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Abstract

The motivation of this work came when we were trying to analyze gold price data
of the Indian market and the exchange rate data between Indian Rupees and US
Dollars. It is observed that in both the cases there is a significant amount of time
when X,, = X, 11, hence they cannot be ignored. In this paper we have introduced
a very flexible discrete time and continuous state space stationary stochastic process
{X,}, where X,, has a proportional hazard class of distribution and there is a positive
probability that X,, = X, +1. We have assumed a very flexible piecewise constant
hazard function of the base line distribution of the proportional hazard class. Various
properties of the proposed class has been obtained. Various dependency properties have
been established. Estimating the cut points of the piecewise constant hazard function
is an important problem and it has been addressed here. The maximum likelihood
estimators (MLEs) of the unknown parameters cannot be obtained in closed form, and
we have proposed to use profile likelihood method to compute the estimators. The
gold price data set and the exchange rate data set have been analyzed and the results
are quite satisfactory.
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1 INTRODUCTION

The motivation of this work came when we were trying to analyze the gold price data of the
Indian market during the month of December 2020 and January 2021, and also the exchange
rate data of the Indian Rupees and US dollars during January 2023 and July 2023. It is
observed in both the cases that the data are coming from a positive valued lag-1 stationary
process and there are several instances for which X,, = X,,;1, which cannot be ignored. It
may be mentioned that there are several positive valued lag-1 stationary processes available
in the literature; for example the exponential process by Tavares [27], Weibull and gamma
process by Sim [26], Pareto process by Yeh et al. [28], semi-Pareto process by Pillai [24],
Weibull process by Jayakumar and Girish Babu [14], and see the references cited there
in. Unfortunately, none of these processes can be applied in this case as in all these cases
P(X,, = X,41) = 0. It may be mentioned that the Pareto process introduced by Arnold
and Hallet [3] can take a positive probability on X,, = X,,,1, but they did not develop any
inference procedures for that process. Moreover, the proposed process is more general in
certain aspects than the process of Arnold and Hallet [3]. Kundu [18] also introduced a
stationary process which can take a positive probability on X,, = X, .1, but the proposed

model is easier to implement in practice and it can be more flexible than the existing models.

The main aim of this paper is to introduce a discrete time and continuous state space
lag-1 stationary process { X, }, for which P(X,, = X,,41) > 0. We want X,, > 0, and it should
be flexible enough to be applicable in different cases. In this case the marginals belong to
the proportional hazard class (PHC) of distribution as introduced by Cox [9]. Due to this
reason it will be called as the PHC-process. The PHC of distributions is a very flexible
family of distribution functions and they have been used quite extensively in lifetime data
analysis. The exponential and Weibull distributions belong to the PHC of distributions. In

this paper we have not assumed any specific parametric family of the base line distribution



function. It is assumed that the base line distribution has a piecewise constant hazard
function, which makes the proposed PHC-process to be a very flexible process. Hence, if
there is a non-negative time series data which are skewed and there is a positive probability
that the consecutive values might be equal, then the proposed PHC-process can be used

quite effectively to analyze the data set.

We have provided various properties of the proposed PHC-process. Since exponential
and Weibull distributions are members of the PHC of distributions, the exponential process
and Weibull process can be obtained as special cases of the proposed process. The joint
distribution function of {X,} has been obtained, and it is observed that X, is independent
of X,,1x, for k > 2. The joint distribution of X, and X,,.; has a very convenient copula
structure, and based on this copula structure several dependency properties can be estab-
lished. Generation of the random sample from this PHC-process is quite straight forward,

hence bootstrapping or simulation experiments can be performed quite conveniently.

The maximum likelihood estimators (MLEs) of the unknown parameters cannot be ob-
tained in explicit forms. It involves multidimensional optimization problem. We have sug-
gested to use profile likelihood technique and it reduces the computational burden signif-
icantly. In this profile likelihood method, one needs to solve only one two dimensional
optimization problem to compute the MLEs of the unknown parameters. The parametric
bootstrap confidence intervals can be used to construct confidence intervals of the unknown

parameters.

Another important point which has been addressed is the estimation of the change point
of the base line hazard function. It is an important problem, and it has not been addressed
in the literature properly. In this paper it is assumed that the position of the cut points has
the same distribution as the arrival times of a non-homogeneous Poisson process. Based on

this assumption we have obtained the maximum likelihood estimators of the position of the



cut points. Two real life data sets have been analyzed to see how the proposed model works

in practice. The results are quite satisfactory.

The rest of the paper is organized as follows. In Section 2, we provide the PHC of
distributions and the piece wise constant hazard function. The PHC process and various
properties are provided in Section 3. The two data sets and some preliminary data analysis
have been performed in Section 4. In Section 5 we present the MLEs of the unknown pa-
rameters for different models. The data analyses are presented in Section 7 and we conclude

the paper in Section 8.

2 PRELIMINARIES AND SOME NEW RESULTS

2.1 PROPORTIONAL HAZARD CLASS

Suppose Fy(t) is an absolutely continuous distribution function with the support on the
positive real axis, and Sy(t) = 1 — Fy(t) is the corresponding survival function. Define a class

of distribution function parameterized by « > 0, which has the survival function
St;a) = (So(t)*; ¢ =0. (1)

Clearly, F(t;a) = 1 — (t; ) is an absolutely continuous distribution function. It will be
denoted by PHC(Sp, ). This class of distribution functions has been introduced by Cox [9].
This is known as the PHC of distributions because if hy(t) is the hazard function of Fy(t),
then ahg(t) is the hazard function of F'(¢;a). Note that if fo(¢) denotes the probability

density function (PDF) of Fy(t), then the PDF of S(t; «) is of the form

frrc(t;a, So) = afo(t)(So(t)* . (2)

Throughout this article it is assumed that Sy(t) = 1 for all ¢ < 0, although all the results

can be extended for general Sy also. Most of the results are valid when Sy(¢) has bounded



support also. Several well known distribution functions belong to the PHC of distributions,
for example exponential, Weibull, Rayleigh, generalized Pareto, Lomax, Gompertz etc. An
extensive amount of work has been done in developing several properties of the PHC of

distributions, see for example Cox and Oakes [10] in this respect.

2.2 PIECEWISE CONSTANT HAZARD FUNCTION

It is assumed that the base line hazard function hg(t) is piecewise constant, and M — 1
number of cut points 0 =79 < 7 < ...7Ty_1 < Ty = o0 to be used. At the beginning both
M and the cut points are assumed to be known. Later we will discuss how to estimate these

constants. Further, it is assumed that ho(t) has the following form;

ho(t) = Zej[[mﬁj)(t)’ (3)

here 0;’s are unknown positive constants and Ij,,_,,)(t) is the indicator function, i.e.

. ]_ t - [Tj—l?Tj)
Lir; i () = { 0 otherwise.

It is clear that under this set up 6.,...,60) are identifiable only up to a multiplicative
constant. Hence, without loss of generality, it is assumed that 6, = 1. It may be observed
that when M = 1, hy(t) becomes an exponential hazard. Note that the distribution function
having the piecewise constant hazard function as defined in (3) is a very flexible class of
distribution functions. The hazard function can take variety of shapes, like increasing,
decreasing, bathtub, unimodal shaped etc. One does not need to assume apriori the shape
of the hazard function. It is more like a data driven technique, the data will decide about
the shape of the fitted distribution. On the other hand it is not a purely non-parametric
approach, where one needs a very large sample size to estimate the hazard as well as the
survival functions. Therefore, it is more like a semi-parametric approach which has been

used effectively to estimate the hazard and survival functions with a reasonable sample size.



Assumption of the piecewise constant hazard function for analyzing lifetime data is not very
uncommon in the statistical literature, see for example Murphy [22], Goodman et al. [13],

Balakrishnan et al. [6], Kundu [17] and references cited therein.

Now let us compute Sy(t) and fo(¢) which will be be needed later. Note that, the

cumulative baseline hazard function Hy(¢) can be written as

M
Ho(t) =Y 0;(min{t, 7;} = 75-1)I1r,_, ra) (1).

j=1
From now on we will use the notation A; = [r;_1,7;), for j = 1,..., M. The cumulative
hazard function
( 0,t if te A
917‘1+02(t-’7‘1) if te AQ
Ho(t) = 4 e o 4
o S 0i(r = 7o)+ Okt —mea) i L€ A, (4)
S 0i(ry — o) + Ot — i) i€ Ay

\

Once Hy(t) is obtained, Sy(t) and fy(t) can be obtained as
So(t) = e O and  fo(t) = ho(t)e 0. (5)

The mean and variance can be obtained by simple integration. We just provide the mean

residual time M (a) = E(T|T > a) which are quite useful in lifetime data analysis.

Tk 00
M(a) = E(T|T > a) = 0@ {/ tho(t)e 0O qt +/ tho(t)eHO(t)dtl = A + B(say),

Tk

where

Tm M )
- / to= SiL s min{tr =m0,y (O gy
Tm—1

—  Hola) Z Cm/m te~ 2yt ¢j(min{t,j k=75 1) gy
Tm—1

m=k+1

M -
= @ Z cme_z}n_llcj(ﬁ'—fjl)/ te—em(t=Tm-1) 1y
m=k+1 Tm—1



M
— Ho(a) Z o~ Ti ei(ri=Ti-1) P i _ e*Cm(Tm*Tm—l)(_ + Tpn)
=k+1 €m Cm

A = (Mg, / o S s mint im0y ) 6 gy
_ 6Ho(a)Ck/kt€_E;?lcj(min{t,Tj}—Tj_1)dt

_ eHo(a)Cke—Z;tllCj(Tj—Tj—l)/kteCk(tTkﬂdt

a

— eHol(a)— il ei(m—mio1) {a + i _ e‘@c(ﬁc‘“)(i + Tk)]
Ck

3 PROPORTIONAL HAZARD CLASS PROCESS

In this section we will define the PHC process (PHCP) and derive its properties.

Definition 1: Suppose {Y,,;n > 1} is a sequence of independent and identically distributed
(i.i.d.) random variables, Y,, follows(~) PHC(Sy, A1) and {Z,;n > 1} is a sequence of i.i.d
random variables independent of {Y,;n > 1} also and Z,, ~ PHC(Sy, \y), for n = 1,2,....
Let us define X,, = min{Y,,,Y,+1,Z,}, for n = 1,2,.... Then the sequence of random
variables {X,,} is called a PHCP. It will be denoted by PHCP (S, A1, A2).

If So(t) = e~ for t > 0, then it becomes an exponential process and similarly if Sy(t) =
e ' then it becomes a Weibull process. Similarly, by choosing different Sy(¢), different
processes can be obtained. From now let us use the following notations. Fy(t) = 1 — Sp(t),
fo(t), ho(t) and Hy(t), the base line cumulative distribution function (CDF), the base line
probability density function (PDF), the base line hazard function (HF) and the base line
cumulative hazard function (CHF), respectively. The process {X,,} is called the PHCP due

to the following theorem.

Theorem 1: If {X,} is a PHCP(Sy, A1, A2), then



(i) {X,} is a stationary process.

(i) X, ~ PHC(So, 2A1 + As)

Proof: Part (i) follows from the definition. To prove part (ii), note that

P(X,>t)=PY,>t,Yn1 >t,Z, >t) = P(Y,, > )P(Y,y1 > )P(Z, > t) = (So(t))* ™2

Theorem 2: If {X,} is a PHCP(Sp, A1, A2), then the joint survival function of X, and

Xotms Snnam(2,y) = P(X,, >z, X1 > ), for 2 = max{x,y} is

B (So(af))z)‘1+>‘2(So(y))2)‘1+>‘2 if m Z 2
Sn,n+m(x,y) = { (So(:c))’\lJ“’\Q(Sg(y))’\l“Z(So(z))’\l i om =1

Proof: Simply writing X, in terms of Y,,,Y,,11,Z,, and similarly, X,,.,,, the result follows. B.

The above result indicates that X,, and X,,,, are independent if m > 1, and they are
dependent if m = 1. This makes the process to be a lag-1 process. The joint distribution
function of X,, and X,, | will provide the dependence structure of the proposed PHCP. We
will explore more later about the dependence properties of the PHCP. The joint survival

function of X,, and X, can be written explicitly as follows:

[ So@) sy i e <y
im0 = { (S G i 25y )

It may be seen that (6) becomes the joint survival function of the Marshall-Olkin bivariate
exponential (MOBE) distribution if we take So(z) = e~* and similarly, (6) becomes the joint
survival function of the Marshall-Olkin bivariate Weibull (MOBW) distribution if we take
So(z) = ™" see for example Kundu and Dey [19] or Kundu and Gupta [21]. From Theorem
2, it follows that { X, } has a Markov property, i.e. the distribution of X,[{X,_1,..., X1} is

same as the distribution of X,,|X,,_1, since X,, is independent of X,, o,..., X7.

It can be easily verified that X,, and X, ., has the following Marshall-Olkin survival



copula for 0 < 6 < 1,

C(u,v) = 5

~ wo if u<w
wv® i u>w.

The corresponding copula density function becomes

(8)

0 ~ oudt if u<w
Clu,v) = { SOt if > .

Several dependence measures and dependence properties can be obtained from this. For

example the Kendal’s 7 and Spearman’s p become

1-96 and 12 5
T=— n = — 3.
140 P=G+1)(6+3)

Now we will provide the joint PDF of X,, and X, ., and because of the Markov property
it will be helpful to compute the joint PDF of X;,..., X,,. It may be noted that the joint
distribution function is not an absolutely continuous distribution function, hence the joint
PDF does not exist in the usual sense, i.e. in terms of two dimensional Lebesgue measure,
similar to MOBE or MOBW distributions. In this case the dominating measure is a two-
dimensional Lebesgue measure on x # y and one dimensional Lebesgue measure on = = y,
see for example Bemis et al. [7]. Based on the above dominating measure the joint PDF of
X, and X,, 1 can be written as follows.

filz,y) if z<y
fnxen(@y) =9 folz,y) if x>y (9)
fﬂ(ma y) if r=y,

where
filz,y) = feuc(z; A+ Ae, So) fruc(y; 201 + A2, So)

fa(z,y) = feuc(z;2M + X2, So) fruc(y; A + A2, So)

A
fo(%w) m.fPHC(ZE;g)\I"‘QAQ;SO)y

and fo(z,y) = 0if x # y. If we denote

Faoly) = 3A1 42X { frro(x; A + Ag, So) frac (2520 4+ X2, ) if O0<a <y

2(A1 + A2) frac(x; 201 4+ A2, So) fruc(x; A+ A2, S0) if 0 <y <,
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then fu.(z,y) is a proper bivariate PDF. The joint PDF of X,, and X,,;1 can be written as

2)\1 + 2/\2 /\1
anXn-H(:C y) 3)\1+2>\2fac< ) 3)\1+2>\2f0(:v,y).
A
Hence, P(X,, = Xp41) = ————, and it varies between (0,1/3). Therefore, if the number
3A1 42X
of cases X,, = X,,11 is more than one third of the total sample size, this model should not
AL+ A
be used. Further, P(X,, # X,11) = 2+ A) and because of symmetry, P(X, < X,11) =
3A1 42X
AL+ A

P(X, > X,41) = g These probabilities are useful in estimating A; and Ay also.

3A1 + 20

The following quantity might be of interest for some practical purposes

P(Xpp1>a,Xp=0a) (M +X2) Ar+do
P(X, = a) M+ )\2)( ola)) '

P(Xp1 >a|lX,=a)=

The following conditional density function is needed to compute the joint PDF of X1, ..., X,,.

Jep+1(z,v) (A1 + A2)(So(z)) Mho(y)(So(y))? ™ iz <y
Ixeixe=2(y) = SR = ()\1 + )\2)h0( )(So(y)) M+ if >y
fx, (2) 2 () (So ()M if z=uy.

The joint PDF of {X;,..., X, } can be obtained as

Ixrxn (T1s o) = XX (Tn) XX fxgx, (T2) X fx, (1) (10)
= fxoxa 1 (Tn) X0 X fxyx, (02) X fx, (1) (11)
 fxenx (a1, ) Ix1.x, (1, 72)
B an—1 (xnfl) e fX1 (1'1> . le (ml) <12)
H?;11 fi{i,f(iﬂ (xi7$i+l) (13>
Hi:? Ixi(w5)

In this case (10) is obtained by the conditioning approach, (11) is obtained by using the
Markov property, (12) is obtained due to the conditional density function and finally the

last step by simple algebraic calculation.

Another important concept in any stationary time series is ‘stopping time’. It has been
discussed quite extensively in the time series literature. Christensen [8] discussed about opti-

mal stopping time for autoregressive processes and Novikov and Shiryaev [23] also discussed
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about the optimal stopping time for processes with independent increment. Let us define

the stopping time N for the PHCP {X,}, for a given L > 0 as follows;
{(N=n}te{Xi>L,...,X,.1>L,X, <L}

Since the event {N = n} is independent of X, 1, X, 19,..., for all n > 1, therefore, N is a
stopping time. To compute the probability mass function (PMF) of N, first let us compute
the following

PXy>L,....X,>L) = PMi>LYy,>LZy>L,....Y,>LY,\1>L,Z,>1L)

_ (So(L))(n+l))\1+n)\2.

P(N=1) = P(X;<L)=1-P(X;>L)=1—(Sy(L))*™
P(N=k) = P(X;>L,Xo>L,....,X;, <L)
= p<X1>L,,Xk,1>L)—P<X1>L,,Xk>L)

= (SO(L>>’€)\1+(]€71))\2 _ (SO(L>>(k+1))\1+k)\2 _ (SO(L))kA1+(k71)A2(1 B (SO(L>>/\1+>\2).

If we denote p = Sy(L), the probability generating function of N can be obtained as

A1 [1 _ p>\1+>\2]

G(z) = B(Z") = f: P(N = k)b =2

1 J— Zp)\1+/\2
Hence
A1 A1 _ 2(M+X2) M _ o A1tHA2
_p _ph(-p pM(1 —pht))
E(N) = RTESS and V(N)= 1=y :

4 DATA DESCRIPTION

4.1 DAtA SET 1: GoLD PRICE DATA

This data set represents the price of 1 gm. of 24 Carat (Kt) gold in Indian Rupees From

Dec. 01, 2020 till Jan. 31, 2021 of total 62 days. The price has been plotted in Figure 1 and
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it is presented in Appendix B. The minimum, maximum and the median value of the price

4600

4550

4500

4450

4400

4350

Gold price in Rupees

4300

4250 I I I I I I
0 10 20 30 40 50 60

Time in days

Figure 1: The price of 1 gm of 24 Carat gold in Indian Rupees from December 01, 2020 till
January 31, 2021.

during this period is Rupees 4280, 4580 and 4355, respectively. There are 22, 29 and 10
cases such that X,, < X,,11, X,, > X,,.1 and X,, = X1, respectively. The autocorrelation
(ACF) and the partial autocorrelation (PACF) functions of the data have been plotted in

Figures 2. Now to check whether the observations of the lag-1 difference or lag-2 difference

1 0.9

0.8 b
0.9r

0.7 b

0.8 06F 4

07k 0.51 b

0.4 b

06r 03t 1

Partial autocorrelation function

Autocorrelation function

05f 1
04t 8

H o = m =
03 ’_‘ -0.1 | | | | | | |
-1 0 1 2 3 4 5 05 1 15 2 25 3 35 4 4
Lag Lag

Figure 2: The ACF and PACF of the gold price data have been plotted in (a) and (b),
respectively.

are independent distributed or not, the run test have been performed. The results for the
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No. Series No. of | No. of | No. of | Test Statistic | p value
runs | '+’ sign | -’ sign

I {X, X5, ) 17 15 15 0.3716 | 0.7102

2 | {Xy, Xy, ..., } 16 13 17 0.1095 | 0.9130

3 {Xy, Xy, ..} 10 11 8 -0.1276 | 0.8984

4 | {X0, X5} | 12 7 12 1.0994 | 0.2716

5 | {X5, X6,..., } 10 10 9 -0.2243 | 0.8226

Table 1: Run test statistic and the associated p values for different series for the gold price
data.

different series are presented in Table 1. It is clear from the PACF and also from the results
in Table 1 that the observations of lag-1 series as well as lag-2 series are independently

distributed.

4.2 DATA SET 2: EXCHANGE RATE DATA

This data set represents the exchange rate of US one dollar against Indian rupees during
April 05, 2021 to Sept 30, 2021. The exchange rate of US dollar one against Indian rupees has

been plotted in Figure 3 and it is presented in Appendix B. The minimum, maximum and the

755

Exchange Rate

| | | | | | |
0 20 40 60 80 100 120 140 160

72 !

Time in Days

Figure 3: The exchange rate of US dollar one against Indian Rupees during April 05, 2021
to Sept 30, 2021.

median exchange rate during this period is Rupees 72.396, 75.450 and 74.139, respectively.
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No. Series No. of | No. of | No. of | Test Statistic | p value
runs | '+’ sign | -’ sign

I {X, X5, ) 52 44 45 1.3872 | 0.1654

2 | {Xy, Xy, ..., } 42 43 45 -0.6388 | 0.5230

3 {Xy, Xy, ..} 30 35 24 0.1431 | 0.8862

4 | {X2, X5,.... 3| 30 28 31 0.1116 | 0.9112

5 | {X5, X6,..., } 24 26 32 -1.5240 | 0.1276

Table 2: Run test statistic and the associated p values for different series for the exchange
rate data.

There are 82, 85 and 11 cases so that X,, < X,,.1, X,, > X,,.1 and X,, = X,,, 1, respectively.
The autocorrelation (ACF) and the partial autocorrelation (PACF) functions of the data

have been plotted in Figures 2. We have performed the run tests on the two lag-1 series and

1 1
0.98[
0.96 —
0.941
0.92f

0.9+
0.88[
0.86

0.84r 4 |
0.82f H J
08 [ 02 I I I I I
1 0

0.8

0.6

0.4r

0.2r

Partial autocorrelation function

Autocorrelation function

Figure 4: The ACF and PACF of the exchange rate data have been plotted in (a) and (b),
respectively.

three lag-2 series, and the results are presented in Table 2. In this case also it is clear that

the observations of lag-1 series as well as lag-2 series are independently distributed.
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5 MAXIMUM LIKELIHOOD ESTIMATORS

5.1 LIKELIHOOD FUNCTION: GENERAL

In this section we provide the likelihood function of the observed random sample D =
{z1,...,2,} from the PHCP(Sp, A\, A\2). We consider three different forms of the base line
distribution, namely (a) exponential, i.e. So(t) = e~*, (b) Weibull, i.e. Sy(t) =", and (c)
piecewise constant hazard function as defined in (5). First we will provide the general form
of the likelihood function, and then consider the three different cases explicitly. We use the

following notations in all these cases. I ={1,...,n—1}, Iy ={2,...,n— 1},
Ilz{iii61,$i<$i+1}, ]Qz{ili€],$i>$i+1}, ]0:{i2i61,$i:$i+1}.

The number of elements in Iy, I; and Iy are denoted by ng, ny and no,respectively. Based

on the observed sample the likelihood function can be written as

A A n1+n2)\n0
(A1 + o) Sho(a; ©)e M POREDO T hy(241:0),  (14)

Lid A, O1D) = (2\1 + Ag)no—1

iel1Ul>

where

E\(D,©) = 2) Ho(zin)+ Y Ho(zig)+ Y Ho(w:) = Y Holw:) + 2Ho(x1)

i€ly i€l i€lp i€l
Ey(D,©) = > Ho(riy1)+ Y Ho(w:) + Ho(x1).
i€l1Ul2 i€y

5.2 LIKELIHOOD FUNCTION: EXPONENTIAL AND WEIBULL

In case of exponential distribution when Sy(x) = e™*, the likelihood function can be written

as

At + Ag)mtna A0
LEX()\17)\2|D) — ( (12;_ _i))\ )no?ll e_AlEl(D)e_)\QEQ(D), (15)
1 2
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where

El(D) = 221’@'4_1—"21’7;4.1—"2131'—21’1'4—2‘7}1

i€l i€ly i€ly i€l
EQ(D) = E Tir1 + E T+ Xq.
i€l1Ulg i€lp

In case of Weibull distribution, when Sy(z) = e=*, the likelihood function can be written

as

(AL + Ag)mtme \Jogratnetlgo=l o) - _
Lwe(Ai, A2, a|D) = (2)\1+/1\2)n0_1 L e~ MEB(Di)=A2Ba(Dia) H xfﬂl, (16)

iel1Ul>

where

Ey(D;a) = 22$?+1+Z$?+1+Zx?_2$?+2x?

i€l i€ly i€lp i€l
. J— (0% (0% (0%
Ey(Dya) = E Tiyy + E T + Iy
€1 Ul i€y

5.3 LikerLiHooD FunctioN: PCH FuNcCTION

First observe that in presence of \; and As, 01, ..., 0, are identifiable up to a multiplicative
constant. Without loss of generality, it is assumed that 6; + ... + 0y, = 1. Further, the
following notations might be useful to write the likelihood function in a compact manner.
For any i € I; U5, the corresponding (x;, z;,1) will be denoted as follows: x; will be denoted
by @uuw, here u = j, if @ € I}, for j = 1,2, the index v indicates z; € A,, forv=1,..., M
and w € {1,..., N4}, here ny,, denotes the number of z;’s in A,, for i € I,,. Similarly, y;
will be denoted by by, here u = j, if ¢ € [}, for j = 1,2, the index v indicates ;41 € A,,
forv=1,...,M and w € {1,...,n9y,}, here ngy,, denotes the number of z;.;’s in A,, for
1 € I,. For any i € I, the corresponding x; will be denoted by ¢,,,, here the index v indicates
x; € Ay, forv=1,....M and w € {1,...,ng,}, here ng, denotes the number of z;’s in A,,

for i € Iy. Finally we will denote ng,, = #{i : i € 1,2, € A}, m =1,...,M. It is
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assumed that z; € A,. Based on the observed sample the likelihood function in this case

can be written as

M
(A 4 Ag)mtnz)\mog, N2 1m 4122 +N0m MY 00,-2 M Do,
KO0, 1) = B ([ i ) (ot n52100)

m=1
(17)
where for j < r,
M
C; = (15— 7j-1) Z (2n21m + n22m + Nom — Na1m + 2)
m=j+1
nat; n22; 05 )
+QZ(bIjk —7j-1) + Z(b2jk —Tj-1) + Z(Cjk —Tji—1) — > (@jx — Tj=1)
k=1 k=1 k=1 k=1
M
D = (75— 7j-1) Z (n21m + N2z + Nom + 1)
m=j+1
n21j n22; n0;
+ Y (e —7j1) + Y (bags = 1) + Y (G — 1)
k=1 k=1 k=1
for j =,
M
Cj = (15— 7-1) Z (2n21m + N22m + Nom — Na1m + 2)
m=j+1
n21j n22;j n0; ni1j
+2) bk —-1) + > (boe = 71) + D _(ep = 1) = > (anje — 751) + 21 — 7j4)
k=1 k=1 k=1 k=1
M
Dj = (7 —7j-1) Z (21m + M2z + Nom + 1)
m=j+1
n21; n22; ng;
+ Z(bljk —Tj1) + Z(ijk —Tj-1) + Z(Cjk — Tj—1) + (21 — 7j-1)
k=1 k=1 k=1
and for j > r,
M
C; = (17— 7-1) Z (2n21m + Na2m + Nom — N11m)
m=j+1
n21; n22; no;j ni1;
42 (e — mim1) + > (bojr — i) + > (e — T—1) = D _(a1je — 1)
k=1 k=1 k=1 k=1
M

Dj = (1, —7-1) Z (n21m + Nazm + Nom)

m=j+1
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n21; n22; noj

+ 3 (b = 751) + Y (baje = T5-1) + > (e — T1).

k=1 k=1 k=1

See Appendix A for details.

5.4 MLES: EXPONENTIAL AND WEIBULL

In this section we will discuss about the maximum likelihood estimators of the unknown
parameters for the exponential and Weibull processes. Based on the likelihood function

(15), the log-likelihood function for the exponential process can be written as
lEX ()\1, )\2|’D) =Ny In )\1"‘(7114‘712) ln(>\1+)\2)—(n0—1) ln(2)\1+)\2)—)\1E1 <D>_)\2E2(D) (18)

where Fy(D) and Ey(D) are same as defined in (15). We make the following reparametriza-

tion = A; and 50 = Ag. Then the log-likelihood function can be written as

lex(8,6D) = (ni+mne+1)InB+ (ng+mn2)In(1+9)— (ng —1)In(2 +9)

—B(E1(D) + §E5(D)) . (19)

Hence, for given §, the MLE of 3, say 3(5) can be obtained as

n1+n2+1

Bo) = E1(D) + 0E5(D)’

(20)

and the MLE of § can be obtained by maximizing the profile log-likelihood function (without

an additive constant) of ¢, namely

(21)
It can be easily seen that the § which maximizes (21) can be obtained as the positive root

of the following quadratic equation for R = E1(D)/E(D),

pex(0) = —nod2+0(R(ny+ns+1—n0)+(ng—2))+R(2(n1+ng)—(ng—1))—2(n; +n+2+1) = 0.
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Once, the MLEs of 5 and ¢ are obtained, the MLEs of A\; and Ay can be obtained by

transformation.

The log-likelihood function for the Weibull process without some additive constant, based

on (16) can be written as

lWEB()\17 )\2, CY’D) = Ny In )\1 -+ (n1 -+ TLQ) ln()\l -+ )\2) — (no — 1) 111(2)\1 + )\2) —+ (n1 -+ N9 + 1) In o

+a ( > i+ x1> — M EL(D; o) — M By (D; ). (22)

iel1Ul>
In this case also we make the same reparametrization as the exponential case: § = A\; and

B0 = Ag. Then the log-likelihood function (22) can be written as

lWEB(B; (5, Oé’D) = (n1 + N9 + 1) IDB + (711 -+ 712) ln(l + (5) — (no — 1) 1D(2 -+ (5)

+(ny+ne+ 1) Ina+ « < Z Inx; —l—lnx1> — B (F1(D;a) + §E2(D; ) .

i€l1Ul
Hence, for given ¢ and «, the MLE of 3, say 3(6, «) can be obtained as

~ B ny+ng+1
pld,a) = Ei(D;a) + 0Ey(D; ) (23)

~

For given «, d(«), the MLE of §, can be obtained as the unique positive root of

pWEB(5|oz) = —7’L052 + 5(R(C¥)(TL1 -+ %) + 1-— no) -+ (no — 2))

+R()(2(ny +n2) — (ng—1)) =2(n1 +n+2+1) =0.

Here R(«) = Ey(D;«)/Ey(D;«). The MLE of a, @, is obtained by maximizing g(«), the
profile log-likelihood of a without the additive constant, where

~ ~

gla) = —(ny+ne+ 1) In(E1(D,a) + §(a)Ex(D, ) + (ny + na) In(1 + §(«))

—(ng— 1)In(2+6()) + (n1 +ny + 1) Ina +a ( Z Inmz;y +lnx1> :

icl1Ulo
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5.5 MLEs: PCH FuNcTION

In this section first we will we discuss about the MLEs of the unknown parameters of the
PCH function when M and 7,..., 7y are known, and then we will discuss when they are

unknown. The log-likelihood function of the PCH function process can be written as

M
lpern(M, A2, 0D) = (n1+n2) (A + Aa) + noln Ay — (ng — 1) In(2X + Xo) + Y dy In 6y,

m=1
M M
—M Y G0 — XY Dby,
j=1 j=1
where d,, = No1m + Noom + Nom, for m=1,..., M, m # k, dp = na1x +noax +nox + 1, C; and

D; are same as defined in (17). For given \; and Ay, the MLEs of ,,, can be obtained as

. d.

Hm(>\1,)\2) :m, mzl,,M—l (24)

Hence, the MLEs of A\; and Ay can be obtained by maximizing the profile log-likelihood

-~

function ppoH()\l, )\2) = ZPCH()\ly )\2, @()\1, )\2)’1))
5.6 ESTIMATION OF CuT POINTS

Now we discuss about the estimation of the unknown parameters of the PCH function when
M and 7, ..., 7y are unknown. Let us denote the maximum time point as 7. It is assumed
that the position of the cut points are modeled as the arrival times of the events in [0, 7],
from a non-homogeneous Poisson process { N(¢);¢ > 0} with intensity function u(t) = 6>~
for § > 0. But the arrival times of the events from N(t¢) are not observed, hence they are
being treated as missing values. For the given number of cut points M — 1 in [0, 7], the
likelihood function of the observation is treated as a function of the unknown parameters
01,...,0x, 09, when the arrival times of the events from N (), which are missing, are replaced
by their corresponding expected values. For a given M we compute the maximum likeli-

hood estimators of the unknown parameters, and then based on some information theoretic
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criteria, like Akike Information Criterion (AIC) or Bayes Information Criterion (BIC), we

estimate M also.

Now we provide the joint PDF of the arrival times of a non-homogeneous Poisson process.
Suppose {N(t);t > 0} is a non-homogeneous Poisson process with intensity function u(t) =
AL for § > 0. Let Ty, Ty, ... denote the arrival times of the first, second etc. arrival
times of the events from N(t). Then the joint PDF of T3, ..., T, given that N(7) = n, can

be written as

n
nlo"™ 5 4 -1

le,...,Tn|N(T):n(t17 R ,tn) = ey tl_ R A O<ti <ty...<t, < T, (25)
and zero, otherwise. Hence, for j =1,...,n,
nlgm [ % T S el 6t
E(THN(T) = n) = 7-”5 / / C / / tl_ e tj:ltjtjjrl . 'tn_ dt1dt2 cee dtn_ldtn
o Jo o Jo

nlgn Tn&—i—l

= X
™0 a(28) ... ((J—1)0)Jo+)((G+1)o+1)...(nd+1)

n! gr—itlr
G-+ DG+ )T (S + 1)
T

(1+55) .+ 1+ %)
Therefore, for homogeneous Poisson process i.e. when o = 1,

qT

E(TIN() =n) = LT

In this case the cut points are equidistant.

Hence, in practice we can implement the above method as follows. For fixed § and M,
we can write the the likelihood function in terms of the unknown parameters. Then for a
given ¢ and M we can obtain the maximum likelihood estimators of the other parameters.
We treat this as profile likelihood of 4 and then obtain the maximum likelihood estimator of

0 also for a given M. Then we can find M by using AIC or BIC.



22

6 GOODNESS OF FiIT

It is important to provide a goodness of test to verify whether the proposed model can be
fitted to a given data set or not. We have considered a similar goodness of fit test as it has
been proposed in Kundu [18]. Suppose {z1,...,z,} is a sample from a stationary sequence

{X1,..., X, }. We want to test the following null hypothesis
H() : {Xl, ce ,Xn} ~ PHCP(S{), )\0, )\1)

Here, Sy is a specific known survival function, Ay and A; are also known. Let us use the
following notations. We denote Xy, < ... < X,,., as the ordered {Xi,...,X,}, similarly,
Tip < ... < Xy, as the ordered {xq,...,2,}, and a1 = Ep,(X1.0), ..., a4, = Epy(Xpn) as
their ordered expected values under Hy. Here, a4, ..., a, depend on Sy, A\g, A1, but we do not

make it explicit. We use the following statistic for goodness of fit test.

It is expected that if Hy is true, then W,, should be small. Hence, we use the following test

criterion for a given level of significance 0 < < 1
Reject Hy if W, > ¢,(B),
where ¢, () is such that
Pity(Wa > ca(B)) = B.
Note that ¢, () also depends on Sy, Ag, A1, but we do not make it explicit for brevity. It is

difficult to obtain ¢, (/) theoretically even for large n. Hence, we propose to use parametric

bootstrap technique to approximate ¢, () from a given observed sample {z,...,z,}
Algorithm:

Step 1: Obtain E*O,Xo,Xl, the MLEs of Sy, Ao, A1, respectively, based on {x1,...,z,}. Note

that in case of exponential Sy(x) = Sp = e~*. In case of Weibull or piecewise constant hazard
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function §0 is obtained by replacing the parameters associated with the baseline distribution

with their estimates.

Step 2: Generate a sample of size n from a WEP(SA'O, XO, Xl), order them. Let us denote them

as (r1,,,...,zL ). Repeat this procedure B times, and obtain {(«%_,... 22 );b=1,..., B}.

nmn nmn

Step 3: Obtain estimates of ay,...,a, as
1 B
~ b
azngzlxi:m 1=1,...,n

Step 4: Compute

b _ b~ _
w _fgfg;{’mm a;|}; b=1,...,B.
Step 5: Order {w',...,wP} as w® < ... < w® then ¢,(8) = wl100=Al is an estimate of

Hence, if w,, = max |z — @;] > ¢,(B), then we reject the null hypothesis with 5% level

of significance, otherwise we accept the null hypothesis.

7 DATA ANALYSIS

DAtA SET 1: GOLD PRICE DATA

In this section we have fitted the exponential model, Weibull model and PCH model with
different cut points to the gold price data set. It has been observed by several authors, see
for example Balakrishnan et al. [6], Goodman et al. [13], Samanta and Kundu [25], Ganguly
et al. [12] that in case of PCH model, usually M = 3 or 4 are sufficient. Hence, here we have
used PCH model with M = 2,3 and 4. Note that when M = 1, it becomes an exponential
distribution. We have computed the maximum likelihood estimators in each case. In case of

the PCH model we have computed the cut points also as mentioned in the previous section.
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Note that MLEs of the exponential parameters can be obtained in explicit forms. In case
of Weibull distribution they can be obtained by solving a one-dimensional optimization
problem. For the PCH model, for a given «, the MLEs of the unknown parameters can be
obtained by solving a two-dimensional optimization problem, and then the estimate of «,
hence the cut points, can be obtained by grid search method. The MLEs, the corresponding
log-likelihood values, and the associated Akaike Information Criteria (AIC) and Bayesian

Information Criteria (BIC) values are also reported in Table 3.

Process — | Exponential | Weibull | PCH-1CP | PCH-2CP | PCH-3CP
Parameters |

A1 15.1059 | 13.4754 75.5229 83.1960 87.0856

A2 24.1695 | 21.5607 | 120.8367 | 133.1136 | 139.3370

Q@ — 2.9891 — — —

0, — — 0.1393 0.0498 0.0208

65 — — — 0.3638 0.1624

03 — — — — 0.3316

T1 — — 4425 4333 4299

Ty — — — 4427 4341

T3 — — — — 4425

) — — 1.345 0.579 0.482

log-lik -346.419 | -326.532 -339.231 | -321.754 | - 317.452

AIC 696.838 | 659.064 684.462 651.508 644.904

BIC 701.092 | 665.445 690.843 660.016 655.539

Table 3: The estimates of the unknown parameters and the associated 95% confidence
intervals, estimation of the cut points for PCH model and the corresponding log-likelihood
(log-lik) values in case of Data Set 1.

Now based on the AIC and BIC values we conclude that among these the PCH pro-
cess with three cut points is the best fitted model. Now for the given cut points, based
on bootstrap method, we have obtained 95% confidence intervals of Ay, Ao, 61, 0y, 03
and ¢ as follows: (75.2345,96.3498), (125.6923,154.9876), (0.0156,0.0269), (0.1487,0.1854),
(0.2786,0.3944), (0.397,0.592), respectively. One natural question is whether the above model

fits the data or not. For that we have used the test statistic as proposed in Section 6. We
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w, = 0.0298, and based on simulation the associated p value lies in (0.80,0.85). Hence, it

indicates that the proposed model provides a good fit to the data.
DATA SET 2: EXCHANGE RANGE DATA

In this case also as before we have fitted same set of distributions to this data set also, and
the results are presented in Table 4. Similarly, as before the AIC, BIC values, and the KS
distances and the associated p values of the odd and even series data to the fitted distributions
have been presented in Table ?77. In this case also it has been concluded that the PCH model
with three cut points fit the exchange rate data quite well. Further, we have obtained the 95%
confidence intervals of A\, A, 01, 05, 3 and ¢ as follows: (24.3451,38.6751), (212.876,230.542),
(0.0123,0.0169), (0.0823,0.1256), (0.1331,0.1999), (0.411,0.482), respectively. In this case w,
= 0.0423 and the associated p value lies in (0.35,0.40). Hence, in this case also the proposed

model provides a good fit to the data.

Process — | Exponential | Weibull | PCH-1CP | PCH-2CP | PCH-3CP
Parameters |

A 6.0081 5.3695 27.5188 29.4074 31.2742

A2 42.3299 | 37.8310 | 195.1336 | 208.5253 | 221.7627

« — 3.0926 — — —

01 — — 0.1091 0.0523 0.0147

0, — — — 0.1658 0.1006

05 — — — — 0.1678

T1 — — 74.0555 73.0451 72.6261

Ty — — — 74.0812 73.1917

T3 — — — — 74.1149

o — — 1.327 0.524 0.441

log-lik -302.1141 | -288.676 | -293.342 | -282.251 | -279.222

AIC 608.228 | 583.352 592.684 572.502 568.444

BIC 614.711 | 593.077 602.409 585.468 584.653

Table 4: The estimates of the unknown parameters and the associated 95% confidence
intervals, estimation of the cut points for PCH model and the corresponding log-likelihood
(log-lik) values in case of Data Set 2.



26

8 (CONCLUSIONS

In this paper we have proposed a new stationary process whose marginals follow proportional
hazard class model. There are two important features of this process. First of all we have
kept the base line distribution to be a quite flexible one. It have been assumed that the
base line distribution has piece wise constant hazard function, which makes the process
to be a very flexible one. Estimating the cut points of the piece wise constant hazard
function is an important issue, and it has not been addressed in the literature properly. We
have provided the method of estimating the cut points based on non-homogeneous Poisson
process approach. Another important feature of the proposed process is that there is a
positive probability that two consecutive values might be equal. We have provided different
properties of the proposed process, and discussed the MLEs. Two real life data sets have been
analyzed, and the proposed model fits both the data sets quite well. It may be mentioned
that although we have developed this model for lag-1 process, but it can be generalized to a

general lag-p process also, more work is needed in that direction.
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APPENDIX A: LOG-LIKELIHOOD FUNCTION

n—1
[(A1, A2, ®|D) = Z In in,Xi+1(=Tz‘7$i+1) - Zln Ix, (i)
1€lgUl1UIo =2

Now

M
Zln Ixi X (@i xip1) = niIn(A 4 Ao) + 11 In(2X0 + Ag) + Z Ni1m + N21m) N6y,
m=1

i€lq

M N1lm
()\14‘/\2 Z {nnmze — Tj— 1 +0 Z 1mj — Tm— 1)}] —
(2)\1 + )\2 Z {nglmze — Tj— 1 ‘|‘9 Z blm] Tm— 1)}]
m=1 j=1

M
Z In in,XiJrl (.CEi, xi—i—l) = N9 hl()\l + )\2) + N9 In 2/\1 + )\2 —|— Z N1o2m + nggm ln0
m=1

i€l

M m—1 n12m
(2/\1 + )\2) Z {nlgm Z Qj(Tj — Tj—l) + Qm Z(anj — Tm—l)}] —
m=1 j=1 j=1
M m—1 n22m
(>\1 + )\2) Z {nQQm Z ej(Tj - Tj—l) + Om Z(mej - Tml)}]
m=1 j=1 j=1
M
Z In in’XiJrl (.I'Z', .ﬁEiJrl) = Ny In )\2 — Ny 1H(3)\1 -+ 2)\2) + Z Nom In 9m
i€ly m=1
m—1 nom
(3/\14‘2)\2 [Z{ om 6)] —T] 1 —f-‘g Zcmj Tm— 1)}]
m=1 7=1 Jj=1
M
Z Infx.(x;)) = (n—2)In(2X\; + X)) + Z Nam In 6, —
i€l_q m=1
M m—1
(2)\1 + /\2) Z N3m 0j<7_j — Tj—l) + em Z (IL‘Z — Tm—l) .
m=1 j=1 i, €1 _1NAm
M
Let us denote for j =1,..., M, when Z (-)=0.
m=M+1

M
C; = (15—71j-1) ( Z (P11m + 2N21m + 2N120 + N2 + 3N0m — 2n3m>>
m=j+1
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ni1j na1j ni2; n22;

+ 3 (agje = 7j1) 2> (bije = 7-1) + 2> (age — 75-1) + Y _(bajk — 7j-1)
k=1

k=1 k=1 k=1
n0;
+3) (r—71)—2 Y (@ —T7m) (26)
=1 kez,€INA,

M
D; = (15 —7j-1) ( Z (P11m + N21m + Ni2m + Noom + 2N0m — n3m)>
m=j+1

ni1j n2ij ni2j n22j
+ 3 (age —m5-1) + > bk — 7j-1) + > _(agge — 75-1) + > (baji — 7j-1)
k=1 k=1 k=1 k=1

+2) (ep—m0) = Y, (w—T). (27)

k:k€l_1NA;
APPENDIX B: DATA

Daily gold price of 1 gm. in Indian Rupees during December 01, 2020 to January

31, 2021

4326 4326 4329 4311 4315 4334 4345 4345 4345 4349 4378 4374 4321 4317 4291 4289 4293
4329 4351 4353 4357 4351 4351 4347 4522 4512 4580 4554 4443 4443 4443 4440 4441 4427
4424 4455 4437 4437 4439 4434 4423 4454 4443 4443 4437 4447 4406 4368 4313 4355 4355
4350 4343 4346 4427 4403 4353 4353 4350 4364 4330 4280

Exchange rate between Indian Rupees and US Dollar during September 30, 2021

to April 05, 2021

74.224 74.286 74.207 73.833 73.950 73.813 74.049 73.844 73.870 73.795 73.620 73.683 73.701
73.698 73.569 73.468 73.635 73.565 73.529 73.526 73.526 73.532 73.814 73.388 73.107 73.004
72.995 72.997 73.049 72.991 72.992 73.395 73.493 73.497 73.497 74.158 74.136 74.149 74.104
74.330 74.305 74.299 74.420 74.273 74.373 74.164 74.224 T4.217 74.217 74.266 74.130 74.434
74.465 74.299 74.213 74.242 74.057 74.199 74.214 74.351 T4.386 74.379 74.379 74.247 74.452
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74.538 74.284 74.432 T4.441 74.427 74.461 74.440 74.525 75.001 74.606 74.631 74.913 74.556
74.464 74.669 74.536 T4.478 T4.488 74.492 74.738 74.816 74.774 74.323 74.501 74.480 74.755
74.562 74.372 74.282 T4.280 74.204 74.184 74.184 74.194 T4.234 74.344 74.136 74.126 74.141
74.147 74.246 73.840 73.350 73.183 73.245 73.234 73.232 73.012 73.001 72.979 72.801 73.005
72.908 72.908 73.041 72.960 72.857 72.490 72.405 72.396 72.396 72.706 72.729 72.801 72.833
72.924 72.918 72.918 73.029 73.230 73.146 73.336 73.281 73.280 73.280 73.454 73.696 73.365
73.492 73.257 73.296 73.290 73.608 73.799 73.780 73.836 74.113 74.096 74.093 74.093 74.333
74.580 74.824 74.916 74.867 74.867 75.070 75.427 75.450 74.874 74.531 74.557 74.565 74.730
75.048 75.167 74.990 74.740 74.732 74.727 74.533 74.414 73.501 73.277
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