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Abstract

Let Gspin,, be the quasi-split general spin group over a p-adic field F' for a positive integer m. For
a certain class of quasi-split reductive groups, including the general spin groups, a specific involution
¢, called the duality involution, is constructed in [Pral9]-generalising the MVW involution on the
classical groups. In this article, for any irreducible admissible representation (7, V') of Gspin,, (F'),
we show that 7 ~ 7*. Here 7" is the contragredient of 7 and 7" is the composite of m with ¢. We

also prove the analogue of this result for the split general spin groups over Fq((¢)).

1 Introduction

Let F be a non-Archimedean local field with the ring of integers op. Let pr be the maximal ideal of
or, and let kr be the residue field of F'. Let H be a connected reductive algebraic group defined over
F, and let H be the group of F-rational points of H. Let (m, V') be an irreducible admissible complex
representation of H with (7V, V"), the contragredient (or smooth dual) of (7, V).

Though the contragredient representation 7 of an irreducible admissible representation 7 is defined
on the space V'V, the space of smooth linear functionals, one can often realize this representation on
the space V itself. This explicit realisation of the contragredient representations goes back to the work
of Gelfand and Kazhdan [GK75]. We recall their result for general linear groups. For g € GL,(F),
let *g denote the transpose of g. Define an involution g ++ ¢° on GL,,(F) where g° := fg~! (here § is
merely a symbol to keep consistency with the later discussion). Let (7, V') be an irreducible admissible

representation of GL, (F). Define the representation (7°, V") (on the same space as of 7) by

Gelfand and Kazhdan proved that the representations 7° and 7V are isomorphic. This theorem is referred
to as the duality theorem for general linear groups.

An extension of the duality theorem for other groups depends on a suitable choice of the involution
g — ¢°. The duality theorems have been proved for classical groups and metaplectic groups by Moeglin-
Vignéras-Waldspurger in [MgVW87]. They proved that the involution g ++ ¢° is given by conjugation of
g by an element ¢ from outside the given group, i.e., it is an outer involution. The involution ¢ — ¢° is
referred to as MVW involution. The duality theorems have been proved for similitude classical groups
by Roche-Vinroot [RV18, Theorem B]. It is worth mentioning in passing that the existence of MVW
involutions have also been proved for real quaternionic classical groups in [LST14].

In this article, we focus on the general spin groups G’ := GSpin,, where m is a positive integer.
These groups are certain algebraic covers of special orthogonal groups G := SO,,,. The notations G and

G’ will be fixed throughout the paper. Before we state the main theorem of this paper, let us recall the
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following. For a certain class of quasi-split reductive groups H defined over F' (including the general spin
groups), an involution tgy (called the duality involution) has been constructed in [Pral9] as an element of
Aut(H)(F) which is given by the composite of two involutions one fixing a pinning (H,B, S, {X,}) and
the other automorphism which takes each X, to —X, for all X, occurring in the pinning. Note that
S is a maximal torus of H contained in B. The construction of this involution ¢g is recalled in Section
2.2. For an irreducible admissible representation (7, V') of the group G’ := GSpin,,(F’), we define the
representation (7*c’, V) of G’ by

m'e'(9) = m(tar(9)) Vg € G,

We prove the following theorem on the contragredients of irreducible admissible representations of a

quasi-split general spin groups over p-adic fields:

Theorem 1.1. Let F be a p-adic field and let G’ := GSpin,, be a quasi-split general spin group defined
over F. Let (m,V) be an irreducible admissible representation of the quasi-split general spin group G'.

The involution tq: (called the duality involution) constructed by [Pral9] has the property that me’ = V.

Since general spin groups are algebraic covers of special orthogonal groups, we make use of the MVW
involution on special orthogonal groups (which is known from [MgVW87]) to prove our theorem. Using
Theorem 1.1 and the ‘close field” arguments (see [Ganl5, §2.3]), we prove the duality theorem for split

general spin groups over function fields also.

Theorem 1.2. Let F be a finite extension of the field of Laurent series Fq((t)) and let G’ := GSpin,,
be a split general spin group defined over F. Let (w, V') be an irreducible admissible representation of G'.

The involution tq: (called the duality involution) constructed by [Pral9] has the property that me’ = V.

For any p-adic general spin group G’, it is possible to extend the MVW-involution § on G to an
involution 6 on G’ such that the dual of an irreducible admissible representation (7, V') of G’ is isomorphic
to the twisted representation 7% (see Remark 2). Let us briefly describe the contents of this paper. In
Section 2, we describe the general spin groups and the basics of duality involution. In Section 3, we recall
the construction of duality involution, following [Pral9], of GSpin,, (F') and show that this is compatible
with the MVW involution of SO, (F'). Finally in Section 4, we prove Theorems 1.1 and 1.2. In particular,
Theorem 1.1 is proved in Section 4.1 by using the duality involution constructed in Section 3. Theorem

1.2 is proved in Section 4.2.

2 Preliminaries

Let F be a non-Archimedean local field with its norm | |,. For any affine algebraic variety V defined
over F, the set of F-rational points V(F') is equipped with the natural topology induced from the norm
| |, on F', and we refer to this topology as the v-adic topology on V(F') (see [PR83, Section 3.1]). For
any linear algebraic group H over F, the v-adic topology on H(F') makes it an [-group in the sense of
[BZ76].

2.1 The General spin group

Let W be an m dimensional vector space over F' with ¢ : W — F'| a quadratic form on W. The pair
(W, q) is called a quadratic space. Let T (W) be the tensor algebra of W and let I(W,q) be the 2-sided
ideal of T'(W) generated by the set of elements

{fwew-—q(w): we W}



Definition 2.1. The Clifford algebra C(W,q) (or C(q) if W is clear from the context) associated to the
quadratic space (W, q) is the F-algebra

C(W,q) :=TW)/I(W,q).

Note that if w is replaced by —w, the definiton of the Clifford algebra C(W, ¢) does not change (since
I(W, q) does not change). Let o : C(W,q) — C(W, q) denote the corresponding automorphism induced
by the negative automorphism of the quadratic space (W, q).

Definition 2.2. The Clifford group T'(W,q) is the group of units u € C(W,q)* such that a(u)Wu=! =
w.

Definition 2.2 says that I'(W, ¢) has a natural representation p on W given by
p(w)w = a(u)wu™* for u € T(W,q) and w € W.

Theorem 2.3. [Knu88, Proposition 6, p. 63] The image of T'(W,q) under p is O, (F) and the kernel
of p is equal to the central subgroup F*. Hence T'(W,q) fits into the following short exact sequence:

1—>Gm—L>F(VV,q)—p>Om—>1. (2.1)
Now we define the main object of the paper. The general spin group GSpin,, (F) is defined by
GSpin,, (F) = T(W, q) N C(W, g)o,

where C(W, q)o is the even part of the Clifford algebra C(W,q) (i.e., the image of the even part (W),
of T(W) in C(W,q)). Note that the same is called special Clifford group in [Knu88, Chapter 6, p. 62]
and [Che97].

Proposition 2.4. [Knu88, Proposition 6, p. 63] As an algebraic group, GSpin,,, fits into the following

short exact sequence:
1—>G,, — GSpin,, P SO, ——=1. (2.2)

We recall in passing the following alternative description of the group GSpin,,. Let Spin,, denote

the spin group which is an algebraic double cover of SO,,, i.e., we have a short exact sequence

1 Zy —-> Spin,, —= SO, 1. (2.3)

Following [Asg02, Definition 2.3] we define for m > 3,

Gy, x Spin,,,

{(L 1)7 (_L C)}’

where {1, c} is the kernel of ¢ in (2.3). It can be shown that (2.2) follows from this definition of GSpin,,
as well. We refer to [HS16, Chapter 4] and [Asg02, §2] for details on the structure of general spin groups.

GSpin,, = (2.4)

2.2 The duality involution

Let H be a quasi-split reductive algebraic group defined over F' and let B be a Borel subgroup of H,

defined over F, containing a maximal torus S also defined over F. Let ®(H,S) be the set of roots of H



with respect to S. We denote by A := A(H, S), the set of simple roots of ®(H, S) with respect to B.
The tuple
P = H,B,S,{X.}),

with {X, : @ € A(H,S)}, is called a pinning on H. Let wyg be a representative in the normaliser
Nu(S) of the longest element of the Weyl group Ny (S)/S of H which takes B to the opposite Borel
B~. A Chevalley involution cy p associated with the pinning P is the unique element of Aut(P) such

1w1_{1, for all s € S. The Chevalley involution belongs to the centre of the group

that cg p(s) = wus™
Aut(P). Hence the Chevalley involution commutes with the F-rational structure on H.

The duality involution tpp on H associated to the pinning P = (H, B, S, {X,}) is of the form
LH,P = Ad(L_) © CH,P,

where 1 € S*4(F) is the unique element such that a(:_) = —1 for all « € A(H,S). We refer to [Pral9,
§3] for details.

The group G stands for the special orthogonal group associated with the pair (W, ¢) consisting of
a vector space W of dimension m and ¢ is a non-degenerate quadratic form on W. We also assume
that G is quasi-split unless mentioned otherwise. Let P = (G, B, T, {X,}) be a pinning on G with the
associated duality involution tq,» = Ad(t_) - cq,p. By [Pral9, Proposition 1 and Example 2], up to
inner conjugation by an element of G, the duality involution tq p is independent of the choice of the
pinning P. Hence from now onward, we denote the duality involution on G by tg. By [Pral9, Example
1, p. 5], we know that the duality involution tqg is the MVW involution for special orthogonal groups
[MgVW8T7, Theorem ILI, p. 91].

3 Construction of the duality involution of general spin groups

Recall that we use the notation G’ for the general spin group GSpin,,. In this section, we will construct
a duality involution tg/ of G’ which commutes with tg of G. Though the duality involution tq is
independent of the chosen pinning P on G, one needs to fix a pinning P of G to construct the duality
involution (g p of G. We will construct a pinning P’ of G’ from the chosen pinning P of G to construct
the duality involution tq/ p- of G’. Finally, we will prove that the duality involution tgs p+ is independent
of the pinning P’, and hence the duality involution of G’ will be denoted by tq.

We first describe the Chevalley involution cg/ ps. Let us start with the pinning P = (G, B, T, {X,})
on G. Choose a maximal torus T in G’ which surjects on to T under the short exact sequence (2.2).
Let B’ be a Borel subgroup in G’ containing T’. For a simple root « € ®(G,T), the root o/ := aop
is a simple root in ®(G’, T'). The set of simple roots in G’ is A’ = {&/ :=aop: a € A}. We get a
homomorphism

p":®(G,T) — ®(G', T

given by a — o'. Note that the root subgroups corresponding to o and o’ are isomorphic to G, via the
map p. Let X,/ be an element in the Lie algebra of G’ which maps to X, under the map induced by p on
the Lie algebras of G’ and G respectively. Hence, we have obtained a pinning P’ = (G/,B’, TV, { X })
on G’. We now consider the unique Chevalley involution (up to conjugation) cg/ ps associated to the
pinning P’ on G’. We refer to [Pral9, §3] for details.

Let Z := Z(G) (resp. Z' := Z(G')) denote the centre of G (resp. G’). From the definitions
T .= T/Z and (T’)2d := T’/Z’, we observe that the map p induces an isomorphism (T')2d =2 T24, Let
/' € (T")*(F) be the element which corresponds to ¢ € T?!(F) under the above isomorphism. Note
that ¢/ is the unique element of (T')*4(F) such that o/(:") = —1 for all simple roots o/ € ®(G’, T").



Finally we define the duality involution tq/ pr as tq/pr == Ad(t_) - cg/pr on G’. Note that our
construction of the duality involution tg+ apriori depends on the pinning P’. In particular, it depends on
the chosen maximal torus T’ in G’ to begin with. The following lemma shows that g/ p/ is independent

of the choice of the pinning P’ on G’.

Lemma 3.1. The duality involution vg: pr, up to conjugation with an element of G', is independent of

the choice of the pinning P’ on G'.

Proof of Lemma 3.1. Let Z' := Z(G') denote the centre of G’ with Z’ := Z/(F'), the group of F-rational
points of Z’. Let G := Gal(F/F) denote the absolute Galois group of F/F. We have a short exact

sequence

1 7 —>T L (T)d —>1, (3.1)
which gives the following long exact sequence
r_t P r\ad 1 / H'(1) 1 ’
1 Z T (1"2¢ —— H'(Gp,Z'") —= HYGp,T) . (3.2)

By [Pral9, Proposition 1, p. 6], it is enough to show that 2Ker {H'(Gr,Z') — H*(Gp,T')} = 0. We
know the structure of Z’ and T’ from [AS06, Proposition 2.3, p. 143].

When m is odd, we know that Z’ 2 G, and hence H'(G,Z’) = 0 from Hilbert’s Theorem 90 [Ser79,
Proposition 2, p. 150]. When m is even note that Z’ contains G,,, with quotient isomorphic to Zs. Thus,
we observe that 2H' (G, Z’) = 0 in this case. Hence the required condition is satisfied and the lemma

is proved in this case.
O

Hence, from now onward, we denote the duality involution on G’ by tg/ instead of tq/ p/. In the

next lemma we prove that g/ commutes with (.

Lemma 3.2. The duality involution tq: of G’ commutes with the duality involution vq of G, i.e., we

have the following commutative diagram:

G -G (3.3)

. l lLG

G ——G.
P

Proof of Lemma 8.2. We look at the following short exact sequence defining the group G':

p

1 G,, —= G’ G 1.

Note that, it is enough to show that the maps p o tg/ and tg o p factor through G,,. Since g/ =
Ad(¢") - cgr pr, it is enough to prove that both the automorphisms Ad(.” ) and cg/ ps factor through
G- Since G, C Z’ and Ad(/ ) is an inner automorphism by ¢/ € (T')2(F), it is clear that G,, is
invariant under ¢”_.

Let wgs be a representative in Ng/(T’) of the longest element in the Weyl group of G’ (taking B’
to the opposite Borel (B’)™). The explicit construction of cg/ p/ as in [Pral9, Section 3], says that

car,pr (t) = wG/tflw(_;} Yt e T.



Since wgs acts trivially on Z’, we have cgr pr(2) = 271 VzeZ' Hence G,, is invariant under cg/,pr as

well. This proves the lemma. O

The next lemma is the central technical result in this paper. Before stating the lemma, let us recall
the following. Let H be a connected reductive group defined over F. An element h of H is said to be
reqular if dimp Cg(h) = rank H, where C(h) denotes the centralizer of h in H. An element h of H is
called strongly regular if Cg(h) is a maximal torus in H. Such an element is regular and semisimple by
definition. Let Hy, be the set of strongly regular elements of H. Note that Hs, is a Zariski-open subset
of H [Ste65, §2.15, p. 54]. Although the proof in [Ste65, §2.15, p. 54| is written for semisimple groups,
the same proof works for the case of reductive groups. For any irreducible smooth variety V' defined
over F', and for any Zariski-open F-subvariety W of V, the set W (F') is dense in V(F') for the v-adic
topology on V(F') induced from that of F' (see [PR83, Lemma 3.2, p. 114]). Thus, we get that Hy,.(F)
is dense in H(F') for the v-adic topology on H(F') induced from F'.

We have the following lemma:

1

Lemma 3.3. Let g be a strongly reqular element in G'. Then g*¢’ and g~' are conjugate in G'.

Proof of Lemma 3.3. We first prove that ¢—! and g‘c’ are conjugate in G’ and then show that the
conjugation actually takes place in G'.

Since g is a strongly regular semisimple element in G’, the G’-centralizer Cg-(g) of g is a maximal
torus in G’. Since any two maximal tori are conjugate in G’ [Spr09, Theorem 6.4.1, p. 108], there exists
h € G’ such that hCgq/(g)h~! = T'.

Since hgh™! € T’, we have tq/(hgh™') = wg:/(hg~'h™ ) wg'. On the other hand, tq/(hgh™!) =
ta(h)iar(g)ta/ (h)~1. This implies that

tar(9) =9~

where 7 is equal to tq/(h) " twg h.

I and

It remains to show that the conjugation takes place in G’ itself. Note that if v conjugates g~
g‘e’, then so does 77 for 0 € Gr := Gal(F/F). This can be seen easily as g and g‘e’ are invariant
under Gg. Let T} be the group Cq/(g) and let Ty be the image of T} under the map p. Note that
v~ 197 € T} € G/, and the cocycle map f, : Gp — T} given by o — 77147 gives a cohomology class

in HY(Gp, T}). It is enough to prove that
fy=1in HY(Gp,T)).
The short exact sequence (2.2) gives rise to the following long exact sequence:

P 5

1 F* =T Ty HY(GF,G,,)
Y G ) L gy (G, Ty) (3.4)
We first note that
H'(p): HY(Gp, T}) — HY(Gp,Ty) (3.5)

is an embedding. This follows from the fact that H*(Gr,G,,) = {1} by Hilbert’s Theorem 90.



Now we observe that

1 :gLG/

gty
p(p(g) " 'p(v) " =p(g'e’)
p(Mp(9) " 'p(7) " =[p(9)]*® (Lemma 3.3).

Hence p(7y) conjugates p(g)~! and [p(g)]*c in G. Note that p(g) is a strongly regular element of G.
Hence as before, it follows that f,.,) € HY(GF, T1). Since tg is the MVW involution for G, it follows
that f,,) =1 in H'(Gp,Ty). Since the image of f, € H' (G, T}) in H(Gp,T1) is fy(,) and H'(p) :
H'(Gp,T}) — H'(Gp,T1) is an embedding, we conclude that f, = 1 in H'(Gp,T}). Thus, there
exists a t € T} such that f,(c) = t°t™!, for all 0 € Gp. Note that yt~! = 47(¢t71)7, for all ¢ € Gp.
Hence 4t~ ! € G’ and vt~ g~ 1ty = 1a/(9). O

Remark 1. Since 1q/(t) = t~, for allt € Z(G'), the duality involution tg: is a non-trivial automor-
phism of G’ even if vq is trivial. For instance when G is the group SOgpi1, the involution vq is the

trivial automorphism.

4 Duality involution and the contragredient

We prove Theorem 1.1 and Theorem 1.2 in this section. We prove Theorem 1.1 in Section 4.1. In Section

4.2, we supply the proof of Theorem 1.2.

4.1 Proof of Theorem 1.1

Let (w,V) be an irreducible admissible representation of the quasi-split general spin group G’ :=
GSpin,, (F) for a p-adic field F. For the duality involution tgs constructed in Section 3, define the

representation w‘¢’ of G’ by
m'e(g) =7(g'¢) Vg€ G, g'¢ =1a(g).

Let (¥, V") denote the contragredient representation of (m, V).
Let x, denote the Harish-Chandra trace character of 7 (see [HC70, Theorem 5, p. 99]). For strongly

regular semisimple elements g € G’, using Lemma 3.3 we get

Xn'e (9) = Xx(9'¢") = Xa(97") = Xav (9)-

Let the distribution O, on G’ defined by O, (f) := tr(w(f)) for f € C°(G’), denote the character of
7 (see [BZ76, §2.17, p. 21]). Since the set of all strongly regular elements of G’ is dense in G’, we get
that

Orc (f) =Ov(f), Vf e CX(G).
Hence the theorem is proved in this case by [BZ76, Corollary 2.20, p. 21].

Remark 2. Let & be the involution on Spin,,, which extends the MV W involution 6 on G = SO,,,. The

automorphism (t, g) — (71, g(g)) of the group G, x Spin,,, induces an automorphism 6 on G’ = GSpin,,
(see (2.4)). As suggested in [Pral9, Question 1, p. 7], we can prove, even when G’ is not quasi-split, that
7% ~ 7V, for all irreducible smooth representations © of G'. Towards this direction, for G’ := GSpin,),
(need not be quasi-split), note that Lemmas 3.2 and 3.8 hold for the automorphism 6. Hence as in

Theorem 1.1, we see that 7 = ©V, for all irreducible smooth representations © of G.



4.2 Proof of Theorem 1.2

Now let F' be a finite extension of the field of Laurent series over finite fields F,((¢)). We prove Theorem
1.2 in this case for split general spin groups. In fact, we prove a more general statement. Let H be
any split reductive group defined over Z. We prove that if Theorem 1.1 holds for H defined over p-adic
fields, then it holds for H defined over function fields using ‘close field’ arguments (see [Ganl5, §2.3]).
In particular the theorem then holds for split general spin groups.

Let F’ be a finite extension of Q, such that F' and F’ are m-close, i.e., there exists an isomorphism
of rings:

AN:op/pR ~op [ph.

Let H be a split reductive group defined over Z. We choose a pinning (H, B, S, {X,}) for the group H.

Let K,, and K], be the m-th congruence subgroups of H(or) and H(op/) respectively. There exists an

isomorphism of Hecke algebras
¢ HH(F), Kn) = HH(F), K},

(we will recall the precise nature of this isomorphism in the following paragraph). Assume that ¢y and
tg be the duality involutions on H/F and H/F’ respectively, with respect to the chosen pinning. Note
that ¢y and ¢fy preserve the groups K, and K/, respectively. Thus, we obtain involutions on the Hecke
algebras

g HH(F),K,,) - HH(F), K,,)

and
tg c HH(F),K]) = HMH(F'),K],).

Note that we use the same notations ¢y and tjy for the induced involutions on the Hecke algebras.
Let @ be the set of roots of H with respect to the torus S and let B be a Borel subgroup containing
S. We denote by A the set of simple roots in ® with respect to B. Let A € X, (S)_ be the set of elements

Ae X (T): (\a) <0, a € A}
Let mp be a uniformizer of F' and let mp be a uniformizer of F’ such that
A(mp +pF) = Tp + pF.
Let 7y € S(F) (resp. m4) be the element A(7g) (resp. A(7g/)). Note that

H(F) = H H(op)m\H(or).
AEX.(S)-
The set
Cx = {KnhKy, : K;yhIK,, C H(op)ma\H(op)} (4.1)

is a homogenous space under

H(or/pp) x H(or/pF)

and let T'y be the stabilizer of K,,myK,, under the action of the above group. Let I'\ and C} be the
corresponding objects associated with F’. Kazhdan showed that the map A induces an isomorphism
of T'y and I'y. Thus, we get a correspondence K +— K’ between elements of C and C§. For any
subset K of H(F), we denote by tx the characteristic function of K and txs to be the characteristic



function of the corresponding K’ in H(F’). The algebra H(H(F'), K,,,) is spanned by the set of elements
{tk : K € O\, X € X.(S)_}. The Kazhdan homomorphism ¢ sends the element ¢ to the element ¢ .
Thus, we get that Kazhdan isomorphism commutes with the duality involutions ¢y and ¢jy constructed
by [Pral9], in the sense that:

Goig = lgoo. (4.2)

Let (m,V) be an irreducible smooth representation of H(F) such that V= 2 0. Using the Kazhdan
isomorphism we can define a H(H(F'), K/, )-module structure on V%m to be denoted by ¢.(VEm) by
setting

¢« (flo=m(@07 (f))v,v € VE», f € H(H(F'), K},).

We note that
[ (VE)]Y o= [ (VI imr,

Note that [¢.(VEm)]Y is isomorphic to ¢, ((VV)E™) and [¢.(VE™)]"H is isomorphic to ¢, ((VEm)w),
Thus, we get that
(VS o (7,

This shows that the representations 7V and 7*¥ are isomorphic as H(F')-smooth representations. Taking

G’ = H, we complete the proof of Theorem 1.2.

Remark 3. The duality theorem for quasi-split (and non-split) general spin groups over function fields
is yet to be explored. One can ask for the duality theorem for general spin groups over finite fields as

well. These questions need possibly more attention and we hope to address these questions in future.
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