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Abstract

The main objective of this paper is to propose a new general family of distributions,
namely compound truncated Poisson log-normal distribution of which log-normal dis-
tribution is a special case. The proposed model has three unknown parameters, and
it can take variety of shapes. It can be used effectively in analyzing maximum pre-
cipitation data during a particular period of time obtained from different stations. It
is assumed that the number of stations operate follows a zero-truncated Poisson ran-
dom variables, and the daily precipitation follows a log-normal random variable. The
maximum likelihood estimators can be obtained quite conveniently using Expectation-

Maximization (EM) algorithm. Approximate maximum likelihood estimators are also
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derived. The associated confidence intervals can also be obtained from the observed
Fisher information matrix. Simulation results have been performed to check the per-
formance of the EM algorithm, and it is observed that the EM algorithm works quite
well in this case. When we analyze the precipitation data set using the proposed model
it is observed that the proposed model provides better fit than some of the existing

models.

Keywords: Compound Poisson log-normal distribution; EM algorithm; maximum likelihood
estimation; approximate maximum likelihood estimation; Fisher information; skew distribu-

tion.
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1 INTRODUCTION

Rainfall modeling plays a significant role in prediction and forecasting purposes for agricul-
ture, in pricing of weather derivatives, in hydrology and in risk and disaster management.
Several attempts have been made in rainfall modeling for different regions, see for example
Gentilucci et al. (2019), Dzupire et al. (2018), Odening et al. (2007) and the references
cited therein. In this paper we have analyzed the maximum precipitation data during three
winter months (December, 2018 - February, 2019) of of the United States. Here precipi-
tation means total amount of rain fall plus melted snow, and it is measured in cm. The
data have been obtained from 117 stations in the Global Historical Climatological Network
of the United States. The data are available in the National Centers for Environmental
Information (NCEI) (https://www.ncdc.noaa.gov/cdo-web/datatools/records). The NCEI
is responsible for hosting and providing access to one of the most significant archives on
Earth, with comprehensive oceanic, atmospheric, and geophysical data. The data have been
obtained from 117 different such stations. One important point to note that the stations are
not operational on everyday. They are closed on certain days for some reason or the other,
and this number is random. Hence, the maximum values are recorded based on the available

days.



Let D denote the total number of days we are interested in a particular time interval,

and Y7,...,Yp denote the precipitation in those D days for a particular station. Out of
those D days, the station is operational only on N days, say on {iy,...,iy}, where N is
a random quantity. Hence, the maximum precipitation 7' = max{Y;,,...,Y;,} is observed.

It is assumed that Y;’s are independent identically distributed (i.i.d.) log-normal random
variables, and N is a zero truncated Poisson random variable and it is independent of Y;’s.
Equivalently, we can express T as follows: T = max{Xj,..., Xy}, where X;, Xy, ..., Xy
are 1.i.d. log-normal random variables, N is same as defined above and all the random
variables are independently distributed. We call this distribution as compound truncated
Poisson log-normal (CTP-LN) distribution. It may be mentioned Bulmer (1974) has also
defined a compound Poisson log-normal distribution, which is a discrete distribution and
clearly it is different from CTP-LN distribution. The choice of the log-normal distribution
as a baseline during modeling processes is motivated by their characteristics that make it
suitable for the maximum precipitation data. The log-normal allows the resulting compound
model to capture the right-skewness and heavy-tailed nature the data. For general families

of distributions, one may refer to Alzaatreh et al. (2021).

It may be mentioned that the idea of compounding is quite common in the statistical
literature. Marshal and Olkin (1997) used i.i.d. exponential random variables compounding
with the geometric random variables. Since then quite a bit of work has been done along
that line. Adamidis and Loukas (1998) introduced an exponential-geometric distribution by
compounding an exponential distribution with a geometric distribution. Kus (2007) and
Karlis (2009) considered the exponential-Poisson distribution. Barreto-Souza and Cribari-
Neto (2009) provided generalized exponential-Poisson distribution and Bakouch et al. (2012)

introduced exponentiated exponential-binomial distribution.

It is observed that the proposed CTP-LN distribution has three parameters, and because
of the presence of the three parameters, it is a fairly flexible distribution. It has an absolute
continuous distribution function and the log-normal distribution can be obtained as a special
case. The probability density function (PDF) of a CTP-LN distribution can take variety of
shapes, and it is positively skewed. The hazard function can be increasing, decreasing or

unimodal depending on the parameter values.



The estimation of the unknown parameters is essentially the main problem while analyz-
ing a data set. It is worth mentioning that the maximum likelihood estimators (MLEs) of
the unknown parameters require solving three non-linear equations simultaneously. The
Expectation-Maximization (EM) algorithm was originally suggested by Dempster et al.
(1977) and used by Ng et al. (2002) and Ragab and Madi (2011) to compute the MLEs
of all model parameters. Numerical methods such as Newton-Raphson (NR) method or
some of its variants may be used to compute these MLEs. For computing the MLEs, one is
concerned about the non-convergence issue and even if the convergence does exist, it may
converge to a local maximum rather than the global maximum. The EM algorithm can be
computationally more efficient compared to the NR method, especially for large data sets.
This alternating procedure may reduce the number of iterations compared to the iterative
calculations involved in other numerical methods. Considering these factors and the specific
structure of our problem, the EM algorithm is the most appropriate choice. The confidence

intervals of the unknown parameters are also developed using the arguments given in Louis

(1982).

The rest of the paper is organized as follows. In Section 2 we describe the CTP-LN
distribution and derive its distributional properties. The MLEs and approximate MLEs
(AMLEs) of the model parameters are discussed in Section 3. Numerical simulation is
performed and concluding results are presented in Section 4 for comparison purposes. One
real data set representing the monthly maximum precipitation is analyzed in Section 5.

Finally, we summarized our findings in this paper in Section 6.

2 MODEL DESCRIPTION AND ITS DISTRIBUTION FORMS

Suppose {Xi, Xs,...,} is a sequence of i.i.d. lognormal random variables with location
parameter p and scale parameter o (LN(u,0)). Let N be a zero-truncated Poisson (ZTP)

random variable with parameter 6, i.e.



and N is independent of X, X, ..., Xy. Let us define the random variable

TN = maX{Xl, N ,XN}.

Then Ty is said to have a CTP-LN distribution, and it will be denoted by CTP-
LN(p,0,0). Now, we would like to derive the probability distribution of T. Let us denote
the cumulative distribution function (CDF) and the probability density function (PDF) of
a N(0,1) variate by ®(.) and ¢(.), we observe that

P(Ty <t,N=k) = P(Ty <t|N =k)P(Ty=k)
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Figure 1: PDF and HR plots of CTP-LN(y, 0,6) distribution for different parameter values:
(a) (0,1,0) (b) (0,1,10) (c) (0.5, 0.25,1) (d) (0,1, 1) (e) (0.5, 0.25, 1) (f) (0.25, 3, 5).

Hence, from (2), we immediately obtain that 7 tends to be LN(u, o) variate as 6 — 0. It
is clear that the CDF of a CTP-LN distribution is an infinite mixture of the CDF's of sample
maximum from log-normal with Poisson probability weights. The plots of the PDFs and
hazard rates (HRs) of the CTP-LN distribution for different parameter values are displayed

in Figure 1. It can take variety of shapes and it can have heavy tails.

It is immediate that the hazard function of CTP-LN distribution is an increasing, de-
creasing, and increasing-decreasing function depending the values of u, o0 and 6. Now we
derive the moments of the proposed CTP-LN distribution. The k-th moment of T can be

expressed as

Bty = — 9 /0 th=1 gf (M) (_m t_“) dt
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where

1
nk(U; 6) — / e@y+kaq>—1(y) dy
0

This in turns out that the mean and variance of T can be obtained as
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17]1(0 ), and Var(Ty) = o (772(0 ) — 699—1 *(o, 9)) :

E(Ty) =

The skewness (SKW) and kurtosis (KURT) measures of Ty are also derived to be
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respectively. Furthermore, from (1) and (3), it can be easily checked that the probability

mass function (PMF) of the conditional distribution of N given Ty =t is

In t—p)1k-1 s
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P(N =k[Ty =t) = (4)

Therefore, N — 1|Ty =t is a Poisson random variate with mean # ®((In ¢t — u)/0) and then

E(N\TNzt):1+9(I>(lnt_’u). (5)

g

To assess the model’s skewness and kurtosis, we provide Table 1 below for further illustration.
Table 1 shows the skewness (SKW) and kurtosis (KURT) for different values of p, o and 6.
It is observed from Table (1) that the distribution of Tl is positively skewed and it has



heavier tails. The highest kurtosis value, the more extreme the tails compared to a normal

distribution.

Table 1: The SKW and KURT of the CTP-LN model for different parameters u, o and 6.

1 o 0 Skw Kurt
1.5 0.5 4.8726 52.0263
1.0 4.6393 47.304
1.5 4.4491 43.6495
2.0 4.2956 40.8193
1.75 1.5 0.5 2.3837 10.6896
1.0 2.2724 9.8395
1.5 21831 9.2082
2.0 2.1142 8.7531
20 1.75 0.5 1.9126 6.7163
1.0 1.8184 6.1769
1.5 1.7431 5.7869
2.0 1.6859 5.5187
2.5 2.0 0.5 1.6007 4.6423
1.0 1.5163 4.2582
1.5 1.4488  3.9883
2.0 1.3982 3.8124

—_

3 PARAMETER ESTIMATION METHODS

Here in this section, we develop the MLEs of the unknown model parameters based on a
observed sample t = {t1,1s,...,t,) from CTP-LN(u,0,6). In addition, we develop approx-
imate MLEs of the unknown parameters which might be quite useful in obtaining quick
estimates for these parameters for practical purposes. The approximate estimates can also

be used as initial values for finding the MLEs.



3.1 EM ALGORITHM

Initially, the MLEs of u,o0, and 6 can be investigated by maximizing the log-likelihood

function

l(:u70—79’t) = ZlnfTN(ti;,uao—a 9)7 (6)
1=1

where fr,(t; 1, 0,0) is the right hand side of (3). Clearly, the MLEs can be computed
by solving numerically three non-linear equations simultaneously. To avoid the convergence
problems for the solutions of these equations, it is quite useful to adopt the EM algorithm for
obtaining the MLEs of the model parameters. For this, we consider the underlying problem
as a missing value problem. The combination (¢,m), forms the complete data set for the
variates (T', V), where t and n are observed and missing data, respectively. For simplicity,
let us write ¥ = (u, 0,6). Based on the complete data, (¢,m) and (1), the likelihood function

is given by
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1) o MR TTiwteor Tl ote) g

It follows from (7), the log-likelihood function based on (t,n) is
1.(9) (Zn) In 6 —mn(e’ —1) —mln a—i—z —1)ln ®(&) +Zm o(&),  (8)
i=1

where £ = (In t — p)/o. Firstly, in the E-step, we compute the ’pseudo’ log-likelihood
function by replacing n; by its expectation given in (5) (say, F;) . Therefore the pseudo

log-likelihood function is

NE

lps(¥) E;(9)In § —mln(e’ —1) —mln o
+ D_(E@) =1 $(&) + 3 In (&), (9)
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Secondly, the M-step involves the maximization of the pseudo-likelihood function (9). Let us

assume that at the k-th stage, the estimate of 9 = (u, 0,0) is 9% = (u®), o® g*)) Then



¥*+1) can be obtained by maximizing

i=1

12, (9)9®) (ZE (9*) )m 0 —mn(e’ —1) —mn o
+ > (EWP) - 1)h &) +Zln b(&), (10)
i=1

with respect to u, o and 6. Here Ei(ﬁ(k)) is the missing n; value at the k-th stage and in the
EM algorithm, the choice of E;(9™) is obtained using (5) by replacing 9 by 9*) as follows:

E(®®) = 1+0® o),

where fi(k) = (In t; — p®) /o)

In the M-step, p**+9 and ¢*+Y are obtained by solving the following equations:

271 (&)
. < - ¢(&)
S e - S (EWY) - g2 g, o
pa fz p (El(ﬁ ) 1)51 q)(£@> 07 (12)

while 81 is computed by maximizing the profile pseudo log-likelihood function with respect

to 6, namely,

n(0) = E(¥*)In § —mn(e’ - 1). (13)
i=1
For ", E;(0™) > m, it can be shown that Eq.(13) has a unique maximum and it can be
obtained numerically by solving the non-linear equation:
Z?:l Ei('ﬂ(k)> m ¢’

- -5 =0. (14)

The steps of the EM algorithm for computing the unknown parameters of CTP-LN model
are presented in Appendix A.
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As a consequence of that, we continue the iteration process until the convergence is achieved.
In the last iteration, the EM-algorithm produces the MLEs p, o and 9 of (,o and 6,
respectively. It can be shown that the CTP-LN is a regular family. Hence, the consistency
and the asymptoic normality properties of the MLEs automatically hold. The asymptotic

normal distribution of the MLEs of the parameters can be obtained as follows:
Jn (g o — 0,0 — 0) 5 Na(0, 1Y),

where [ is the expected Fisher information matrix. For more convenience, we use the ob-
served Fisher information based on the EM-algorithm (see, for example, Louis (1982)). Let
C = ((c;5)) and b = ((bi;)) be the Hessian matrix of the negatives of the second derivatives

and the gradient vector of the associated pseudo log-likelihood 1,,.(9). That is, I,,s = C—b b’
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Furthermore, (1 —a)100% confidence intervals (CIs) for u, o and 6 can be established using

the observed Fisher information matrix and asymptotic normal distribution of the MLEs.

3.2 APPROXIMATION-BASED METHODS IN THE EM ALGORITHM

Let Z1., < Zoun < ... < Zpy.m, denote the order statistics of a random sample from standard
normal distribution with CDF ®(.) and PDF ¢(.). Let ®.,, and ¢4.,,, denote the CDF and
PDF of Zj.,,, respectively, for £ = 1 to m. The joint likelihood of (T, N) can be written as

a product of two functions, L, and Lo, where

m

m en(i)
0

1 . m
Ll X om H[(D<£i:m)]n( - H ¢(£i:m)7 and L2 X H ma
i=1 i=1

i=1

where &, = (Inty.,, — i) /o and n? is the corresponding variate to t;.,,, which is a ZTP
distribution. Arguments similar to those in subsection (3.1), we apply the EM-algorithm for
obtaining the estimate of # by solving

> Ei(ﬁ(k)) me?

0 e —1

0,

where E;(9™) is computed based on (5). Once the estimate of 6 is obtained, we approxi-
mate the estimates of © and o by modifying the likelihood equations induced based on the
likelihood function, L;. To this end, we propose two methods of approximation. The first
method is based on approximating the reversed hazard rate Q(&;.m) = @(§iom)/P(§iom) in (11)

and (12) by its expansion using the Taylor series around the quantile functions at n;, where
n; = E<sz> ~ @—1(]/@)7

where v; = E(U,.,,,) = i/(m+ 1), the expected value of the i-th order statistic from a sample
of size m from the uniform U(0, 1) distribution. This type of approximation is used in the
estimation and prediction problems, see for example, Raqab (1997) and Asgharzadeh et al.

(2013). Let @'(.) be the derivative of Q(.). Now, by keeping only the first two terms, Q(&;.m)

12



can be approximated as follows:

Q&im) =~ Qi) + Q' (m)(Eiem — 1)
= a; + bi&.m. (15)

The constants can be found to be

a; = Q(ni) — n:Q' (i), and b; = Q' (1)

By applying (15), the likelihood equations, (11) and (12) are modified to be

T2 =D pi(9W) =0, (16)
i=1 i=1
and .
Z Zpl gzm_mzoa (17)
i=1
where
A;(OP) =1 — (E;(9W) — 1)b;,
and

pi(®W) = (E;(9"™) = 1)a;

Upon simplifying (16), we readily obtain p*+1) expressed in terms of ¢**1). That is,

(ht1) _ Doie1 D (O™ In tim, JRCEEY S, pi(9™)

[ - (18)
PHEPNICA >t Ay(9)
By substituting (18) into (17), we deduce the following quadratic equation:
mao? + Dy o+ Dy = 0, (19)

13



where

(s p(9) (20,

Ai (ﬂ(k)) 111 t7m)

Zp 9% )In t, — :
2 iz A

and

2
(z'" Ai(9W) n t; m)
R S VN IR P

Therefore, solving Eq. (19) yields

D) —Dy ++/D? — 4mD,
2m '

On differentiating Q(&) = d% In ®(&), we obtain

Q'(§) = 7 [£2(8) + 9(8)] -

This derivative is negative since

13 2
eoe) - ¢ [ \/12_7Tex2d33

_a?
——xe 2 dx

005
= —/ Q' (z) dx
—¢(£)

vV
I

This implies that Q'(£) < 0 and consequently, a; > 0 and b; < 0, for i = 1,2,...

using the Cauchy-Schwarz inequality, it follows that

(ZA )) In” tzm> (i Ai(ﬂ(k))> > (Xm: AW In t2m>
(iAl lntlm> ,

v

14

ﬁ(k))

ln tiom.-

Y

(20)
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which implies that Dy < 0 and then one of the two roots in (20) drops out. Therefore, the
approximate MLE (AMLE-I) of ¢ can be found using the following iterative identity:

Dy + /D7 —4mD
gt = LT LT (21)

Now, we introduce the following lemma which is useful in approximating ¢(&i.m)/P(&im)

appearing in the likelihood equations in (11) and (12).

Lemma 1: For ¢ < m,

s (g(é:))) N iil 2 E(Zim), (22)

where E(Z;.,,) is the expected value of the i-th order statistic from a sample of size m having

standard normal distribution.

Proof: The left hand side of (22) can be rewritten as

)\ _ I
£ (¢’(Zi:m)) T G D)lm—1) / o (& [1—®(5)]""9(§) d§
= = / P(&) Pimrm—1(£)dE
= 7 E0Ziim)). (23)

Upon setting (&) = ¢'(€)/o(§) , we rewrite (23) as

B (i) = / () Ay (6),
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where dg is derivative of g. Upon integrating by parts, we immediately obtain

E@(Ziims)) = = [ 9(O0O01mmi(6) de
— -« (m — 1)’ = k m—1—k 4
- - % mmoiow st - e o) de
B 1 & m)! o0 BIEVI-1TT — B(EV™To(£) d
= G POREN ot d

1 m
m; ¥(Zjim)

- ;Z E(Zjum)- (24)

The expected values of normal order statistics can be computed easily and some selected
values are available in Arnold et al. (2008). The main point in this approach is that the
likelihood equations (11) and (12) involve a messy term, ¢(&;.m)/P®(&.m) and it is impossible
to obtain an explicit form for the MLE. In this technique, this term is replaced by its
respective expected value. This allows us to solve the intended likelihood equations and

obtain simple estimates of p and o.

By using (23) and (24), we may modify the likelihood equations in (11) and (12) as

> &> (BYWW) —1)cim =0, (25)
i=1 i=1
and m m
S =S (EOWY) — e —m=0, (26)
i=1 i=1
where m
1
Cim = i1 ZE(ZJW)
j=i

It follows from (25), the approximate MLE of p can be obtained based on the following

identity:

,u(k+1) _ Z:il Ity — o+ Z?; 5%‘(‘9(’6)). (27)

m

16



On using (25), Eq. (26) can be expressed as

m—1
mo? + Dso —

Dy =0. (28)

where

m 1 m m m
_ k k _ 2
Dy =Y Bi(9™)In ty,, — p” (Z Bi(9¢ >)> (; In fm> D, = (;m tim)?,

i=1 i=1

and

87<’l9(k)) = (El(ﬁ(k)) — 1) Ci,m-

On solving Eq. (28) in o, we readily have the approximate MLE (AMLE-II) of o

2m

, (29)

The procedures for approximating the unknown parameters p and ¢ of the CTP-LN model

using AMLE-I and AMLE-II can be found in Appendices B and C, respectively.

4 SIMULATION RESULTS

Here in this section, we perform a Monte Carlo simulation study to examine the perfor-
mance of the MLE of 9 = (u,0,0) obtained based on the EM algorithm and their related
approximations for different sample sizes, and for different parameter values. We assess the
three different methods of estimation, namely, the maximum likelihood estimation based
on EM-algorithm, modifications to the likelihood Eq.’s (11)-(12) by approximating the term
involving the reversed hazard rate function either by Taylor series expansion (Type-I approx-
imation) or replacing this term by its respective expected value (Type Il-approximation).

All numerical computations are conducted using the R package.

In this simulation, the values of CTP-LN parameters are considered as (= 1.0,0 = 1.0,0 =

1.0), (1 =0.5,0 = 1.0,0 = 1.5) and (. = 2.5,0 = 10.0,6 = 1.0). Here we kept o fixed, and

17



we have changed p and 6 and consider different sample sizes, n = 20(10)100. For a given set
of parameter values for u, o and . We compute the values of the average estimates (AEs)
and mean square errors (MSEs) of MLE, AMLE-I, AMLE-II. In each case of estimation, we
stop the EM-algorithm when the absolute difference between two successive estimates is less
than 1075, Based on 1000 replications, we compute all the estimates and 95% simulated CIs
as well as their average lengths (ALs) and coverage probabilities (CPs). The results of AEs,
MSEs, ALs and CPs are presented in Tables 2-7.

It is clear from the numerical experiments that the MSEs presented in Tables 2-4 tend to
decrease as the sample size increases. Also it is noticed that as p and 6 increase, the MSEs
increase. By considering the MSE as an optimality criterion, the AMLE-I performs better
than AMLE-IT when both compared with the MLE. For more clarification, Figures 2 and
3 ensures the superiority of AMLE-I to AMLE-II. For comparing the CIs of the CTP-LN
parameters, it appears from Tables 5-7 that although the CIs derived based on the AMLE-II
is more efficient than the ones based on MLEs and AMLEs-I in the sense of the AL, both
CIs based on MLEs and AMLE-I’s have highest CPs. Another aspect can be seen, the Cls
established based on the MLEs and AMLEs-I are very close in terms of AL criterion.
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Table 2: The AE and the associated MSEs of the MLE, AMLE-I and AMLE-II for the
CTP-LN distribution when p = 1.0, 0 = 1.0 and 6= 1.0.

n  Method 14 o 0
AE MSE AE MSE AE MSE
20 MLE 1.0174 0.0401 0.9682 0.0263 0.9951 0.0445
AMLE-I 1.0441 0.0481 0.9664 0.0242 0.9246 0.0823
AMLE-IT 1.0337 0.0562 0.8770 0.0355 0.9833 0.1356
30 MLE 1.0125 0.0276 0.9755 0.0165 1.0016 0.0300
AMLE-I 1.0209 0.0319 0.9737 0.0168 0.9421 0.0592
AMLE-IT 1.0297 0.0352 0.8982 0.0259 0.9805 0.0901
40 MLE 1.0120 0.0199 0.9836 0.0130 1.0001 0.0221
AMLE-I 1.0241 0.0245 0.9838 0.0125 0.9555 0.0475
AMLE-IT 1.0233 0.0256 0.9020 0.0214 0.9997 0.0725
50 MLE 1.0114 0.0165 0.9768 0.0113 1.0071 0.0184
AMLE-I 1.0306 0.0205 0.9847 0.0108 0.9550 0.0363
AMLE-IT 1.0254 0.0229 0.927 0.0191 0.9754 0.0571
60 MLE 1.0052 0.0144 0.9898 0.0088 1.0032 0.0148
AMLE-I 1.0272 0.0154 0.9819 0.0087 0.9509 0.0295
AMLE-IT 1.0189 0.0173 0.9082 0.0162 0.9572 0.0436
70 MLE 0.9993 0.0116 0.9858 0.0076 1.0027 0.0145
AMLE-I 1.0184 0.0129 0.9911 0.0075 0.9587 0.0280
AMLE-IT 1.0397 0.0153 0.9132 0.0135 0.9538 0.0360
80 MLE 1.0051 0.0112 0.9916 0.0068 1.0069 0.0129
AMLE-I 1.0183 0.0124 0.9900 0.0061 0.9624 0.0247
AMLE-IT 1.0332 0.0128 0.9118 0.0128 0.9551 0.0358
90 MLE 1.0003 0.0093 0.9927 0.0061 0.9981 0.0101
AMLE-I 1.0228 0.0107 0.9967 0.0054 0.9467 0.0212
AMLE-II 1.0369 0.0116 0.9108 0.0132 0.9535 0.0313
100 MLE 0.9992 0.0088 0.9938 0.0053 1.0014 0.0094
AMLE-I 1.0214 0.0093 0.9919 0.0050 0.9571 0.0207
AMLE-IT 1.0363 0.0112 0.9138 0.0119 0.9575 0.0274
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Table 3: The AE and the associated MSEs of the MLEs, AMLE-I’s and AMLE-II’s for the
CTP-LN distribution when ¢ = 0.5, 0 = 1.0 and 6= 1.5 .

n  Method 1 o 0
AE MSE AE MSE AE MSE
20 MLE 0.5242 0.0377 0.9603 0.0277 1.4937 0.0632
AMLE-I 0.5842 0.0528 0.9599 0.0268 1.3223 0.1227
AMLE-IT 0.5174 0.0579 0.8364 0.0489 1.5948 0.3891
30 MLE 0.5120 0.0264 0.9728 0.0175 1.4957 0.0420
AMLE-I 0.5679 0.0352 0.9772 0.0183 1.3583 0.0836
AMLE-IT 0.5154 0.0427 0.8374 0.0419 1.6186 0.2985
40 MLE 0.5059 0.0200 0.9797 0.0129 1.4923 0.0326
AMLE-I 0.5529 0.0261 0.9797 0.0127 1.3510 0.0694
AMLE-IT 0.4931 0.0339 0.8495 0.0338 1.6480 0.2360
50 MLE 0.5083 0.0161 0.9810 0.0101 1.4893 0.0250
AMLE-I 0.5583 0.0228 0.9755 0.0105 1.3634 0.0581
AMLE-IT 0.4878 0.0266 0.8540 0.0297 1.6567 0.2084
60 MLE 0.5056 0.0129 0.9884 0.0080 1.4987 0.0226
AMLE-I 0.5534 0.0174 0.9872 0.0093 1.3699 0.0477
AMLE-IT 0.5017 0.0223 0.8537 0.0282 1.6258 0.1581
70 MLE 0.5104 0.0112 0.9899 0.0072 1.4952 0.0187
AMLE-I 0.5528 0.0163 0.9841 0.0072 1.3762 0.0427
AMLE-IT 0.4848 0.0192 0.8500 0.0284 1.6392 0.1497
80 MLE 0.5072 0.0100 0.9871 0.0061 1.5024 0.0170
AMLE-I 0.5467 0.0140 0.9916 0.0061 1.3759 0.0389
AMLE-IT 0.4814 0.0172 0.8535 0.0267 1.6511 0.1346
90 MLE 0.5042 0.0085 0.9865 0.0061 1.4948 0.0152
AMLE-I 0.5467 0.0124 0.9855 0.0059 1.3732 0.0383
AMLE-IT 0.4764 0.0153 0.8537 0.0260 1.6543 0.1212
100 MLE 0.5053 0.0080 0.9974 0.0051 1.4926 0.0129
AMLE-I 0.5483 0.0117 0.9860 0.0056 1.3782 0.0343
AMLE-IT 0.4736 0.0133 0.8577 0.0246 1.6454 0.0972
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Table 4: The AE and the associated MSEs of the MLEs, AMLE-I’s and AMLE-II’s for the
CTP-LN distribution when p = 2.5, ¢ = 10.0 and 6= 1.0.

n  Method 14 o 0
AE MSE AE MSE AE MSE
20 MLE 2.9611 4.5408 9.1576 1.7426 0.9711 0.0562
AMLE-I 2.9349 4.8906 9.1249 2.7116 0.9412 0.0799
AMLE-IT 2.9395 5.2386 9.1117 3.3857 0.9479 0.1241
30 MLE 2.9298 2.7560 9.3030 1.2129 0.9750 0.0331
AMLE-I 2.9040 3.3187 9.2728 1.8289 0.9303 0.0578
AMLE-IT 2.9091 3.5734 9.2567 2.2584 0.9327 0.0921
40 MLE 2.8306 2.1533 9.4099 0.8741 0.9819 0.0317
AMLE-I 2.8052 2.2814 9.3687 1.2444 0.9606 0.0466
AMLE-IT 2.8085 2.7110 9.3671 1.9921 0.9629 0.0683
50 MLE 2.7328 1.6319 9.5023 0.6712 0.9896 0.0229
AMLE-I 2.7103 1.9905 9.4867 1.0335 0.9550 0.0376
AMLE-II 2.7000 2.0512 9.4857 1.5903 0.9527 0.0534
60 MLE 2.6955 1.4563 9.5810 0.4853 0.9807 0.0183
AMLE-I 2.6629 1.6538 9.5503 0.8606 0.9574 0.0295
AMLE-IT 2.6699 1.7960 9.5533 0.9812 0.9517 0.0442
70 MLE 2.6652 1.1111 9.5853 0.4468 0.9852 0.0154
AMLE-I 2.6337 1.3815 9.5466 0.6815 0.9607 0.0262
AMLE-IT 2.6336 1.4528 9.5501 1.4188 0.9648 0.0366
80 MLE 2.6466 1.0391 9.6541 0.3612 0.9925 0.0152
AMLE-I 2.6083 1.1861 9.5975 0.6179 0.9730 0.0244
AMLE-IT 2.6156 1.4127 9.6016 1.2883 0.9684 0.0339
90 MLE 2.6246 0.8935 9.6754 0.2976 0.9971 0.0126
AMLE-I 2.5868 1.0742 9.6257 0.5720 0.9643 0.0209
AMLE-IT 2.5637 1.2165 9.6175 1.1648 0.9636 0.0334
100 MLE 2.5819 0.8593 9.6760 0.2735 0.9959 0.0112
AMLE-I 2.5616 0.9461 9.6110 0.5429 0.9667 0.0198
AMLE-IT 2.5521 1.1842 9.6020 1.1263 0.9697 0.0287
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Table 5: The ALs and the CPs of the MLEs, AMLE-I's and AMLE-II's for the CTP-LN
distribution when p = 1.0, ¢ = 1.0 and 6= 1.0.

n  Method 1 o 0
AL CPp AL CPp AL CPp
20 MLE 0.7269 0.896 0.6101 0.895 1.0739 0.981
AMLE-I 0.7278 0.886 0.6129 0.886 1.0407 0.917
AMLE-II 0.6863 0.831 0.5064 0.752 1.0424 0.851
30 MLE 0.6044 0.921 0.5075 0.913 0.8772 0.987
AMLE-I 0.6061 0.911 0.5106 0.911 0.8598 0.916
AMLE-II 0.5621 0.850 0.4156 0.743 0.8507 0.844
40 MLE 0.5296 0.926 0.4449 0.924 0.7593 0.989
AMLE-I 0.5286 0.905 0.4451 0.921 0.7437 0.910
AMLE-II 0.4887 0.866 0.3605 0.715 0.7440 0.861
50 MLE 0.4745 0.921 0.3986 0.938 0.6787 0.985
AMLE-I 0.4751 0.901 0.4001 0.928 0.6671 0.912
AMLE-II 0.4384 0.866 0.3245 0.724 0.6616 0.834
60 MLE 0.4337 0.933 0.3643 0.928 0.602 0.989
AMLE-I 0.4344 0.923 0.3658 0.936 0.6123 0.909
AMLE-II 0.4025 0.872 0.2972 0.706 0.6087 0.842
70 MLE 0.4038 0.941 0.3392 0.934 0.5730 0.991
AMLE-I 0.4028 0.913 0.3392 0.937 0.5653 0.900
AMLE-II 0.3730 0.858 0.2756 0.701 0.5634 0.830
80 MLE 0.3772 0.938 0.3169 0.946 0.5373 0.984
AMLE-I 0.3771 0.901 0.3375 0.932 0.5297 0.910
AMLE-II 0.3499 0.858 0.2582 0.662 0.5293 0.834
90 MLE 0.3558 0.926 0.2990 0.944 0.5080 0.988
AMLE-I 0.3569 0.915 0.3005 0.943 0.5006 0.912
AMLE-II 0.3308 0.859 0.2446 0.680 0.4971 0.846
100 MLE 0.3379 0.939 0.2840 0.944 0.4811 0.987
AMLE-I 0.3373 0.894 0.2840 0.941 0.4739 0.901
AMLE-II 0.3145 0.869 0.2328 0.668 0.4705 0.808
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Table 6: The ALs and the CPs of the MLEs, AMLE-I's and AMLE-II's for the CTP-LN
distribution when p = 0.5, 0 = 1.0 and 6= 1.5.

n  Method 1 o 0
AL CPp AL CPp AL CPp
20 MLE 0.7202 0.916 0.6151 0.908 1.2495 0.983
AMLE-I 0.7235 0.866 0.6237 0.896 1.1962 0.901
AMLE-II 0.6320 0.784 0.4242 0.580 1.2668 0.752
30 MLE 0.5887 0.915 0.5031 0.905 1.0242 0.971
AMLE-I 0.5957 0.854 0.5129 0.915 0.9841 0.903
AMLE-II 0.5161 0.796 0.3419 0.514 1.0530 0.721
40 MLE 0.5182 0.934 0.4430 0.927 0.8853 0.987
AMLE-I 0.5188 0.885 0.4466 0.932 0.8557 0.883
AMLE-II 0.4550 0.771 0.3045 0.499 0.9044 0.719
50 MLE 0.4649 0.925 0.3972 0.928 0.7938 0.983
AMLE-I 0.4671 0.881 0.4020 0.936 0.7661 0.854
AMLE-II 0.4021 0.800 0.2701 0.433 0.8126 0.693
60 MLE 0.4256 0.924 0.3638 0.931 0.7226 0.977
AMLE-I 0.4283 0.912 0.3684 0.930 0.7006 0.866
AMLE-II 0.3721 0.808 0.2481 0.402 0.7440 0.712
70 MLE 0.3976 0.943 0.3398 0.928 0.6689 0.979
AMLE-I 0.3933 0.851 0.3384 0.916 0.6494 0.833
AMLE-II 0.3456 0.791 0.2307 0.388 0.6882 0.679
80 MLE 0.3722 0.941 0.3181 0.942 0.6262 0.986
AMLE-I 0.3712 0.871 0.3194 0.922 0.6089 0.863
AMLE-II 0.3230 0.793 0.2156 0.327 0.6444 0.684
90 MLE 0.3492 0.937 0.2985 0.942 0.5914 0.981
AMLE-I 0.3493 0.861 0.3005 0.943 0.5732 0.838
AMLE-II 0.3048 0.781 0.2034 0.282 0.6076 0.667
100 MLE 0.3334 0.944 0.2849 0.940 0.5596 0.982
AMLE-I 0.3323 0.889 0.2858 0.951 0.5453 0.843
AMLE-II 0.2885 0.803 0.1933 0.245 0.5749 0.697

5 APPLICATION TO MAXIMUM PRECIPITATION

Here, we present the analysis of a real data set representing the highest precipitation during
winter season (December 2018 - February 2019) from 117 stations of the Global Historical

Climatological Network. The data are available in the National Centers for Environmental

23



Table 7: The ALs and the CPs of the MLEs, AMLEsl and AMLEs2 for the CTP-LN
distribution when p = 2.5, ¢ = 10.0 and 6= 1.0.

n  Method 1 o 0
AL CPp AL CPp AL CPp
20 MLE 5.2444 0.793 5.7199 0.912 1.0594 0.962
AMLE-I 5.6043 0.776 6.4733 0.904 1.0704 0.907
AMLE-II 4.8327 0.706 4.8949 0.854 1.0354 0.840
30 MLE 4.3555 0.802 4.7681 0.925 0.8669 0.967
AMLE-I 4.5978 0.789 5.3055 0.912 0.8880 0.910
AMLE-II 4.0628 0.754 4.1145 0.866 0.8553 0.853
40 MLE 3.8200 0.805 4.1981 0.934 0.7531 0.972
AMLE-I 4.0331 0.798 4.6455 0.924 0.7790 0.936
AMLE-II 3.5569 0.767 3.6218 0.875 0.7431 0.884
50 MLE 3.4558 0.812 3.8124 0.935 0.6765 0.974
AMLE-I 3.6003 0.806 4.1462 0.932 0.6957 0.939
AMLE-IT 3.2214 0.785 3.2966 0.892 0.6634 0.903
60 MLE 3.1875 0.819 3.5203 0.953 0.6134 0.975
AMLE-I 3.3151 0.809 3.8154 0.940 0.6391 0.954
AMLE-II 2.9338 0.797 3.0055 0.916 0.6087 0.915
70 MLE 2.9515 0.839 3.2706 0.954 0.5714 0.975
AMLE-I 3.0802 0.816 3.5447 0.947 0.5950 0.952
AMLE-II 2.7389 0.808 2.8081 0.918 0.5627 0.927
80 MLE 2.7854 0.845 3.0871 0.957 0.5319 0.963
AMLE-I 2.8744 0.814 3.3049 0.954 0.5512 0.956
AMLE-II 2.5693 0.807 2.6434 0.922 0.5252 0.926
90 MLE 2.6323 0.869 2.9254 0.965 0.5026 0.971
AMLE-I 2.7082 0.825 3.1152 0.951 0.5194 0.962
AMLE-II 2.4161 0.816 2.4841 0.927 0.4962 0.940
100 MLE 2.4939 0.885 2.7723 0.962 0.4785 0.981
AMLE-I 2.5780 0.851 2.9644 0.954 0.4943 0.966
AMLE-II 2.3079 0.832 2.3760 0.931 0.4704 0.948

Information (NCEI) (https://www.ncdc.noaa.gov/cdo-web/datatools/records). The NCEI
is responsible for hosting and providing access to one of the most significant archives on
Earth, with comprehensive oceanic, atmospheric, and geophysical data. The stations are not
operational in some days for some reason or the other, and hence, the maximum values are
reported based on the available days only. The data points comprise (t;,n;),i = 1,2,..., 117
where t; is the observed maximum precipitation and n; is the number of days which the

ith station is operational. The maximum monthly precipitation (rain, melted snow, etc.)
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Figure 2: MSE of i for u=1, o0=1 and =1 (left) and MSE of i for u=0.5, 0=1 and 6=1.5
(right).

is recorded in inches. Before progressing further, let us provide some basic statistics of the

observed value of Ty, it is presented in Table 5.

Table 8: Basic statistics of monthly highest precipitation data set

Size (m) Mean Median Std.Dev. @ Qs
117 3.294  2.800 1.974 2.000 4.450

Based on the rationale given above, we have opted to fit the proposed CTP-LN model to
analyze the given data set. First, we display the plot of the scaled total time on test (TTT)
transform in Figure 4. It is well known that the scaled TTT transform plot provides an
indication about the shape of the hazard function. For example, if the plot is a concave
(convex) function then it indicates that the hazard function is an increasing (decreasing)
function. Therefore, the CTP-LN distribution can initially be an appropriate model to fit
this data set.

Upon completing 11 iterations of the NR iterative method, we obtained the MLE of ¥ =
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Figure 4: Scaled TTT plot of the monthly highest precipitation.

(1, 0,0) with corresponding log-likelihood (1) values as follows:

Yrop = (0.5422,0.7021,2.6193), and 1z = —230.479.
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Using the identical initial values and maintaining the same level of accuracy, the EM algo-

rithm converged in 8 iterations yielding the values:

I = (0.5428,0.7020,2.6157), and 1, = —230.478.

9

The AMLE-I, AMLE-IT of ¥ and their corresponding 1l are computed to be
Fans, = (0.5496,0.7081, 2.6209), P ap, = (0.5534,0.7119, 2.6324),

and

Wan, = —230.509, 1lan, = —230.562.

The associated 95% Cls of pu, o, and # based on MLE, AMLE-Type I and AMLE-Type II

are also established, respectively, as follows
(0.4403,0.6453), (0.6129,0.7911), (2.2990,2.9324),

(0.4470,0.6521), (0.6167,0.7994), (2.3036,2.9381),

and
(0.4508,0.6559), (0.6190,0.8047), (2.3139,2.9508).

To verify whether the proposed EM algorithm actually converges to the MLEs, we have tried
the EM algorithm with some other initial estimates also, and it converges to the same set
of estimates. Moreover, we have conducted an extensive grid search method with a grid size
0.001, and it is noticed that they coincide, which guarantees that the estimates obtained via

the proposed EM algorithm converges to the MLEs.

The extended exponential-geometric FEG(f3,v) distribution is fitted to the data set (see,
Adamidis et al. (2005)). The EM algorithm is used to compute the MLEs of the unknown
parameters. The MLEs of # and v, the associated 95% CIs and the corresponding log-

likelihood (11) values are provided as follows

~

B = 9.5234(F0.7774), » = 0.7815(F0.0388), 1 = —233.052.
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Further, We fit the exponentiated Weibull-Poisson EW P(«, (3,7, 6) distribution introduced
by Mahmoudi and Sepahdar (2013) to the data set. The EM algorithm is used to obtain the
MLEs of «a, 3,7, and 6, associated Cls and log-likelihood (11). These values are

133.911(F24.264), B = 180.300(F18.932), 4 = 0.3026(7F0.0101),
3.8517(F0.852), 1l = —231.359.

(N
I

D>
I

The LN distribution is a special case of the CTP-LN when 6 tends to be 0. Let us fit the
LN distribution to the data set. The MLEs of i and ¢ based on the current data set and
their 95% ClIs as well as the corresponding log-likelihood (11) are obtained to be

fi = 1.0042(F0.1037), & = 0.6497(F0.0832), 11 = —233.068.

We fit normal distribution to the data set. Using the EM algorithm we obtain the following
estimates of p, and o, and the associated 95% Cls. The corresponding log-likelihood (11)

value also has been reported below

L= 3.2932(F0.3563), ¢ = 1.9662(F0.2519), 1l = —245.115.

For checking the model validity, we compute the Akaike Information Criterion (AIC), Akaike
Information Criterion correction (AICc), Hannan-Quinn Information Criterion (HQIC),
Bayesian Information Criterion (BIC) and Kolmogorov-Smirnov (K-S) distances of the em-
pirical distribution function and the fitted distribution functions with associated p-values.
Table 6 represents the results of all these measures. Therefore, these values indicate that the
three-parameter CTP-LN distribution fits the data set well comparing with other distribu-
tions. Clearly, the CTP-LN distribution is a good alternative model comparing with other
fitted models. The empirical and fitted distribution functions are presented in Figure 5. In
Figure 5, we have plotted the empirical survival function (ESF) and fitted survival functions

for the different models.

Another aspect of inference is the testing problem about the parameter 6. In this context,
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Table 9: The goodness of fit tests for monthly highest precipitation data set.

Model AIC AlCc HQIC BIC K-S p-value
CTP-LN 466.956 467.168 470.320 475.242 0.0467 0.9602
EEG 470.104 470.209 472.346 475.628 0.0669 0.6699
EWP  470.718 471.075 475.203 481.766 0.0644 0.7153
LN 470.136  470.241 472.378 475.660 0.0766 0.4971
Normal 494.230 494.335 496.472 499.754 0.1270 0.0457

the generalized likelihood ratio test can be used to test whether 6 is 0 (LN) or not for this
data set. Specifically, we wish test the hypotheses

Hy:0=0, ws. H;:0#0.

Under the null hypothesis, the MLEs of the unknown parameters, and the corresponding

log-likelihood value are provided as

@ =1.0042, ¢ =0.6497, Iy, = —233.068.

Therefore, the test statistic in this case becomes 2(lg,um, — lg,) = 5.18. Under the null
hypothesis, 6 is in the boundary, the standard results do not work and it follows by Theorem
3 of Self and Liang (1987) that

1 1

2(lgoom, — ) — 5 + 5)(?

Since p-value = 0.0114 and less than the significance level of 5 %, which leads us to reject

the null hypothesis and the LN distribution cannot be used to analyze this data set.
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6 CONCLUSION

In this article, we have analyzed the maximum precipitation data during the Winter months
of (Dec. 2018, Jan 2019 and Feb 2019) obtained from 117 different stations in US based on a
new probability model named as CTP-LN. It is observed that the proposed model is a very
flexible probability model and its PDF can take variety of shapes. The MLEs of the unknown
parameters cannot be obtained in closed form and we have proposed to use EM algorithm to
compute the MLEs. Extensive simulations have been performed and it is observed that the
proposed EM algorithm and two of its approximations work quite well. The proposed model
fits the monthly maximum precipitation data very well and it fits better than some of the
well known models like Weibull, Extended Exponential, Exponentiated Weibull, log-normal
and normal. It is expected that the proposed model can be used in analyzing other data
which are obtained from maximization. It may be mentioned that in the present paper we
have not used the information of the location of the stations. It might be of interest to
incorporate this information in the model itself through covariates. More work is needed

along that direction.
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Appendices:

In this section, we provide detailed descriptions of the pseudo codes for obtaining MLEs

using an EM-type algorithm. Additionally, we include the corresponding approximations.

Appendix A: Pseudo code of EM algorithm for CTP-LN

e Given M an integer, denoting the maximum number of iterations allowed.

e Given € for the stopping the iteration. If the absolute difference between the two
successive log-likelihood values is less than €, then we stop the iteration. We take

e=107S.
e Given m denote the sample size.
e Set the data vector {ty,...,tm}.
e Set the initial values x(?, 0@ and 0.
for ( kin 1 to M){
for (7in 1 tom) {

Find the missing value Ei(k) as follows:

Ei(k) = 1+0%®(&;), where & = (Int; — p¥) /o and ®(.) denotes the CDF of standar
normal distribution N(0,1).

}

e Compute pF+1 g+ and §*+1 as a solution of (11), (12) and (14) respectively, by

using Newton-Raphson or fixed point method.
e Compute the log-likelihood function I} (u*+), g*+1) gk+D)).

o If |1 (u*FD) g ®FD gty — = (18 o®) gk))| < € we stop the iteration, else we con-

tinue until convergence.

}
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Appendix B: Pseudo code of EM algorithm for CTP-LN based on

type I approximation

e Given M an integer, denoting the maximum number of iterations allowed.

e Given € for the stopping the iteration. If the absolute difference between the two
successive log-likelihood values is less than €, then we stop the iteration. We take

e=1075.

e Given m denote the sample size.

e Set the data vector {ti,...,tn}.

e Set the initial values x(?, o and 0.
for ( kin 1 to M){

for (7in 1 tom) {
Find the missing value El-(k) as follows:

EZ-(k) = 1+60%®(&;), where & = (Int; — p¥) /o and ®(.) denotes the CDF of standar
normal distribution N(0,1).

Find A;(9%™) and p;(9%) as: A;(9%) = 1 — (E;(9W) — 1)b; and p;(9P) =
(E;(9™) = 1)a,.

e Compute Dy and Ds,.

e Compute p*1) and o1 as given in Eq.’s (18) and (21) and 0%+ as a solution of

equation (12) using Newton-Raphson or fixed point method.
e Compute the log-likelihood function I} (u*+), g*+ gk+D)).

o If |1 (u* D) g * D gty — = (18 o k) gk))| < € we stop the iteration, else we con-

tinue until convergence.

}
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Appendix C: Pseudo code of EM algorithm for CTP-LN based on

type II approximation

e Given M an integer, denoting the maximum number of iterations allowed.

e Given € for the stopping the iteration. If the absolute difference between the two
successive log-likelihood values is less than €, then we stop the iteration. We take

e=1075.

e Given m denote the sample size.

e Set the data vector {ty,....tm}.

e Set the initial values p(®, ¢ and 6
for ( kin 1 to M){

for (7in 1 tom) {
Find the missing value El-(k) as follows:

EZ-(k) = 1+60%®(&;), where & = (Int; — p¥) /o and ®(.) denotes the CDF of standar
normal distribution N(0,1).

> B(Ziw) and Bi(9W) = (B —1)ci .

Find Ci;m and Bl(ﬁ(k)) as: Cim = - 1
/L ——
=1

e Compute D3 and Djy.

e Compute p*1) and o1 as given in Eq.’s (27) and (29) and 0%+ as a solution of

equation (12) using Newton-Raphson or fixed point method.

e Compute the log-likelihood function I3, (u*+1), g*+1 gkt

o If |1 (u* D) g* D gty — = (18 o k) gk))| < € we stop the iteration, else we con-

tinue until convergence.

}
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