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GENERALIZED EXPONENTIAL DISTRIBUTIONS

RAMESHWAR D. GUPTA1∗ AND DEBASISKUNDU2

University of New Brunswick and Indian Institute of Technology

Summary

The three-parameter gamma and three-parameter Weibull distributions are commonly used
for analysing any lifetime data or skewed data. Both distributions have several desirable
properties, and nice physical interpretations. Because of the scale and shape parameters,
both have quite a bit of flexibility for analysing different types of lifetime data. They have in-
creasing as well as decreasing hazard rate depending on the shape parameter. Unfortunately
both distributions also have certain drawbacks. This paper considers a three-parameter dis-
tribution which is a particular case of the exponentiated Weibull distribution originally
proposed by Mudholkar, Srivastava & Freimer (1995) when the location parameter is not
present. The study examines different properties of this model and observes that this family
has some interesting features which are quite similar to those of the gamma family and the
Weibull family, and certain distinct properties also. It appears this model can be used as
an alternative to the gamma model or the Weibull model in many situations. One dataset
is provided where the three-parameter generalized exponential distribution fits better than
the three-parameter Weibull distribution or the three-parameter gamma distribution.

Key words: distribution of sum; exponentiated Weibull model; gamma distribution; hazard rate;
maximum likelihood estimators; stochastic ordering; uniformly most powerful test; Weibull distri-
bution.

1. Introduction

The three-parameter gamma and three-parameter Weibull are the most popular distribu-
tions for analysing lifetime data. Both distributions have been studied in the literature, and
both have applications in fields other than lifetime distributions; see e.g. Alexander (1962),
Jackson (1969), van Kinken (1961) and Masuyama & Kuroiwa (1952). The three parameters,
in both distributions, represent location, scale and shape, and because of them both distri-
butions have quite a bit of flexibility for analysing skewed data. Both distributions allow
increasing as well as decreasing hazard rate, depending on the shape parameter, that gives an
extra edge over the exponential distribution which has only constant hazard rate. They have
certain nice physical interpretations also.

Unfortunately both distributions have drawbacks. One major disadvantage of the gamma
distribution is that the distribution function or the survival function cannot be computed easily
if the shape parameter is not an integer. One needs to obtain the distribution function, the
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survival function or the hazard function by using mathematical tables or computer software.
This makes the gamma distribution unpopular compared to the Weibull distribution, whose
distribution function, survival function and hazard function can be computed very easily. The
Weibull distribution is often preferred for analysing lifetime data because, in presence of cen-
soring, it is much easier to handle than the gamma distribution. Also in many positive datasets
it is observed that the Weibull distribution fits very well. But the Weibull distribution also has
disadvantages. For example, Bain (1978) points out that the maximum likelihood estimators
of the Weibull parameters may not behave properly for all parameter values even when the
location parameter is zero. When the shape parameter is greater than one, the hazard functions
of the gamma distribution and Weibull distribution are both increasing functions. However,
in the case of the gamma distribution it increases from zero to a finite number (the reciprocal
of the scale parameter), whereas in the case of the Weibull distribution it increases from zero
to infinity, which may not be appropriate in some situations.

The gamma distribution has likelihood ratio ordering, with respect to the shape param-
eter, when the scale and location parameters are kept constant. It naturally implies ordering
in hazard rate as well as ordering in distribution. It follows that all the moments are an in-
creasing function of the shape parameter if the scale and location parameters remain constant.
Also because of the likelihood ratio ordering property, if the scale and location parameters
are known, it is possible to obtain the uniformly most powerful test for testing a one-sided
hypothesis in the shape parameter. But the family of Weibull distributions does not enjoy any
such ordering properties and there does not exist a uniformly most powerful test for testing
the one-sided hypothesis on the shape parameter even if the other two parameters are known.

It is well known that, even though the Weibull distribution has a convenient represen-
tation of the distribution function, the distribution of the sum of independent and identically
distributed (iid) Weibull random variables is not simple to obtain. Therefore the distribution
of the mean of a random sample from a Weibull distribution is not easy to compute. On the
other hand the distribution of the sum of iid gamma random variables is well known.

Recently, Mudholkar, Srivastava & Freimer (1995) proposed a three-parameter (one scale
and two shapes) distribution, the exponentiated Weibull distribution (see also Mudholkar &
Srivastava, 1993). Both papers analyse certain datasets and show that the exponentiated
Weibull, which has three parameters, has a better fit than the two-parameter (taking location
parameter to be zero) Weibull or one-parameter exponential, which are special cases of the
exponentiated Weibull. More recently, Gupta & Kundu (1997) considered a special case
(exponentiated exponential) of the exponentiated Weibull model assuming the location pa-
rameter to be zero, and compared its performances with the two-parameter gamma family and
the two-parameter Weibull family, mainly through data analysis and computer simulations.
For some of the other exponentiated families (exponentiated Pareto or exponentiated gamma)
see Gupta, Gupta & Gupta (1998) who mainly discuss the different hazard rate properties
under different situations.

The main aims of the present paper are to introduce the three-parameter ‘generalized
exponential distribution’ (location, scale and shape), to study the theoretical properties of this
family and compare them with respect to the well studied properties of the gamma distribution
and the Weibull distribution.

The generalized exponential (GE) distribution has increasing or decreasing hazard rate
depending on the shape parameter. It has many properties that are quite similar to those of the
gamma distribution, but it has a distribution function like that of the Weibull distribution which
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GENERALIZED EXPONENTIAL DISTRIBUTIONS 175

can be computed simply. The generalized exponential family has likelihood ratio ordering on
the shape parameter; so it is possible to construct a uniformly most powerful test for testing
a one-sided hypothesis on the shape parameter when the scale and location parameters are
known.

The paper is organized as follows: Section 2 introduces the GE distribution and discusses
some of its properties. We obtain the moment generating function and derive several moments
in Section 3. In Section 4 we derive the distribution of the sum and the extreme values. Sec-
tion 5 discusses the maximum likelihood estimators, their asymptotic distributions and some
testing of hypothesis questions. Section 6 analyses one dataset where the three-parameter GE
fits better than the three-parameter Weibull or the three-parameter gamma.

2. Definition and Some Properties

We say that the random variableX has a generalized exponential distribution ifX has
the distribution function

F(x;α, λ, µ) = (1 − e−(x−µ)/λ)α (x > µ, α > 0, λ > 0). (2.1)

If X has the distribution function (2.1), then the corresponding density function is

f (x;α, λ, µ) = α

λ
(1 − e−(x−µ)/λ)α−1e−(x−µ)/λ (x > µ, α > 0, λ > 0). (2.2)

Hereα is a shape parameter,λ is a scale parameter andµ is a location parameter. We denote
the GE distribution with shape parameterα, scale parameterλ and location parameterµ as
GE(α, λ, µ).

It is interesting to note the similarities of the density and the distribution functions of
the GE family with the corresponding gamma family and the Weibull family. If the shape
parameter isα = 1, then all the three distributions coincide with the two-parameter expo-
nential distribution. Therefore all three distributions are extensions or generalizations of the
exponential distribution, but in different ways. IfX has an exponential distribution with
moment generating function (mgf)ME(t) and distribution functionFE(x) then it is well
known thatMG(t) = (ME(t))

α and FW(x) = FE(x
α) . The GE distribution is such that

FGE(x) = (FE(x))
α . From the form of the density function of the GE distribution we see

that, if α ≤ 1, the density function is a strictly decreasing function, whereas ifα > 1, it is a
unimodal skewed density function.

If X ∼ GE(α, λ, µ), the survival function and hazard function are given by

S(x;α, λ, µ) = 1 − F(x;α, λ, µ) = 1 − (1 − e−(x−µ)/λ)α (x > µ) (2.3)

h(x;α, λ, µ) = f (x;α, λ, µ)
S(x;α, λ, µ) = α

λ

(1 − e−(x−µ)/λ)α−1e−(x−µ)/λ

1 − (1 − e−(x−µ)/λ)α
(x > µ). (2.4)

If α = 1, the hazard function becomes 1/λ, independent ofx.

Lemma 1. The density of GE(α, λ, µ) is log-convex if α < 1, and log-concave if α > 1.
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TABLE 1

Behaviour of the hazard functions of the three distributions

Parameter Gamma Weibull GE

α = 1 1/λ 1/λ 1/λ

α > 1 Increasing from Increasing from Increasing from
0 to 1/λ 0 to ∞ 0 to 1/λ

α < 1 Decreasing from Decreasing from Decreasing from
∞ to 1/λ ∞ to 0 ∞ to 1/λ

Proof. The proof follows by observing that the second derivative of the logarithm of the
density function is

d2

dx2
logf (x;α, λ, µ) = −(α − 1)

e−(x−µ)/λ

(1 − e−(x−µ)/λ)2
.

Theorem 1. For any (λ, µ), the generalized exponential (GE) distribution has an increasing
hazard function if α > 1, it has a decreasing hazard function if α < 1, and for α = 1 the
hazard function is constant for x > µ.

Proof. The proof follows using the log convexity of the density function (Barlow & Proschan,
1975).

The hazard function of the GE distribution behaves like the hazard function of the gamma
distribution, which is quite different from the hazard function of the Weibull distribution.
Table 1 shows the behaviour of the hazard functions of the three distributions.

For the Weibull distribution, ifα > 1, the hazard function increases from zero to∞, and
if α < 1 the hazard function decreases from∞ to zero. Many authors point out (see Bain,
1978) that because for the gamma distribution (forα > 1) the hazard function increases from
zero to a finite number, the gamma may be more appropriate as a population model when the
items in the population are in a regular maintenance program. The hazard rate may increase
initially, but after some time the system reaches a stable condition because of maintenance.
The same comments hold for the GE distribution. Therefore, if it is known that the data are
from a regular maintenance environment, it may make more sense to fit the gamma distribution
or the GE distribution than the Weibull distribution.

Ordering of distributions, particularly among the lifetime distributions, plays an impor-
tant role in statistical literature. Johnson, Kotz & Balakrishnan (1995 Chap. 33) have a major
section on the ordering of various lifetime distributions. Pecaric, Proschan & Tong (1992) also
provide a detailed treatment of stochastic orderings, highlighting their growing importance
and illustrating their usefulness in numerous practical applications. Mosler & Scarsini (1993)
document a classical bibliography of stochastic orderings and their applications. It is already
known that the gamma family has a likelihood ratio ordering(<LR) , which implies that it has
ordering in the hazard rate(<HAZ) and also in distribution(<ST). Since the gamma family
has likelihood ratio ordering, it has the monotone likelihood ratio property. This implies there
exists a uniformly most powerful test (UMP) for any one-sided hypothesis on the shape param-
eter, when the other parameters are known. The gamma family also has dispersive ordering
(<DISP) (see Johnsonet al., 1995), therefore it has tail ordering in the sense of Lehmann
(1966). The gamma family also has convex ordering(<C) and star shaped(<∗) ordering.
Although the gamma family enjoys several ordering properties, the same thing cannot be said
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TABLE 2

Ordering relations within the different families

<LR <HAZ <ST <C <∗ <DISP

gamma Y Y Y Y Y Y

Weibull N N N Y Y N

GE Y Y Y Y Y Y

for the Weibull family. Two Weibull distributions that differ with respect to shape do not have
stochastic ordering. This implies that two different Weibull distributions cannot have ordering
in hazard rate or in likelihood ratio. The Weibull family has convex ordering and therefore it
has star shaped ordering also.

The GE family has ordering properties similar to those of the gamma family. Table 2
highlights the ordering relations within the various families (without detailed proof): ‘Y’
means ordering exists and ‘N’ means ordering does not exist.

3. Moments and Other Measures

The results developed in Sections 3 and 4 can be stated for the three-parameter GE model
in (2.1). However, for simplicity and clarity here we assumeµ = 0 andλ = 1 and develop
the results for GE(α) = GE(α,1,0), since ifX ∼ GE(α) thenµ+ λX ∼ GE(α, λ, µ).

If X ∼ GE(α), then the corresponding moment generating function, is given by

M(t) = E(etX) = α

∫ ∞

0
(1 − e−x)α−1e(t−1)x dx. (3.1)

Making the substitutiony = e−x, (3.1) reduces to

M(t) = α

∫ 1

0
(1 − y)α−1y−t dy = 0(α + 1)0(1 − t)

0(α − t + 1)
(t < 1). (3.2)

Differentiating logM(t) and evaluating att = 0, we get the mean and the variance of GE(α)

as
E(X) = ψ(α + 1)− ψ(1) and var(X) = ψ ′(1)− ψ ′(α + 1), (3.3)

whereψ(·) is the digamma function andψ ′(·) is its derivative. The higher central moments
can be obtained in terms of the polygamma functions, which can be evaluated using math-
ematical software such asMAPLE. However, the moments can also be obtained in the form
of a series which is finite or infinite depending on whetherα is an integer or not. Since
0< e−x < 1 for x > 0, by using the binomial series expansion we have

(1 − e−x)α−1 =
∞∑
j=0

(−1)j
(
α − 1

j

)
e−jx , (3.4)

and (3.1) can be rewritten as

M(t) = α

∫ ∞

0

∞∑
j=0

(−1)j
(
α − 1

j

)
e−(j+1−t)x dx. (3.5)
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Since the quantity inside the summation is absolutely integrable, interchanging the summation
and integration we have

M(t) = α

∞∑
j=0

(−1)j
(
α − 1

j

)
1

j + 1 − t
(t < 1) , (3.6)

We observe that the infinite series is summable, differentiable and it has only a finite number
of terms if α is an integer. Hence by differentiatingk times and evaluating att = 0, we get
the kth moment as

µk = αk!
∞∑
j=0

(−1)j
(
α − 1

j

)
1

(j + 1)k+1
.

If X ∼ GE(α), then the distribution ofX is the same as the distribution of

[α]∑
j=1

Yj

j + 〈α〉 + Z, (3.7)

where theYj are iid exponential random variables with scale parameter 1 andZ ∼ GE(〈α〉),
which is independent of theYj . Here 〈α〉 represents the fractional part and [α] denotes the
integer part ofα. This result can be established by equating the mgf of (3.7) with (3.2). There-
fore if α is an integer, sayn, it follows immediately that the distribution ofX is same as the
distribution of

∑n
j=1 Yj/j. As a consequence,

E(X) =
n∑
i=1

1

i
and var(X) =

n∑
i=1

1

i2
. (3.8)

The distribution ofX is also same as the distribution of the maximum order statistic,Y(n), of
the Yj . The summands in

∑n
j=1 Yj/j, represent spacings between successive order statistics

of an exponential sample (David, 1970 p.18). For integerα, from the mean and variance
expressions we have the following identities, which may have some independent interest

n∑
i=1

1

i
= n

n−1∑
j=0

(−1)j
(
n− 1

j

)
1

(j + 1)2
, (3.9)

( n∑
i=1

1

i

)2

+
n∑
i=1

1

i2
= 2n

n−1∑
j=0

(−1)j
(
n− 1

j

)
1

(j + 1)3
. (3.10)

The GE distribution is unimodal with mode at logα for α > 1 and it is reverse ‘J’ shaped
if α < 1. It has median− log

(
1− (0.5)1/α

)
. The mean, median and mode all are non-linear

functions of the shape parameter, and as the shape parameter goes to infinity, all of them tend to
infinity. For large values ofα, the mean, median and mode all are approximately equal to logα.

It can be shown that asα tends to∞, (mean–mode) tends toλ = Euler’s constant≈ 0.5772
and (median–mode) tends to− log log 2 ≈ 0.3665. The survival function at the median is
always 0.5; the survival function at the mean is 1− (1− eψ(1)−ψ(α+1))α, which is an increas-
ing function ofα with limit (1− e−e−γ ); the survival function at the mode is 1− (1− 1

α
)α,
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Fig. 1. Survival function at the mean, median and mode

a decreasing function ofα, which decreases to(1− e−1). Figure 1 graphs the survival func-
tion at the mean, median and mode. This indicates that the density function remains skewed
even for large values ofα.

The variance of GE(α) is an increasing function ofα; therefore, from the expression at
(3.8), the variance is increasing to a constant, namelyπ2/6. This is different from the gamma
distribution or the Weibull distribution. In the case of the gamma distribution the variance
tends to infinity asα increases, but in the case of the Weibull distribution the variance is
approximatelyπ2/6α2 for large values ofα. Skewness and kurtosis can be expressed in
terms of polygamma functions and they are decreasing functions ofα. Numerical work using
MAPLE indicates that the limiting value of the skewness is approximately 1.1395. A table
is available on request from the authors for the mean, median, mode, standard deviation,
coefficient of variation, skewness and kurtosis for various values ofα. Figure 2 is a graph of
these measures.

The GE laws are not totally new in the literature. Withα regarded as a time index
and withµ = 0 andλ = 1, the GE laws are one-dimensional distributions of the extremal
process generated by the standard exponential laws or with the directing measurem, where
m(x,∞) = − log(1 − e−x). This connection allows the use of all known structural theory
of extremal processes; see Embrechts, Kluppelberg & Mikosch (1997) for a particularly nice
account of it.

4. Distribution of the Sum and the Extreme Values

It is well known that the distribution of a sum of independent gamma random variables
with the same scale parameter is again a gamma distribution. It can be obtained very simply
using the mgf of the gamma random variable. In the case of the Weibull distribution, because
the mgf is not in a very convenient form, we cannot readily obtain the distribution of the sum
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generalized exponential (GE) distribution

of independent Weibull random variables. For the GE distribution also, the mgf is not in a
convenient form for obtaining the distribution of the sum of iid GE random variables.

However, the distribution of the sum can be obtained using a transformation to the beta
distribution. If X ∼ GE(α), then U = e−X ∼ B(1, α) . Therefore, ifX1, . . . , Xn are
independent random variables such thatXi ∼ GE(αi), thenUi = e−Xi ∼ B(1, αi) and the
Ui are independent fori = 1, . . . , n. Let

U =
n∏
i=1

Ui = e−6
n
i=1Xi = e−X . (4.1)

It is well known that the product of the independent beta random variables belongs to a family
whose densities are particular Meijer G-functions, which are well studied in the literature
(see Springer, 1979; Richards, 1978; Bhargava & Khatri, 1981; Mathai, 1993). We state the
following result without proof.

Theorem 2. Let U1, . . . , Un denote independent random variables from B(1, αi). Then the
density function of U = ∏n

i=1Ui, is

fU(u) =
∞∑
j=0

CjfB(u; 1, α∗ + j), (4.2)

where α∗ = ∑n
i=1 αi, fB(u; 1, α∗ + j) is the density function of the beta distribution with

the corresponding parameters 1 and α∗ + j, and the constants Cj are defined as follows:

C0 =
∏n
i=10(αj + 1)

0(1 + α∗)
, Cj = C0α

∗

(α∗ + j)
C
(n)
j (j = 1, . . .),
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and

C
(2)
j = (α1)j (α2)j

j !(α1 + α2)j
, C

(k)
j = (α1 + · · · + αk−1)j

(α1 + · · · + αk)j

j∑
i=0

(αk)i

i!
C
(k−1)
j−i (k = 3, . . . , n).

Here (α)j = 0(α + j)
/
0(α).

Using the transformation (4.1), the density function ofX = ∑n
i=1Xi is

fX(x) =
∞∑
j=0

Cj (α
∗ + j)e−x(1 − e−x)α

∗+j−1 =
∞∑
j=0

CjfGE(x;α∗ + j). (4.3)

Hence we have the following result.

Theorem 3. Let X1, . . . , Xn denote independent random variables from GE(αi) for i = 1,
. . . , n. Then the density function of X = ∑n

i=1Xi is given by (4.3).

Since theCj are all positive and they sum to one, the sum ofn independent GE random
variables has a mixture distribution, where the individual components are also GE distribu-
tions. An immediate corollary of Theorem 3 is the following.

Corollary 1. If X1, . . . , Xn are iid random variables from GE(α), the density function of
X = ∑n

i=1Xi is

fX(x) =
∞∑
j=0

C∗
j (nα + j)e−x(1 − e−x)nα+j−1 =

∞∑
j=0

C∗
j fGE(x; nα + j), (4.4)

where the C∗
j are obtained from Cj by putting α1 = · · · = αn = α.

Since (4.4) is an infinite series,fX(x) can be approximated by truncating it afterM
terms:

fX(x) ≈
M−1∑
j=0

C∗
j fGE(x; nα + j). (4.5)

It can be shown (Richards, 1978) that the error caused by this truncation cannot exceed

(
1 −

M−1∑
j=0

C∗
j

)
g(x), (4.6)

where

g(x) = − e−x

log(1 − e−x)
(1 − e−x)−

[
1

log(1−e−x )+1
]
.

Note thatg(x) → 0 asx → 0 andg(x) → e−1 asx → ∞.

From Corollary 1, ifX1, . . . , Xn are iid random variables from GE(α), the distribution
functionFX(x) of X = ∑n

i=1Xi is

FX(x) =
∞∑
j=0

C∗
j FGE(x; nα + j). (4.7)
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Once again, based on the firstM terms,FX(x) can be approximated by

FX(x) ≈
M−1∑
j=0

C∗
j (1 − e−x)nα+j =

M−1∑
j=0

C∗
j FGE(x; nα + j). (4.8)

Using the stochastic ordering property of GE(α) it can be shown that the error caused by this
approximation cannot exceed

(
1 −

M−1∑
j=0

C∗
j

)
FGE(x; nα +M). (4.9)

Whenα = k is an integer, the distribution ofX = ∑n
i=1Xi is the same as the distribution of∑k

i=1Zi, where theZi are independent gamma random variables with the shape parameter
n and the scale parameter 1/i (i = 1, . . . , k).

We give the following result based on the representation of the distribution of the sum of
independent gamma random variables given in Gupta & Richards (1979).

Theorem 4. When α = k is an integer, the distribution function of the sum of a random
sample of size n from GE(k) has a mixture representation given by

FX(x) =
∞∑
j=0

dj FG(kx; nk + j), (4.10)

The coefficients dj are as follows:

d0 =
(
k!

kk

)n
dj =

d0(nk)j d
(k)
j

kj
(j = 1,2, . . .),

and

d
(2)
j = (n)j

(2n)j j !
, d

(m)
j =

(
(m− 1)n

)
j

(mn)j

j∑
i=0

d
(m−1)
j−1

i!
(m = 3,4, . . . , k). (4.11)

One can make similar comments on the truncation error if the the right hand side of (4.10)
is to be approximated by the firstM terms. From (4.10) we have an alternative representation
of the distribution of the sum of a random sample from GE, ifα is an integer. Ifα is a small
integer(< n), it might be easier to use the latter representation (as a mixture of gamma) and if
α is a large integer then the former representation (as a mixture of GE) might be more useful.
For α = 1, the distribution of the sum reduces to a gamma distribution with shape parameter
n . Whenα = 2, (4.10) becomes:

FX(x) =
∞∑
j=0

(n)j

j !2n+j
FG(2x; 2n+ j). (4.12)

The following theorem shows that the distribution of the maximum ofn independent GE
random variables is also a generalized exponential. It shows that this model can be used to
represent a parallel system.
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Theorem 5. If the Xi are independently distributed and Xi is distributed as GE(αi), for
i = 1, . . . , n, then X(n) = max(X1, . . . , Xn) is distributed as GE(

∑n
i=1 αi).

The following theorem gives a characterization of the GE distribution in terms of the
maximum.

Theorem 6. Suppose X1, . . . , Xn are iid random variables. Then the Xi are GE random
variables if and only if max{X1, . . . , Xn} is a GE random variable.

After proper normalization, the distributions of the maximum and minimum ofn iid GE
random variables tend to the extreme value distributions of Type I (exponential type) and Type
III (Weibull type), respectively. The results can be stated as follows.

Theorem 7. If X(n) = max{X1, . . . , Xn}, where the Xi are iid GE(α) random variables,
then for all −∞ < y < ∞, and bn = logn+ logα,

lim
n→∞ Pr

{
X(n) − bn ≤ y

} = e−e
−y
.

Theorem 8. If X(1) = min{X1, . . . , Xn}, where the Xi are iid GE(α) random variables,
then for all y > 0 and cn = n−1/α,

lim
n→∞ Pr

{
X(1)

cn
≤ y

}
= 1 − e−y

α

.

5. Inference

5.1. Maximum Likelihood Estimators

In this subsection we discuss how to obtain the maximum likelihood estimators (MLEs)
and consider their asymptotic properties. We give the results first for a complete sample
and then for Type II censored data. We consider the three-parameter GE model, and for the
sake of simplicity we reparametrizeβ = 1/λ. We denote the MLEs ofα, β, µ as α̂, β̂, µ̂,
respectively. Letx1, . . . , xn be a random sample of sizen from GE(α,1/β, µ); then the
log-likelihood functionL(α, β, µ) for µ < x(1) is

L(α, β, µ) = n log(α)+ n log(β)−
n∑
i=1

β(xi −µ)+ (α− 1)
n∑
i=1

log(1− e−(xi−µ)β). (5.1)

If α > 1 then the maximum occurs away from the boundary: taking the derivative with
respect toα, β andµ and equating to 0, we obtain the normal equations as

∂L

∂α
= n

α
+

n∑
i=1

log(1 − e−(xi−µ)β) = 0, (5.2)

∂L

∂β
= n

β
−

n∑
i=1

(xi − µ)+ (α − 1)
n∑
i=1

(xi − µ)e−(xi−µ)β

1 − e−(xi−µ)β
= 0, (5.3)

∂L

∂µ
= nβ − β(α − 1)

n∑
i=1

e−(xi−µ)β

1 − e−(xi−µ)β
= 0. (5.4)
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The three equations can be reduced to two equations if we replaceα in terms ofβ andµ from
(5.2). We need to use either the scoring algorithm or the Newton–Raphson algorithm to solve
the two non-linear equations simultaneously. Consider the second derivatives ofL(α, β, µ):

∂2L

∂α2
= − n

α2
,

∂2L

∂α∂β
=

n∑
i=1

(xi − µ)e−(xi−µ)β

1 − e−(xi−µ)β
,

∂2L

∂β2
= − n

β2
− (α − 1)

n∑
i=1

(xi − µ)2e−(xi−µ)β

(1 − e−(xi−µ)β)2
,

∂2L

∂α∂µ
= −β

n∑
i=1

e−(xi−µ)β

1 − e−(xi−µ)β
,

∂2L

∂β∂µ
= n+ (α − 1)

n∑
i=1

(
β(xi − µ)− 1 + e−(xi−µ)β

)
e−(xi−µ)β

(1 − e−(xi−µ)β)2
,

∂2L

∂µ2
= −β2(α − 1)

n∑
i=1

e−(xi−µ)β

(1 − e−(xi−µ)β)2
.

For α > 2,

E

(
∂2L

∂α2

)
= − n

α2
,

E

(
∂2L

∂α∂β

)
= nE

(
(X − µ)e−(X−µ)β

1 − e−(X−µ)β

)

= n
[ α

β(α − 1)

(
ψ(α)− ψ(1)

) − 1

β

(
ψ(α + 1)− ψ(1)

)]
,

E

(
∂2L

∂β2

)
= −n

[
1

β2
+ (α − 1)E

(
(X − µ)2e−(X−µ)β

(1 − e−(X−µ)β)2

)]

= −n
β2

− nα(α − 1)

(α − 2)β2

(
ψ ′(1)− ψ ′(α − 1)+ (

ψ(α − 1)− ψ(1)
)2)

+ nα

β2

(
ψ ′(1)− ψ(α)+ (

ψ(α)− ψ(1)
)2)
,

E

(
∂2L

∂α∂µ

)
= −βnE

(
e−(X−µ)β

1 − e−(X−µ)β

)
= −βn 1

α − 1
,

E

(
∂2L

∂β∂µ

)
= n

[
1 + (α − 1)E

(
e−(X−µ)β(β(X − µ)− 1 + e−(X−µ)β)

(1 − e−(X−µ)β)2

)]

= nα(α − 1)

α − 2

(
ψ(α − 1)− ψ(1))− nα(ψ(α)− ψ(1)

)
,

E

(
∂2L

∂µ2

)
= −nβ2(α − 1)E

( e−(X−µ)β

(1 − e−(X−µ)β)2
)

= −nβ2 α

α − 2
.

For α > 2, the GE family satisfies all the regularity conditions (see Bain, 1978 pp.86–87) in
a way similar to the gamma family or the Weibull family, and therefore we have the result in
Theorem 9.
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Theorem 9. For α > 2, the maximum likelihood estimators (α̂, β̂, µ̂) of (α, β, µ) are con-
sistent estimators, and

√
n(α̂ − α, β̂ − β, µ̂−µ) is asymptotically normal with mean vector

0 and the variance covariance matrix I−1, where

I = −1

n




E
(∂2L

∂α2

)
E
( ∂2L

∂α∂β

)
E
( ∂2L

∂α∂µ

)

E
( ∂2L

∂β∂α

)
E
(∂2L

∂β2

)
E
( ∂2L

∂β∂µ

)

E
( ∂2L

∂µ∂α

)
E
( ∂2L

∂µ∂β

)
E
(∂2L

∂µ2

)



.

Even for the three-parameter Weibull distribution or the three-parameter gamma distribu-
tion the regularity conditions are not met forα ≤ 2 (see Bain, 1978 p.334; Johnson, Kotz &
Balakrishnan, 1994 p.656). The asymptotic results are not known forα ≤ 2 although some
special cases have been investigated numerically by Harter (1969) for the gamma distribution.
More work is needed along this direction for the GE family.

Since lifetime data are often censored, we derive normal equations for Type II censored
data. The log likelihood function for the firstr ordered observations from a sample of sizen
can be written as:

L(α, β, µ) = C + r
(

logα + logβ
) + (α − 1)

r∑
i=1

log(1 − e−(x(i)−µ)β)

−
r∑
i=1

(x(i) − µ)β + α(n− r) log(1 − e−(x(r)−µ)β).

The normal equations become

r

α
+

r∑
i=1

log(1 − e−(x(i)−µ)β)+ (n− r) log(1 − e−(x(r)−µ)β) = 0, (5.5)

r

β
−

r∑
i=1

(x(i) − µ)+ (α − 1)
r∑
i=1

(x(i) − µ)e−(x(i)−µ)β

1 − e−(x(i)−µ)β

+ α(n− r)
(x(r) − µ)e−(x(r)−µ)β

1 − e−(x(r)−µ)β
= 0, (5.6)

rβ − β(α − 1)
r∑
i=1

e−(x(i)−µ)β

1 − e−(x(i)−µ)β
− β(n− r)

e−(x(r)−µ)β

1 − e−(x(r)−µ)β
= 0. (5.7)

Note that the Fisher Information matrix is of the same type as the complete sample case, but
now it involves the order statistics. The distribution of theith order statisticX(i) is given by

n!

(i − 1)!(n− r)!

n−i∑
j=0

(
n− i

j

)
(−1)j

(i + j)
GE

(
α(i + j),1/β, µ

)
.
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TABLE 3

Estimates, log-likelihood, chi-squared and Kolmogrov–Smirnov statistics

α̂ β̂ µ̂ LL χ2 K–S

gamma 2.7316 0.0441 10.2583 –112.8501 0.950 0.107
Weibull 1.5979 0.0156 14.8479 –112.9767 1.321 0.118
GE 4.1658 0.0314 4.7476 –112.7666 0.675 0.103

Therefore the Fisher Information matrix can be computed using this distribution. It becomes
very messy, just as in the three-parameter gamma or three-parameter Weibull case, so is not
reported here; it can be obtained from the authors on request.

If the location parameter is known, the MLEs ofα and β can be obtained by solving
equations (5.2) and (5.3). It is possible to writeα̂ in terms of β̂; therefore it reduces to
solving one equation only. If the location parameter is known, then without loss of generality
we can assume it to be zero. In that case, the MLEs always exist and the GE(α,1/β) family
satisfies the regularity conditions for all possible values ofα andβ. If α > 2, the asymptotic
variance covariance matrix of

√
n(α̂, β̂) is the inverse of the first 2× 2 submatrix ofI , and

for 0< α ≤ 2, it is the inverse of the symmetric 2× 2 matrixA = (aij ), where

a11 = 1

α2
, a12 = a21 = −α

β

∫ ∞

0
xe−2x(1 − e−x)α−2 dx,

a22 = 1

β2
+ (α − 1)α

β2

∫ ∞

0
x2e−2x(1 − e−x)α−3 dx.

For all α > 0, the above integrals exist.

5.2. Testing of Hypotheses

In this subsection we address the testing of hypotheses on the shape parameter, when the
other two parameters are known. Without loss of generality it can be assumed thatλ = 1 and
µ = 0. We consider testing H0: α = α0 vs. H1: α > α0. The likelihood ratio test indicates
that one should reject the null hypothesis if

n∏
i=1

(1 − e−xi ) > c. (5.8)

To get c, we need to obtain the distribution of
∏n
i=1(1 − e−Xi ) under the null hypothesis.

Note that(1 − e−Xi ) (i = 1, . . . , n) are iid beta random variables, so the distribution of∏n
i=1(1 − e−Xi ) under the null hypothesis can be obtained as in Theorem 2. Hence the

constantc and the power function can obtained explicitly. Since the family has the monotone
likelihood ratio property, this is the uniformly most powerful test. In the same way we can get
the uniformly most powerful test against H1: α < α0, and uniformly most powerful unbiased
test against H1: α 6= α0. These results can be used to test for exponentiality(α = 1).

6. Data Analysis

In this section we consider one real dataset from Lawless (1982 p.228). The data arose
in tests on the endurance of deep groove ball bearings. They were originally discussed by
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TABLE 4

Observed and expected frequencies

Intervals Observed Gamma Weibull GE

0–40 3 4.493 4.738 4.322
40–80 12 10.658 10.016 10.913
80–120 5 5.423 5.627 5.303

120–160 2 1.805 1.992 1.739
160–200 1 0.621 0.627 0.723

Lieblein & Zelen (1956) and also by Gupta & Kundu (1997). The data are the number of
million revolutions before failure for each of the 23 ball bearings in the life test and they are
as follows: 17.88 28.92 33.00 41.52 42.12 45.60 48.40 51.84 51.96 54.12 55.56 67.80
68.64 68.64 68.88 84.12 93.12 98.64 105.12 105.84 127.92 128.04 173.40.

We have fitted all three distributions, namely three-parameter gamma, three-parameter
Weibull and three-parameter GE. We present the estimates, the log likelihood (LL), the ob-
served and the expected values, the Kolmogrov–Smirnov (K–S) statistics and the chi-squared
statistics in Table 3, with observed and expected frequencies in Table 4.

We observe that the three-parameter GE fits marginally better than the three-parameter
Weibull or three-parameter gamma, in this case.

7. Conclusions

This paper offers a new family of distributions, the three-parameter generalized expo-
nential distributions, as possible alternatives to the Weibull and gamma families for analysing
lifetime data. It may be argued that the GE distributions seem to be less flexible than the other
two families for graduating tail thickness. For example, the tail function decays asαe−x for
the standard GE family, likexα−1e−x for the standard gamma family, and like exp(−xα)
for the standard Weibull family. However, the GE distributions have the same flexibility as
gamma or Weibull distributions for smallx. For moderatex, the GE distributions are more
flexible than gamma and as flexible as Weibull. When fitting any lifetime data, the range is
finite and because of the shifting (location parameter) and scaling (scale parameter) of the
data the three-parameter GE is always as flexible as the three-parameter Weibull or gamma
distributions.

We have studied various properties of the model and observed those many of the proper-
ties are quite similar to those of the gamma family or the Weibull family. The GE model has
certain features which are distinct from the other two families. Since the distribution function
is in a closed form, the inference based on the censored data can be handled more easily than
with the gamma family. The GE model can be used as a possible alternative for analysing any
skewed dataset.

References

ALEXANDER, G.N. (1962). The use of the gamma distribution in estimating the regulated output from the
storage.Trans. Civil Engineering, Institute of Engineers, Australia 4, 29–34.

BAIN, L.J. (1978).Statistical Analysis of Reliability and Life Testing Models. New York: Marcel Dekker, Inc.
BARLOW, R.E. & PROSCHAN, F. (1975).Statistical Theory of Reliability and Life Testing: Probability Models.

New York: Holt, Reinhardt and Winston.
BHARGAVA, R.P. & KHATRI, C.G. (1981). The distribution of product of independent beta random variables with

applications to multivariate analysis.Ann. Inst. Statist. Math. A 33, 287–296.

c© Australian Statistical Publishing Association Inc. 1999



188 RAMESHWAR D. GUPTA AND DEBASIS KUNDU

DAVID , H.A. (1970).Order Statistics. New York: Wiley.
EMBRECHTS, P., KLUPPELBERG, C. & MIKOSCH, T. (1997). Modelling Extremal Events for Insurance and

Finance. New York: Springer-Verlag.
GUPTA, R.C., GUPTA, P.L. & GUPTA, R.D. (1998). Modeling failure time data by Lehman alternatives.Comm.

Statist. A — Theory Methods 27, 887–904.
GUPTA, R.D. & KUNDU, D. (1997). Exponentiated exponential family: an alternative to gamma and Weibull

distribution. Technical report. Dept of Math., Stat. & Comp. Sci., University of New Brusnwick, Saint-
John, NB, Canada.

— & RICHARDS, D.ST.P. (1979). Exact distributions of Wilks’3 under the null and non-null (linear) hypothesis.
Statistica 2, 333–342.

HARTER, H.L. (1969). Order Statistics and Their Use in Testing and Estimation Vol. 2. Estimates Based on
Order Statistics from Various Populations. US Government Printing Office: Washington, DC.

JACKSON, O.A.Y. (1969). Fitting a gamma or log-normal distribution to fibre-diameter measurements of wool
tops. Appl. Statist. 18, 70–75.

JOHNSON, N.L., KOTZ, S. & BALAKRISHNAN , N. (1994). Continuous Univariate Distributions Vol. 1, 2nd edn.
New York: Wiley.

—, — & — (1995). Continuous Univariate Distributions Vol. 2, 2nd edn. New York: Wiley.
LAWLESS, J.F. (1982).Statistical Models and Methods for Lifetime Data. New York: Wiley.
LEHMANN, E. H. (1966). Some concepts of dependence.Ann. Math. Statist. 37, 1137–1153.
LIEBLEIN, J. & ZELEN, M. (1956). Statistical investigation of the fatigue life of deep groove ball bearings.

J. Res. Nat. Bur. Standards 57, 273–316.
MASUYAMA , M. & K UROIWA, Y. (1952). Table for the likelihood solutions of gamma distribution and its medical

applications.Rep. Statist. Appl. Res. Un. Japan. Sci. Engrs. 1, 18–23.
MATHAI , A.M. (1993). A Handbook of Generalized Special Functions for Statistical and Physical Sciences.

Oxford: Oxford University Press.
MOSLER, K. & SCARSINI, M. (1993). Stochastic Orders and Applications. A Classified Bibliography. Berlin:

Springer-Verlag.
MUDHOLKAR, G.S. & SRIVASTAVA , D.K.(1993). Exponentiated Weibull family for analyzing bathtub failure

data. IEEE Trans. Reliability 42, 299–302.
—, — & FREIMER, M. (1995). The exponentiated Weibull family: a reanalysis of the bus motor failure data.

Technometrics 37, 436–445.
PECARIC, J.E., PROSCHAN, F. & TONG, Y.L. (1992). Convex Functions, Partial Ordering and Statistical Appli-

cations. San Diego: Academic Press.
RICHARDS, D.ST.P. (1978).The Exact Distributions of a Class of Likelihood Ratio Test Statistics. PhD Thesis,

The University of The West Indies.
SPRINGER, M.D. (1979). The Algebra of Random Variables. New York: Wiley.
VAN KINKEN, J. (1961). A method for inquiring whether the0 distribution represents the frequency distribution

of industrial accident costs.Acturielle Studien 3, 83–92.

c© Australian Statistical Publishing Association Inc. 1999


