER INFORMATION MATRICES: COMPLETE SAMPLE

Let us denote the Fisher information matrix of the GR distribution as



fllG’ f12G

Ig(a, ) = . (11)
foie  fac
Then
1
fue = 2
2 1 In a
fioa = le(;z—/ (1+ Y )n(y)dy,
al Jo «a
fui = g [ W)
2¢ = 32, n\y)ay,
where

(0= D —y2)In(l —y%)
ya

n(y) =1+In(l —y=) - (12)

It may be mentioned that fio¢ and fesg can be expressed in terms of Beta and digamma

functions and they are presented in the Appendix.

If we denote the Fisher information matrix of the log-normal distribution as

fur  fizc
I(0,8) = , (13)
far  far

then
2 1

f11L=;, Ji2r = fa1 =0, f22L=W~
Some of the interesting features are observed by comparing the Fisher information ma-
trices of the two distributions. In both cases if the shape (scale) parameter is known, the
Fisher information of the scale (shape) parameter is inversely proportional to itself. More-
over, the maximum likelihood estimators (MLEs) of the shape and scale parameters are
asymptotically independent for the log-normal distribution, but for GR distribution they

are dependent.



Now we would like to compare the total information measures contained in the corre-
sponding Fisher information matrices. Since @ is a vector parameter the comparison is not
a trivial issue. Several methods can be adopted to compute the total information measure
contained in a given Fisher information matrix. One of the measures can be the trace of
the Fisher information matrix. It is similar to the E-optimality of the design of experiment
problem. Note that the trace of Fisher information matrix is the sum of the Fisher infor-
mation measures of the shape parameter (assuming scale parameter to be known) and the
scale parameter (assuming shape parameter to be known). Another measure (inverse) can
be the sum of the asymptotic variances of the MLEs of the shape and scale parameters, i.e.

the trace of the inverse of the Fisher information matrix.

To compare the total information measures of the two distribution functions, it is quite
natural to compare them at their closest values. The closeness (distance) between the two
distribution functions can be defined in several ways. We have used the Kolmogorov-Smirnov
distance as the distance measure between the two distribution functions. Kundu and Raqab
[14] recently reported different values of @&, A for given o so that GR(&, \) is closest to
LN(c,1) in terms of the Kolmogorov-Smirnov distance. We compare the trace and variance
of the corresponding Fisher information matrices and the results are reported in Table 1.
From Table 1 it is quite interesting to observe that even if the two distributions functions are

quite close to each other, but the corresponding Fisher informations can be quite different.

One point should be mentioned here that although, the trace and the total variance have
been used in the literature to represent the total information content in a random sample X
regarding the parameter vector @ but the trace or the total variance are not scale invariant.
For example, if we make a scale change then not only the corresponding values but the trend
also might change, (see for example Gupta and Kundu [7]), which may not be desirable .

Similarly, if we re-parametrize, then also the total information measure with respect to one



Table 1: The traces and variances of the Fisher information matrices of GR(&, A) and
LN(o,1).

o o A Trace | Trace | Total Var | Total Var
(GR) | LN) | (GR) | (LN)
0.10 | 3.285 | 1.255 | 6.904 | 30.419 | 30.043 0.150
0.15 | 2.065 | 1.068 | 6.746 | 20.031 10.030 0.225

0.20 | 1.518 | 0.933 | 7.037 | 15.014 4.916 0.300
0.25 | 1.207 | 0.828 | 7.571 | 12.000 2.938 0.375
0.30 | 1.003 | 0.742 | 8.281 | 10.026 1.961 0.449
0.35 ] 0.861 | 0.671 | 9.126 | 8.618 1.417 0.522

set of parameters might be different than the other set. Moreover, although «, A and o, 3 are
the shape and scale parameters of the GR and log-normal distributions respectively, but the
parameters may not characterize the same features of the corresponding distributions. It is
more reasonable to identify the same feature of both distributions. Instead of the individual
shape and scale parameters, some function of the parameters may be more appropriate in
this respect. For example the corresponding percentile points represent a common feature.
Therefore, comparing the asymptotic variance of the corresponding percentile estimators is
more meaningful, see for example Gupta and Kundu [7]. They are scale invariant and they
maintain the trend also. It may be mentioned that similar measure has been considered
to find the Fisher information content in a censoring scheme and hence to find the optimal
censoring scheme, see for example Zhang and Meeker [23], Ng et al. [17], Kundu [12, 13] or

Banerjee and Kundu [3].

The p-th (0 < p < 1) percentile points of the GR(«, A) and LN(o, 3) distributions are

1 1.13 -1
pee(a,\) = i [— In(1 _pa)] and  prn(o, ) = Ge? ®),

respectively. The asymptotic variances of the p-th percentile estimators of the GR and



log-normal distributions are

711 1 9pcr T
v (p) _ 3])03 317@3 fllG leG da
oR da ' O\ pcn

farc fq ] rrull

and

0 0
VLN( ): [ PLN OPLN

o’ o o
b b far Jfor| | %%N_

respectively. Now to compare the information measures of the two distributions the asymp-

9-1rad -
] Jur  fier L

totic variances of the median or 99% percentile estimators may be considered. Using the

idea of Gupta and Kundu [7] we propose to compare

AVarw = /o 1 Var(p)dW(p) and  AVinw = /0 1 Vin(p)dW (p) (14)

here W(-) > 0 is a weight function such that

/01 A (p) = 1.

Note the above criterion is a more general criterion than the criterion proposed by Gupta
and Kundu [7]. The choice of W (-) depends on the problem at hand. For example if we are
interested to compare the variances of the median estimators, then W (-) can be chosen as
a point mass at 0.5. If we are interested about the average asymptotic variance of all the
percentile point estimators, then the choice of W(p) = 1, for all 0 < p < 1. Similarly, if
we are interested about the central portion of the distribution or toward the tail, W (-) can
be chosen accordingly. We have computed AVgrw and AVyyw for different W (-) and the

results are reported in Table 2.

4 FISHER INFORMATION MATRIX: CENSORED SAMPLE

In this section first we provide the Fisher information matrix for the GR distribution and

then for the log-normal distribution. Let us denote I5,(0; 717, T5), Ir(0;T,) and I5(0;T}) for

9



Table 2: The asymptotic variances of the 5-th percentile estimators, median estimators, 95-
th percentile estimators, the average asymptotic variances over all percentile estimators are

reported for LN(o, 1) and GR(&, \)

o — 0.10 | 0.15 | 0.20 | 0.25 | 0.30 | 0.35

Ver(0.05) | 0.026 | 0.054 | 0.082 | 0.106 | 0.122 | 0.131
Vi (0.05) | 0.083 | 0.099 | 0.108 | 0.113 | 0.116 | 0.117

Ver(0.5) | 0.017 | 0.043 | 0.078 | 0.123 | 0.179 | 0.246
Vin(0.5) | 0.099 | 0.150 | 0.199 | 0.250 | 0.299 | 0.348

Ver(0.95) | 0.064 | 0.160 | 0.302 | 0.496 | 0.751 | 1.070
Vin(0.95) | 0.667 | 1.264 | 2.055 | 3.061 | 4.278 | 5.734

JEVar(p)dp | 0.028 | 0.067 | 0.121 | 0.190 | 0.276 | 0.379
JEVin(p)dp | 0.207 | 0.362 | 0.562 | 0.818 | 1.130 | 1.513

the GR distribution by

ang ai2a biic b

Ine(0;11, 1) =

] , Ipa(0;T3) =

] , 1rq(0;Th) =

C11G 012G]

as1G  A22G b21G 5220 216 C22G

respectively. Note that for p; = (1 — e’()‘Tl)2)a and py, = (1 — e’(’\Tz)Q)a, we have

1 D2 9
aneg = — [ (I+Iny)'dy=
a” Jp;
4 rp2
A2 = ﬁ/ 772(y)dy

p1

2 D2 In é
a12¢ = G216 = — (1 + Y ) n(y)dy,
aX Jp, «

% {P2(1 + (Inpg)?) — pa(1+ (1np1)2)}

be — p3(nps)*
a?(1 —po)
da?  zmm2 g 1/ay)?
byoc = mm (1—172 ) (—ln(l—p2 ))
o o 2 20—1 1/a 1/
bioc = b2lc—mpz (Inp,) (1—]92 )(—111(1—]92 ))
1
i = ﬁpl(lnplf

10



4&2 2a—2 a a 2
C26 = \2 ~2h” (1 _pi/ ) (_111(1 _pi/ ))
2 -l « «
Cl2g = Ca16 = X]ha (Inp1) (1 —p}/ ) (— In(1 — pi/ )) :
Similarly, let us denote the I5/(0; T}, Ts), Ir(0;T,) and I1(0; 1) matrices for the log-normal

distribution by

11, Q12 biir biar Ci11L  Ci2L
IML(9§T1>T2) = ’ [RL(9;T2) = s [LL(Q;T1) =
G211, G22L bair,  boar Co1.  C22L

respectively.

In7T; — In In75 — In
If FLN(T1;075) =& <1Uﬁ> = p; and FLN(T2;U, 5) = (20ﬁ> = P2,

then

1 &~ (p2)

me = 5 o, (T8,
>~ (p2)
agr = 52102/ ‘o) y*o(y)dy,
1 o1 (p2) 9
G2 = Q21 = 602/ o) (v™ = Dyo(y)dy,
1
bur = 1= p)o? [¢ (q)f (p2))}2 (‘Dfl(m))Q
1 _
boor, = W[(b (q) 1(272))]2

1 -1 2 (a1
bior, = b21L=W[¢(¢ (Zb)” (q) (]92))

= o0 (00
:

e o ()

Ci2r = Ca1L = &0102 [Cb ((I)_l(pl)>r ((I)_l(pl)) .

Co21, =

It may be observed that as p; | 0 and py T 1, then

ang — f11G7 a126 — f12G; Q220G — fQQGa air — fllL» 121, — f12L> Q221 — f22L-

Some of the interesting points can be observed by comparing the two Fisher information

matrices. First of all in both cases, it is observed that for fixed scale parameter, the Fisher

11



information of the shape parameter is inversely proportional to its square and both of them
are independent of the corresponding scale parameters. In both the cases the Fisher infor-
mation of the scale parameters are also inversely proportional to its square, but they depend

on the corresponding shape parameters also.

Now we would like to see which portion of the distribution contain the maximum infor-
mation of the corresponding shape and scale parameters. For the log-normal distribution
from the shapes of (1 —y%)?¢(y) and y?¢(y), it can be easily seen that the maximum infor-
mation of the parameters are to wards the ends. Therefore, if p; = 1 — ps, then both the left
and right censored data containing the same Fisher information about the shape and scale

parameters for the log-normal distribution.

For GR distribution, from the behavior of (14+1Iny)?, it is clear that the Fisher information
regarding the shape parameter is more on the left tail of the data than on the right tail. For
the scale parameter, from the behavior of n?(y), it can be seen that the Fisher information
of the scale parameter depends on the values of the shape parameter «. It is also observed
that more Fisher information is to wards the right tail than left tail for all values of the

shape parameter.

For illustrative purposes, we have presented the total Fisher information of the log-normal
and GR distributions for three different censoring schemes, namely Scheme 1: p; = 0.0, ps
= 0.7, Scheme 2: p; = 0.15, po = 0.85, Scheme 3: p; = 0.30, po = 1.0. Note that Scheme
1, Scheme 2 and Scheme 3 represent left censored, interval censored and right censored

respectively. The results are reported in Table 3.

Now we would like to discuss the loss of information due to truncation in one parameter,
when the other parameter is known. In all these discussions, it is assumed that p; and ps

are fixed. First let us consider the GR distribution. If the scale parameter is known, the loss

12



Table 3: The traces and variances of the Fisher information matrices of GR(&, \) and
LN(o,1) for three different censoring schemes.

o? « A Scheme | Trace | Trace | Total Var | Total Var
(GR) | (LN) | (GR) | (LN)
1 5.838 | 17.616 40.595 0.343
0.10 | 3.285 | 1.255 2 6.382 | 6.231 50.829 0.702
3 6.663 | 17.616 63.871 0.343
1 5.433 | 11.745 13.424 0.516
0.15 | 2.065 | 1.068 2 6.093 | 4.154 16.296 1.052
3 6.537 | 11.745 20.118 0.516
1 5.457 | 8.803 6.627 0.688
0.20 | 1.518 | 0.933 2 6.215 | 3.114 7.815 1.404
3 6.794 | 8.803 9.471 0.688
1 5.699 | 7.036 4.004 0.861
0.25 | 1.207 | 0.828 2 6.553 | 2.489 4.592 1.757
3 7.261 | 7.036 5.461 0.861
1 6.084 | 5.879 2.712 1.029
0.30 | 1.003 | 0.742 2 7.036 | 2.079 3.026 2.103
3 7.877 | 5.879 3.531 1.030
1 6.576 | 5.053 1.993 1.198
0.35 | 0.861 | 0.671 2 7.628 | 1.787 2.166 2.446
3 8.607 | 5.053 2.480 1.198

13



of information of the shape parameter is
ang + bug + cue p2(Inpy)?

Lossq(a) =1
G( ) f11G 1—po

(15)

Therefore, for fixed p; and ps, the loss of information is independent of . It is interesting
to observe that for Scheme 1, Scheme 2 and Scheme 3, the loss of information are 3.0%, 15%
and 70% respectively. Therefore, it is clear that the initial portion of the data contains the
maximum information of the shape parameter of the GR distribution and it is clear from

the behavior of (1 + Iny)? also.

For known shape parameter, the loss of information of the scale parameter is

az2c + baag + c22c

Lossg(A\) = 1— Tonc
= 1- Upp W)y + f;)p;a“Q (1=p) (-1 =)’
T (=) (~w =) ]/ [ 6)

Here the function 7(-) is defined in (12). In this case even for fixed p; and p, (16) depends
on the shape parameter. It is clear that the loss of information of the scale parameter is

quite different than that of the shape parameter.

Now let us discuss the loss of information of the shape or scale parameter, for log-normal
distribution. The loss of information of the shape parameter is

aiir + b +ciir

fllL

> (p2) o 1 o 2/ 2
fory, O ooty + s [o (87 )] (27 ()

+ [o (@ 0)]* (0 )] a7)

Lossp(o) = 1-—

|
- 1-=
2

and for the scale parameter it is

agar, + boor, + coor,

f22L

Lossp(B) = 1—

14



®~'(p2) 1

- '1—-L/ y'o(y)dy +

=1(p1) (1 - pz) P

Both (17) and (18) depend only on p; and py. It can be seen that for the shape parameter,
the loss of information due to Scheme 1, Scheme 2 and Scheme 3 are 31%, 57% and 31%
respectively, whereas for the scale parameter, the corresponding loss of information are 37%,
59% and 37% respectively. Therefore, although for Scheme 2, in both the cases loss of

information are quite similar, but for Scheme 1 and Scheme 3, they can be quite different.

5 DATA ANALYSIS

In this section we analyze a real data set for illustrative purpose. The data set set was
originally obtained from Bjerkedal [4]. The data set represents the survival times of guinea
pigs injected with different doses of tubercle bacilli. It is known that guinea pigs have high
susceptibility to human tuberculosis and that is why they were used in this study. Here,
we are primarily concerned with the animals in the same cage that were under the same
regimen. The regimen number is the common logarithm of the number of bacillary units in
0.5 ml. of challenge solution; i.e., regimen 6.6 corresponds to 4.4 x 106 bacillary units per
0.5 ml. (log 4.4 x 106 = 6.6). Corresponding to regimen 6.6, there were 72 observations

listed below:

12, 15, 22, 24, 24, 32, 32, 33, 34, 38, 38, 43, 44, 48, 52, 53, 54, 54, 55, 56, 57, 58, 58, 59, 60,
60, 60, 60, 61, 62, 63, 65, 65, 67, 63, 70, 70, 72, 73, 75, 76, 76, 81, 83, 84, 85, 87, 91, 95, 96,
98, 99, 109, 110, 121, 127, 129, 131, 143, 146, 146, 175, 175, 211, 233, 258, 258, 263, 297,
341, 341, 376.

The mean, standard deviation and the coefficient of skewness are calculated as 99.82,

80.55 and 1.80, respectively. The skewness measure indicates that the data are positively

15



skewed. From the observed data we try to obtain an estimate of the shape of the hazard
function. A device called scaled TTT transform and its empirical version are relevant in this
context. For a family with the survival function S(y) = 1— F(y), the scaled TTT transform,
with Hp'(u) = /OF " S(y)dy defined for 0 < u < 11is ¢p(u) = Hp'(u)/Hp'(1). The
empirical version of the scaled TTT transform is given by
u(j/n) = H, " (j/n)/H," (Z}l‘ o+ (n— %)) (Z (i )

here j = 1,...,n and x(; for i =1, ..., n represent the ith order statistics of a sample of size
n. Aarset [1] showed that the scaled TTT transform is convex (concave) if the hazard rate is
decreasing (increasing), and for bathtub (unimodal) hazard rates, the scaled TTT transform
is first convex (concave) and then concave (convex). We have plotted the empirical version

of the scaled TTT transform of the data set in Figure 1. From Figure 1 it is clear that

1
09 © :
08 o
0.7 - R u
06 <><><><><><><> 4
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04 o° -

03f o° .

02 u

0.1

Figure 1: The plot of the scaled TTT transform of the data set.

the scaled TTT transform is first concave and then convex, therefore it indicates that the
the hazard function is unimodal. In this case, both the log-normal and GR can be used to

analyze the data.

We standardize the data by dividing each element by the standard deviation of the data.

It does not affect the shape parameters in both cases. We obtained the MLEs of the unknown

16



parameters as follows: a = 0.9362, A = 0.2147, ¢ = 0.6290, B = 3.3210. The difference of
the log-likelihood function I(GR) — L(LN) = 1.2403. The Kolmogorov-Smirnov distance
between the empirical distribution function and the fitted GR (log-normal) is 0.097 (0.110)
and the corresponding p value is 0.51 (0.34). Therefore, it is clear that both distributions
provide a very good fit to the given data set. The expected Fisher information matrices for

the GR and log-normal distributions are

1.1399  —6.1307 5 [5.0951 0.0

Icr(@, \) = ~6.1307 81.8826 |’ 1n(3,5) = 0.0 0.2292]"

Based on the above information matrices, it is clear that the Fisher information of the
shape parameter of GR is less than that of the log-normal distribution whereas for the scale
parameter it is the opposite. But if we compare the total information measure (trace or
determinant), then GR parameters have more information than the log-normal parameters.
Now let us look at the variance (inverse of the information) of the p-th percentile estimators

for both distributions for different values of p. It is clear from Figure 2 that the informa-
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Figure 2: The variances of the p-th percentile estimators for log-normal and GR distribution
for different values of p

tion content of the unknown parameters for GR distribution is more than the log-normal

distribution.
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Now let us look at the case when the data are censored. For illustrative purpose, we are
assuming that p; = 0.1 and ps = 0.9. Based on the censored sample the expected Fisher
information matrices for the GR and log-normal distributions are

1.0267  —6.0836 5 2.7786 0.0039

Ior(@A) =1 "¢ oga6 739400 |© N@0) = 00039 01763 |-

respectively. For comparison purposes we have plotted the asymptotic variances of the p-th

percentile estimators for both the complete and censored samples in Figure 3. From Figure

25

log-normal -

_—

Variance
(6]

T
=

Figure 3: The variances of the p-th percentile estimators for log-normal, GR distribution for
different values of p and for both complete and censored samples.

3 it is clear that the loss of information due to truncation for log-normal is much more than

GR.

The main aim of this example is to point out that unless we have a very good knowledge
about the underlying distribution, drawing inferences about the percentile points can be quite
misleading. It is observed that even if two distributions fit the data very well (none of them
can be rejected using any standard statistical tests) and the other characteristics (hazard
function) also match reasonably well but the asymptotic variances of the percentile estimators
based on two different distributions can be quite different. Therefore, in a situation like this

some prior information may be used to choose the appropriate model. If no prior information
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is available, we suggest to use the non-parametric method to draw inference of the tail
behavior of the underlying distribution, rather than any parametric method. More work is

needed in this direction.

6 CONCLUSIONS

In this paper we compute and compare the information measures of two closely related dis-
tributions, namely log-normal and generalized Rayleigh distributions. We compare their
Fisher information measures for complete and truncated samples. It is observed that al-
though the two distribution functions match very well for certain ranges of the parameter
values and they can be almost indistinguishable, the total information measures or the loss

of information of the two distributions can be very different, which is quite counter intuitive.
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APPENDIX

o a—2
fi2e = fac = —4a)\3/ g2’ (1 - e’(M)Q) dx
0

= B0 a—1)((2) — da+ 1)

A
2 1 ylny 2%
fooa = ﬁ{—lﬂLw(l)—?ﬁ(a—l—l)—a(a—l)/o W(1+2alny—|—(1_y)>dy}
fo<a<l1
= 2 {10 o+ 1) — 20 ([6(R) — wla+ VP + () — (o + 1)
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(42 - v(a+ 1))+ 2a(a - [ I
2

= St —vla+ 1) =20 ([(0Q@) — dla+ DP +v'(2) —¢'(a+ 1)
+(¥(2) —¢la+1)) - ([(3) = w(a+ D +¢'(3) — ¢/ (a + 1))}

dy} if 1<a<?2,

o—2
if o > 2.
~ T(a)l'(b) : _d oy d
Here B(a,b) = Tath) the Beta function, ¢ (z) = - InT(z) and ¢'(z) = dm¢(x) are the

digamma and polygamma functions respectively.
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