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Abstract

In 2008, |Gupta and Gupta| (2008) introduced the Power Normal distribution, a skewed
distribution defined over the entire real line. The Normal distribution is a special case of the
Power Normal, which means that for much of the parameter space, these distributions share
similarities in terms of their cumulative distribution function (CDF) and probability den-
sity function (PDF). Although both models may provide similar fits for the central region
of the data, differences often emerge in the tail regions, underscoring the importance of se-
lecting the appropriate model. This paper focuses on the discrimination between these two
distributions. Most prior work has focused on discriminating between distributions with
the same number of parameters; however, to the best of our knowledge, no work has specifi-
cally tackled the challenge of discriminating between distributions with different parameter
counts. This distinction adds complexity, as conventional methods often fail in such cases.
In this study, we compare several decision criteria based on their probability of correct
selection (PCS), including the ratio of maximized log-likelihoods, the KS-distance-based
method and Bayesian Information Criterion (BIC). In addition, we develop asymptotic dis-
tributions for some of these criteria. The impact of model misspecification is also explored

and a dataset is analyzed for illustration.
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1 Introduction

Discriminating between two probabilistic models is a classical statistical problem, with applica-
tions ranging from reliability analysis to risk modelling and environmental sciences.The founda-
tions of this topic were laid by |Cox! (1961), who also highlighted the consequences of incorrect
model choice, with subsequent developments by Atkinson| (1969, (1970)), Dyer| (1973), and |Chen
(1980). A substantial body of literature has since emerged (see, for example, Dey and Kundu
(2009); Ahmad et al| (2017); Raqab et al. (2018) and the references therein). More recent in-
vestigations include discrimination between Poisson—Tweedie and Poisson—exponential-Tweedie
count models (Abid and Kokonendji, 2023)), between Birnbaum—Saunders and log-normal dis-
tributions with attention to misspecification effects (Basu and Kundu| 2023), and among in-
verse Weibull, log-normal, and inverse Gaussian models (Diyali et al., 2024). Divergence-based
approaches have also been proposed, such as the method of Basu and Ng| (2025)). Related dis-
cussions on model misspecification can be found in Wiens (1999); [Khakifirooz et al.| (2020).
While much of this work assumes complete samples, several contributions address censored set-
tings: [Diyali et al. (2023) studied discrimination between log-normal and log-logistic models
under Type-II censoring, |Dey and Kundu| (2012) considered the log-normal versus Weibull case,
and Kus et al. (2019) extended the problem to progressive Type-II censoring. However, nearly
all of these works assume equal parameter counts, leaving the unequal-dimension case largely
unexplored. The present paper addresses this gap.

While much of the existing work focuses on competing distributions with the same number of
parameters, situations where the models differ in dimensionality are far more concerning. In such
cases, the usual rule of selecting the model with the larger maximized log-likelihood is inherently
biased toward the model with more number of parameters. This challenge of discriminating
between distributions with different parameter counts has received surprisingly little formal
attention in the literature. Developing discrimination tools in such unequal parameter settings
is therefore both methodologically important and practically relevant.

Many probability models have been proposed to capture skewness and tail behaviour in
data. Among them, the skew-normal distribution, introduced by |Azzalini (1985, has received
considerable attention due to its flexibility in modeling skewed data on the real line. Despite
its appealing properties, practical implementation of the skew-normal model presents certain
challenges. Although the maximum likelihood estimators (MLEs) are theoretically consistent
and asymptotically normal, they may fail to exist, particularly in small samples. Simulation

studies by |Gupta and Gupta (2008)) further indicate that even in the presence of moderate



skewness, reliably estimating the skewness parameter often requires large sample sizes.

These limitations motivate the search for alternative models that can capture skewness while
remaining stable and interpretable. One such alternative is the Power Normal distribution
proposed by |Gupta and Gupta, (2008). This model retains the Normal distribution as a special
case (a = 1), preserves support over the entire real line, and introduces a flexible mechanism to
accommodate skewness.

Given that the Normal distribution continues to be one of the most widely used models
across scientific disciplines, it is natural to consider extensions that maintain its interpretability
while improving its ability to capture asymmetry. The Power Normal distribution serves this
purpose effectively. Interestingly, the Normal and Power Normal distributions can exhibit very
similar behaviour in the central region of their probability density and cumulative distribution
functions, while differing noticeably in the tails.

This similarity in the bulk of the distribution, combined with differences in tail behaviour,
makes it both practically important and theoretically challenging to distinguish between the two
models. Consequently, developing methods to discriminate between the Normal model and such
skewed alternatives provides a meaningful framework, particularly in settings involving models
with unequal parameter dimensions.

Both distributions share support over the entire real line. Although many real-world relia-
bility datasets are supported on (0, 00), this is not a limitation: a logarithmic transformation
maps (0,00) to R, and the same discrimination procedure immediately extends to any two
models (with equal or unequal parameter counts) after transformation. Thus, the PN-Normal
comparison serves as a representative framework for discrimination problems involving unequal
dimensions.

Formally, a random variable X has a Power Normal distribution PN («, u, o) if its density is

pr<x;a,u,a>=9[<I>(x_“)]alqb(x_“), —00 < 7 < o0, (1)

g g (2

where a > 0, —o00 < pu < 00, 0 > 0, and ¢, ® denote the standard normal PDF and CDF
respectively. When o = 1, this reduces exactly to the Normal distribution.

To illustrate the visual similarity between PN and Normal densities, we identify the Normal
distribution closest (in Hellinger distance) to PN(2,4,2). The corresponding CDFs and PDFs
are shown in Fig. [l While the two models are nearly indistinguishable in the body of the
distribution, the hazard functions (Fig. [2]) reveal clear differences, emphasizing the importance

of tail behavior when performing model discrimination.
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(a) CDF of PN(2,4,2) and N(4.25,3.29). (b) PDF of PN(2,4,2) and N(4.25,3.29).

Figure 1: Similarity in terms of shape of CDF and PDF between PN(2,4,2) and N(4.25,3.29).
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Figure 2: Hazard rate of PN(2,4,2) and N(4.25,3.29).

The theoretical challenges above motivate the need for model selection methods that are
robust to differences in parameter dimension. A major contribution of this paper is a detailed
investigation of the Bayesian Information Criterion (BIC) in this unequal-parameter setting.
We provide the asymptotic development of BIC decision criterion, compare its performance
with classical likelihood-based rules, and establish conditions under which BIC yields consistent
decisions. Our results show that BIC behaves systematically differently when competing models

differ in dimensionality, and we quantify these effects both theoretically and through simulation.
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These developments provide a principled foundation for discrimination between PN and Normal
models and extend directly to other unequal-parameter comparisons.

The remainder of the paper is structured as follows. Section 2 presents the motivation for
the problem using a real-life dataset. Section 3 introduces the discrimination criteria employed
in this study and derives their asymptotic distributions. Section 4 outlines the procedure for
determining the minimum required sample size. Section 5 reports the results of extensive sim-
ulation studies. Section 6 provides a brief discussion on the performance of the BIC criterion
under censoring, and Section 7 examines the effect of model misspecification. Section 8 analyzes
a real dataset to demonstrate the practical utility of the proposed methods. Finally, Section 9

concludes the paper.

2 Motivation

To motivate the discrimination problem in a real-data context, we discuss the stiffness dataset
reported in|Johnson et al.|(2002), consisting of two measurements—*‘Shock” (X;) and “Vibration”
(X2)—taken on each of 30 wooden boards (Table [1]).

No. Shock Vibration | No. Shock Vibration | No. Shock Vibration
1 1889 1651 11 2403 2048 21 2119 1700
2 1645 1627 12 1976 1916 22 1712 1713
3 1943 1685 13 2104 1820 23 2983 2794
4 1745 1600 14 1710 1591 24 2046 1907
5 1840 1841 15 1867 1685 25 1859 1649
6 1954 2149 16 1325 1170 26 1419 1371
7 1828 1634 17 1725 1594 27 2276 2189
8 1899 1614 18 1633 1513 28 2061 1867
9 1856 1493 19 1727 1412 29 2168 1896
10 1655 1675 20 2326 2301 30 1490 1382

Table 1: Two different stiffness measurements of 30 boards.

For all model fitting procedures presented below, the Shock and Vibration datasets were
standardized. We analyzed both the marginal data and for the Shock data, we estimated the
maximum likelihood estimators (MLEs) under the Power Normal distribution. The MLEs for



1, o, and a were —8.06, 2.62, and 558.20, respectively. Under the Normal distribution for the
same data, the MLEs of i, and o, were 2.671474e — 16 and 0.99, respectively. A similar analysis
was performed for the Vibration data. The MLEs of u, o, and a under the Power Normal
distribution were —14.12, 3.38, and 39, 362.34, respectively. For the Vibration data under the
Normal distribution, the MLEs of u, and o, were 1.915279¢ — 16 and 0.98, respectively.

Both models provided satisfactory goodness-of-fit in terms of the Kolmogorov—-Smirnov statis-

tic:

Model Shock (X;) Vibration (X3)
Power normal | 0.0879 (0.9587) | 0.1306 (0.6849)
Normal | 0.1148 (0.7819) | 0.1790 (0.2915)

Table 2: Kolmogorov—Smirnov distances and associated p-values.

The empirical CDFs and fitted CDFs in Fig. [3] show that both models provide nearly identical

fits in the central region.
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(a) ECDF and fitted CDFs for Shock data. (b) ECDF and fitted CDFs for Vibration data.

Figure 3: Closeness between empirical CDF and fitted CDFs for the marginals.

However, meaningful differences arise when examining tail quantities. Fig. 4] shows the esti-
mated pth quantiles (for p € (0.1,0.99)) under each fitted model. Although the curves overlap

near the median, substantial divergence appears in the extremes.
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Figure 4: Estimated quantiles under Power Normal (blue) and Normal (red).

Quantitative comparisons for selected percentiles are reported in Table [3]

| Marginals Model 0.60 070 080 |
Shock(X7) Power normal 0.1263 0.4006 0.7477
Normal 0.2533 0.5244 0.8416
Vibration(Xs) Power normal 0.1051 0.3774 0.7261
Normal 0.2647 0.5236 0.8534

Table 3: Estimates of p"* quantiles under each model.

Thus, even when both models fit the observed data well overall, their inferential implications,
particularly for tail-based summaries, differ markedly. This underscores the practical need for
a principled discrimination framework.

Finally, Table [4] reports the log-likelihood, AIC, and BIC values for both fits. While PN
achieves slightly larger likelihood and smaller AIC in each case, the BIC—which more heavily
penalizes models with additional parameters, provides a different ranking. Understanding this

behavior theoretically and quantifying its practical impact forms a central goal of this paper.

3 Discrimination criterion and asymptotic distribution

In this section, we present the discrimination criterion adopted in this study and develop its
asymptotic distribution, which will subsequently be used for determining the minimum required

sample size. The most commonly used method for model discrimination in the literature is the



Dataset Model ((d)  AIC BIC

Shock Normal —42.068 88.14 90.93
o¢ Power Normal —40.103 86.21 90.40
Vibration Normal —41.904 87.81 90.60

Power Normal —40.210 86.42 90.61

Table 4: Log-likelihood, AIC, and BIC for Shock and Vibration.

ratio of maximized log-likelihoods. This idea was originally introduced by |Cox (1961, [1962) for
discriminating between overlapping models. Since then, it has been applied in various contexts:
for instance, Gupta et al.[(2002) used it to differentiate between overlapping distribution families,
while Dumonceaux et al.| (1973) and Bain and Engelhardt| (1980]) applied it to compare specific
distributions such as the Weibull and gamma. Due to its simplicity and effectiveness, this
technique has become a standard choice in many model comparison studies.

However, this method is not suitable for our case. As previously mentioned, it tends to
favor the Power Normal model in every instance, simply because it has more parameters. This
inherent bias makes it unreliable for our purposes. To overcome this issue, we instead use the
Bayesian Information Criterion (BIC), which introduces a penalty for model complexity.

Before presenting the decision criterion, we define the notations used throughout this paper.
Let fi, &, and & denote the maximum likelihood estimates (MLEs) of the parameters pu, o, and
« under the assumption that the data follows a Power Normal distribution. Similarly, let ji,
and o, denote the MLEs under the Normal distribution.

The BIC for a model is computed using:

BIC = kln(n) — 2In(L), (2)

where k is the number of model parameters, n is the sample size, and L is the maximized
likelihood.
For the Power Normal model, the BIC becomes:

BICPN =3 ln(n) - 2LPN<,[//7 (3', OAé),
and for the Normal model:

BICN == 2111(7L) — 2LN(ﬂ*, &*)



where

Lpn(ft,6,64) = Y In fex (2 f1, 6, ),

i=1

Ln(fis, 04) = zn:hl In (@5 fl, G
i=1
Taking the difference between these two BIC values, we define our decision criterion B,, as:
B, = BICpx — BICx = —2(Lpx(f1, 6, &) — Lx(fin, 64)) + In(n). (3)
We can further define the difference in maximized log-likelihoods, denoted by T,,, given by:
T = Len(f, 0, &) — (i 04), (4)
and therefore, we have,
B,, = —2T,, + In(n). (5)
We prefer the Power Normal model over the Normal model if:
B, <0, (6)

and choose the Normal model otherwise.

3.1 Asymptotic distribution

In this section, we develop the asymptotic distribution of both the decision criterion given in
and [6] Establishing the asymptotic distribution is crucial because it allows us to draw the corre-
spondence between probability of correct selection (PCS) from Monte Carlo (MC) simulations
and the PCS derived from the asymptotic distribution. Apart from that, these results help us
to find minimum sample size required to discriminate between two distributions for different
values of parameters. This connection simplifies the process for practitioners, enabling them to
use the asymptotic distribution to calculate PCS for various scenarios more easily.

We use the following notation. Almost sure convergence will be denoted by a.s. For any
functions, fi(.), Epn(f1(U)) and Vpy(f1(U)) will denote the mean and variance of U under



the assumption that U follows PN (a, i, o). Similarly, we define, En(f1(U)) and Vy(f1(U)) as
mean and variance of U under the assumption that U follows N(u.,0?). Moreover, if f5(.) and
f1(.) are two functions, we define Covpn(f2(U), f1(U)) and Covn(f2(U), f1(U)), as covariances
where U follows PN («, u1,0) and N (u,,0?), respectively.

3.2 Asymptotic distribution of 7,
3.2.1 When data is coming from Power normal
Recalling equation (4)), we can write,
To=Y Infon(Xisp.00) = Y In fu(Xii i, 0) (7)
i=1 i=1

Therefore, if data is coming from PN (a?, u°, o), we have,

EPN(Tn’aou MO’ UO) :EPN |:Z In fPN(X“ M, 0, Oé) - Z In fN(X’u Mo 0*)} . (8)
=1 =1
Similarly, we have,
VPN<Tn|a07 /'Lou UO) :VPN |:Z In fPN(X27 K, o, Oé) - Z In fN(Xza Mo O-*):| . (9)
i=1 i=1

Now we present the following theorem which helps us in establishment of asymptotic property of
our decision criterion 7,,. Note that all assumptions required for the application of the relevant
theorems, including the Central Limit Theorem and related probabilistic results, have been

verified in the Appendix.

Theorem 3.1 If Data is coming from PN(ag, o, 0¢) then T, is asymptotically normally dis-

tributed with mean Epn (T, |, to, 00) and variance Ven (T, |ao, o, 00)
To prove the above theorem we need the following lemma :

Lemma 3.1 Under the assumption that data is coming from PN(ayg, 1o, 00), we have the fol-
lowing results as n — oo :

a)d — ag a.s., L = [ip a.5.,0 = 0 a.5.
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b)fis = fiy a.S. , O —> 0y a.s. where

Epny(In(fn(X; fiv, 7)) = max Epy(In(fy(X; pie, 04)))

ok , O %

c)Let us define
Tr): = LPN(Oéoa Ho, 00) - LN(/;*a 07*)

then \%(Tn — Epn(T))) is asymptotically equivalent to \/LH(T; — Epn(TY))

Proof of lemma 3.1: See in appendix.

Proof of Theorem 3.1: Using Central limit theorem and part (b) of Lemma 3.1, it follows
that \/LE(T * — Epn(T))) is asymptotically normally distributed with mean zero and variance
Ven(T). Therefore, using part (c) of Lemma 3.1, the result follows.

It could be seen that values of i, and o, will depend on («p, g, 00). We will be calling them
as misspecified parameter. Now we provide expressions for asymptotic mean and asymptotic

variance as following. Let

Epn(T, T,
AMpy(T,) = lim Een(Tw) AVpn(T,) = lim Ven(Th) (10)
n—oo n n—oo n
where
AMpn(T3) = Epn(In fen (X5 o, po, 00) — In [y (X5 4, 64))
AVpn(T,) = Vpn(In fpn (X5 ag, pto, 00) — In fin (X5 4, 6%))
3.2.2 When data is coming from Normal distribution
As discussed in previous subsection, if data is coming from N(u2,c?), we have,
EN(T’VZLuga US) =En |:Z In fPN(sz u, o, Oé) - Z In fN(Xza 22 0*):| : (11)
i=1 =1
Similarly, we have,
VN(TnLuga 02) =V |:Z In fPN(Xi; My 0y a) - Z In fN(Xi; Mo U*):| : (12)
i=1 =1

Theorem 3.2 If Data is coming from N(p.,0x0) then T,, is asymptotically normally distributed

with mean En(T,|ps0, 0x0) and variance Vi (Ty |0, 0x0)
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To prove the above theorem we need the following lemma :

Lemma 3.2 Under the assumption that data is coming from N(i.o, 04 ), we have the following
results as n — oo :
a)fls = Jleo Q.S. , Ox —> Tuo Q.S

b)Jod — & a.s., it = i a.5.,0 = G a.s.

where

En(In(fpn(X; @&, fi,0))) = max Ex(In(fpn(X; o, g, 0)))

o, p,0

c)Let us define
T = Lpn (&, 1,5) — Liv(ta0, 020)

then \%(Tn — En(T,)) is asymptotically equivalent to \/LE(TM — En(Th))

Proof of lemma 3.2: See in appendix.
Proof of Theorem 3.2: Using Central limit theorem and part (b) of Lemma 3.2, it follows
that \%(Tn* — En(T,y)) is asymptotically normally distributed with mean zero and variance
Vn(Th). Therefore, using part (c) of Lemma 3.2, the result follows.
It could be seen that values of &, i, will depend on fi., 049 We will be calling them as mis-
specified parameter. Now we provide expressions for asymptotic mean and asymptotic variance
as following. Let

AMy(T,) = lim EvTn) AVn(T,) = lim Vr(Tn)

n—o00 n n—o00 n

where

;657 /17 6) —In fN(X; M0, 0*0))
;657 :&7 6-) —In fN(X7 0, 0*0))

12



3.3 Asymptotic distribution of B,
3.3.1 When data is coming from Power normal distribution

Recalling equation , we can express B, as:
B, = -2 [Zln Fox(Xis 0, 0) = > " In (X5 e, @} +log(n). (13)
i=1 =1
If the data is generated from PN (a®, u° o), the expected value of B,, can be written as:

Epn(B, | 0407M0,00) = EPN|:_ 2< E In fen(Xi; p, 0, 00) — E lan(Xi;u*,a*)) —l—log(n)}.
i=1 i=1
(14)

Similarly, the variance of B, is given by:

Ven(B, | ao”uovao) = Vpn [ - Q(Zln fon (X5 p, 0, ) — Zln fN(Xi;M*>U*>) + log(n)].
i=1

=1

(15)

Now we present the following theorem which helps us in establishment of asymptotic property

of our decision criterion B,,.

Theorem 3.3 If Data is coming from PN(«, o, 00) then B, is asymptotically normally dis-

tributed with mean Epn(By|ao, po, 00) and variance Ve (By|a, to, 00)

Proof of Theorem 3.3: Using Theorem 3.1, we have, T,, follows an asymptotic normal distri-

. . . 2 .
bution with mean pr, and variance o7, :

T, ~ AN(ur, . 0%,) (16)
where
2
AMPN = lim ad and AVPN = lim O-Tn (17)
n—oo N n—oo M

Here AMpy and AVpy are asymptotic mean and asymptotic variance of T}, when data is coming

13



from Power Normal. From equation , for large n ,
pir, = O(n). (18)
Using equation (|16|), we start with:

Tn ~ AN([’LTna 0’%”)
— — 2T, +log(n) ~ AN (=2puz, + log(n), 402, ) (19)

where the transformation —27,, + log(n) applies a linear scaling.

Thus, we conclude that:
B, ~ AN(—2pg, + log(n), 407, )
or equivalently,
By ~ AN(us,,0%,)

where pp, = —2ur, +log(n) and o3, = 407, .
Using equation (L9)), we observe that —2uz, = O(n). Given that O(n) grows faster than
O(log(n)) as n — oo, it follows that up, = —2ur, + log(n) < 0 for large n.

3.3.2 When data is coming from Normal distribution

As discussed in previous subsection, if data is generated from N(u?, 0?), we have,

Bx(B | 10%) = By | =2 S fox(Xisp .00 = 3o (X)) + o) (20)

Similarly, the variance of B,, is given by:

VN (B, | 12,0°%) = Vy { — 2(Zln fen(Xi; py 0, 0) — Zln fN(X,;;u*,a*)) + log(n)]. (21)
i=1

=1

Theorem 3.4 If Data is coming from N(p.o, 0x0) then By, is asymptotically normally distributed

with mean En(By|ps0, 0x0) and variance Vy(By| o, 040)
Proof of Theorem 3.4: The proof is similar to that of Theorem 3.3 and follows the same

14



steps.

4 Minimum sample size determination

In this section, we describe a method to determine the minimum sample size needed to tell
apart a normal distribution from a Power Normal distribution. This is done for a user-specified
probability of correct selection (PCS). The user must either provide an exact PCS value or a
range they are comfortable with. Our method is similar to the one proposed by Gupta and
Kundu| (2003]).

There are various ways to measure how different two distributions are — for example, using
the Kolmogorov—Smirnov (K-S) distance or the Hellinger distance. When two distributions are
very similar, we usually need a larger sample to tell them apart with a certain level of confidence.
But when the distributions are quite different, even a smaller sample may be enough. In many
real-world cases, if the difference between two distributions is very small, it may not be necessary
to discriminate between them.

So, it is important that the user specifies both the desired PCS and a tolerance limit. The
tolerance limit defines the smallest difference (in terms of distance between distributions) that is
meaningful for the user. If the actual difference is smaller than this limit, the two distributions
are considered practically the same, and we do not attempt to separate them.

Once the PCS and tolerance limit are set, we can calculate the minimum sample size needed.
In this work, we use the K-S distance to measure the difference between distributions. However,
the same approach could also be used with the Hellinger distance, which we do not explore here.
Given the PCS, we use the asymptotic behavior of the test statistic B,, to find the required
sample size.

From Theorem 3.3, the statistic B,, is asymptotically normally distributed under the Power
Normal model, with mean Fpx(B,,) and variance Vpx(B,,). Therefore, the PCS can be approx-

imated as

— —J/n- 0,0 -0
PCS(a® 1, 0%) =P(B, < 0] a’, 1, 0% ~ @ —Een(Ba) | _ o [ =V AMen(a?, 40, 0%) |
Ven(Bn) \/AVPN(OéO, (0, a°)

(22)
where ®(-) denotes the cumulative distribution function of the standard normal distribution.

To compute the minimum sample size n required to achieve a target protection level p*, we

15



solve

. —v/n - AMpx(a?, 1%, 00) _ (23)
\/AVPN(ozo, o, a9) ’
which yields
2 AV 0 10 50
y = 2 AV 10 ) 24)

(AMPN(aov :uoa UO))2 ’

where z,+ is the 100p*-th percentile of the standard normal distribution.
Similarly, if the data follow a normal distribution with true parameters ¥ and o2, the mini-

mum sample size required to attain the same PCS level p* is

Zg* ) AVN(NS? US)

" AN 00) %)

where AMy (1Y, 0¥) and AVy(u?, 0?) denote the asymptotic mean and variance of the test statis-
tic B, under the Normal model. We now present the asymptotic means and variances for B,,

under both choices of the parent distribution, based on the equations derived in Section 3.

a® | AMpn(a®, 1°, 0% | AVpn(a?, 1, o)
3 -0.0073 0.0342
4 -0.0111 0.0480
) -0.0145 0.0639

Table 5: Asymptotic Mean and Variance of B,, when data is coming from PN(a? 1,1)

o) | AMx(ul,07)) | AVn(il, 0?)
0.5 0.0004 8.665204e-05
1 0.0004 0.0001
2 0.0004 0.0001

Table 6: Asymptotic Mean and Variance of B,, when data is coming from N(0, ¢?)

We now present the Kolmogorov—Smirnov (K-S) distance between the Power Normal distribu-
tion PN(a?, 1%, 0%) and the Normal distribution N(fi, ), where i, and &, denote misspecified
parameters for the Normal model obtained using Lemma 3.1. We emphasize that these K-S

values are obtained analytically and do not involve any simulation procedure.
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The Kolmogorov—Smirnov distance between two distributions with cumulative distribution
functions F'(z) and G(z) is defined as

D= Slip}F(x) — G(z)|.

Accordingly, the K-S distance between the Power Normal and Normal distributions is given
by

Xr — ~*
Dpnx = SUP|FPN($; CYO,MO,UO) - ‘I)( a ) ‘,

Ox
where Ipyn denotes the cumulative distribution function of the Power Normal distribution and
®(-) is the standard Normal cumulative distribution function.

Likewise, we compute the Kolmogorov—-Smirnov (K-S) distance between the Normal distribu-
tion N(ug, og) and the Power Normal distribution PN(&, i, ), where @, fi, & denote misspecified
parameters for the Power Normal distribution obtained using Lemma 3.2.

In addition to these distances, we provide the corresponding sample sizes required to achieve a
protection level of p* = 0.9, calculated using equations and , along with the asymptotic
quantities from Table [5] and [6] Here, np, denotes the required sample size using the test

statistic B,,. Based on the asymptotic distribution of B,, and the KS distance between the

a? 3 4 5
KS(PN(a? 1,1), N(4iy,d,)) | 0.014 0.017 | 0.017
ng, 1054.02 | 639.83 | 499.15

Table 7: KS distances between PN(a?,1,1) and N(/i,, d4))

o9 0.5 1 2
KS(PN(&, i,5), N(0,09)) | 5.755796e-05 | 4.003611e-05 | 9.101631e-05
ng, 704.63 920.61 858.38

Table 8: KS distances between PN(a, fi,5) and N(0, o?)

two distribution functions, the minimum required sample size can be determined such that
the probability of correct selection (PCS) reaches a specified protection level p*, for a given
tolerance level K*. We illustrate the procedure assuming the data are drawn from a Power
Normal distribution; however, the methodology for the normal distribution follows analogously.
To determine the minimum sample size required to discriminate between Power Normal and

normal distribution functions, we consider a user-specified protection level and a given tolerance
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level. Suppose the protection level is set at p* = 0.9, and the tolerance level is defined in terms
of the Kolmogorov—Smirnov (K-S) distance as K* = 0.014. This tolerance level implies that
the practitioner aims to distinguish between the Power Normal and normal distributions only
when the K-S distance between them exceeds 0.014.

From Table (7] it is observed that the K-S distance exceeds 0.014 when a® > 3. Therefore, if
the data are generated from a Power Normal distribution, a sample size of at most n = 1056 is
required to achieve the protection level p* = 0.9 under the specified tolerance level.

It is important to note how the usefulness of the Power Normal distribution depends on
the degree of skewness in the data. When the parameter « is close to 1, the Power Normal
distribution becomes nearly indistinguishable from the Normal distribution, since a = 1 cor-
responds exactly to the Normal case. In such low-skewness situations, the two fitted models
produce almost identical CDFs, PDFs, and quantile estimates, and there is little practical ben-
efit in attempting to discriminate between them. Although our minimum sample size analysis
focuses on moderately to highly skewed cases (v = 3,4,5), the observed pattern is consistent
with intuition: as | — 1] increases, the separation between the two models becomes larger and
the required sample size for discrimination decreases. Conversely, for values of o very close to
1, the distributions are too similar, and extremely large samples would be needed to distin-
guish them. Therefore, in practice, when the estimated & is close to 1, the Normal model is
adequate, whereas for moderate to large skewness, the Power Normal model provides a better
representation, particularly in the tails. The proposed BIC-based rule offers a systematic way

for practitioners to make this decision.

5 Simulation Results

This section presents a series of simulation experiments to evaluate the performance of the pro-
posed discrimination procedures. For each setting, data are generated from one of the two com-
peting models, and the probability of correct selection (PCS) is computed across 10,000 Monte
Carlo replications. When data are generated from the Power Normal distribution PN («,2,1),
the value of « is varied. Conversely, when the data come from the Normal model N(0,0,),
the parameter o, is varied. We also compare the Monte Carlo based PCS with the PCS ob-
tained from the corresponding asymptotic distribution for the BIC criterion to examine how

well asymptotic approximations holds.
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5.1 BIC criterion

In this subsection, we compute the probability of correct selection (PCS) using the BIC crite-
rion based on equation . We begin by generating data from the Power Normal distribution
PN(1,1,«). For each generated sample, we fit both the Power Normal model and the Normal
model, and compute the corresponding value of B,,. Repeating this procedure over 10,000 repli-
cations, the PCS is estimated as the proportion of times B, < 0, indicating correct selection of
the true model. We then repeat the same procedure by taking the Normal distribution as the
parent distribution, in order to assess the performance of the BIC criterion under this setting.
Figure 5| illustrates the PCS behavior for different sample sizes and parameter settings. When
the parent distribution is Power Normal, the BIC criterion yields relatively low PCS for small
samples, but the PCS steadily increases with sample size.

The Hellinger distance between two probability density functions f and ¢ is defined as

H.0= (5 [ (Vi@ - vaw) @)

The improvement in PCS is more pronounced as |a — 1] increases. This behavior is consistent
with the fact that the Hellinger distance between PN («, 2, 1) and its closest Normal counterpart
also increases (see Table E[) A larger Hellinger distance indicates greater separation between

the two models, making them easier to distinguish and thereby leading to higher PCS.

e 2 3 4 5
Closest Normal N(2.56,0.82) N(2.84,0.74) N(3.02,0.69) N (3.16,0.66)
Hellinger’s Distance 0.00038 0.00090 0.00138 0.00179

Table 9: Closest Normal distributions and Hellinger’s distances corresponding to PN (2,1, «).

Figure [6] further confirms that, for sufficiently large sample sizes, the PCS approaches one.
This is expected from the consistency of the BIC criterion, which guarantees correct model
identification with probability tending to one as the sample size increases.

When the data come from the Normal distribution, the PCS values follow a similar pattern:
they are already quite high for moderate sample sizes and continue to improve as n increases.

This again demonstrates the strong discriminative power of the BIC-based approach.
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To examine the agreement between finite-sample and asymptotic behavior, we compare the

Monte Carlo estimates of PCS with their asymptotic counterparts derived in Section 3. From

Theorem 3.3, the statistic B,, is asymptotically normally distributed under the Power Normal
model, with mean Fpn(B,) and variance Vpx(B,,). Accordingly, the PCS can be approximated

using equation ([22)).

Similarly, when the data are generated from a Normal distribution with true parameters p°
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and o2, the corresponding PCS can be obtained using the asymptotic distribution of B,,. The
asymptotic means and variances of B,, under both choices of the parent distribution are reported
in Tables [5 and [6] respectively. These results are presented in Table [10] For the Power Normal
parent model, the asymptotic PCS aligns closely with the Monte Carlo PCS once n becomes

moderately large.

[ aln— 500 750 1000 1500 2000 ||
3 0.259  0.412 0539  0.735  0.843
(0.276)  (0.423) (0.542) (0.710) (0.826)
4 0.468  0.634  0.768  0.893  0.966
(0.458)  (0.626) ( 0.741) ( 0.875) (0.949)
5 0.606 0.761 0872 0977  0.995
(0.582)  (0.740) ( 0.847) ( 0.945) (0.983)

Table 10: Values of PCS using MC simulation and those from asymptotic results (in parentheses)
when data is coming from PN(«,2,1).

In contrast, when the data are generated from a Normal distribution, the asymptotic PCS is

essentially equal to one even for small sample sizes, due to the very small values of AMy and
AV (see Table @ This is fully consistent with the Monte Carlo results reported in Table

[oin— 25 50 75 100 200 ||
0.5 0.901 0937 0961 0974  0.979
(1.000)  (1.000) (1.000) ( 1.000) (1.000)
1 0.916 0938 0963 0974  0.982
(1.000)  (1.000) ( 1.000) ( 1.000) (1.000)
2 0.919 0939 0966 0976  0.984
(1.000)  (1.000) ( 1.000) ( 1.000) (1.000)

Table 11: Values of PCS using MC simulation and those from asymptotic results (in parentheses)
when data is coming from N(0, o).

5.2 KS-distance based approach

We also consider a Kolmogorov—Smirnov (KS) distance based decision rule for comparison. This
method evaluates which fitted distribution lies closer to the empirical cumulative distribution
function (ECDF). The KS distance for the Power Normal model is defined as

Dpy = Sup‘Fn(a:) — Fpx (w54, 1, 0)

)
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with Dy defined analogously for the Normal model. We then compute
Dn = DPN - DN7

and select the Power Normal model whenever D,, < 0.
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Figure 7: PCS based on KS distance criterion for respective choice of parent distribution.

When the data are generated from the Power Normal model, the KS-based rule performs
adequately, and the PCS improves with sample size and with increasing |a — 1|. However, when
the data come from the Normal distribution, the KS-based approach performs poorly: the PCS
falls below 0.5 and even slightly decreases with increasing sample size. These results indicate
that the KS distance is not a reliable discrimination tool for this problem.

It is worth commenting on the general performance of the discrimination strategies consid-
ered in this work. For discrimination problems where the competing models have the same
number of parameters, the existing literature consistently reports that the ratio of maximized
log-likelihoods (RML) performs very well and often outperforms alternative methods. However,
this guidance does not extend to the present setting, because the Power Normal and Normal
distributions differ in their parameter dimensions. In such cases, the RML method is no longer
applicable, as it systematically favours the model with more parameters. Since the problem
of discriminating between distributions with unequal parameter counts has not been explored
previously, no generally accepted optimal rule exists. Based on the results obtained in this
study, the BIC criterion appears to perform the most reliably across a wide range of scenarios,
yielding consistent and stable probabilities of correct selection. Nevertheless, a theoretically

optimal discrimination rule for unequal-dimensional model families may exist, and identifying
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such a method remains an open direction for future research.

6 Discrimination Performance for Incomplete and Censored
Data

To further investigate the applicability of the proposed discrimination strategies in the presence
of incomplete observations, we analyze a publicly available insurance dataset included in the
copula package in R. The data were originally compiled by the U.S. Insurance Services Office
(ISO) and consist of general liability claims selected from late settlement periods. Each record
corresponds to one of the n = 1500 randomly sampled claims and contains three key pieces
of information: the indemnity payment (referred to as the “loss”), the corresponding Allocated
Loss Adjustment Expense (ALAE), and the applicable policy limit.

The ALAE variable represents the portion of the insurer’s expenses that can be directly
attributed to settling a specific claim, such as attorney fees and costs associated with claim
investigation. Let Y; denote the recorded loss amount and X; the associated ALAE for the i¢th
claim.

An important feature of this dataset is the presence of right-censoring due to policy limits.
For each claim, the policy limit ¢; specifies the maximum indemnity amount payable under the
contract. If the actual loss exceeds this limit, only the policy limit is recorded, resulting in a

censored observation. Formally, we define the censoring indicator

1, ifY; <¥¢; (loss fully observed),
52‘: ’L:L,?’L
0, ifY;>4¢ (loss censored),

Using this definition, the dataset contains a total of 34 censored loss observations and 1466
fully observed ones. This structure makes the dataset particularly useful for evaluating the
performance of model discrimination techniques in the presence of censoring or incomplete in-
formation. A scatterplot of (loss, ALAE) on the log scales is depicted in Figure . In this
dataset, 34 out of the 1500 claims are right—censored due to policy limits, and we inherited the
same censoring structure for (loss,ALAE). Both the Normal and Power Normal models were
fitted via maximum likelihood under this censoring scheme.

For both the LOSS and ALAE datasets, we fitted the Normal and Power Normal models after
standardizing the observations. Under the Normal model, the MLEs for the LOSS data were
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Figure 8: Scatterplot for loss and ALAE (on the log-scale).

fx = 7.05 and 7, = 3.14, whereas for the ALAE data the corresponding estimates were [i, = 7.82
and 7, = 3.59. In contrast, under the Power Normal model, the LOSS dataset produced the
estimates 1 = —8.28, ¢ = 6.37, and a = 45.24, while the ALAE dataset yielded g = —9.13,
o = 7.25, and a = 39.19. The detailed log-likelihood, AIC, and BIC values corresponding to
these fitted models are reported in Table [12] which clearly illustrates the improved fit of the

Power Normal model for both datasets even in the presence of censoring.

Dataset, Model 0(0) AIC  BIC
. Normal —164.881 333.762 344.388

LOSS (standardized) 0 ol 152.004 310.008 325.948
Normal —180.289 364.578 375.204

ALAE (standardized) — p 0 0 1 _170.373 346.746  362.685

Table 12: Log-likelihood, AIC, and BIC for standardized LOSS and ALAE datasets under
Normal and Power Normal models.

This empirical study illustrates that the proposed discrimination methodology remains effec-
tive for truncated or incomplete datasets, and the Power Normal distribution continues to offer

a markedly superior fit in the presence of skewness and heavy tails.
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7 Effect of model misspecification

In this section, we explore the effect of model misspecification on the average estimate of the
p" quantile. We are particularly interested in examining the consequences of incorrect model
selection when estimating the p'" quantile. Specifically, we aim to assess the severity of the
impact that such model misspecification has on the relative bias of the estimated p' quantile.
Suppose, data is coming from PN(a?, u°, 0%) and we find the estimates of p™® quantile ( let py
denote true value of the p'" quantile) assuming data is indeed coming from PN(say ppy) and
then assuming wrong model i.e. Normal(say py). Then, Relative bias under true model is given

as: .
RB, = bPo — PPN

Do

)

where as that of under wrong model is given as:

Po — DN
Po

RBy =

Under the cor-
rect model assumption (Power Normal), we estimate the p'® quantile for different values of
p (0.90,0.95, and 0.99) across varying sample sizes n = 25,50, 75, and 100 and then we find the
value of relative bias (RBj). Next, we perform the same estimation under the wrong model
(Normal distribution) and compute RB,. The results are obtained in Table [13]

First, we generate data from the Power Normal distribution PN (3,2,1).

H pln— 25 50 75 100 H
0.90 0.017  0.008  0.005  0.003
(0.019)  (0.010) ( 0.007)  (0.006)
0.95 0.021  0.009  0.006  0.003
(0.023)  (0.017) (0.018)  (0.016)
0.99 0044  0.019  0.008  0.004
(0.045)  (0.044)  (0.043)  (0.041)

Table 13: Value above the parenthesis denotes average value of Relative bias under true model
where as that value in the parenthesis denotes that of under wrong model (Normal in this case).

We then repeat this entire procedure by altering the parent distribution from Power Normal

to Normal (0, 2)
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H pln— 25 50 75 100 H

090  0.009 0.004  0.003  0.002
(0.040)  (0.018) ( 0.017) (0.008)

095 0014 0007  0.006  0.001
(0.052) (0.022) (0.019)  (0.009)

099  0.008  0.005  0.004  0.003
(0.064) (0.024)  (0.018)  (0.017)

Table 14: Value above the parenthesis denotes average value of Relative bias under true model
where as that value in the parenthesis denotes that of under wrong model (Power Normal in
this case).

From Tables [13| and it is evident that the relative bias under the true model is smaller
compared to that under the wrong model assumption. Furthermore, the difference between the
two relative biases grows as we progress from the 0.90-th quantile to the 0.99-th quantile. This
indicates that as we move toward the tail region, the impact of model misspecification on the

p-th quantile becomes more serious.

8 Data analysis

Considering the dataset introduced in Section 1 (see Table , we now apply the BIC criterion
to determine the most appropriate model for the respective marginal datasets, namely ‘Shock’
and ‘Vibration’.

We begin by analyzing the ‘Shock’ data. Using the MLEs provided in Section 1, the max-
imized log-likelihood under the Power Normal model is Lpx(fi,0,&) = —40.103, while for the
Normal model, it is Lx(fis, o) = —42.068. Based on these log-likelihood values, the correspond-
ing BIC values are BICpy = 90.40 and BICyx = 90.93. Thus, the difference in BIC values
is

B, = BICpxy — BICx < 0,

indicating that the Power Normal model is preferred over the Normal model for this dataset.

Similarly, for the ‘“Vibration’ data, the maximized log-likelihood under the Power Normal
model is Lpn(ft,0,4&) = —39.466, and under the Normal model, it is Lx(fis, 0x) = —42.065.
Using these values, the BIC values are BICpy = 89.13 and BICy = 90.93. Here again, the
difference in BIC values is

B, = BICpy — BICy < 0,
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confirming that the Power Normal model is the better choice for this dataset as well.

9 Conclusion

In this study, we have investigated the problem of discriminating between Power Normal and
Normal distributions, addressing a challenge that has not received attention in the literature.
Unlike most prior work, which focuses on discrimination between distributions with the same
number of parameters, we have specifically tackled the complexities arising when the parameter
counts differ.

Our findings reveal that conventional methods, such as the ratio of maximized log-likelihoods
and the Kolmogorov-Smirnov (KS) distance-based approach, are inadequate for this task. This
underscores the need for alternative criteria. The Bayesian Information Criterion (BIC) emerges
as an effective solution, providing better results in terms of the probability of correct selection
(PCS). Additionally, we derived the asymptotic distribution of the BIC criterion.

To validate our approach, we conducted Monte Carlo (MC) simulations, calculating PCS
values both through simulation and using asymptotic results. Our analysis also explored the
impact of model misspecification on p'" quantile , highlighting the importance of selecting the
appropriate model.

Extending the problem of discrimination to higher dimensions, particularly in light of the
bivariate extension of the Power Normal distribution proposed by |[Kundu and Guptaj (2013)),

presents another promising direction for further research. More work is needed in this direction.

Appendix:

Verification of assumptions of White| (1982):

Assumption Al:

Assumption A1 requires that the observations Uy, ..., U, are independent and identically dis-
tributed random vectors with common distribution GG defined on a measurable Euclidean space,
and that G admits a Radon—Nikodym density with respect to a dominating measure.

In our setup, let (X;), be a sequence of independent and identically distributed real-valued
random variables defined on a common probability space (€2, F,P). We identify U; = X; for all

1.
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We assume that X; ~ PN(ao, po,00), so that the common distribution G is defined on
(R, B(R)), where B(R) denotes the Borel o-algebra. The distribution G is absolutely continuous
with respect to Lebesgue measure A, and hence admits a Radon—Nikodym density g = dG/dA

ap—1
o= 2 () o) en

Since ¢ and ® are measurable functions, it follows that ¢ is measurable. Therefore, G' admits

given by

a measurable Radon—Nikodym density with respect to Lebesgue measure.

Hence, Assumption Al is satisfied.

Assumption A2:

Assumption A2 requires that the family of distribution functions F'(u, #) admits Radon—Nikodym
densities f(u,#) that are measurable in u for each 6 € O, continuous in 6 for each u, and that
the parameter space © is a compact subset of RP.

In our setting, the parametric family is given by the Normal distribution with parameter
vector § = (u,0) € R x (0,00). Let F(x,0) denote the corresponding distribution function,
which admits the density

Flai o) = — exp(—M), rER.

2mo 202

Measurability: For each fixed 6, the function f(z; u, o) is measurable in z, since it is composed
of continuous (hence measurable) functions of z.

Continuity in #: For each fixed x € R, the function f(x;u,0) is continuous in (u, o) on
R x (0, 00), and hence continuous on any subset © C R x (0, 00).

Compactness: To satisfy the compactness requirement, we restrict the parameter space to
©={(n,0):|ul <M, e<o< M},

where M > 0 and € > 0 are fixed constants. This set is closed and bounded, and hence compact
in R2.

We assume that M is chosen sufficiently large and e sufficiently small so that the pseudo-true
parameter 6* lies in the interior of O, ensuring that this restriction is without loss of generality.

Therefore, all conditions of Assumption A2 are satisfied.
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Assumption A3:

Assumption A3 requires that: (a) Eflog g(X)] exists and there exists an integrable function
m(z) such that supycg |log fn(z;6)] < m(z); and (b) the Kullback-Leibler divergence

I(g: f,0) = E{log %}

has a unique minimum at some 6* € ©.

(a) Integrability:
Let X ~ PN(ag, o, 09) with density g. Define Z = (X — ug)/0g. Then

log g(X) = logag —log oo + (ag — 1) log ®(Z) + log ¢(Z).

Using
log ¢(z) = —4 log(2m) — %,

we have
[log ¢(z)| < C + 327,

so that E|log¢(Z)| < oo whenever E(Z*) < oo. Since the Power Normal distribution admits
finite second moments (see Gupta and Gupta (2008))), this condition holds.

Next, note that U = ®(Z) follows a Beta(ag, 1) distribution under the Power Normal model.
Hence,

1
E|log®(Z)| = —E[logU] = a < 00.

Therefore, Elog g(X)] exists.

We now construct a dominating function for log fy(x; ). For (u,0) € O,

(& —p)?*

1
long(ZL’;/L,O') :_10g0-_§10g<2ﬂ-)_ 202

Since © is compact, there exist constants C,Cs > 0 such that

sup | log fn(z;0)| < Cy + Oy,
0cO

Let m(z) = C; + Cyx?. Since E[X?] < oo under the Power Normal distribution, E[m(X)] < oo,

establishing the required domination.
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(b) Uniqueness of the KL minimizer.

Since E[log g(X)] does not depend on ¢, minimizing I(g : f,0) is equivalent to maximizing

Q(p, o) = Ellog fn(X; p, 0)].
A direct calculation yields

Var(X) + (E[X] — p)?

202

Qlu,0) = —logo — el

where C'is constant in (u, o).
For fixed o, Q(u, o) is strictly concave in u, with unique maximizer p* = E[X]. Substituting

this, we obtain
Var(X)

Qo) = ~logo — ——

+C,

which has a unique maximizer at o** = Var(X).

Thus, the Kullback—Leibler divergence is uniquely minimized at

0" = (E[X],\/Var(X)).

By choosing M sufficiently large and e sufficiently small, we ensure that 6* lies in the interior
of ©.

Therefore, Assumption A3 is satisfied.

Assumption A4:

Assumption A4 requires that the first derivatives of the log-density,

0
1 =1,...
ael Og f(u79)7 Z ) 7p7

exist, are measurable in u for each 6 € ©, and are continuously differentiable functions of 6 for
each u.

In our setting, the parametric model is the Normal distribution with parameter vector 6 =

N2
f(m;,uao—):\/;—ﬂ_o_exp(_%)a r €R.

(u,0) and density
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The log-density is

1 _ 2
log f(z;p,0) = —logo — 5 log(27) — (‘TQT'U).
Existence and measurability:
The first derivatives are
0 ) 0 1 (x—p)?
@bgf(x;uyff): poa %bgf(%;MU)Z—EJFT-

For each fixed # € ©, these are compositions of continuous functions of x with denominators

bounded away from zero (since o > € > 0). Hence, they are measurable functions of x.

Continuous differentiability in 6:

For each fixed x € R, the second derivatives are

0? 1 0? 2(x — p)
1 : =_— 1 : === 0
oz 18 flap,0) = ——, Do 8 f(xsp, o) e
0? 1 3(x— p)?
5o 108 f(wp,0) = — o

These functions are continuous in (u, o) on O, since o is bounded away from zero. Therefore,

the first derivatives of log f(x,#) are continuously differentiable in 6 for each z.

Hence, Assumption A4 of White (1982) is satisfied.

Assumption A5:

Assumption A5 requires that the second derivatives of the log-density and the products of first

derivatives,

82 0 )
1 —1

are dominated by functions integrable with respect to the true distribution G, uniformly over
0 € 0.

log f(u,0),

In our setting, the model is Normal with § = (u, ). From previous calculations,

(v — p)?

o3

0
—1 N p—
o5 8 f(z;p,0)

)

x— U 0 ‘ 1
o2 a_o_logf<xauva) __;+
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0? 1 0? 2(x — p)

T — U
—log f(x:p,0) = ——, ——1log flz:p,0)=——"1 2
9/1/2 g (x7 ) ) 27 9/1/9 g (x7 ) )

0? ‘ 1 3z —p)?
wlogf(x,u,a) =i T

Uniform bounds for second derivatives: Since |u| < M and e < o < M, we have |z—p| < |z|+M
and 0% < e*. Hence,
o2
sup | == lo x;&’SC’,
0€O ’8M2 8 f{z:9) '
2

oudo

sup logf(x;e)‘ < Cy(1 + [z,

0cO
a—21 f(z:0)] < Cy(1 + 22)
gtelgaUQOg z;0)| < Cy z°),

for constants C, Cy > 0.

Uniform bounds for score functions:

Similarly,

sup
0O

0
—1ogf<x;9>] <Cyl4J2) sup
ou 0€0

0
a—alog f(x;@)‘ < Cs(1 + 22).

Thus, for all ¢, 7,

sup
0cO

9, 0 4
20, 1ng(x’9)89j log f(x; 9)' < Cy(1+2%)

Let m(z) = C(1 + a*) for sufficiently large C' > 0. Then all second derivatives and score
products are bounded by m(zx) uniformly over 6 € ©.
Since the true distribution is PN («o, f10, 09) and admits a finite fourth moment (see Gupta
and Guptal (2008)), it follows that
Em(X)] < oc.

Hence, both the second derivatives and the products of score functions are dominated by an

integrable function, and Assumption A5 is satisfied.

Assumption AG6:

Assumption A6 requires that: (a) 6* is an interior point of ©, (b) B(6*) = E[s(X, 6*)s(X, 6*)]

is nonsingular, and (c) 6* is a regular point of A(0).
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(a) Interior point:

From Assumption A3, the pseudo-true parameter is

0" = (u*,0") = (E[X],/Var(X)).

Since the Power Normal distribution is non-degenerate, Var(X) > 0, so 0* > 0. By choosing

M sufficiently large and € > 0 sufficiently small, we ensure that
| < M, e<o* <M,

so that 0* lies in the interior of ©.

(b) Nonsingularity of B(6*):
Let s(X,0%) = (S1,52)". Suppose there exist constants a;, as such that

a151 + a2S3 = 0 almost surely.

Substituting,

Multiplying through by o*3,
* * *2 *\2) __
a0 (X —p) +as(— (™) + (X —p*)?) =0 as.

Above condition isn’t true unless X is degenerate. Since Var(X) > 0, this cannot occur, and
thus a1 = as = 0.

Hence, B(6*) is positive definite and therefore nonsingular.
(c) Regularity of A(6):

Recall that )

A() =E [% log f(X, 9)} .

In the present case 0§ = (i, 0), so A(#) is the 2 x 2 matrix

2

oy I x| B2
guz el Budo

2

0? 0
E{ﬁaau log f(X, 9)] E[w log f(X, 0)}

log f(X, 9)}
A(9) =
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Using the expressions derived earlier,

0? 1 0? 2(X — )
2 log f(X,0) = —— log f(X,0) = -~~~ _H
0? 1 3(X —p)?

Taking expectations, we obtain

1 C2B[X —y
O e - 1 smx -

At 0 = 0* = (u*,0%), we have E[X — u*| =0, so

1

- 0-*2 O
A(") =
1 3Var(X)
O E T
Since 0*? = Var(X), this simplifies to
1
- 0
O-*
A" = )
0 - 0-*2

This matrix is diagonal with strictly negative entries, and hence is nonsingular.

Moreover, from Assumptions A4 and A5, the entries of A(6) are continuous in . Therefore,

by continuity of the determinant, A(f) remains nonsingular in a neighborhood of #*, so its rank

is constant in that neighborhood.

Hence, 6* is a regular point of A(#). Hence, all parts of Assumption A6 are satisfied.

Justification of the application of the Central Limit Theorem

To justify the application of the Central Limit Theorem, we verify that

Epy|[(log g(X))?] < o0,
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where g denotes the density of the Power Normal distribution.
Let X ~ PN(ap, o, 09) and define Z = (X — ) /09. Then

log g(X) = log ag — log g + (g — 1) log ®(Z) + log ¢(2).
Using (a + b+ ¢)* < C(a® + b* + ¢*) for some constant C' > 0, it suffices to show that

E[(log®(2))’] <oo and E[(log$(Z))*] < oo.

Since
log ¢(z) = — 3 log(27) — %,

we have

(log ¢(2))* < C(1+2")

for some constant C' > 0. Hence,
El(log ¢(2))*] < C(1 + E[Z") < o0,

since the Power Normal distribution admits finite moments of fourth order (see Gupta and

Guptal (2008)).
Let U = ®(Z). Under the Power Normal model, U ~ Beta(ag, 1). Therefore,

E|(log ®(2))*] = E[(log U)?].
Using the Beta density,
1
E[(logU)?% = ao/ (log u)*u™ " du.
0
This integral is finite for all oy > 0, and evaluates to

2
E[(logU)?] = —3 < 0.
0

Combining the above results, we obtain
Epn [(log g(X))2] < 00.
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Hence, the required moment condition is satisfied.

Proof of Lemma 3.1(a)

The proof relies on an application of the Strong Law of Large Numbers (SLLN). To apply the
SLLN, it suffices to verify that

Epn|[log frn(X;a,p,0)] < oo.

From the expression of the power-normal density,

X —p
—

log fpn(X;a, p,0) =loga —logo + (a — 1) log ®(Z) +log ¢(Z), Z =

The required integrability of log fpn(X; a, u, o) follows directly from Assumption A3(a),

where it has already been shown that
Ellog®(Z)| <oco and E|log¢(Z)| < co.
Hence,

EpN[log fen(X; oz,,u,o)] < 00.

From Strong law of large number, we have:
I o o
- > logfen(Xiia, ,6) = —Epy(logfpn(X;a, i, 5)) as.
i=1

where a.s. means almost sure convergence. Also, —FEpyn(logfpn(X;a, fi,d)) has a minimum at
true value ie: (o, %, ¢%) which are identifiably unique (as established earlier).

Note that Lemma 2.2 of White, (1980) is stated for a general class of objective functions @,,(6)
and does not depend on the specific least squares structure. In the present setting, the negative
log-likelihood

Qn(0) = —% > log frn(Xi;0)

satisfies the same conditions, since (i) Q),,(€) converges uniformly almost surely to its expectation
by the SLLN and the integrability conditions established earlier, and (ii) the limiting function

has a unique minimizer due to identifiability. Therefore, Lemma 2.2 applies in this context.
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Moreover,

a,i,0€e0 N

1 N
—=> logfpn(Xi; 6, i, 6) = inf __ZlongN Xia, i, 0)
i

Using Lemma 2.2 of White| (1980), we have, (&, fi, ) — (a®, u°, %) a.s.

Proof of Lemma 3.1(b):

Using similar flow of logic as used in Lemma 3.1(a), proof of Lemma 3.1(b) can be established.

Proof of Lemma 3.1(c):

Now for proving statement of Lemma 3.1(c), we need to show that :

1
T - Epn(T,la®, 10, 0°) = T7 + Epn(T7)] =5 0

In order to do so let us focus on the establishment of the statement:
—[T T*] — 0
\/_

followed by proving :

Epn (T[T T*]> —0
Before that let:
h(Xi; X) = log fen (Xis v, p, 0) — log [ (Xi; s, 04)
where x = (o, i1, 0, fe, 04) = (X1, X2, X3, X4, X5)- Now consider,
1>

ST~ T = VA S )~ )

Z[th (X )| Vi = ) + (1)
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where h;() = %h—g. Here ¥ = (&, i, G, fis, 0x) and ¥ = (a®, u°, 0, fi., 7.).X; is the j-th component

of X and x; is the j-th component of y for j € {1,2,...,5}. Thus, using weak law of large
numbers (WLLN), we have:

1~ ; :

=~ 5K X5) = Epn(h(X;x) (26)
[ X=X
EPN(h;(X7X)) _ |: a@ lo (fPN(I.;Olaﬂug))fPN(x;OéO”uO’o.O) d$:| (27)
X=X —o0 OXjj fN (.I, Hoxe O-*) X=X

Using dominated convergence theorem (DCT), we have:
Epn(hy(X;x)| =0 (28)

X=X

Using above results and the fact that /n(x; — x;j) converges to a normal distribution with zero

mean and some finite variance(using Theorem 3.2 of [White (1982)), we have

T[T T 50

Here o(1) refers to a sequence that tends towards 0. Last step is written using Cauchy-Schwarz
inequality. Since Epy[v/n(X; — X;)]* < oo (using theorem 3.2 of [White| (1982)) and using
equation (28)), we have,

n

1 , 2
Epn |- W (Xi:v)| —
PNLLZ ( qu)} 0
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ThUS, Epn (\/Lﬁ[Tn — T;]) — 0

Hence result follows.

Proof of Lemma 3.2:

Along the same direction as done in case of Lemma 3.1
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