ESTIMATING PARAMETERS OF ELEMENTARY CHIRP MODEL USING
MODIFIED NEWTON-RAPHSON ALGORITHM

SWAGATA NANDI! AND DEBASIS KUNDU?

ABSTRACT. In this manuscript we have proposed a modified Newton-Raphson algorithm to
obtain efficient estimators of the elementary chirp signal parameters in presence of stationary
noise. The asymptotic distribution of the least squares estimators which minimizes the
residual sum of squares has been provided. The least squares optimization function is a
highly non-linear function in its chirp parameters and an iterative procedure is needed to
optimize the criterion function. The Newton-Raphson algorithm does not work well for this
kind of models. We have used Newton-Raphson algorithm by a step factor modification. The
proposed algorithm starts with an initial estimator of order O,(n~2). This modified Newton-
Raphson method provides estimators with the same rate of convergence O, (n*‘r’/ 2) as the
least squares estimators. Further, the asymptotic variances of the proposed estimators are 9
times smaller than those of the least squares estimators. Extensive numerical experiments
are conducted to study the performances of the proposed estimators and compared with
the least squares estimators and fixed iteration efficient estimators using mean squared
errors. The analyses of two sonar data, one sonar rocks data and one sonar mines data are
demonstrated using the elementary chirp model and estimating the parameters using the

proposed modified Newton-Raphson algorithm.

1. INTRODUCTION

In this manuscript, we have considered the problem of estimating the elementary chirp
model parameters in presence of stationary noise. Mathematically, the model can be ex-
pressed as follows;

p
y(t) = Z [Ag cos(,@?tQ) + B’JQ sin(ﬁ?tz)] +X(t); t=1,...,n. (1)
j=1
Here y(t) is the observed signal and it has p components, the j-th component corresponds

to the chirp rate 5? The linear parameters A?, B?, j = 1,...,p are unknown amplitude
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parameters associated with the chirp rate or the frequency rate parameter B?. The random
variable X (t) is a mean zero stationary process and its structure is explicitly stated in
Assumption 1. In this paper, we address the problem of estimating the unknown parameters

{(A;,B;,8;);5 =1,...,p}; given a sample of size n.

The model as given in equation (1) is a special case of the usual chirp signal model, see
for example Lahiri et al. [14], Santhanam and Santhanam [26], Shukla et al. [28], Miao [17],
Ding et al. [8] and the references cited there in. Mboup and Adali [16] demonstrated the
sum of elementary chirp model where a generalization of Fourier transform was presented
to study the spectral analysis of chirp-like signals. Estimation of chirp parameters, that is,
the frequency rate parameters in multicomponent elementary chirp model is an important
problem in statistical signal processing and has received considerable attention in recent
times. Some of the examples where elementary chirp signal have been used include micro-
Doppler signature analysis in radar systems (3], radar pulse reconstruction [4], systematic
aperture radar images [11], mode reconstruction [15], sonar pulse detection [1] and in many
other real life situations. One can see Mboup and Adali [16], Mittal et al. [18], [19], Casazza

and Fickus [7] and references cited therein.

Estimation of the unknown chirp rates parameters is an important issue. It has received
a significant amount of attention in the signal processing literature. Some of the available
techniques mainly aim to estimate the instantaneous frequency rate (IFR) which basically
estimates the twice the chirp rate. The method based on cubic phase function (CPF) and
its variants, mostly motivated by the CPF, are available in the literature. These methods
include integrated CPF [31], product CPF [32] and non-parametric chirp rate estimator
based on CPF [10]. There are several other techniques used in the literature to estimate the
chirp rate. For example, methods based on discrete polynomial phase transform [23] and
weighted combination [5], fractional auto-correlation and fractional Fourier transform [20],
modified discrete chirp Fourier transform [29], time-frequency rate distribution [30] etc. have

been widely used in practice.

The least squares estimators (LSEs) provide optimal rate of convergence in sinusoidal
and usual chirp type models. Mittal et al. [19] derived asymptotic properties of the LSEs
and the approximate LSEs in an equivalent complex-valued model of the model as given
in equation (1). In presence of Gaussian error the asymptotic variances of the LSEs reach
the Cramer-Rao lower bound. Shukla et al. [27] studied the asymptotic properties of the
LSEs and sequential combined estimator for a multicomponent chirp model with equal rates.

Although, the LSEs have the optimal rate of convergence, finding them is a computationally
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challenging problem. The model as given in equation (1) is a non-linear model in chirp rate
parameters and the criterion function needs to be minimized, is a highly non-linear function
in its parameters. Thus, very good (close enough to the true value) initial estimators are
needed for any iterative procedure to converge. Mittal et al. [18] proposed two efficient
algorithms based on choosing two different initial estimators of the chirp rate parameters.

Their estimators have the same rates of convergence as the LSEs.

In this paper, we first discuss the method of least squares (LS) which minimizes the residual
sum of squares and obtain the asymptotic distribution. As the main aim is to estimate the
chirp rate parameters in an efficient way, we propose an iterative algorithm by modifying the
well known Newton-Raphson (NR) method. The elementary chirp model, considered in this
paper, is a more complicated model than the sinusoidal model. It has already been observed
by several authors, see for example Kundu [13], that the standard Newton-Raphson algorithm
does not work for the sinusoidal model. Kundu et al [13] proposed an estimation technique
by modifying the NR algorithm for the sum of sinusoidal model. A similar approach has
been used by Nandi and Kundu [21] for a fundamental frequency model with harmonics.
The elementary chirp model, considered in this paper, is a more complicated model than the

sinusoidal model. So it is expected that it would not work well in practice.

Our aim is to find the LSEs of the unknown parameters involved in the model as given
in equation (1). We observe that the model as given in equation (1) is a highly non-linear
model and the LS surface may have several local minima. Finding LSEs needs numerical
algorithms to be implemented. The usual Gauss-Newton or NR algorithm does not work well
for this kind of models. In many cases, they do not converge or converge to local minima.
Therefore, the aim is to use the NR algorithm with a modification by reducing the step
factor in each iteration. The idea is with smaller step in each iteration so that the algorithm

will not miss the global minimum.

It should be mentioned that there are some deep learning and related methods available
today to estimate sinusoidal frequency parameters, see for example Pan et al. [22]. It seems
with some efforts these methods can be modified to estimate the chirp rate parameters of the
model (1) also. It has not been attempted here because even if these methods can be modified
for the model (1), it will not be easy to establish any theoretical properties of these estimators.
Moreover, it is well known that any deep learning related method is computationally quite
challenging, see [22]. The aim of this paper is different. The main contributions of this paper
are the following; (a) provide a simple numerical method which can used quite conveniently

in practice, (b) establish theoretically that these estimators have the same convergence rate
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as the most efficient least squares estimators and (c) compare numerically with the most
efficient least squares estimators. Recently it has been observed by Mittal et al. [18, 19] that
for multiple elementary chirp model, the sequnetial procedure works very well. Hence, here

also we have adopted sequential process for multiple elementary chirp model.

The rest of the paper is organized as follows. In Section 2, we state the assumptions
required. In Section 3, we describe the method of LS for model as given in equation (1) and
state its asymptotic distribution. In Section 4, we propose the modified NR (MNR) method
for a single component model and its implementation. In Section 5, we extend the algorithm
to the multi-component case. Numerical results are presented in Section 6. One sonar rocks
and another sonar mines data are analyzed in Section 7 and the paper in concluded in Section

8. All the proofs are provided in the Appendices.

2. ASSUMPTIONS

In this section, we state the assumptions required for the LSEs as well as for the proposed

method for the establishment of theoretical results.

Assumption 1. The random variable {X (t)} has the following linear structure

o

X(t) =Y a(k)e(t — k), (2)

k=—00

where {e(t)} is a sequence of independent and identically distributed (i.i.d.) random variables

2

with mean zero and finite variance o*. The arbitrary real valued sequence {a(t)} satisfies the

following condition of absolute summability;
> a(k)] < oc. (3)

Assumption 2. For k=1,...,p, AY and BY are not simultaneously equal to zero.

Assumption 3. 3] € (0,7) and B # 3 fork,j=1,...,p.

Assumption 1 is a general assumption of a weakly stationary process. Any stationary
autoregressive (AR), and autoregressive moving average (ARMA) process can be expressed
as equation(2), when the coefficients are absolutely summable. Assumptions 2 and 3 ensure
that the model as given in equation (1) is a p-component model. Note that these are some

basic assumptions one is needed for model identifiability, see for example Mittal et al. [18, 19].
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3. LEAST SQUARES ESTIMATORS

In this section, we define the LSEs of the unknown parameters of model as given in
equation (1). We denote the parameter vector corresponding to the k-th component as
0. = (Ay, By, Br)" and 6 = (0], ..., OJ)T is the parameter vector of order 3p. Then the

LSE of @ minimizes

Qo) =" [y(t) =3 (4ycos(3t%) + B Sin<ﬂjt2))] (4)

=1 j=1

with respect to A;, Bj and f;, j =1,...,p. Write Y = (y(1),... ,y(n))T and
2(8) = [Za(B). . Z(5,)].

[ cos(B)  sin(B)
cos(226y)  sin(2%6)

Zy(Bk) = : : (5)

| cos(n®B) sin(n?By) |
and &€= (&],...,6) & = (A, Br)", B=(B1,...,By) ", k=1,...,p. Then Q(8) can be
written as
QO) = (Y=Zi(B)& — ... = Zy(Bp)€,) (Y = Zu(B1)E; — ... = Zy(By)E,)
= (Y-Z(B)&) (Y - Z(B)%). (6)
For a given 3, the LSEs of £ is E(B) = (Z(ﬁ)TZ(,B))_IZ(ﬁ)TY. Replacing this in Q(0), we
have

Q(E(B)v ﬁ) = YT(I - Pz(IB)>Y>
P8 = Z(8)[Z(8)Z(B)] 'Z(B)",

where Pz(ﬁ) is the projection matrix on the column space of Z(3). Then minimizing

Q(E(ﬁ), () with respect to 3 boils down to maximizing R(3) with respect to 3, where
R(B)=Y"Z(B)[Z(B)"Z(B)] Z(B)"Y. (7)

Using Lemma 1, stated in Appendix A, the following simplification can be done for large n.

1

€08 = (Zu(B) T Zu(Br)) " Zu(B) Y, (8)
R(B) =Y Y Zi(Bi) [Z(B1) Zu(B)] " Za(B) Y. (9)

k=1
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Let B = (31, . ,Bp)T minimizes R(3) and then the LSEs of the linear parameters are
obtained as Ek(ﬁk), k =1,...,p. This is the well known separable regression technique of
Richards [25].

In the following, we state the asymptotic distribution of the LSE of 8. Let gk and 6
be the LSE and the true value of 6y, respectively. Define a diagonal matrix D as D =
diag{n'/?,n'/?,n°/?}. Then the asymptotic distribution of 0, is given in the Theorem 3.1.

Theorem 3.1. Under Assumptions 1-2, as n — oo
D(6), — 69) % N3(0,20%, 51

where ¢, Xy and 2;1, k=1,...,p are as follows;

2
M — 2 0 9 %) '
o = |2 a(j)COS(ﬂfijZ)} +[ > a(j)sin(ﬁgf)] — | S a(j)e
_j:,oo j=—00 i
1 0 %2
Y = 0 1 _%2 :
BO AO 2 2
ERE S
| (4A9° + 9B%%)  —5AYBY  —15B0
4(1422—0—822) k Ok: ( k ; L ) A

For k #m, D(/H\k —6}) and D(am —0°) are asymptotically independently distributed. W

The LSEs provide the optimal rates of convergence for the amplitudes and the chirp
parameter as O, (n_l/Q) and O, (n_5/2), respectively. Here, z, = O, (n“S) means that
nlz, is bounded in probability.

Remark 1. The asymptotic distribution of the chirp rate parameter corresponding to the

k-th component is given by
~ 450%c
WGy S N(0, B )

The rate of convergence O,(n~%/?) is same as the LSE of chirp rate parameter in the usual

chirp model, see reference [14].
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4. MODIFIED NEWTON-RAPHSON ALGORITHM

The NR algorithm is a widely used numerical method in non-linear optimization. The aim
is to find an efficient estimator using an NR type algorithm. The elementary chirp model
is a highly non-linear model and belongs to the class of sum of sinusoidal frequency type
models. It is well known that the NR algorithm does not work well in finding the LSEs of
sinusoidal frequency model. Due to this reason the NR algorithm has not been used in the
literature to find LSEs of sinusoidal models. So it is not advisable to use NR algorithm in
its original form to estimate the chirp rate parameters in elementary multiple chirp models.
Our aim is to modify this simple algorithm which will perform better in maximizing R(3),
defined in (7).

In this section, we concentrate on a single component model given by
y(t) = A%cos(B%?) + B%sin(B°t?) + X (t); t=1,...,n. (10)
The corresponding function to be maximized to find the LSE of g is given by

R(B) =Y"Z(B)[Z(8) ' Z(B)]

'Z(8)"Y. (11)
where Z(f) is a n x 2 matrix equal to Z;(f;) with f; replaced by 5. Now we first briefly
describe the NR algorithm in case of maximizing R(/). Let 31 be the initial estimate of 3°
and Bm be the estimate at the m-th iteration. Then the estimate at the m + 1 iteration,
B\m+1 is obtained as

R (Bn)

R//(ﬁm)’
where R'(3,,) and R” (Bm) are the first and second order derivatives of R(f3), respectively,

evaluated at Bm

Bm—O—l = B\m - (12>

This standard NR method is modified with a reduction in the step factor in the following
way.
4 R(Bn)
9 R'(B.)

A smaller correction factor in each iteration forces the estimator to converge to the global

ﬁerl = ﬁm -

(13)

maximum. In the process, it actually prevents the algorithm to diverge or converge to a
local maxima of R(/3). At a particular iteration, if the estimate is close enough to the
global maximum, a large correction factor may move the estimate far away from the global

maximum. Theorem 4.1, stated below, leads us to modify the NR algorithm in this fashion.
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Theorem 4.1. Let 3 be a consistent estimator of 3° and 8 — B° = 0,(n"27%), 5 € (0, l].

Suppose B 18 updated as B\ = E— g X }}::/((%)) , then
(@) B= 4" = 0,(n~>%) TEE
(b) n%2(B - 8%) - N (o, %) if 5> é
~ 2
where ¢ = Z a(j)e’woj2
j=—o0

Proof of Theorem 4.1: See in Appendix B.

According to theorem 4.1, if we start with a consistent estimator with a reasonable rate
of convergence, then the MNR algorithm estimates the frequency rate parameter with the
same rate of convergence as the LSE. In addition, the asymptotic variance of the LSE of
[ is more than twice than the asymptotic distribution of the MNR estimate. Specifically,
the asymptotic variance of the LSE of § is % times the asymptotic distribution of the MNR

estimate.

Now we explain that starting from initial estimator E of 8% with rate of convergence

O,(n™%) how the above theorem is used to obtain an efficient estimator. Consider B , the

maximizer of R(f) over a grid { 7T—2, k=1,...,n*— 1} as the initial estimator, then following
Rice and Rosenblatt [24] the existence of such an initial guess can be shown. One can also
show that n2(8 — 8°) %3 0.

Implementation: The key idea of the proposed algorithm is to use Theorem 4.1 judiciously.
The estimator 5 is calculated using a subset of the observed data vector of size n and not
to use the whole sample at the beginning so that the required order can be achieved. This
approach was first applied by Bai et al. [6]. As the observations are dependent, the subset
is selected in such a way that the dependence structure is not destroyed. Therefore, a
subset of predefined size of consecutive data points is chosen to start the algorithm and

we gradually increase the sample size to the whole sample. To initiate the algorithm, we
L ~
obtain the argument maximum of R(f) over {W—Z, k=1,...,n° — 1} and denote it 3.
n

Then B(o) = O,(n™?). The following algorithm is used to implement Theorem 4.1. Here [z]
denotes the integer part of z. We use the following notation just for the Algorithm. We
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denote R'(B) and R"(B) as R,,(8) and R! (B), respectively. Here, R! (5) and R] (3) have
been calculated based on subsample {y(1),...,y(m)} of {y(1),...,y(n), for m < n.

Algorithm:

1. Choose ny = [n'*/'%], then n = ”}5/14‘ Calculate E(l) as

5oz 4 R
/6(1) = 5(0) — § X //1 N(O))
Rnl (6(0))
~ 9 1 1
Note that Sy —8° = Op(n2) = Op(n; > "), therefore § = =<3 and after the first

iteration using part (a) of Theorem 4.1, we have

gu) B0 = Op(n1—2_3/7) _ Op(n*34/15) _ Op(n’2’4/15).

~ 4 1
2. As By — B = O, (n=241%) § = B > g7 We can use part (b) of Theorem 4.1. Take
Nme1 = n and repeat

Bntn) = By = 5 X 5, =
Ry (Buw)

for m = 1,2,... until a suitable stopping criterion is satisfied. |

Y

The algorithm suggests to start the iteration process with a sub-sample of size n'4/'® of the
original sample of size n. Any sub-sample will work provided the correlation/dependence
structure is not destroyed. The choice of the initial sub-sample is not important and size of
the sub-sample is not unique. We can start with any n; consecutive data points to keep the

dependence structure intact.

Remark 2. Kundu et al. [13] proposed an MNR algorithm for the sinusoidal frequency
model by using a smaller step factor in each iteration of the algorithm. In sinusoidal model

1
the MNR step factor is required to reduce 1 times the NR step factor to obtain an efficient

4
estimator whereas in case of the elementary chirp model, the correction factor is 9

Remark 3. As the linear parameters are separable and LSEs or MNR estimators of A° and

B are function of the corresponding estimator of 5%, we write
(A4,B) = (A(B), B(H)), (As, Brs) = (A(Brs), B(BLs)).

Here A\, B and B denote the MNR estimate where as A\Ls, ELS and BLS denote the LSEs of
A® B% and 8%, respectively.
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-~

Expanding A(S) using Taylor expansion around the true value /3, we can approximate
A(B) — A(B°) = (B - B")[A(B)),

where A’(3) is the first order derivative of A(j) at 3; 3 is a point on the line joining B and
B°. As B is asymptotically unbiased, for large n

Var[A(B) — A(8°)] = Var[5 — 8°|[A'(B)]?
= Var[A(B) — A = g « Var|Bs][A'(B)]2 = g % Var[ALg].

. 4 N
Similarly, we can show that Var[B(S) — B"] = g X Var[Brs]. Therefore, the asymptotic
N . 4
variances of A and B are also 9 times those of the LSEs of A and B, respectively. It can be
- 4 U
shown that Cov(A4, B) = g X Cov(ALs, Brs). Therefore, the asymptotic variance-covariance

4
matrix of MNR estimators is 9 times that of the LSEs.

5. MULTI-COMPONENT ELEMENTARY MODEL

In this section, we consider the multi-component elementary chirp model. Based on the
idea of the MNR algorithm proposed in Section 4 for a single component model, we pro-
pose a sequential MNR algorithm for parameters of model as given in equation (1). Under

Assumption 3, the following restriction is imposed on the amplitudes for identifiability issues.
2 2 2 2
A+ B > > A+ B (14)

Also, 1 <k <p—1, A¥®+ B = A2+12+Bg+12, then it is assumed wy, < wyp41. The sequence
{X(t)} satisfies Assumption 1.

5.1. SEQUENTIAL MODIFIED NEWTON-RAPHSON ALGORITHM. We estimate the unknown
parameters of model as given in equation (1) in a sequential manner component-wise. We
estimate the first component using exactly the same method as the one implemented for one
component model, discussed in Section 4. We start the algorithm from the maximizer of
R(/) and estimate [ as 31. The corresponding linear parameters are estimated as ﬁl and
B using &, (Bl) where Ek(ﬁk) is defined in equation (8) for £ = 1,...,p. Then remove the

effect of the estimated chirp rate 31 from the observed data and define

yl(t) = y(t) — A\l COS(B\th) — El Sin(§1t2).



ELEMENTARY CHIRP MODEL 11

Next, we use [y1(1),...,y.(n)] to estimate the second chirp component parameter, that is,
Ay, By and (8. We continue to do so until all the p components parameters are estimated.
We have assumed that p is known. But this sequential procedure automatically provides
us an estimate of p. In case of real data, if this procedure is continued for ¢ times and the
residual series after ¢ repetitions is a completely random sequence, then ¢ can be taken as

an estimate of p. This approach is implemented in Section 7 in Data Analysis.

The estimator Bk of 8Y at the k-th step of the above sequential algorithm is the MNR
estimate and similar to one component model is asymptotically normally distributed, stated

in Theorem 5.1.

Theorem 5.1. Let Ek be a consistent estimator of B, the chirp rate corresponding to the

~ 1 ~
k-th component and Bj, — 3) = O,(n=27%), for some § € (O, 5} Suppose [y is updated as

o~ 4 (B,
ﬁk:ﬁk——xR(%),thGn
9 R”(ﬁk)
~ 1
(a) By — By = Op(n™*7%) ifo <
~ 100%c 1
b) 0B — ) -5 N [0, ——— 6>
(b) n*=(Bx — B) — ( " 497 4 BY? if 0> 6
~ 2
where ¢, = Z a(j)e_iﬁ2j2| . Moreover, n5/2(3k — ) and n5/2(/§l —BY) for k # 1 are
Jj=—00

asymptotically independently distributed.

6. NUMERICAL EXPERIMENTS

In this section, we present results from numerical experiments conducted using elementary
chirp models for illustrative purposes. We have considered two models, a single component
model and a two component model to assess the finite-sample performance of the proposed

estimators with the following parameter values.
Model 1: A° =B =20,6°=0.2.

Model 2: AY = BY =25 3) = 0.8,
AY) =B =20,8 =1.2.
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The data have been generated using these parameters and then contaminated by the following

autoregressive of order one process.
X(t)=oX(t—1)+e(t), ¢=0.75.

We have taken the error variance, the variance of X (t), as 0% and for reporting purposes three
values of % = 1.0, 2.0 and 3.0 have been considered. The sequence of i.i.d. random variables
{e(t)} is from a Gaussian process with mean zero and variance 02 = (1 — ¢?)c%. The chosen
sample sizes in these experiments are 100, 200, ...,900 and 1000. In case of both the models,
the data are generated using the chosen parameter values and different values of o%, the
variance of the error process {X ()} and sample sizes n. For every value of n and %, 2000
realizations are generated and estimates are obtained using the proposed MNR algorithm.
In case of Model 1, in each iteration, we generate a sample and find the initial estimate from
R(() using a grid search over the grid {:;—2, k=1,...,n% - 1}. The iterative process is
terminated if the absolute difference between two consecutive iterates is less than n=%/2. In
most of the cases, the iterations terminate in 4-6 iterations. We have computed the average
estimates (AEs), mean squares errors (MSEs), asymptotic variances of LSEs (ASYV) and
asymptotic variances of the MNR estimators (ASYV-P). In addition, we have also calculated
the MSEs of LSEs (LSE-MSE) and efficient estimators (EFF-MSE) proposed by Mittal et al.
[18] for comparison purposes. In case of Model 2, we have A9% + B > A9* + BY?  so we first
implement the same steps as Model 1, to estimate ;. Then we repeat the same process after
removing the effect of the first chirp rate parameter, that is ;, to estimate the parameters of
the second component. We are mainly concerned in estimation of the chirp rate parameters,
therefore the results related to the chirp rate parameter estimates are reported. The MSEs of
the MNR method, LSEs and efficient estimators along with the asymptotic variances of both
the LSE and the proposed MNR estimator of 3 in case of Model 1 are plotted in Figure 1 for
different sample sizes on negative logarithmic scales. The three sub-plots are corresponding
to values of 0%. The results for 8; and (s, present in Model 2, are provided in Figures 2 and

3, respectively. The following observations can be made based on the above experiments.

(1) MSEs of the MNR estimators increase as the error variance increases.

(2) In the other way, MSEs of the proposed estimators rapidly decrease as the sample
size increases. This verifies the consistency property of the estimators.

(3) MSEs of the MNR estimators are generally smaller than those of the LSEs and
efficient estimators which is expected as asymptotic variances of LSEs as well as
the efficient estimators are larger than the asymptotic variances of the proposed

estimator.
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FIGURE 2. In each sub-plot, the graphed lines represent the MSEs of the
MNR estimate, the asymptotic variance of LSE and the asymptotic variance
of MNR estimate of f3;.

(4) MSEs of the proposed MNR estimators are usually smaller than the asymptotic
variances of the LSEs.
(5) MSEs of the proposed MNR estimators are very close to the asymptotic variances of

the proposed estimators.
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FiGURE 3. In each sub-plot, the graphed lines represent the MSEs of the
MNR estimate, the asymptotic variance of LSE and the asymptotic variance
of MNR estimate of .

7. DATA ANALYSIS

In this section, we analyze two real datasets. The datasets are taken from UCI Machine
Learning Repository, one is of type sonar rocks and other is of type sonar mines. Each
dataset contains 60 observations. We have used the sonar rocks data CR036 and sonar
mines data CMO078 for illustrative purposes and observe that elementary chirp model can

very effectively be used to analyze and compress such data.

The elementary chirp model is fitted to the mean corrected data. Exploratory analysis
suggests that a seven component model is suitable for sonar rocks data CR036 and a eight
component model for sonar mines data CMO078. The mean-corrected raw data is plotted
in Figure 4(a) and in 4(b) the same is plotted along with the fitted data. The residuals in
fitting an elementary chirp model of order seven to data CR036 is plotted in Figure 4(c).
Here one of the aim is to check whether the residuals from this fit satisfies the assumption of
a stationary error. It has been observed that the residuals are random based on run test and
they are i.i.d. based on minimum AIC and BIC in the class of stationary ARMA processes.
For the other dataset sonar mines CMO78, similar findings are observed and provided in
Figure 5. In sub-plot (a) of Figure 5, the mean-corrected raw data is plotted and in sub-plot
(b), the mean-corrected observed data along with the fitted values from a eight component
chirp model are presented. Similar to Figure 4, in sub-plot (c), the residuals are plotted.

We find similar structure of the estimated residuals as it was in data CR036. This analysis
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FIGURE 4. (a) The mean-corrected CR036 data. (b) The mean-corrected
CRO036 data (red) and the fitted values (blue) from a seven component model.

(c) The residuals from this fit. Here the y-axis represents energy.
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FIGURE 5. (a) The mean-corrected CMO078 data. (b) The mean-corrected
CMO078 data (red) and the fitted values (blue)from a eight component model.

(¢) The residuals from this fit. Here the y-axis represents energy.

suggests that the elementary chirp model is suitable in analyzing these sonar data sets and
the sub-plots (b) in both Figure 4 and Figure 5 shows that using MNR algorithm, the fitted
data look good.

60
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8. CONCLUSIONS

In this paper we have addressed the problem of efficient estimation of unknown parameters
in an elementary chirp model. In elementary chirp models, chirp rates are the only non-
linear parameters and the estimation of these parameters is a problem of interest. The
NR Algorithm is an important method in non-linear regression problem. But it does not
work well for sinusoidal/chirp type class of models in finding LSEs. We have proposed a
modification of this algorithm by reducing the correction factor in each step of the algorithm.
This modification results in efficient estimation of the chirp parameters and works very
well in practice. The asymptotic variances of the proposed estimators are smaller than
those of the LSEs. The proposed method can handle estimation of parameters in multiple
elementary chirp models using a sequential procedure. Extensive simulations have been
performed to compare the performances of the proposed estimators with the LSEs and the
efficient estimators in terms of the MSEs. The MSEs of the proposed estimators are in
general less than the MSEs of LSEs and the efficient estimators as well as the asymptotic
variances of the LSEs and efficient estimators. The performances of the proposed estimators
are quite satisfactory. The algorithm does not require any optimization, computationally

less intensive and the iterations converge very fast in few steps.
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APPENDIX A

Lemma 1. If o, € (0,7), and o # [, then except for countable number of points, the
following results hold.

1
k 2y _
7}1_}17{.10nk+12t cos’(at?) = 2kt 1)
lim Ztk sin(at?) = L
n—o0 nk'H 2(]{7 + 1)’
nh_{lolo nk+1 Z t* cos(at?) sin(Bt?) = 0.

In addition if o # B, then for k=0,1,2,...

k 2 2y _
nlinolo nk+1 Zt sin(at?) sin(ft°) = 0,
nlggo nk+1 Ztk cos(at?) cos(Bt?) = 0,

where k =0,1,2,....
Lemma 2. If € (0,7) then except for countable number of points, the following results

hold.

k—i—l

Ztk cos?(Bt?) = (k 1) Ztk sin?(3t?),
fork=0,1,...

Lemma 3. Let § — = O,(n"27%), then

Ztk e P = O,(n*), k=1,2,...
t=1

Zy cos(ft?) = (A +0,(n™%)  and Zy(t) sin(ft?) = g (B+0p(n™)),

where y( ) is given in equation (10).
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Proof. of Lemma 3: Consider

n

D0 = 3[4 cos(3) + B sins?) + X (0]
t=1

t=1

n 0 0 i
[ ey 2 ( ) x| e
]

AY B\ § i(B°—p)t? A - i(8°+B)t2 3 ~ipt?
= (T+5% Se + Ze +) X (t)e P
t=1 t=1

t=1

(15)

Observe that when 3 — 3° = O,(n=27%) following Bai et al. [6] and Lemma 1 we have

> = 0,(1) (16)

t=1

Z W = 0y(1). (17)

Now consider

Z:ei(ﬁfﬁ)t2 — Z:ei(ﬁfﬁ)t2 —i—z’(ﬁ—B)Zthi(B*'B*)tZ
t=1 t=1
— 1+ 0y N0,
= n+0,(n').
Here, (8* is a point between 8 and 8 and we will be using 8* for this purpose. Now to

approximate the third term in equation (15), we choose L large enough, such that Lj > 1.

Using Taylor series approximation of eibt’ up to L-th order terms

tZ:l:X(t)eifét2 = ZX [*Zﬁtz ;(_Zt (f' 8))! ﬂﬁt?_i_( (51;‘ B))*- ,15*9]

L1 ( —21-dl)
_ n1/2) +Z (1 0,(n?+1/2) 1+ 0, ((n2.n7275)L.n)
=1
= Op(nl/z) + Op<nl/2 — L+ 6)0y(n' ") = Op(”l/Q)- (18)

Using equations (16)-(18) in equation (15), we have the lemma. |
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APPENDIX B

In order to prove Theorem 4.1, we write Z(3) = Z. Then for model as given in equation
(10), define Define

D = diag{1,2,...,n} E=

7 = iz D?ZE, 7 = d—QZ = —D*'Z.
- dp dj3?

Note that EE = —I, EE” = I = E”E and since

0= %1 — % (277)" (272)]
* Lagra e s
— [%(sz)ll (Z72) + (272) (277 + 77,
hence,
ddﬁ(ZTZ) = —(2"2)VZ"Z + 27 Z)(27Z)

The first and second order derivatives R'(f) and R"(5) of R(/3) are given by
% R(B)=YTZ(Z"Z2) ' 2"Y — YT Z(2"2) ' 27 Z(Z2"72) ' Z7Y .
Similarly,

%R"(ﬁ) = YTZ(Z"Z)'2"Y + YT Z(Z7Z) ' ZTY
AV AR VAN B AV AVAV ARV AR '
—YT72(272)'272(2"2)' 27Y
+YTZ(Z"2)" (272 + 277)(Z7Z2) ' 27 Z(Z7Z2) ' Z2TY
—YTZ(Z72)" W27 Z2) (2" Z2) ' 2"Y — YT Z(Z2"Z2)" (2T Z)(Z7Z) ' ZTY
+YTZ(Z2"2) 27 2(272) (272 + 277)(Z7Z2) ' ZTY
—YT7(Z72) 2T Z(Z7Z) T ZTY .
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. 1 - N

Assume that 3 — 8 = 0,(n"27%), hence, for large n, <—Z(5)TZ(5)> =21+ 0,(1). Then
n

for large n,

1 _ 2 .. 4 . . . 2 .« o 4 .« o
S RB) = SYTRZTY - —YTULT L+ ZTH)LTY + SYTLLY - Y22 227
n n n n

8 . - 4 o 4 g o
VS YTUZ L+ 22 TTTY - Y27 22" - Y27 27 Y
n n n

8 4

+ Y27 UZL+ ZTL)Z'Y — S YTZZ ZZ Y + 0,(1).
n n

Substituting 7 and Z in terms of D, Z AND E, we obtain

1 . 2 4
5 (B = —-Y'D'ZZ'Y - —Y'D’ZE(E'Z"D*Z + Z'D*ZE)Z"Y
n n

2 4
+-Y'D’ZEE"Z"D’Y — — Y'D’ZEE"Z"D*2Z"Y
n n

8

+=Y'Z(E"2"D?’Z + Z"D*ZE)E" 2" D*2Z"Y
n
4 4

+—=Y"22"D'22"Y - —Y"ZE"Z"D'ZEZ"Y
n n

+§3YTZETZTD2Z(ETZTD2Z +Z"D*ZE)Z'Y
n

4
——YTZE"Z"D*ZE"Z" DY + 0,(1).
n

Using Lemma 2, we can approximate the following;

1 oprar, (11 1
n3Y D7 = <6A 6B) +Op(n)’

U rren, (1 1 1
EY DZ_<10A 10B>+Op(n>’
1

1 1
nZ Y 2(A B) —i—Op(n)

1o, 1 1
SZID’Z = 1+ 0,(),

Therefore, for large n

~ 1 11 11 1 1
o /! — 2 2 - - - il -
R"(5) (A* + B7) 10 O+18 18+0+10 10+0+18 +Op(n)
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In order to understand the terms of 3 R’ (3), we consider the first term initially ignoring the

lower order terms.

. 2 2 [ <&
Y'7(Z"Z2)'Z2TY = Z“YTD?ZEZ'Y = = (Bt?) (Bt?)
(2'2) - - | v con(f’ zy sin(51?)

_% (Zy< sin(jt°) ) (Zy cos(Bt*) )

Using Lemma 3, we have
Zy(t) cos(fBt?) = g (A+Oy(n™®) and Zy )sin(Bt?) = (B + 0,(n7?)) .
t=1

Similarly as the proof of Lemma 3, we can write

n

i ?J(t)tQG_iBtQ = Z (A cos(Bt?) + Bsin(pt?) + X(t)) 1218
t=1 t=1

1 — 5 gz, 1 - (51 5)
= SA=iB) Y 2O (AiB) Yy 12 e 4 Xttt
=1 t=1

t=1

It can be observed that
ZtZ i(B+PB)t2 _ OP(HZ)’
o 2 4 —_— 1 o
G 2 +i(8 — th——(B-pB)2)
; Z (8 B)Z S (8= 5) X_j
——Z B 6 ZtS B ﬁ Ztlo i(B—p* )t2

2746)

The last term in the above expansion is of order O,(n . Using Taylor series expansion

of e*iBtQ, we can approximate as
S Xt = ZX ()2 e §< L ) A G e ) ST
© - I L!
=1 =1
L-1
O —2[-41
_ ZX t2 —ipt? P(nl' )Op(n2l+5/2>+Op<<n2.nf275)L_n3)

= Z X()t2e 51 4+ 0y(n/2719).
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Now consider

Zy

Therefore,

g

COS

+
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A(it2—%(ﬁ—3)22t6>+B(Z(ﬁ—3)t4—é(ﬁ—3)3 )

t=1 t=1

1
2

+ Z X ()2 cos(Bt?) + O, (n*71%) +- 0, (n*) + O, (n*~*),

B (th — 53— B)?t;tﬁ) -4 <Z(6 — )t - 500 - B)f”;ﬁ)]

t=1

+) X (O sin(Bt?) + O, (n"*7H)

t=1

+0,(n?) + Oy(n* 1),

GUARG) 5 4 R ()
9 R"(f) 9 —2(A24 B2) + 0,(3)
- 4  ZY'DZEZ"Y 20 SYTD*ZEZ"Y
6_5—41(A2+BQ)+O(%) B+ (A2+B2)+0()
2 n5( +32 - 4 3 8
R N (5= 5) Zt 5 f) Zt
10 -

B X (1)t cos(Bt”) + A Z X ()2 sin(ﬁtQ)]

t=1

(A2 + B?2)n® + O,(
Op(n~272) + O,y (n? > O, (1=
B+ (8 — B)O,(n~*)

10
(A2 4+ B2)nd + O,(1)

1
Op(n’%*w) +O,(n7?) + Op(n’1’45).

n

BY X(t)t?cos(pt) + A i X (t)t? sin(ﬂt)]

t=

1 ~ -
Hence, if § < o then clearly 8 — 8 = O,(n"27%) as (8 — 3)O,(n~%) is the dominating term

1 ~
and rest of the terms are of smaller order. If § > 6 then the behavior of 5 is governed by
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the third term and

5% o3 [ & n
n2(f —p) 4 B X ()2 cos(Bt2) + A X (1)t2 sin(Bt?)
(421 B?) | ; ;
— % B f: a(k)zn:e(t—k)t2cos(5t2)+A f: a(k)zn:e(t_k)tQSin(ﬂtQ)
L k=—o0 t=1 k=——o00 t=1
1002
N N(o,—AQi;)_

This is the distribution of NR estimator of the chirp parameter f3.
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