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Algebraization of LK®

The algebraic semantics of LKX is the class of modal algebras.
Definition

A modal algebra is an L-algebra A = (A AR VA A OA TA | A) such that

(A NA VA A TA 1A is a Boolean algebra and OA is a map from A to A such
that

1) OATA = TA,
2) OA(a AR b) = O”a AR OAb.

MA: denotes the class of modal algebras.
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Lemma

In any normal modal algebra A,
O(a— b) <Oa— 0Ob

O(a < b) <Oa«~ Ob

O(aVv b)=<Cavob

S0=0

DOaA<b < O(anb)

O(aV b) <OaVv<ob

ifa< b, then Oa < Ob and Ca < Ob
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Recall that the notion of derivation in LK from a set of sequents defines a
relation between sets of sequents and sequents.

Skkx F'>A iff  there is derivation of ' > A from S.

We translate a sequent I' > A into an inequality as we did in LK, that is:

r(F>A) = /\F<\/A
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Theorem (Extended completeness theorem)

Let S be a set of sequents and let I > A be a sequent. The following are
equivalent:

e S |_LKK r > A,
@ 7(S) Ema (I > A).

Proof.
Similar to the case of LJ. O
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As in the LJ case, any equation ¢ =2 1) can be turned into an equivalent pair of
inequalities ¢ < ¥ and ¥ < ¢ and translated into a pair of sequents ¢ > v and
1 > . Thus we translate an equation ¢ & 1) into the set of sequents

ple =) ={p> P, Y > p}

Theorem
For any equation ¢ ~ 1),

o =1 Ema T(p(e = 1)) and T(p(p = 1)) FEma @ = ).

Theorem
For any sequent A 1> o,

{AD> ¢} ke p(T(A> ) and p(T(A D> @) Frgx A D> .

Theorem
For any set of equations {@; ~ ; : i € I} and any equation ¢ = 1,

{eimgiiclyemaory iff | oo~ i) b ple = ).
iel
e e e e




We obtained:

Theorem

LKK is algebraizable. The variety MA s its equivalent algebraic semantics and the
translations are the maps T and p given above.
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Let A be an algebra and v a valuation on A. For every binary sequent ¢ > 1) we

set v(p > ) = (v(p), v(¥)).

A binary relation R on A is an LK filter of A if for every valuation v on A, every
set of binary sequents S and every binary sequent ¢ > ), if S F kx ¢ > ¢ and
v[S] C R, then v(p > ) € R.

Every LKX-filter of A is a reflexive and transitive relation.

Given a LK filter R on A, let
Qa(R) = {{a,b) : (a,b),(b,a) € R} = RN R,

This relation is the greatest congruence which is compatible with R.
Moreover,

Theorem

Q”(.) gives an isomorphism between the lattice of LKX -filters of A and the lattice
of congruences of A.

v

Theorem

MA = {A/Q*R) : R is an LKXfilter of A}

v
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The class of algebras of a Gentzen system

Let G be a Gentzen calculus equivalent to its restriction to binary L-sequents.
Let A be an L-algebra. Let v be a valuation on A and ¢ > % a binary sequent.

Then we set v(p > 1) = (v(p), v(¥)).
A binary relation R on A is an G-filter of A if for every valuation v on A, every set

of binary sequents S and every binary sequent ¢ > 1),
if Skg w1 and v[S] C R, then v(p > 1) € R.

If G satisfies Identity and Cut for binary sequents, every G-filter of A is a reflexive
and transitive relation.

A congruence 6 of A is compatible with a G-filter R if
afa’, bob', aRb = a'Rb’.

Given a G-filter R on A, the greatest congruence which is compatible with R
always exist. It is the greatest congruence included in

RNR™1={(a,b): (a,b),(b,a) € R}. We denote it by Q*(R).
If G has Cut for binary sequents, the class of algebras of G is
Alg(G) = {A/Q*(R) : R is a G-filter of A}.
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gK is algebraizable

The extended completeness theorem implies:

Theorem

The following are equivalent:

Q {piti€ltbeko

Q {pi:icltFmay

Q@ {Try:icellEmaT=op

Moreover, if we translate an equation ¢ ~ ¥ by p(p &~ 1)) = ¢ <> 1) and a formula
w by 7(¢) = T = ¢, then for every equation ¢ = 1

=Y EvaT(p(e =) and T(p(p = V)) Fha ¢ = ).
Therefore,

Theorem

gK is algebraizable. Its equivalent algebraic semantics is MA and translations are
given by the maps: @o— T ~¢p and =P p—
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Proposition

Let A be an algebra. If R is an LKX-filter then
Q Fr={ac A:(T,a) € R} is a gK-filter,
Q Qa(Fr) = Qa(R).

Proposition

If F is an sK-filter on A, the LKX -filter Re on A generated by {(T,a):a € F} is
such that F = Fg,.

v

Theorem

Q”(.) gives an isomorphism between the lattice of gK-filters of A and the lattice
of congruences of A.
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Algebraizing IK

Let us try to apply the Lindenbaum-Tarski method to /K.

Given a theory T of /K we define the following binary relation 8(T) on Fm in the
same way that we defined Q(T) in the case of Intuitionistic logic:

(p, ) € O(T) iff Th e .
This relation does not need to be a congruence relation. It could happen that
Thke<—y but Tk Op«— 0.
Example: Let T be the theory generated by p. Then T Fix T < p, but

T ki OT < Op, for if this was the case, then since Fj OT, we would have
p Fix Op, which is not the case.
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Q 9(T) is compatible with T, namely, for every ¢ and
if (p,)€0(T)and e T, thenyp € T;

@ 9(T) is the greatest equivalence relation on Fm which is compatible with T,
@ For every formula ¢,

(p, T)eb(T) iff T,
@ 0(T) is the interderivability relation modulo T, that is:
<QO,¢> S H(T) iff <(p,’(/)> € /\/K(T) iff T, kY and T,Y ik .

Thus in IK, Aik(T) is not a congruence for every /K-theory T.
Recall that the greatest congruence included in Ak (T) is called the Suszko
congruence of T and is denoted by Qx(T).

We say that Fm/ﬁ/K(T) is the Lindenbaum-Tarski algebra of T.
Proposition
The Lindenbaum-Tarski algebra Fm/ ﬁIK(T) of T is a modal algebra. J
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Comparing /K and gK

Let T be a theory of gK. The relation (T) on Fm defined by
(p,0) € QT) iff T gk @ .

is a congruence relation on Fm (like for Intuitionistic logic).

Q Q(T) is compatible with T, namely, for every ¢ and v
if (p,) € Q(T)and e T, theny € T;

@ €(T) is the greatest congruence relation on Fm which is compatible with T,
@ For any formula ¢,

(p, Ty € Q(T) iff peT.
But

@ Q(T) is not the interderivability relation Agk T in gK relative to T. It could
happen that

T,pbaxand T,9 gk, but T Kok @ ).
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We already saw (T) is the greatest congruence relation which is compatible with
the LKX filter {(p,9) : o — ¥ € T}.

By the usual technique of Lindenbaum-Tarski algebras we can also obtain the
algebraic completeness theorem:

Theorem (Completeness)

For any set of formulas I' and any formula ¢,

F l_gK ® lff F ):MA @Y.
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Let now T be a theory of /K.
The greatest theory of gK which is included in T always exists and is the set of
formulas

T°={p:(Vn)Q"p e T}.
Then Q(T°) is the greatest congruence which is included in A (T).
Therefore, Q(T*) = Qu(T).
Similarly, given an algebra A and a IK-filter F of A, the greatest gK filter of A
which is included in F always exists, and its Leibniz congruence is the /K-Suszko
congruence of F.
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Weakly Congruential and Congruential logics

Let £ = (L,F,) be a logical system. We denote the interderivability relation

(¢ =) by Ar.

If Az is a congruence of Fm; we say that £ is weakly congruential.

If for every L-theory T A.(T) is a congruence of Fm, we say that L is Fregean.
Note that Az = Az(G-,(0)). Hence every Fregean logic is weakly congruential.

The logic IK is weakly congruential. The logic gK is not weakly congruential.
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Recall that given a logical system £ and an algebra A, the L-filters of A induce
the quasi-order (or preorder) given by

a<fb iff (VFeFisA)(acF=bcF)

whose naturally associated equivalence relation we denote by le.

If A is an algebra of the type of modal logic, then the relation ~ﬁ< is a congruence
of A and A/~ is a modal algebra. Moreover, if A is a modal algebra, then Nﬁ(
is the identity and gf)( is the semi-lattice order of A.

A logical system L is congruential if for every algebra A, the relation Nﬁ is a
congruence. Thus /K is congruential.
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