ON THE INTEGRALITY OF LOCALLY ALGEBRAIC REPRESENTATIONS
OF GLy(D)

SANTOSH NADIMPALLI AND MIHIR SHETH

ABSTRACT. Emerton’s theory of Jacquet modules for locally analytic representations provides
necessary conditions for the existence of integral structures in locally analytic representations.
These conditions are also expected to be sufficient for the integrality of generic irreducible
locally algebraic representations. In this article, we prove the sufficiency of Emerton’s con-
ditions for some tamely ramified locally algebraic representations of GLa(D) where D is a
p-adic division algebra.

1. INTRODUCTION

Let p be a prime number, F' be a finite extension of Q, with residue field F, and uniformizer
wr, and let E be a large enough finite extension of F. Let G be the group of rational points
of a connected reductive group over F' and m = 7y, ® Ty be an irreducible locally algebraic
representation of G over E. The question of the existence of a G-invariant lattice or a G-integral
structure in 7 is of fundamental interest to the p-adic Langlands program.

Emerton gives necessary conditions for the existence of integral structures in terms of the
exponents of Jacquet modules of locally algebraic representations. Let P = MpNp C G be
a parabolic subgroup with the modulus character dp and let Jp denote the Emerton’s locally
analytic Jacquet module functor. If 7 admits a G-integral structure, then for every parabolic P
of G and x such that Homy s,y (x, Jp(m)) # 0,

(65'x)(2) is integral in F, (1.1)

for all z € Z(Mp)"™ where Z(Mp)" is the contracting monoid in the center Z(Mp) of the
Levi factor Mp [Eme06, Lemma 4.4.2]. The characters x of Z(Mp) occurring in Jp(w) are
called exponents. It is expected that the condition is also sufficient for the existence
of an integral structure in 7 when 7wy, is generic. For G = GL,(F), this is equivalent to
Breuil-Schneider conjecture (see Hu [Hu09]). Note that for P = G, the condition reads
as the central character of 7 is integral. When 7 has integral central character and mg,, is
essentially square-integrable, the Jacquet modules Jp () for proper parabolic P always satisfy
. In this situation, Sorensen showed using global methods that the integrality of the central
character is sufficient for 7 to have an integral structure [Sorl3]. On the other hand, when g,
is a principal series representation, the Jacquet modules are no longer simple and one requires
further conditions on 7 whose sufficiency is not easy to prove. There are only partial results
available, even for GLy(F'), when g, is an unramified principal series and the weights of mg,
are small [DI13, [Ass2T] or when m = m,, is a tamely ramified principal series [Vig08]. For
general split reductive groups and F' = Q,, Grofle-Klonne has constructed integral structures in
unramified smooth principal series representations under some technical hypothesis [GeK14].

In this article, we consider the non-quasi-split group G = GLa(D) where D is a central F-
division algebra of dimension d? and show that is sufficient for the existence of integral
structures in some tamely ramified irreducible locally algebraic representations of G. Let us spell
out for representations of G = GLy(D) admitting integral structures. Let B = T'N be the
minimal parabolic subgroup of G consisting of upper triangular matrices. One has dg(z) = cfd2
for z = (%7 9) € Z(T)". Denote by m(A) the irreducible algebraic representation of GLog(F)
with highest weight A = (A1, ..., A2q) and by x(A) the character (t1,...,t2q) — ti\l .. .t;‘;d of its
diagonal torus.
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If 7 = IndG(m ® 72) @ w(A) is a locally algebraic principal series representation, then
Jp(m) = (Indg(n © 12))x @ (AN
and
(Indg(n © 7)) = (1 ©7) & (e ® 1) ® 5p).
Denoting the central characters of representations ? by we, the exponents x of Jg () are
(wr; @ wry)x(A) and (wr, © wr, )X (A)-
Thus, if 7 has an integral structure, (1.1)) says that

2d |
(wﬁwm)(wp)wgizl Mis an integral unit (the integrality of w,), and
d . d .
qdsz1 (wF)wg":l A and Wry (wlz)wl;i=1 A are integral in E. (1.2)

Our first main result shows that the conditions (1.2)) are sufficient for the existence of an integral
structure in = if the smooth principal series IndZ (7 ® 72) is tamely ramified and 7(}) is trivial,
ie, A=0:

Theorem A (Theorem [3.1). The integrality conditions (I.2)) of Emerton are sufficient for the
existence of an integral structure in a smooth tamely ramified principal series representation
nd%(m ® ) of G.

We remark that the principal series Indg (11 ®T2) is not required to be irreducible in Theorem
A. However, the conditions (|1.2) are no longer sufficient for a reducible principal series tensored
with a non-trivial algebraic representation (see erratum of [Vig08]).

A principal series of the form Ind$((r ® 7) ® 51%) is reducible with unique irreducible
quotient St(7) and unique irreducible submodule Sp(7). Here a is the length of the segment that
determines the Jacquet-Langlands lift of the irreducible D*-representation 7. If 7 = St(7)®@7(A)
(resp. Sp(7) ® w(A)), then

dta d—a
Jp(m) = ((r@7) @5 )@rQ)Y (resp. (T@7) @557 ) @m(d)Y).
dta d—a
The exponent x in Jp(7) is (wr @ wr)057 x(A) (resp. (wr ® wr)d7? x(A)). Hence, if 7 has an
integral structure, then (1.1))) says that

?il Ai . . . d(d—a) ,(-i_l i
=17 is an integral unit and ¢~ 2 w,(wp)wyz"

W (wr )@

(d+a) LD VIR .
(resp. qd El wr(wp)wey=! /\‘) is integral in E. (1.3)

The first part of , i.e., the integrality of w, implies that valg(w,(wg)) = _71 Z?il ;. Thus
valg(w-(wr)) + E?Zl Ai = %(ZLI i — Z?idﬂ Ai) > 0. Asd—a > 0, we see that the second
part of is redundant as it is implied by the first part. Hence, in this case, the integrality
of w, is conjecturally sufficient for the existence of an integral structure in m. The sufficiency
follows from Theorem when St(7) (resp. Sp(7)) is tamely ramified and 7()\) is trivial (see
Theorem . Our second main result shows the sufficiency of the integrality of w, for a locally
algebraic representation m = St(7) @ 7(A) with non-trivial 7(A) under the assumption that St(7)
is tamely ramified and 7 is of dimension at most 2:

Theorem B (Theorem . Let 7 be a smooth absolutely irreducible tamely ramified rep-
resentation of D* of dimension < 2. Then the locally algebraic Steinberg representation
m = St(7) @ m(A) of G with integral central character admits an integral structure.

We follow local methods of Vignéras [Vig08] and Hu [Hu21] based on the theory of coefficient
systems (or diagrams) on the Bruhat-Tits tree of G. The main idea of Vignéras is to use the
realization of a locally algebraic representation 7 as the 0-th homology group of its fixed-point
system. The question of finding an integral structure in 7 then amounts to the question of
finding a system of lattices in the corresponding fixed-point system of finite-dimensional vector
spaces. The analysis gets more involved when 7, admits invariants under smaller compact
open subgroups and when 74, is non-trivial. This is the reason m,,, is tamely ramified in all of
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our results. Hu’s argument allows us to treat some 7 with non-trivial 7., (without explicitly
working with 7,4) under a strong assumption on dimg(7) which is necessary.

We conclude with an example of an infinite-dimensional integral locally algebraic Speh rep-
resentation Sp(7) ® m(\); see §4.1. It is easy to see that the tensor product of a one-dimensional
Speh representation (i.e., a character) and a non-trivial irreducible algebraic representation is
never integral. However, this is false for infinite-dimensional irreducible locally algebraic Speh
representations. We believe that this is related to the fact that Sp(r) admits a generalized
Whittaker model if and only if it is infinite-dimensional (see Remark [4.8). Our investigations
suggest that, for the group GLo(D), Emerton’s integrality conditions are sufficient for the
integrality of any infinite-dimensional irreducible locally algebraic representation.

Organization: In §2] we discuss Vignéras’ integrality criterion for the representations of GLa(D).
In we use this criterion to show that Emerton’s integrality conditions are sufficient for the
integrality of smooth tamely ramified principal series representations. The §4] talks about the
integrality of locally algebraic representations of GLo (D) whose smooth part is either a Steinberg
representation or a Speh representation. We show the sufficiency of Emerton’s conditions for
some locally algebraic Steinberg representations. Finally, in the subsection we illustrate
the connection between the integrality of locally algebraic representations and the genericity
of their smooth part with an example of an infinite-dimensional integral locally algebraic Speh
representation.

Notation and convention:

Let F' be a non-archimedean local field of characteristic 0 with residue field F, of characteristic
p. Let D be the central F-division algebra of index d. Let O C F and Op C D denote the
respective valuation rings. Fix uniformizers wr € O and wp € Op. For a divisor d’ of d, let
Fy denote the unramified extension of F' of degree d’ viewed as a subfield of D. Let |- |p and
| - | denote the normalized non-archimedean absolute values on F' and D respectively such that
|wr|r = ¢ ! and |wp| = ¢~¢. We have |- | := |- |% o Nrd where Nrd : D — F is the reduced
norm. Note that |wg| = ¢~ .

Let G be the group GL3(D) of units in the matrix algebra My (D), K = GL2(Op) and I C K
denote the standard Iwahori subgroup. We view D* as a subgroup of G embedded diagonally
in it. Let £p,8; C G be the subgroups stabilizing respectively the standard vertex and the
standard edge of the Bruhat-Tits tree of G. Note that £ = Kw?%, and & is generated by I
and the matrix ¢t = ( o4 ) The groups K and I admit filtrations by pro-p-subgroups K (n) and

wp 0

I(n) respectively for n > 1 where K (n) = (Hw%oD =bOp ) and I(n) = (HW?’OD =p Op )

wpOp 14+whOp wpOp 14+whOp
The subgroup I(1) C I is the standard pro-p-Iwahori subgroup. The groups £y and £; are the
normalizers of K (n) and I(n) in G respectively for all n > 1. Let B C G be the subgroup of
upper triangular matrices (the standard minimal parabolic subgroup), N C B be the subgroup
of upper triangular unipotent matrices (the unipotent radical), and 7' C B be the subgroup of
diagonal matrices (the Levi quotient). The modulus character 65 of T'is |- | ® |- |~ We let Z
denote the center of G which is isomorphic to F'*.

We fix a large enough finite extension E of F. The field F depends on the representation at
hand and we will explain how large it should be at various places in the article when required.
Its valuation ring is denoted by O and the residue field is denoted by k = O/wO where w € O
is a uniformizer. The rings R = E, O, k will serve as the coefficient rings for representations of
G. The representations will be either denoted by (7, V) or just by = or V' depending on the
situation. Let H C G is a subgroup. We write RH for the group algebra of H over R and
use the phrases “RH-modules” and “representations of H over R” interchangeably. If V is an
RH-module, then, for a subset S C V', we denote by H - S the RH-submodule of V' generated
by S.

We fix an isomorphism between C and the algebraic closure E of E. For a smooth representa-
tion m over F, we write m¢ = m ® g C for its scalar extension via the embedding F — C induced
by the fixed isomorphism. We also call 7 an E-model of mc. By [CEGT 16} Section 3.13], all the
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results about m¢ are valid for 7 (over a large enough FE). If a representation m admits a central
character, it is denoted by w;;.

A smooth representation of G (resp. of D*) will be called tamely ramified if it has a non-zero
vector fixed by the subgroup K(1) (resp. by D(1) = 1 + wpOp). For a divisor d’ of d, let
Dy be the centralizer of Fy in D which is a central Fy-division algebra of index d/d’. Let
9 : Fj; — E* be a character which is trivial on the subgroup of integral units congruent to 1
modulo the maximal ideal and whose all Galois conjugates are distinct. Here one requires E to
contain all d roots of unity. Composing it with the reduced norm Nrd : D}, — F; and extending
it to D(1)D}; by declaring it to be trivial on D(1), we get a character § : D(1)D), — E*. The

X
g(l)
tamely ramified absolutely irreducible representations of D* over E are obtained in this fashion
[SZ05].

representation Ind) |\, 0 is absolutely irreducible and tamely ramified. In fact, all smooth
dl

2. COEFFICIENT SYSTEMS AND VIGNERAS’ INTEGRALITY CRITERION

We begin by recalling some definitions. Let H C G be an open subgroup. A locally algebraic
representation of H over E is a representation of the form 7 = 7y, ® mayy, Where 7y, is a
smooth representation of H over E and w4 is the restriction to H of a finite-dimensional
rational representation of G over E. If 7y, has a name “X” then m will be called by the
name “locally algebraic X”. The representation 7 is irreducible if and only if 7., and may
are irreducible [STP0I, Appendix, Theorem 1]. An H-integral structure is an H-stable free
O-submodule 7° C 7 which spans w over E. The integral structure is also called an H-lattice
since it is a lattice stable under the action of H. If an H-integral structure exists, we say that
7 is H-integral, or just integral if the group is clear from the context. We are interested in the
integrality of irreducible locally algebraic representations of G.

A diagram

D; = Dy
is a data consisting of continuous (smooth when R = k) RR;-modules D; and a map r equivariant
for the action of &y N &y = Iw?. Such a diagram gives rise to a G-equivariant coefficient system
on the Bruhat-Tits tree of G. Conversely, the restriction of a G-equivariant coefficient system
to the subtree consisting of the standard edge and the standard vertex is a diagram. Associated
to a diagram D (or to a coefficient system), one has oriented chain homology groups H;(D),
1 =0, 1, which are continuous RG-modules, see [Vig08, page 3].

Let m = Tem ® mag be a locally algebraic representation of G over E. Assume that 7, is
generated by its subspace i of 1 (n)-invariants for some positive integer n and dim E(wﬁ,(ﬁ ) ) <
co. Let Vi = 7t & Talg and Vo = oK o Talg and consider the diagram

D(r)=Vi = Vp

of ER;-modules V;. It follows from [SS97, Theorem II.3.1] and [Vig08, Proposition 0.4] (with
the same exact proof for GLy(D)) that the representation Ho(D(w)) of G is isomorphic to 7.

Theorem 2.1 (Vignéras). m is integral if and only if Vi contains a Ro-lattice My such that
My = Mo N'Vy is a Ry -lattice of Vi, i.e. My is stable under the action of t. In this situation,
Ho(My — My) is a G-integral structure of 7.

Proof. See [Vig08|, Corollary 0.2 and Proposition 0.4]. O

Suppose Vi contains a £;-lattice L;. Starting from L, define inductively an increasing
sequence of K;-lattices of V; as follows:

L= 1,,
) 2d—1 ) )
L =3¢ ((ﬁo -LY)) N V1> for i > 0.
=0

Corollary 2.2. 7 is integral if and only if V1 contains a Ri-lattice Ly such that the increasing
sequence (ng))i of R-lattices of V1 becomes stationary.
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Proof. If 7 is integral, then the K;-lattice M; as in Theorem satisfies MI(O) = Ml(l). Con-
versely, if V1 contains a £;-lattice L; such that ngo) = Lg’DH) for some positive integer i, then
My = Ro - L{" is a Ro-lattice of Vy such that M, = My NV, = L{™. O

Remark 2.3. If 7 is integral, then for any R;-lattice L; of Vi, the sequence (Lgi))i of R;-
lattices becomes stationary. Indeed, we know that there is a K;-lattice M; of V; such that the
the sequence (Mfi))i becomes stationary. We may assume L; C M;. Since [M; : Lq] is finite, it
is clear that the increasing sequence (Lgi))i also becomes stationary.

The integrality criterion in Corollary will be used in the following sections to show that
Emerton’s conditions are sufficient for the existence of integral structures in 7 for which mg,, is
tamely ramified.

3. INTEGRALITY OF SMOOTH PRINCIPAL SERIES

Let (11, W1) and (72, W2) be two smooth absolutely irreducible tamely ramified representations
of D* over E. In this section, m = 74y, = Indg(ﬁ ® 79). Note that 7l £ 0. In fact, 7 is
generated by 7/() as a G-representation. In order to describe the spaces Vo = 7% and
V; = 7! we define some explicit elements of the principal series 7.

Let s = (94) and ux = () [i‘]) where [A] € Op is the Teichmiiller lift of A € Fya. For h € G
and v € W, ® Wa, we denote by f” the unique function in 7/(*) supported on BhI(1) such that

"(h) = v. Similarly, we denote by g? the unique function in 7€) supported on BhK (1) such

v

that g”(h) = v. Note that f! = g! because BI(1) = BK(1), and f: = ZAE]qu giur because
BsI(1) = [_|>\€]qu BsuyK(1). If M C Wi ® W is an O-submodule, it is convenient to write f7,
for the set {f : v € M} and similarly g%, for the set {g!" : v € M}. As
G=BI(1)UBsI(1)= BK(1)U | | BsuyK(1),
XEF 4

we have
Vi= fl}V1®W2 @ fﬁV1®W2 and Vp = gll/Vl®W2 ® @ g;‘l;l)\@WQ '
>\€qu
It is easy to check tf! = f(ST1 (@5)&1d)(v) and tfS = f(11d®72(wD))(v). By letting K (1) act trivially
on Wi ® Wa, one can extend the action of BN &y on Wi ® W to Iw% = (BN KHr)K(1). Then,
as EfRy-modules, V, = Indf‘;Z (11 ® 72).
D

Let Ty = T'N Ry. The central character w, of m equals w,,w,,. When w, is integral, there

exists a Ty-lattice L C Wy ® W5, The main result of this section is the following:

Theorem 3.1. The tamely ramified principal series representation m = Indg(ﬁ ® T2) with
integral central character is integral if and only if qdsz1 (wr) € O and w,,(wr) € O.

Proof. (=) Though the necessity is known due to Emerton, we provide a proof to set up the
notation for the next part. Let

Ly:=Indj2, L=gr @ P g7
)\Equ
be a Rp-lattice of V4. Then,
LoynVi =LY = fl o ff.

Let

L =L .= Lon Vi + (Lo N ).
As L is stable under the diagonal action of wp, Ly is stable under the action of &; and so it is
a Ri-lattice of V7. One computes that

1 s
Ly = friqdem(@n)e @ [2t(n(mn)o1a)c:
Thus,
fo - L1 = Ko [ (asm(wo)e T 80 S2i(r(@potac: (3.1)
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Since u_yxs- fl =u_yxs- gl = g5*», the first summand £ - fé+(ld®72(wD))£ in (3.1)) is
Su )

g£+(1d®T2(wD 569 @ g£+ (Id®@T2(wp))L
)\EIF d

To describe the second summand K - f2+(71(wD)®Id)L, let

xr
F,

=ugs- fy forx €Fp and v € L4 (11(wp) ® Id)L.
The lattice f2+(n(wD)®1d)L is stable under the action of Iw%. The set {1,u,s:z € [Fya} forms
a set of representatives of &o/Iw%. Thus
/
Ko fri(r(wn)etaye = 24 (n(wp)emaye T <Z Fy), (3.2)

where Z;v denotes a sum over finitely many pairs (z,v) with 2 € Fya and v € L+(71(wp)®Id)L

and <Z/ F7) is the O-module of all such sums. Using su.s = (_1({[C] [j‘:]) suy /. for ¢ # 0, we

Fy = uys - Z g5 = gy +wr, (—1) Z 92?&3”71

A€F a AEFY,

get

where £, = 71(\) ® 72(1/)). For a fixed but arbitrary v € £ + (71(wp) ® Id)L, consider

Z Fr=gq gv—&—wﬁ Z Z 27:((11}?)71.

z€F g z€F q AeIFX
_rl 2: }: SU(L/N)—a
fq dy + w"'l §A(”
)\G]FX zelF 0
1
= faa, +wn (1) Y o
AeFX,
q

Since £x(v) € L+ (11(wp) ®IA)L, it follows that fldv € Ro f24 (1 (wp)w1a)c- Lherefore, we have

1) 1
f(Id®T2(wD))£ (ﬁo Ll)l(l) - L( and f (11 (ewp)RIA) L - (ﬁo . Ll)l(l) - Lg )
Then by the same arguments as above,
1 (4) 1 (4)
faaems@pyic €117 a0d fpa(r (wp)eayic € L1
By Remark the existence of an integral structure in 7 implies that the sequence of R;-
lattices Lgl) stabilizes. This implies that the linear maps Id ® T (wp) and ¢4 (7 (wp) ® Id)
stabilize some lattices in W1 ® Ws. Taking the d-th power of these maps, we get w,,(wr) € O
and ¢© w,, (wp) € O.
( <) The assumptions on 7 that its central character is integral and
2
Wry (wF)v qd Wry (wF) €0
imply that there exists a Ty-lattice £ C W7 ® W5 such that
(Id ® 72(wp))L C £ and ¢*(ry(wp) @1d)L C L. (3.3)
Using £, we define the lattices Lo and L, as before. Because of (3.3),

Li=f£® [24 (i (wp)eta)c:

We will prove that Lgl) = Lgo) = Ly which implies the integrality of m by Corollary This is
equivalent to proving that

(Ro-L1)NVi = (8- L)' =L,.
By (3.1) and (3.2), it is enough to show that if

Z+ZF”” (Ro - L1)'™ with I € Ly,
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then I + Z;v F? € L;. Since ¢% — 1 is invertible in O, we can choose an O-basis {vy,...,v,} of
the lattice £+ (71 (wwp) ®1d)L that is an eigenbasis for the operators £, and such that the scalar
multiples of v;’s form an O-basis of the sub-lattice £. Let ¥;(A) be the eigenvalue for the action
of &1/x on v;. Then 1; defines a character on F:d. Extend %; to a function on F,« by defining

$i(0) = 0.

Let | + Z € (Ro - L)' with [ € Ly. We write
z’ Fe 3 (et
x,v meIqu =1
=D D iy,
=1 xequd

n
— SUL/N)~=
=2 || 2 | ten(D) D ans D a0

=1 z€F 7d z€F o )\EIFX
q

— I + wr, (—1) g Vi(N) giin =
= <Zwew‘1d az’i>(vi) 1 Z,%qd

Let us write a,; = a;(—x) to view it as a function on Fa, and let

= n 1 d S —w, (— n . i s
;f<zmeﬂ7qd ai(—:c)> (vi) a 2w 1( 1) ;w7/\eZqu a ( CE)’I/} ( )gvI A
Thus /
Z Fy =51+ 5.
z,v

We may take | € 69/\611“ gp** and thus write

n
Z Z (A)gpr.
i=1 X€F 4

Recall that
Vi= f‘}V1®W2 & f5V1®W2 and Ly = fé D fz+('rl(wD)®Id)£'
Note that S is invariant under the action of I(1). Therefore, [ 4 Ss is also invariant under the
action of I(1). Further, the function [ + Sy is not supported on BI(1). Hence [ + S2 € fiy, o, -
Writing
I4+8= Y gl +...4+ Y cagi
yequd yE]qu
gives that the function

yr=wn (1) | Y ai(=2)i(z+y) | +bi(y) on Fy

mE]qu,
is the constant function ¢; for all 1 < ¢ < n. Thus ¢; € O for all 4, and [ + Sy = fii civi €
fc+(n(wD)®Id)z: c L.

To show that Sy € Ly, we use Fourier theoretic methods as in [Vig08| §3]. We assume that our
coefficient field E is large enough so that the Fourier transform ? of O-valued functions ? on IF
is well-defined. Following the notation in [VigO8| §3], we let A denote the constant function 1 on
F,a, dp denote the characteristic function of 0, and use * to denote the convolution product of
two functions. In this notation, S; = f T We show that a;(0)v; € L for each 1 <14 < n.
Indeed, for each i, we have from the prexl/}ous paragraph

G\ = Wr, (71)((11' * 1/}1) + b;. (34)
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If 4); is trivial, then it follows that ¢; = wr, (—1)(@:(0) — as(y)) + bs(y) for all y € Fya. Hence
(@(0) = wr, (= 1)e)vs + wr, (~L)biy)vi = as(y)os for all y € Fy.
Adding over y € Fa gives
(@(0) = wry (=1)es)g"vs + wr, (=1)bs(0); = @ (0)o;.
By (3), (@:(0) — wr, (—1)c;)q%; € L. Further, recall that > b;(y)v; € £. The choice of
the basis {v;} implies that each b;(y)v; € L. Thus b;(0)v; € L. Hence a;(0)v; € L. If ¢; is
non-trivial, then applying the Fourier transform on both sides of (3.4) gives
ciq%80 = wr, (~1)@; + by
Multiplying both sides by wi_ and using that ¢z¢ = Pi(—1)gH(A — &), we get
g0, = wr, (~1)6i(— 1) (A — 80)a@ + by .
Thus - —
ciq* 0oty = we, (—1)hi(—1)q%a; — wr, (—1)hi(—1)q"Soa; + bip; "
Rearranging the terms, we have
0@ = ¢ (0050 + ;1D = "G (0) + 0+
where ¢ = w,, (—1)¥;(—1)(¢;A — b;). By the Fourier transform again, we get
g'ai = @(0)A + ;" # ¢,
Hence
ai(0)v; = a;(0)g"v; — (v " * ¢) (0)vi.
Note that

(W % 9)(0)vi = wr, (~1)i(=1) | D i (=) (e — i) | v

zE]qu
= wn (1 (1) (e 10— 3 ! () | vi
z€F 0d
= —wn (- Z (x)v; € L.
€F 4

Also q%v; € L by (3.3). Therefore a;(0)v; € L.
It follows that S7 = flzz;1 & (0w € fL C Ly. Therefore, [ + Z;v Fr=0i+8+5%¢€L;. O

Let E be large enough to contain (a fixed choice of) /g, and let
1 X 73 := Ind§ (7'1| . |% ® o - \7%)

be the normalized parabolic induction over E. The integrality criterion in Theorem is
symmetric for the normalized induction:

Theorem 3.2. Let 7, and 72 be smooth irreducible tamely ramified representations of D*. The
representation T X To with integral central character admits an integral structure if and only if

a2 2
wr (@r)qT ,wr(wr)gz € 0.

As a consequence of Theorem we obtain that when 7 X 75 with integral central character
is reducible, its irreducible subquotients are always integral. Indeed, enlarging E if necessary,
we assume that all irreducible subquotients of 71 X 75 are defined over E. We recall a result of
Tadi¢ which says that (71 x 72)¢, which is isomorphic to (71)c X (72)c¢, is reducible if and only if
(r2)c = (11)cl - |(:C‘E%7 and in this case, it is multiplicity-free and has length 2. Here a is the length
of the segment of the essentially square-integrable representation of GL4(F') associated to (71)c
under the Jacquet-Langlands correspondence. It follows that 71 X 75 is reducible over F if and
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only if 75 2 71| - |[£@ as E-linear representations (again after enlarging F if necessary). If 7y is
tamely ramified of dimension d’, then d = ad’'.

Let 7 = 71| - |24. Denoting by St(7) and Sp(7) the E-models of the Steinberg St(7¢) and the
Speh Sp(7c) representation respectively, one has the following short exact sequence of smooth
FE-linear representations

O—)Sp(7’)—>7’\-|7ﬁ ><7'\~|i — St(r) — 0 (3.5)

(see |[Rag07, Theorem 2.2]). We remark that Sp(7) is infinite-dimensional if and only if 7 has
dimension > 1 [Rag07, Remark 2.4].

Theorem 3.3. Let 7 be a smooth absolutely irreducible tamely ramified representation of D*
over E. The representation St(7) with integral central character admits an integral structure.
The representation Sp(T) with integral central character admits an integral structure.

Proof. Let Il = 7|-|~32 x 7|-|22. From the sequence (3.5]), we see that Wst(r) = Wsp(r) = WII = w2.
If wi(r) is integral, then w,(wr) € O* and thus wy is integral. Further, note that

d(d+a) d(d—a)

wr(wr)g 2 ,w-(wr)g 2z €O0.

Hence, by Theorem|3.2] IT has an integral structure and thus its quotient St(7) also has an integral
structure [Vig96l 11.4.14(a)]. One similarly shows that Sp(7) with integral central character
wsp(r) has an integral structure. O

Corollary 3.4. St(7) is integral if and only if Sp(7) is integral. O

4. INTEGRALITY OF LOCALLY ALGEBRAIC REPRESENTATIONS

In this section, T = mep, ® Ta1g Where mq, is a non-trivial irreducible algebraic representation
of G over E. We begin with a simple generalization of [Hu21Il, Proposition 2.2] of Hu on diagrams
of k-vector spaces with trivial O-th homology. We say that a diagram D; — Dy admits a central
character if Z acts on Dy and D; by a character.

Lemma 4.1. Let D be a diagram Dy — Dy of smooth k-representations admitting a central
character such that Ho(D) = 0 and D1 is an irreducible representation of 81. Then

41

dim Dy < 4 dimy D .

Moreover, if dimpDy = ngldimle, then Do = Indi‘;ZDr(Dl).

Proof. Since Ho(D) = 0, Ker(r) # 0. Pick a non-zero I/I(1)-eigenvector v € Ker(r). Let D' C D
be the subdiagram D} - D}, where
D) = R -v, Dy = Ko -7(D}), and 7" = 7|p;. (4.1)
Since Dy is irreducible, Dy /D] = 0. Further, Hy(D) = 0 implies that Hy(D/D’) = 0. Therefore,
Dy/D{, = 0. Consequently, D’ = D, and thus there is a surjection
Indﬁ"ﬂ% r(Dy) — Dy. (4.2)

Let DY C D; be the k-span of vectors whv for 0 <i <d — 1. Then D; = D} +¢DY. Note that

t is a linear isomorphism. So
dim;ﬂ?l

2
Moreover, as r(v) = 0 and r is wh-linear, we have D} C Ker(r). Thus
dimk’Dl
2
Therefore, dim;D; = dimgr(D1) + dimgKer(r) > dimgr(Dy) + diinle' Hence dimgr(D;) <
%. Now it follows from that

< dimDY.

< dim DY < dimgKer(r).

qd+1

dimkDO S B

dimkpl
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because [& : [w5] = ¢¢ + 1.
If dimi Dy = da"'ldimk.Dh then from (4.2)), we get that dimigDig dimgr(D1). By the previous
paragraph, this implies dm‘T’“Dl = dimgr(D;) and thus Dy = Ind?0 2 7(D1). O
>)

Remark 4.2. In the above lemma, if D; is not irreducible, then the diagram D has a filtration by
subdiagrams whose graded pieces are the diagrams of the form (4.1)). Thus the same dimension

relation as in the lemma holds if dim;D; < co. Further, if dim,Dy = #dim;ﬂ)l, then for any
graded piece Q1 LN Qp of D, Qg = Indi"ZZ 7(Q1).
D

The next lemma is well-known:

Lemma 4.3. Suppose a group H acting on a finite-dimensional Qp-vector space V stabilizes a
lattice in V. Then H stabilizes finitely many homothety classes of lattices in 'V if and only if its
action on V is irreducible.

Proof. The group H acts irreducibly on V if and only if its image H in GL(V) is not contained
a proper parabolic subgroup of GL(V) 2 GL,(Q,). Suppose H is contained a proper parabolic
subgroup of GL,(Q,). Since H stabilizes a lattice, without loss of generality, we may assume
that H is a subgroup of a standard proper parabolic subgroup of GL,,(Z,) corresponding to the
partition n = ny + ...+ ng. For m € N, consider the lattice L,,, given by the direct sum of n;
copies of pimZp and ng + ...+ ny copies of Z,. Then H stabilizes the infinite family {[L,,]}men
of homothety classes of lattices.

Conversely, assume that H stabilizes an infinite family of homothety classes of lattices. Fix
a set {ga} of representatives for GL,(Q,)/Q;GLx(Zp) such that g, = (g55) € Mn(Zy). 1If

Lo=7Z,®...®Z, denotes the standard lattice in Qj, then

gaLo = épmina‘ {Valp(g?j)}zp_
i=1
By assumption, H stabilizes a family {g, Lo : a € T} of lattices where Z is not finite. Thus there
exists 7, 1 < i < n, such that
max{min{val,(g;j)}}

is not bounded. Consequently, we find that ﬂaez ga Lo is contained in a proper subspace of V/

stable under the action of H, i.e., the H-action on V is reducible. O
Let 7 = Indg(xl) px 0 be a smooth absolutely irreducible tamely ramified representation of D*
d/

of dimension d'.

Lemma 4.4. (i) As I/I(1)-representations,
St(r)'D = Sp(r) D = (e te.. 0" et e.. a0 )

(ii) The representations St(7)!) and Sp()!M) are irreducible as R, -representations if and only
ifd =1,2.
Proof. We prove lemma for St(7); the proof for Sp(7) is similar.
(i) By [MP96l Proposition 6.7], the natural T-equivariant surjective map
St(T@) —» St(’l‘c)N

from the Steinberg representation to its smooth Jacquet module induces a (TN I)-equivariant
isomorphism
St(ﬂc)l(l) — (St(T((;)N)TmI(l).

atd atd
2d

By [Rag07, Theorem 2.2 (ii)], St(rc)ny = 7c| - |7 @ 7c| - |c > as T-representations. So the
group T'NI(1) = D(1) x D(1) acts trivially on St(7¢)ny because 7¢ is tamely ramified, i.e.,

(St(rc)w) "™ = St(c) w-
Since all the representations are defined over E, it follows that

St(r)!M = 7| % @ 1| |2
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as E-linear I/I(1)-representations. Now, (i) follows from the isomorphisms

a+d 1

7| |5 x| T 2 0@t e. @t

as OF/D(1)-representations.

(ii) The I/I(1)-representation St(7)/(") is a sum of d’? distinct I/I(1)-characters because
the Galois conjugates of 6 are distinct. Recall that &, is generated by I and ¢. So the K;-
subrepresentation of St(7)!(") generated by a non-zero I/I(1)-eigenvector has dimension at most
2d'. Hence St(7)!™ is reducible if &’ > 2. Conversely, if d’ = 2, it is easy to check that any
of the four I/I(1)-characters in St(7)!(!) generate the whole representation under the action of
t. (]

By Frobenius reciprocity, there are non-zero maps of K-representations
md¥ (07 © 07 ) = St(r)XM) and Ind¥ (67 @ 67) — Sp(r)KD)
for all 0 < ,j < d' — 1. The representations Ind% (§¢° ® 69’) are irreducible if i # j. Thus,
Ind¥ (04 ® 07) C St(r)XD) and Ind¥ (09" ®67) C Sp(r)KDM (4.3)

forall 0 <i < j<d'-1. Ifi=j, then Ind% (67 ®67") is a sum of 2 irreducible subrepresentations
07" odet and st(97'). Here, det is the composition of the determinant character of GLy(F,q) and
the natural surjection K — GLy(Fga).

Lemma 4.5. As K-representations

t(7 = n i® ’ ® st ' an
St(r)KW Ind¥ (67" 97 07 d

i<j i
Sp(r)KM) =~ @Indf(@ff 207) o @(gqi o det).
i<j i

Proof. Tt suffices to show that 6 o det C Sp(7)X(). Indeed, if § o det C Sp(7)X(), then the
diagonal action of wp gives 97" o det C Sp(7)XM for all 4, and the multiplicity-freeness of
St(7)'™ and Sp(7)!™) then implies that st(@qi) C St(r)XM for all i. We may use [MS14}
Proposition 7.21(1)] to conclude that 6 o det C Sp(7)%¥ ™). O

Theorem 4.6. Let 7 be a smooth absolutely irreducible tamely ramified representation of D*
of dimension d’ < 2. Let m = St(7) ® Taig be an irreducible locally algebraic representation with
integral central character. Then 7 admits an integral structure.

Proof. Let V; = St(T)I(l) ® Tag and Vo = St(T)K(l) ® Ta1g- The group K; is isomorphic to
I xt%. Since I is compact, t*¢ € Z, and Z acts on V; by an integral character, it follows that V;
contains a R;-lattice L;. Moreover, as St(7)! (1) is an irreducible &;-representation by Lemma
4.4] (ii) and mq4 is also an irreducible &;-representation, V; is an irreducible locally algebraic
representation of 8;. Thus V; contains finitely many homothety classes of £;-lattices by Lemma
B3 ,
Suppose 7 is not integral. Then, by Corollary the increasing sequence of K;-lattices (ng))i

of V1 does not become stationary. By the previous paragraph, there is ig > 0 such that Lgi(’)
and L; are in the same homothety class, i.e., Lg")) = @’ L for some j < 0. Let Ly = Ry - Ly

and L) = Ry - L) = @i L. Let
Do =Ly < Ly and DG = L{) < L§)

be the corresponding diagrams of free OR;-modules. The diagram Dg") is equal to the diagram
@IDp. Thus the natural surjective map Ho(Do) — HO(DE,;O)) gives Hy(w?'Dop /Do) = 0. By
dévissage, we have Hy(Dy) = 0 where Dy, = Dp ®0 k = w 'Do/Do. By Lemma and
Remark we get that dimg (Lo ®e k) < #dim;C (L1 ®0 k). Since dimg (Lo ®p k) = dimgVy
and dimg (L1 ®p k) = dimgVi, we obtain dimgVy < da'HdimEVl. However, it follows from

Lemma (i) that
dimgSt(r)!® = d?,
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and from Lemma [L.5] that

1
dimpSt(r)KM® = 5(d'2 —d)(g*+1) +d'¢".

This implies that dimgVy > ngldimEVl. A contradiction. O

4.1. An example of an integral locally algebraic Speh representation. For simplicity,
we take D to be the quaternionic division algebra in this subsection. Let 7 = Indg(xl) px0 be
2
a smooth absolutely irreducible tamely ramified representation of D* over E. Note that 7 has
dimension 2 and hence Sp(7) is infinite-dimensional. Consider the following irreducible locally
algebraic representation
7 :=Sp(7) ® (Sym'E* ® detfi)

of G. Here, G acts on the algebraic representation via G < GL4(F3) < GL4(F) induced by the
map D — My(Fy), a+ fwp — (U?ﬂ) i?f)) where ¢ is the unique non-trivial automorphism in

Gal(Fy/F). We assume that w, is integral so that the central character w, of 7 is integral. We
now show that 7 4s integral which, in particular, implies that Emerton’s conditions are sufficient
for the integrality of . We take s = (% §) in this subsection so that det(s) = 1.

Proposition 4.7. The representation w admits an integral structure.
Proof. Recall from Lemma 5] that

Sp(r) KM = (9 o det) @ (07 o det) @ Ind¥X (0 @ 07),

Sp(r)! M =) e @20 e (@07 (07 0).
Let e; be a non-zero vector in the underlying space of the character 6 o det. Then ey := t2e;
and eg := te; are the non-zero vectors in the underlying spaces of the characters 67 o det and
0 ® 67 of K and I respectively. Note that (6 o det)|; = 0 ® 6 and (67 o det)|; = 07 ® #?. The
K-representation Ind?Eeo is stable under the action of t2. Thus t?ey = ew" f; for some € € O*

and v € Z where fo = 3 uzseg € (Indy Feg)!™ is a function supported on IsI(1). Let

q = 'w” where ¢ € O* and v/ € Z. The evaluation of the I(1)-invariant function Yo Uzsfo
on 1is ¢? and on s is 0. Thus Y uzsfo = q°ep. Using that 2 o (3", uzs) = (3, uss) o t* and

that the action of t* is by multiplication by a unit, one obtains that v = —1/.

Consider the K-lattice
My = Sym'0* @ det™# = OX; ® OX, & O, ® OY,
in the representation Sym'E* ® det ™. Then M, = (Mo + tMy) + t2(Mo + tMp) is a £;-lattice
in Sym' 4 ® det~%. One computes that
M=o OX, & wy OXy & @iV, & wg OYy
= W%OXl &) W#OXQ ® w0y, @ wiTZeOYg

where e is the ramification index e(E/F). Note that 4 divides e because F is taken large enough

1
to contain wj. Hence v/ > e >4 and v < —4.
Consider the following R;-lattice of Vi:

L§°) =1L = (0’01 ® @ 0cy & w’Oey © @’ Ofy) @ M;.

For the ease of computation, we write L§°> as follows:

L = (0ey & Oe2) ® (FEX1 & =22 X5 @ 0Y; & =2°Y3)

@ (0eo ® vfo) © (F£X1 @ £ Xo ©0Y] & —€Y5).
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Let us record the actions of ugs, t, and t%:

uzs((aer © bea) ® (n1 X1 ©naXao © m1Y1 © maYs))

= (ae1 © bez) ® (n1([z] X1 + Y1) © na([27] X2 + Y2) @ mi Xy @ meXs),
t((aer ® bes) ® (M1 X1 ®naXo ®miY; @ maYs))

= (aeg & (b+ 1) fo) ® (n1 + F2)Ya ® (n2 + 35)Y1 & (my + 52) X1 @ (ma + ) Xo),
t*((ae; @ beg) ® (N1 X1 ®naXo ® MYy © maYs))

= (ber @ aea) @ ((m1 + =) X2 @ (n2 + ) X1 @ (m1 + F9)Y2 ® (ma + P)V1),
t((aeo ®bfp) ® (N1 X1 B noXo ®miY: ® maYs))

= ((b—v)e1 ®aez) @ ((n1 + F°)Y2 @ (n2 + )1 @ (my + 5°) X1 @ (ma + 5°) X2),
£2((aeo @ bfo) @ (M X1 ® naXo @ My V) @ myYs))

=((b—1)eo ® (a+v)fo) @ ((n1 + =2)Y2 ® (ng + 26)Y1 & (my + =24) X1 @ (ma + 2)X5).

We thus have
3" uss((aeo ® bfo) ® (X1 @ naXo & my Yy © maYa))

= ((b—2v)eg ® afy) ® ((m1 —2v) X1 ® (M2 — 2v)X3) ® (N1 — 2v)Y1 @ (ng — 2v)Ya.

(1)

We now compute Lj’ in two steps:

(i)

(Ro- L) N Vi = (0e1 © 0e2) @ (52X, @ =2 X, @ 521 © =20Y3)
@ (Oeo ® vfo) @ (X1 ® X, @ 0Y; ® —€Y3).

In the above computation, we used s(e; ®X;) = e;®Y; for the first half of the lattice (ﬁ(ngO))ﬂVl.
That the second half of the lattice (R - Lgo)) NV is the same as that of LEO) follows because
v < —4 and thus the contribution from the action of Zr u, s is already in the lattice Lgo).
Consequently, we have
H((Ro- LY N V) = (0o ® vfo) @ (Z22Y, & 0V, & =2 X, @ =i X,)
D (061 D 062) ( Zeyz ®0Y; & _eXl D 36X2)

(i)
(8o~ L) NVi+ (8o - L) N V1) = (06 @ 0ez) © (2 X1 © 22X, ® 521 @ —2¢Y3)
@ (0ep ® vfo) ® (F2 X1 ® =X, ®0Y] ® =22Y5).

Thus
2((Ro - L) N Vi + (8o - L) N W1)) = (0er @ Oes) @ (=X, @ 2 X, @ =2¢Y, @ 5£Y7)
@ (0ep ® vfo) ® (FH4Xo ® =26 X1 ® =2¢Y, @ 0Y7).

It follows from step (ii) that
LY = (8o - L) Vi + (8o - L) n V) + £2((Ro - L) n Vi + t((Ro - L) n )
= (0e; ® Oez) @ (F2X1 D =2 Xo @ Y7 @ =£Y3)
@ (0eo ® vfo) © (X1 @ X5 ® 0Y) & =Y)).

Consequently
(RO . Lgl)) nvy = (061 D 062) X (%Xl D %XQ o) *TEY'l @ 736)/2)
B (0eo ®vfo) ® (F2 X1 ® =X, B OY; ® =2¢Y,) =L

(1)
R

Hence ng) = L(ll) and 7 is integral by Corollary O
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Remark 4.8. The genericity of 74, is important in the formulation of the Breuil-Schneider
conjecture which predicts the existence of integral structures in locally algebraic representations
of GL,(F) [BS07, p. 16]. In view of this, the integrality of the infinite-dimensional locally
algebraic Speh representation in Proposition seems to be related to the fact that Sp(7)c has
a non-zero twisted Jacquet module if and only if Sp(7)c is infinite-dimensional, equivalently,
if dimg(7) > 1. Indeed, it follows from [PR0O0, Theorem 3.1] that for any smooth irreducible
infinite-dimensional complex representation V' of G = GLy(D), there is a short exact sequence
of B-representations
0— CX(D*,Vny) —V —Vy—0

(see also [Rag07, Theorem 2.1]). If V' = Sp(7)c is infinite-dimensional, then Vi, # 0 because
Vn is finite-dimensional. On the other hand, if V' = Sp(7)¢ is finite-dimensional, then it has
dimension 1 and thus 7 has dimension 1. By [PR00, Theorem 2.1], we have dimc (Vi ) +
dimc((st(T)c)Nﬁw) =1. As St(T)(c is infinite-dimensional, (St(T)(C)N#, # 0. Hence VN =0.
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