ON THE REPRESENTATIONS OF CERTAIN GRADED TENSOR PRODUCTS

ABSTRACT. In this article we obtain a tensor product theorem for a certain class of
associative algebras in the braided category of G-graded vector spaces over C where G is
a finite abelian group. The tensor product theorem describes the irreducible modules of
the tensor product of G-graded associative algebras in this class as the tensor product of
the irreducibles of each of its constituents. Applying this general result to the universal
enveloping algebras of basic classical Lie superalgebras or the queer Lie superalgebra or
even certain Lie color algebras, we get an extension of a result of Yousofzadeh [16] to this
larger class of algebras. Along the way, we also extend to the G-graded setting the results
of Lemire in [7] which relates the irreducibility of a representation of a semi-simple Lie
algebra £ to the irreducibility of its weight spaces considered as modules for the centralizer
of the cartan subalgebra in the the universal enveloping algebra of £. We prove it in a more
general setting of G-graded associative algebras with a G-compatible grading by another
abelian group. In the case of the universal enveloping algebras of Lie superalgebras and Lie
color algebras belonging to the class mentioned earlier, these results give us the analogues
of Lemire’s results.

1. INTRODUCTION

The tensor product theorem for associative algebras says that if A and B are unital
associative algebras over C and M and N are finite dimensional modules for A and B,
respectively, then M ® N is an irreducible A ® B-module and every finite dimensional
irreducible of A ® B is of this form. If one works with associative algebras in the braided
category of G-graded vector spaces, where G is an abelian group the statement is known to
be false. An easy example of this is illustrated in [4] in the case of G = Zs. It is shown there
that the tensor product with itself of the unique irreducible module for the queer algebra
Q(n) of 2n x 2n-matrices, where n > 2, is not irreducible for Q(n) ® Q(n). However,
things improve if we work with the universal enveloping algebras of basic classical Lie
superalgebras. In this case, if one restricts to irreducible finite weight modules, in particular
also to finite dimensional irreducibles, then the statement is true. That is, if £ and £4 are
basic classical Lie superalgebras then M (1) ® M (2) is an irreducible finite weight modules
for £1 @ £9, where M (i) is an irreducible finite weight module for £; for i = 1,2 and
all the irreducible £; @ £9-modules are of this form. This was proved recently in [16]. It
was shown there that if £; has a subalgebra b;, with respect to which (£;, ;) forms an
admissible pair then the statement is true. By the work of Cheng [3], we know that this
statement is not expected to be true for arbitrary Lie superalgebras. In fact, we observe in
§5 that if we take £; = q(3) for ¢ = 1,2 then the tensor product theorem will fail to be
true for £; @ £5. However, an extension of the above results is still possible. For this, we
weaken the conditions defining admissible pairs as introduced in [16] and show that the
statement is true for the finite weight modules of admissible pairs with the assumption that
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one of the admissible pairs is strongly admissible. The example alluded to earlier shows
that this additional assumption cannot be relaxed.

In this paper, we prove the tensor product theorem in a more general setting of G-graded
algebras which have an additional G-compatible grading by an abelian group A. As a
corollary of this general result we obtain an alternate proof of a result of Cheng [3] where
he shows that if A is an associative algebra and B is a superalgebra then the tensor product
theorem is true for irreducible finite dimensional modules. This result then leads to a
description of the irreducibles of finite dimensional semisimple Lie superalgebras owing
to a classification theorem of such Lie superalgebras due to Kac [6]. In fact, the extension
of the tensor product theorem proved here, allows one to easily observe that if £;,..., £,
are finitely many classical (basic or strange) simple Lie superalgebras such that at least
one of them is basic then the (f.d) irreducible representations of £ & --- @ £, can be
obtained as the tensor product of the irreducible (f.d) representations of each of the £;,
¢ = 1,...,r. Thus, in this case, we are able to obtain a more definitive answer for the
irreducible representations of finite dimensional semismiple Lie superalgebras than that
obtained in [4]. The tensor product theorem for admissible pairs of Lie color algebras and
Lie superalgebras are easily obtained as an application of this general result. Lie color
algebras are the G-graded analogues of Lie superalgebras. They were first introduced by
Ree [11] as “generalized Lie algebras” motivated from particle physics and parastatistics.
These objects and their representations were later systematically studied by Scheunert
through a series of papers ([13], [14]). Some recent interest related to their representation
theory can be found in [1], [2], [15], [17].

The irreducibility of tensor products of irreducibles and whether all the irreducibles
of the tensor product of two algebras are in the form of a tensor product of irreducibles
is a very important question. For example, the study of the modules of various other
classes of algebras, like affine Lie algebras, loop superalgebras efc., are closely connected
to understanding the irreducibles of direct sums of simple lie superalgebras ([8], [12]).
The study of finite weight cuspidal representations of simple Lie superalgebras crucially
depends on the irreducibility of tensor products of representations of the constituent Lie
superalgebras ([5], [9]). Hence an extension of the tensor product theorem to a larger class
of Lie superalgebras is highly desirable.

In this paper, we also study the relationship of an irreducible finite weight representation
of an admissible pair and its non-zero weight spaces. Extending a result of Lemire [7],
we obtain a relation between the irreducibles of a G-graded associative algebra with a
G-compatible grading by an abelian group A and its weight spaces. These results when
applied to the universal enveloping algebra of an admissible pair of Lie superalgebras or a
Lie color algebras leads to an exact analogue of Lemire’s results to these settings.

Outline of the paper: In §2, we introduce the preliminary notions and some natural
isomorphisms and maps in the braided category of G-vector spaces over C, the field of
complex numbers. We also introduce the notion of admissible pairs and strongly admissible
pairs for Lie color algebras (the Lie algebra-like objects in this category). In §3, we
introduce various notions and background results to state and prove the tensor product
theorem for (G-graded associative algebras. Along the way, we also obtain generalizations
of Lemire’s results to this setting and use them in §4 to obtain analogues of Lemire’s results
for Lie color algebras, in particular also for Lie superalgebras. In §5 we obtain the tensor
product theorem for the Lie color and Lie superalgebra, as an application of the main
theorem in §4.



ON THE REPRESENTATIONS OF CERTAIN GRADED TENSOR PRODUCTS 3

Notation: C denotes the field of complex numbers; Zs = {0, 1} denotes the field with 2
elements.

2. PRELIMINARIES ON (G-GRADED STRUCTURES

2.1. Let G be a finite abelian group with its identity element denoted as 0. A map
€: G x G — C* where C* := C\ {0} is called a skew-symmetric bicharacter on G if the
following identities hold, for all f,g,h € G.

D e(f,g+h) = e(f,g)e(f,h),

ii) e(g + h, f) = (g, f) e(h, f),

iii) e(g, h) e(h, g) = 1.

From the definition of € it follows that ¢(g,0) = €(0,¢) = 1 and €(g, g) = +1, where 0
denotes the identity element of G.

Remark 2.1. We note that when G = Zs, using properties (i) and (ii) above, a skew-
symmetric bicharacter € on Zs is completely determined by the value of €(1,1) = +1.
Hence every such bicharacter is either given by e(g, h) = (—1)9" or it is trivial depending
on whether €(1,1) = —1 or +1. More generally, for any cyclic group generated by a, € is
completely determined by its value on (a, a) which can take values from +1.

For a skew-symmetric bicharacter € of G, set G5 := {9 € G : €(g9,g) = 1} and
G1 = G\ Gj. Note that G is a subgroup of G whose index in G is 1 or 2. Hence identifying
the quotient G/Gy as a subgroup of Zs, we get a group homomorphism 6 : G — Zs, such
that 0(g) = 0 for g € Gy and (g) = 1 for g € Gy. It is easily seen that if g € Gy then
—g € Gj.

Define a new bicharacter €y : G x G — {£1} C C* given by €y(g, h) = (—1)%@)0h),
Fix 6(g,h) = €(g,h)"teo(g,h). Then § is also a skew-symmetric bicharacter on G
such that 6(g,g) = 1 for all g € G. A multiplier associated to ¢ is the bicharacter
Kk : G x G — C* given by

H(Z TG, Z sjgj) = H 5(917 gj)TiSj y
i j i<j
where G = (g1) X ... X (gr) such that (g;) = Z/n;Z for some n; € N, and r;, s; are
integers. The above multiplier & satisfies the condition that §(g, h) = (g, h)k(h, g)~* for
g,h € G. So k(g,h)k(h,g)" 1 €(g,h) = eo(g, h). The existence of such a multiplier will
be important especially if one wants to move from e to €p-structures, as will be illustrated
later.

For a finite abelian group G, a G-graded vector space is a vector space V over C
together with a decomposition into a direct sum of the form V' = ®4c¢V,, where each V
is a subspace of V. For a given g € G the elements of V are then called homogeneous
elements of degree g and we write |v| to denote the degree of v. The category of G-graded
vector spaces forms a braided category via the braiding givenby V@ W =2 W ® V given
by v ® w — €(|v|, |w])w ® v for all homogeneous elements v € V, w € W. The parity
functor, 11, where a € G, is the parity shift functor on G-graded vector spaces such that
Ha(%) = Va+b-

Any G-graded vector space V = @geqV, can be given an obvious Zy-grading via
V =Vg, ® Vg,, where Vg, = ®geq,Vy and Vg, = @geq, Vy. We refer to Vg, and Vg,
as the even part and odd part of V' and denote them as just V5 and V7, respectively.
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From now on through the rest of the article we fix a finite abelian group G and a
skew-symmetric bicharacter €. All the G-graded vector spaces will be so with respect
to this fixed G and e. Also, we fix an ordering of elements of G starting with 0. Now
noting that Gg is a subgroup of index 1 or 2, by fixing an element ¢’ € G7 we get
an induced ordering of the coset G; = ¢’ + Gj. We will list the elements of G as

{0=91,....90,9 =9 +91,....9 + 9}

2.2. Lie color algebras. A Lie color algebra £ = ®4cc £y associated to (G ¢€) is a G-
graded vector space over C with a bilinear map [—, —] : £ x £ — £, which we call an e-lie
bracket, satisfying the following conditions:

i) [£4, L] C L4 forevery g,h € G,

i) [z, y] = — €|, ly)[y, 2] and

i) e(|2], [2]) [z [y, 2]) + e(le, [y]) [y, [z, 2] + e(Jyl. |2]) =, [2, 4] = O, for all homoge-
neous elements z,y, z € £.
We shall denote such a Lie color algebra by the pair (£, €) or just by £, whenever ¢ is
understood from the context. Such Lie color algebras are also called “generalized Lie
algebras” (as in [13]) or “(G, ¢)-Lie superalgebras”.

2.2.1. Special examples of Lie color algebras.

a) In view of the Remark 2.1 above, when G = Zo, € is either given by €(g, h) = (—1)9"
for g, h € Zs or it is trivial. In the former case, a Lie color algebra is better known as a
Lie superalgebra; while in the latter case these are just Lie algebras.

b) Given a G-graded vector space V' = @ 4c'Vj, the C-endomorphisms of V, Endc (V) is
also G-graded, where for each g € G we have

Endc(V)y :={f:V =V : f(Vi) C Vgyn, forall h € G}.

The general linear Lie color algebra, gl (V) is defined to be End¢ (V') with the Lie
bracket given by [z, y]. = xy — €(|z], |y|)yz, where x, y are homogeneous elements in
End(c (V) .
Fixing a homogeneous basis of V' to be {v1,...,v,}, one can identify gl (V') with
n X n matrices, where n = dim V. We shall denote this space of matrices as gl(n, €). It
is naturally a Lie color algebra with the elementary matrices E;;, corresponding to the
linear transformation taking v; to v;, having parity given by |v;| — |v;| for 1 <4,j < n.
¢) Let Gy, G be as defined earlier. Assume that |G/Gj| = 2 and that there is a ¢’ € G1
such that 2¢’ = 0. Then we may list the elements of G as {¢g1,...,¢,9" +91,...,9 +
gr} where g1,...,9, € Gg. Assume further that dim(V,) = dim(V,4, ), for all
a € G. So,n = dimV is even. Let f € End(V), be a fixed endomorphism such
that f o f = —k(¢’, ¢ )id. Set q(V,€)q :={X € End(V)s: fo X =€(¢',a)X o f}.
Define ¢(V,€) := @, q(V, €)a. Then q(V, €) with the induced bracket from gl (V)
forms a Lie color algebra, called the queer Lie color algebra.

List the homogeneous basis vectors {v1,...,v,} of V such that i < j implies
|vi| < |vj| under the linear ordering of elements of G described above. Let n = 2m
for some m € N. Then, {v1,..., v} € Vg, and |vpqi| = ¢’ + |vg] foralli =1...m.

Take f to be the endomorphism given by f(v;) = vpai and f(vpmai) = —k(9', 9" )vis
fori =1,...,m. Then f € End(V), and under the identification of gl (V") with the
space of matrices for f as defined above, the Lie color subalgebra of q(V/ €) obtained

will be denoted as q(m, €). Its elements are of the form (g "“(9;479/)3 ) where A, B

are arbitrary m x m-matrices with entries in C.
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2.3. Admissible pairs and their finite weight representations.

2.3.1. Admissible pairs. Let £ be a Lie color algebra and § be a G-graded Lie subalgebra
of £ with hg being its G-graded component corresponding to 0 € G. We say (£, h) is an
admissible pair if the following conditions hold:

i) £ has a “root space decomposition” with respect to ho, i.e., £ = h Gaep; £ where
£ = {z € £|[h,x] = a(h)zforallh € ho} and £° := {z € £ | [h,2] =
0 for all h € ho} = b; (note that since h € ho has parity 0, each root space £ is itself
G-graded; in particular, £* = ®,cc(£%)a),
i) R:={a € b | L # 0} is aroot system for £; (in particular, we have R = —R),
iii) fora € G,set R, :={a € R| £*N L, # 0} then R_, = —R, and UsegR, = R;
in particular, for G = Zy, Rg = —Rj, R = —Rjand R = Rg U Rj.

If we additionally add the following conditions:

') b =ho,
ii’) R, N R, = @ for distinct a, b € G; (note that this condition is met if dim £% = 1 for
alla € R).

Then we call such an admissible pair as a strongly admissible pair. Note that the notion
of admissible pair is less restrictive than the one given in [16] which, in fact, co-incides
with the notion of strongly admissible pair. In fact under the above definition, q(n) with
its standard cartan subalgebra (see Example 2.3.2(b) below) is an admissible pair' but not
strongly admissible since in this case, R = Rj.

2.3.2. Examples of admissible pairs.

a) When G = Z, all the basic, classical Lie superalgebra as classified by Kac [6] along
with its cartan subalgebra, form strongly admissible pairs.
b) When G = Zy = {0, 1}, the queer lie superalgebra q(m) along with its cartan subalgebra

b spanned by diagonal matrices H; := E;; + E,, 4 m+; Where s = 1,...,m and the
off-diagonal matrices H; := E;y,+; + E+4; forms an admissible pair. In this case, bhg
is spanned by H; where i = 1,...,m and q(m) has a root space decomposition with

respect to by given by h D1<; j<m q(m)c, —; Where e; € b given by e;(H;) = d; ; H;.
Note that the dimension of the root spaces in this case is 2 and also, hz # b, hence this
is not a strongly admissible pair.

c) Let £ = gl(n, €) be as defined above. Let h = C-span(H), = Ey;, : 1 < k < n) be
the space of all diagonal matrices in L, in particular fj = ho. Further, with respect to
h the root space decomposition of £ is: gl(n,€) = h D, <, 4;<,, 9U(n, €)c,—c; Where ¢;
is the linear functional given by €;(E;;) = d;;. Hence (gl(n,€),h) forms a strongly
admissible pair.

d) Let £ = q(m, ¢) be the color algebra defined above. Let h = hg € b7 where hy =
C-span (H; = Eiyi + Epyimti @ 1 < i < m), by = C -span(H; = E,qi; +
k(9', 9 )Eim+i : 1 <14 <mn). The root space decomposition of q(m, ¢) is as follows:
q(m, €) = D D1civjcm Ge(V)ei—e; Where i(Ejj + Epyjm;) = 05 for 1 < i, j <
m. Since Ry N Ratg # 0, just as in the case of q(m), (q(m, €), b) is an admissible pair
which is not a strongly admissible pair.

It may be pointed out here that in the above description, we account for only one « for each root space, since
we do not insist that the root spaces be 1-dimensional. This is done to enable us to uniformly include the queer Lie
superalgebra as well into the discussion. This is unlike the definition of the roots for q(n) as in [4, §1.2.6].
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2.3.3. G-graded representations of £. Let £ be a Lie color algebra with G and ¢ as fixed
above. A GG-graded vector space is said to be a G-graded representation of £ if there exists a
map p : £ — gl(V, €) which is a homomorphism of Lie color algebras, i.e., p is a linear map
which is homogeneous of degree 0 and p([z,y]) = [p(x), p(y)]. where the bracket on the
left is the e-Lie bracket on £ while that on the right is the one described in Example 2.2.1(b).
We denote such a representation by the pair (p, V). A result of Scheunert describes all
such representations of a Lie color algebra as coming from G-graded representations of an
associated Lie superalgebra. (Refer [13] for more details.) We thus can generate plenty of
examples of such representations.

Remark 2.2. Let V be a G-graded representation of £. Then 11,(V) is also a G-graded
representation of £. In fact, for every irreducible G-graded representation V of £ we
get that 11,(V') is also irreducible (though, obviously, not always isomorphic to V as
L£-modules.)

2.3.4. Finite weight modules for admissible pairs. Let us now consider an admissible pair
(£,5). For such a pair, a G-graded representation (p, V') is said to be a finite weight module
if the following conditions hold:

) V =@®xep;V* where V* := {v € V | p(h)(v) = A(h)v forall h € o} is called the
A-weight space of V', and
ii) each \-weight space V* is finite dimensional.

For a finite weight module V', we denote the set of A € by such that V* # 0 as the support
of V, denoted as Support V

For the examples in 2.3.2 (a) and (b), the super-analogues of the Verma module con-
struction [4, Chapter 2] yields many such examples. In particular, all the finite dimensional
irreducibles in these cases are examples of such representations. In [10], examples of
finite dimensional irreducibles are obtained for the Lie color algebra described in Exam-
ple 2.3.2(c). All of these irreducibles are highest weight modules, hence they decompose
into finite dimensional weight spaces.

2.4. G-graded associative algebras and some useful examples. All the algebras that we
consider will be defined over C; all such algebras are assumed to contain unity, denoted
as 1. An associative algebra A along with a G-grading such that A, Ay C A, for all
a,b € G and x.y = €(|z|, |y|)yx for all homogeneous elements x,y € A is said be a
G-graded associative algebra. We assume that for all G-graded algebras, 1 € Ag. Special
examples of such algebras which will be of interest to us are the tensor algebra and the
universal enveloping algebra of a Lie color algebra £.

2.4.1. Tensor algebra of £. The n-tensor space T"(£) is the G-graded space £® --- @ £
where the G-grading on a vector vy ® - -+ ® v, where |v;| = g, is >, gj,. The tensor
algebra T'(£) is the space ©penugoy 1" (£) along with the usual tensor multiplication.

2.4.2. Universal enveloping algebras. We now recall the definition of the universal en-
veloping algebra of the Lie color algebra £ with e-Lie bracket [-, -]. For this consider the
tensor algebra 7'(£) which is a G-graded associative algebra with respect to the tensor
multiplication. Consider the two-sided ideal J(£) of T'(£) generated by the tensors of the
form X @ Y — (| X[, Y)Y ® X — [X,Y] where X,Y are homogeneous elements of £.
The quotient algebra T'(£)/J(£) is the enveloping algebra of £, denoted as U(£). Note
that J(£) is a generated by G-homogeneous elements so it is a G-graded ideal. Hence
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U(£) is a G-graded associative algebra with the multiplication descending from the tensor
multiplication on 7'(£).

Let (£, h) be an admissible pair as above. Fix a total ordering on the R-span of the roots
R such that the set of positive roots with respect to this ordering is R+. Let A be a set of
simple roots of R with respect to this ordering then for each a € G there exists elements
eaa € (£%)a, faa € (£7%)_, where @« € R, N R such that {eq 4, fa.a, | 0,0 € G, €
R,NR™} along with a basis of h forms a basis of £. Fix the lexicographic ordering on G x R
respecting the above ordering on R and the linear ordering on G fixed earlier. Then retaining
this ordering on the indexing set G x R, we can totally order the basis of £ given above
as {fa,oz}aeR*ﬁRu,aeG Ufhy,....,m}U {ea,a}a€R+ﬁRa,aEG where hy ..., hy forms a
totally ordered basis of ). Applying a G-graded version of the PBW-theorem [13, Cor. 2],
U(£) has a homogeneous basis given by monomials of the form x7"* - - - ¥ where z;’s are
elements of the above basis of L arranged such that z; < x;4; whenever 1 <i <n—1
and further, x; # ;11 if €(|a;], |z:]) = —1.

2.4.3. Adjoint action of £ on U(£): The enveloping algebra U (£) of a Lie color algebra
£ is a G-graded associative algebra so the bracket [-, -], is defined by [z,a]. := za —
e(|z|, |a])az for all a € U(L), defines an action of £ on U(L). This we call the adjoint
action on U (£). In particular, for z € £ on U(L) is given by z — [z, a]. forall a € U(L).
If (£,h) is an admissible pair, then with respect to the adjoint action of £ on it, U(£)
has a weight space decomposition ®xep: U(£)* where U(£)* := {a € U(£) | [h,a] =
A(h)aforallh € ho}. Note that if (£, ) is a strongly admissible pair then from the
monomial basis of U(£) described above, it can be easily seen that U(£)° C U(£)o.

3. TENSOR PRODUCT THEOREM FOR G-GRADED ASSOCIATIVE ALGEBRAS

We start with a general result about irreducible representations of associative algebras. A
proof of this statement may be found in [4].

Proposition 3.1. Let A, B be associative algebras with 1 and C := A ® B with its natural
algebra structure. If M and N are (finite dimensional) irreducible modules of A and B
respectively then M ® N is an irreducible for C. Conversely, every finite dimensional
irreducible module for C' is uniquely expressed as a tensor product of the above form. [

The above statement is known to be false for infinite dimensional modules. Further if A
and B are G-graded associative algebras then the above statement is not true for the graded
tensor product A ® B even for finite dimensional irreducibles (See [4, §3.1.3] for an easy
example when G = Zs.).

Let A be an abelian group whose identity element is denoted as 0. An associative algebra
A graded by A such that AyA,, C Ax;, forall A\, € A, will be called an ordinary
A-graded algebra or just a graded algebra. A module for an ordinary A-graded algebra A
is always assumed to be a A-graded A-module. For a A-graded A-module, M, anda A € A
we denote the A\-graded part of M as M. For any graded algebra A, we also assume that
1 € Ap. All the ideals and modules considered are taken to be left A-modules.

Keeping notations as above, we have the following:

Lemma 3.2. Let M be a maximal ideal of Ag. Then there exists a unique A-graded
maximal ideal M of A containing M.
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Proof. Since 1 € A, the existence of a maximal ideal containing M, is obtained by a
standard Zorn’s lemma argument. To prove the uniqueness, first note that Ag/ M is an
irreducible Ap-module and the inclusion map of Ay into A is an Ag-homomorphism. Now,
let W be another graded ideal in A containing M, such that W ¢ M then, M + W = A,
by the maximality of M. Further, W N M N Ay = My, by the maximality of Mg in Ay.
Hence the Ag-homomorphism Ay < A — Wr‘? 1 has kernel precisely M. The quotient
on the right is also A-graded since W and M are both A-graded. So, the image of the above
map is Ag + W N M /W N M which is exactly the 0-component of the quotient, namely
(A/W N M)g. Since A=W + M, wehave A/WNM=W/WnNMoM/WnNM,
and

(A/WnM)g=W/WnMeM/WnM)y=W/WnM),d (M/WnNM).

The second equality comes from noting that both the submodules W/W N M and M /W N
M are A-graded. Since Ay/ M, is irreducible and the above gives a decomposition of
(A/W N M)y into Ap-sumbodules, we conclude that one of the summands is 0. Let yy
and 7 denote the projections from (A/W N M) onto the corresponding summands. Then
1+WNM=mw(l)+ ma(1l). Suppose mps(1) # 0 then the Ag-module generated by
it is Aoﬂ'M(l) = WM(AQ.I) = WM((AO +WnN M)/W N M) = (M/W n M)O From
our earlier conclusion we then get (W/W N M)y = 0 so that 7wy (1) = 0. In particular,
1+ W NM =ma(l), leading to M /W N M = A/W N M which is a contradiction to
M C A. Hence my (1) = 1 + W N M, which in turn leads to W = A, proving that every
proper ideal of A containing M is contained in M. Hence establishing the uniqueness of
M. O

Remark 3.3. Note that if the quotient A/ M by a left ideal M is an irreducible graded
A-module then M is a maximal graded ideal since it occurs as the annihilator of a graded
A-module. In this case the 0-component of A/ M is (Ag + M)/ M = Ay/ Mg, where
My = M N Ap. Further, in view of the Proposition 3.4 below, Ay/ M, is irreducible
Ap-module so that M is a maximal ideal of Ag.

Let A be an ordinary A-graded algebra and M be a graded module for A. We say M is
a finite weight module for A if each graded component My, A € A is a finite dimensional
vector space over C.

The next proposition relates the irreducible, finite weight modules of A with the finite
dimensional, irreducible modules of A, thus extending the main result of [7] to finite
weight modules of ordinary A-graded algebras.

Proposition 3.4. Let M be an irreducible finite weight graded A-module such that M # 0
for some \ € A. Then M) is a finite dimensional irreducible module for Ay. Conversely, if
K is a finite dimensional irreducible module for Ag then there is a unique (upto isomor-
phism) irreducible finite weight module M of A with M = K as Ay modules.

Proof. First note that if M is a (irreducible) graded A-module then the module M, M is
also a (irreducible) graded A-module and vice versa. Here I, is the shift operator which
makes the (A — u)-component of M into the A-component of 1,,M. So we may assume
henceforth that A = 0.

Let 0 # x € Mj. Then by the irreducibility of M we know that the A-submodule
generated by x, denoted as (x) 4, is M. Since M is A-graded, we have A, My C M,,.
Hence, the only 11 € A, that takes A,z to My is 1 = 0. In particular, since (z)4 = M,
we have (x) 4, = My for any 0 # = € M,. This establishes the first assertion. To prove



ON THE REPRESENTATIONS OF CERTAIN GRADED TENSOR PRODUCTS 9

the second assertion, we apply Lemma 3.2 to the annihilator My of 0 # x € K. By the
irreducibility of K, we get that M, is a maximal ideal of Ay. Applying the lemma, we
get a unique maximal ideal M of A containing M, such that (A/ M)y = Ag/ M. Thus,
A/ M is the required irreducible. To prove the uniqueness, consider M’ to be another such
irreducible satisfying the condition that (M”)y 2 K. Then the annihilator M’ C A of any
0 # y € M/ is a maximal ideal of A on one hand, and on the other hand the annihilator
of y in Ag is M’ N Ay = M. By the uniqueness part of Lemma 3.2, we get M = M’.
Hence M = M’, as required. O

The next result may be regarded as a generalization of the Proposition 3.1 for finite
dimensional modules of the tensor product of two graded algebras to “finite weight modules”
for graded algebras. Let A, B be two graded algebras over C with A and {2 grading,
respectively. Then A ® B is an associative graded algebra with a natural A x {2-grading.
We describe the irreducible finite weight modules for A ® B with respect to this grading.

Theorem 3.5. Let A, B be two associative graded algebras over C with A and ) grading,
respectively.

(1) Let M and N be irreducible finite weight modules for A and B, respectively. Then
M ® N is an irreducible finite weight module for A @ B; and

(2) Every irreducible finite weight module for A ® B is uniquely expressed in the above
form.

Proof. We prove this more generally below in Theorem 3.11 for G-graded associative
algebras. Both the assertions above then follow by taking the trivial G-grading on A and
B. O

3.1. G-graded algebras. We now consider A to be a G-graded associative algebra. Sup-
pose A further has a grading given by an abelian group A, whose identity element is 0. For
clarity, we will indicate the A-grading as superscripts and the G-grading as subscripts.

We say that the A-grading on A is a G-compatible grading if A° is a G-graded associative
algebra and for each A € A, A is a G-graded A°-module. In particular, A is also an ordinary
G x A-graded algebra, where A, ) = (AM),. With this notation, Ag = e AAp o and
AO = EBaGGAa,U

All modules considered for a G x A-graded algebra are assumed to be G' x A-graded. In
particular, the induced A-grading is G-compatible. So if M is such a module for A, then
for each A € A, the component M*of Misa G-graded A°%-module. For (a,\) € G x A,
we denote the (a, \)-graded part as M, », and M = @,cc M, .

With notations and conventions as above, we can apply Lemma 3.2 and Proposition 3.4
to the G x A-graded algebra A and its graded module M, we get the following Proposition
which is different from [16, Proposition 2.4]. The following formulation permits us to
handle more cases of the tensor product theorem than those discussed there.

Lemma 3.6. Let Mg o be a maximal ideal of Ag . Then there exists a unique G x A-graded
maximal ideal M of A containing Mg . O

Proposition 3.7. Let M be an irreducible finite weight graded A-module such that M, x #
0 for some (a,\) € G x A. Then M, » is a finite dimensional irreducible module for
Ao 0. Conversely, if K is a finite dimensional irreducible module for Ag o then there is a
unique (upto isomorphism) irreducible finite weight module M of A with M, » = K as
Ao,0 modules. O
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3.1.1. Another G-analogue of the above results. We retain the notations and conventions as
in §3.1. Let A be an G-graded associative algebra with a G-compatible grading given by an
abelian group A and M be a G x A-graded A-module. For brevity, we also use the notation
M to denote the graded component M, , where a € G and A € A. Note that if M is a
finite weight G x A-graded A-module then M? is finite dimensional (since |G| is finite).

The following lemma and proposition are the G-graded version of Lemma 3.2 and
Proposition 3.4. They can also be proved following the same line of arguments given there,
so we will skip repeating the proofs here.

Lemma 3.8. With notations as above, let M° be a G-graded maximal ideal of A°, where
0 € A. Then there exists a unique G x A-graded maximal ideal M of A containing M°.
Further, M N A° = M°. O

Proposition 3.9. Let M be an irreducible finite weight graded A-module such that M> # 0
for some \ € A. Then M is a finite dimensional irreducible module for A°. Conversely,
if K is an irreducible finite dimensional module for A° then there is a unique (upto
isomorphism) irreducible finite weight module M of A with M = K as A° modules. [

3.2. Main theorem. Owing to the braiding in the category of G-graded vector spaces, the
tensor product of two GG-graded algebras is itself a G-graded algebra with multiplication
givenby a ® b.a’ @ b’ = €(|b], |a’|)aa’ @ bb'. This will be called the graded tensor product.

Let A and B be two G-graded associative algebras with G-compatible grading given
by abelian groups A and (2, respectively. Then the graded tensor product A ® B has a
G-compatible A x -grading. So it is naturally a G x A x Q-graded algebra; its ideals
considered are also G x A x Q-graded.

Through the rest of this section we will try to obtain a generalization of Proposition 3.1
to the G-graded setting. In the case of G = Z, the following result may be considered an
extension of [16, Lemma 2.1]. This formulation allows us to handle more cases than that
discussed in [16]. Keeping notations as described above, we have:

Lemma 3.10. Let A, B be two G-graded associative algebras with G-compatible grading
by A and €, respectively. Consider the following:

(1) Let I C Ais amaximal G x A-graded left ideal such that I° = 1N A° is a maximal
left ideal of A°.

(2) Let J C B is a maximal G x Q-graded left ideal such that J° = J N B° is a
maximal left ideal of B°.

(3) SetZ .= (A J)+ (I®B),G:=AxQ,and A := A® B with the induced
G-grading which is compatible with the natural G-grading on the tensor product.

If, for every G x G-graded left ideal T such that I C T C A we get that Téo’o) =
TN(A°® B%o = I((]o,o) = (A°® J%)o + (I°® B®)q, then T is a maximal G x G-graded
left ideal of A.

Proof. Suppose Z is not maximal. Then there is a G x A x Q-graded ideal T' of A ® B
suchthat 7' 2 Z. Letx € T\ Z. Fix a G x A (resp. G x ) homogeneous basis of A
(resp., of B) containing 1, given by the set {x;|¢ € II} (resp., {y;|j € I'}) such that II" C II
and IT°  II (resp., IV T, T C I') index bases of I and A°, respectively (resp., J, B°).
The condition that z ¢ Z implies that expressing x in terms of the basis elements z; ® y;,
there is at least one element where ¢ € II \ IT', 5 € T'\ " in such an expression. After
re-indexing and re-scaling, if required, we denote this element as x1 ® y;. Note 1 & I,
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y1 € J. Further, since Z C T, we may assume that € T\ Z has an expression of the form
T @Y1+ Yoy ar;, @y, where a, € C, i, € II\II"and j, € T\ T".

Step 1: There exists an element of the form 1 @ y1 + > »_; a,x;, @ y;, € T where
ar € C i, € I\II'" and j, € T'\ I and y;. # y1. For this, consider the subset
Sa:={acAla®y+> _, ayz;, ®y;, € T wherei, € I\II', j, € T\I",y; # y1}.
It is easy to see that this subset is a non-zero left ideal in A. Also, it contains [ since
I ® B C T. Now, from the expression for « € 1" given above and noting that z; & I, we
getxy € Sy \ I. To see that S4 is a G x A-graded ideal note that T'is a G x A x Q-graded
ideal. So for any (A,v) € A x , the (\,~)-component of an expression of the form
a®y + Zle orx;, ®1y;, € T, also belongs to T'. In particular, taking v € €2 such that
y1 is a homogeneous (h1,y)-graded element for some h; € G, we may assume that all
the elements in the above expression have A x 2-grading given by a fixed (A, ) for some
A € A. Hence, if a € Sy, all its A-graded components also belong to S4. Thus, S4 is a
A-graded ideal of A. To show that S, is G-graded, consider a = a4, + -+ + a4, € Sa
where a4, € A, for distinct g1,...,9, € G. Since we have already seen that S, is
A-graded, we may assume that a € S for some A € A. Hence there is an expression of the
forma®y, + > 0_, aai. Q). € T, Let the G x A-grading of 2;,_in the expression
be (hi,,A) and the G x Q-grading of y;, be (R, ,~) for some h;_,h’; € G. Since T'is a
G x A x Q-graded ideal the (g; + h1, A, 7)—component of the above expression belongs
to T, for each i. As the g;’s are distinct and a = ag4, + - - - + ag4, , this component has the
formag, @ y1 + .. thip R, =git+hy Al ® Yj... So ag, € Sy for each g;. Thus, S4 isa
G x A-graded ideal of A, By the maximality of [ in A, we get that S4 = A. In particular,
S 4 contains 1, i.e., there exists an element of the form 1 ® y; + Zr:l arx;, @y;, €T.
Since Z C T, we may assume that in the above expression 4,, € II \ II" and j, € T'\ T".

Step 2: There exists an element of the form 1 ® 1 + Y 0_, ayx;,. @ y;. € T where
ar € C i, € I\ II" and j, € T\ T'. To see this, consider the set S := {b €
B|l1®b+ Y, |z, ®y; € Twherei, € IL\ II',j, € '\ I"}. Repeating the
argument as in Step 1 with the role of y; € B replaced by 1 € A, we note that the above
subset of B is a G x {2-graded left ideal containing J. By Step 1, y1 € Sg \ J. Hence by
maximality of J in B, Sg is the whole of B. This establishes the assertion of Step 2.

Final Step: There exists an element of the form 1 ® 1+ 0 _, o, x5, Qy;, € T((,O’O) where
a, € C, i, € 1%\ (I N11°) and j,. € T°\ (I NT°). The latter element is clearly not
in I(()O’O). This gives the required contradiction to the hypothesis that Téo’o) = I(()O’O). For
showing the existence of such an element in Téo’o), we note that 7" is given to be G x G-
graded. Hence the (0, (0, 0))-component of the element obtained in Step 2, containing

1® 1, belongs to Téo’o). The rest of the claim follows from this. d

We are now in a position to apply the above results to obtain the main theorem.

Theorem 3.11. Let A, B be two G-graded associative algebras over C with G-compatible
grading given by A and Q, respectively. Assume that A° = AY. Then we have the following:

(1) let M and N be irreducible finite weight modules for A and B, respectively. Then
M ® N is an irreducible finite weight module for A ® B.

(2) every irreducible finite weight module for A ® B is uniquely expressed in the above
form.
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Proof. To prove Part (1) of the Theorem, we use Lemma 3.10 to show that the annihilator
of M ® N in A ® B is maximal. Applying the shift operator as done in the beginning
of the proof of Proposition 3.4, we may assume without loss of generality that M # 0,
NO £ 0. Let I denote the annihilator in A of 0 # v € M? and .J denote the annihilator in
Bof0# w € NY Since M and N are G-graded modules as well, we may assume that v
and w are homogeneous of degree ¢, d € G respectively. In view of Remark 3.3, we also
note that the annihilators are maximal graded (left) ideals. Fix a homogeneous basis of A
(resp., of B) containing 1, given by the set {x;|i € II} (resp., {y;|j € I'}). Since M and N
are irreducible A , B-modules respectively, we have Av = M and Bw = N. So we can
choose IT" C II, (resp., I C T') such that {z;v | i € II'} and {y;w | « € I"} index a basis
of M (resp., N).

Claim 1: Annihilator in AR B of vQw, denoted as L, is equal to the left ideal [ B+ A®J.
The containment of I ® B+ A ® J in Z is obvious. To show the other way containment let
us consider an a € 7. The element a may be expressed as ) - ¢, @ y,, for some ¢, € A.
Since a.(v @ w) = 0, we get 3 1 ¢ @ ypw = 0. In terms of the basis of M, we express
cpv as > qelr aga:qv, leading to the relation

Z( Z abrgv @ ypw) =0
pel’ qell’
in M ® N. It is immediate from the expression for ¢, v obtained above that, for each p € I,
dp == ¢p — > e @474 annihilates v, hence is in . Interchanging the summations in the
above relation, we get > ° /(240 ® > o ahy,w) = 0. As the elements {z,v}4er are
linearly independent in M, it follows that > per 0hypw = 0, implying that Zper alyy €
J. We can thus express a as > r(dp ® yp) + D cp D ey @5%q @ yYp. The first term
belongs to I ® B. By interchanging summations, the second term can be re-written as
> ger (Tqg ® 3 er @fyp) which belongs to A® J. Thusa € I ® B+ A® J, as required.
Claim 2: 7 is a maximal G X A x Q-graded ideal in A ® B. To prove that Z is a maximal
G x A x Q-graded ideal, we first note that by the assumption that A° = A9, we have
IO = (A2 %) + (I° @ B%)o = A ® J9 + I ® By = T'00) := TN A} @ BY. The
(0,0) 0 & bo

latter is the annihilator of v ® w in A} ® BY. By Proposition 3.7 applied to M and to N,
followed by the Proposition 3.1 applied to AJ and BY we get, M2 @ N is an irreducible
A§ ® Bg-module. So its annihilator I(()?(’)O) is a maximal ideal in AJ ® By = (A ® B%),.
By the latter equality, it is also a maximal (G-graded) ideal in (A° ® B%)o. For any
G x A x Q-graded ideal of A ® B containing Z, we have Téo’o) ) I(()O’O) = I(()%O). So by
the maximality of I(()?bo) in (A° ® BY)g, we get equality everywhere. Hence the required
condition of Lemma 3.10 is satisfied. Claims 1 and 2 put together proves (1).

In order to establish (2), let us consider an irreducible, finite weight module L of AQ B (with
respect to the A x I'-grading). Applying the parity functor I1, if required, followed by the
Proposition 3.7 applied to the G-graded algebra A ® B and its irreducible G-module L, we
get LS £ 0 is an irreducible (A° ® B°)o-module for some (A(1), A(2)) € A x €.
Under the assumption A° = A$, we know that (4° ® B%)o = AY ® BY. So applying
the second assertion of Proposition 3.1 to A ® BY and its irreducible module Lg‘(l)’A(z)),
we get that L(()A(l)’/\@)) ~ K (1) ® K(2) for certain unique irreducible finite dimensional
modules K (1) and K (2) of AJ and B, respectively. We now apply the second assertion of
Proposition 3.7 individually to K (1) and to K (2), to get irreducible finite weight modules
M (1), M(2) of A and B, respectively, such that M(i)gm > K (i), fori = 1,2. Applying
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the assertion of Part (1) to M (1), M (2), we get that M (1) ® M (2) is an irreducible A ® B-
module. By Proposition 3.7, this implies that (M (1) V) @ M (2)*?))g is an irreducible
(A" @ B°)g-module. However, M(1)3") @ M(2)5® < (M(1)*D @ M (2)*@)g as
AY @ B§-module hence also as (A @ BY)g. Thus equality holds by the irreducibility of
(M(1)*Y) @ M(2)M?)g as a (A° ® B®)g-module. The isomorphisms above put together
with the above equality, gives L™ ) = (37(1)*®) @ M (2)2@)g as (A° @ B)g =
A9 ® BY-modules . Now applying the uniqueness part of Proposition 3.7 readily gives
L = M(1) ® M(2). The uniqueness of M (1) and M (2) as obtained above, comes from
the uniqueness part of Proposition 3.7 applied separately to K (1) , K(2). O

As a consequence of this, taking A to be an associative algebra with the trivial Z,-grading
and A = {0} = Q, we obtain an alternate proof of the following result from Cheng [3]:

Corollary 3.12. Let A be an associative algebra and B be an associative superalgebra.
Let M and N be irreducible finite dimensional modules for A and B, respectively. Then
M & N is an irreducible finite dimensional module for A @ B. Further, every irreducible
finite dimensional module for A ® B is uniquely expressed in the above form.

4. WEIGHT SPACES OF G-GRADED REPRESENTATIONS AND IRREDUCIBILITY

Let (£,h) be an admissible pair for a Lie color algebra £. All the modules for £
considered here are assumed to be G-graded.

Let V be an irreducible G-graded representation of £. Then using the decomposition
of U(£) into ho-weight spaces as given in §2.4.3, it is easy to see that V will be a weight
module (not necessarily a finite weight module), if it has at least one non-zero weight vector,
i.e., if there is a v # 0 in V such that h.v = A(h)v for some A € b and for all h € ho.
(Indeed, V' = U(£)v hence U(£)"v has weight p1 + A, s0 V' = @5 VH)

The aim of this section is to show that if V' is an irreducible finite weight module of
£ then V* for each A € Support (V) is irreducible for C, the centralizer of b in U(£)
which also coincides with the 0-weight space U(£)°. The (0, 0)-component of U(£) is
then the 0-component of C, denoted as Co. By applying Propositions 3.7 and 3.9 to V, we
note that for every irreducible finite weight module the non-zero weight spaces VV* are
G-graded irreducible C-modules and that each non-zero G-graded component V.* of V* is
an irreducible Co-module.

Let A € h§. Note that ho C Co. The C (resp., Cp)-modules obtained above are called
A-weighted modules for C (resp., Co). In general, a C (resp., Cp)-module K is said to be
A-weighted module for C (resp., Cp) if

i) K isirreducible C (resp., Cg)-module, and
ii) h € ho acts on K by the scalar A(h).

Applying results from the previous section to U(£) we show that every A-weighted
module for C (resp., Cp) is obtained by the above construction. It may be remarked here that
when G = Z, and € = ¢, the results of this section give the analogues of Lemire’s results
for admissible pairs of Lie superalgebras.

Theorem 4.1. Let (£,4) be an admissible pair. Let C denote the centralizer b in U(£)
and Cq denote the 0-component of C.
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i) Let M be an irreducible finite weight module for £ and A\ € Support (M). Then
M? is a finite dimensional irreducible module for C and M) is a finite dimensional
irreducible module for Co for each a € G such that M> # 0.

ii) Let (p1, V1), (p2, V) be two irreducible finite weight modules and X € b such that
(Vi)a, # 0and (Vz)}, # 0 for some a1,az2 € G. If (V1) = (Va)* as C-modules
then Vi = Vy as U(L)-module. Similarly, if ay = az = a and (V1)) = (V2)2 as
Co-modules then V, = Vy as U(£)-module.

iii) Every finite dimensional \-weighted (irreducible) module of C (resp., Co) is isomorphic
to V> (resp., Vig) for some irreducible representation (p, V).

Proof. The parts (i) follows by applying the first parts of Proposition 3.9 and Proposition 3.7
respectively to the U(£)-module M. Part(iii) is obtained by the converse part of Propo-
sition 3.9 and Proposition 3.7 applied to the U (£)-module M. Part (ii) is an immediate
consequence of the uniqueness part of Lemma 3.8 and Lemma 3.6 applied to the annihilators
of V1 and V5. O

5. TENSOR PRODUCT THEOREM

The following theorem can be obtained as an immediate application of Theorem 3.11 to
U(£1), U(L2), where £1, £, are Lie color algebras or Lie superalgebras.

Theorem 5.1. With notations as above, let (£1,41) and (£2, h2) be two admissible pairs
with corresponding root systems R(1), R(2) respectively. Assume that at least one of the
above pairs is strongly admissible. Set £ := £, P Ls.

(1) Fori = 1,2, let M(i) be an irreducible finite weight module for £; then M :=
M (1) ® M(2) is an irreducible finite weight module for £.

(2) Each irreducible finite weight module of £ is uniquely expressed in the form M (1)®
M (2) for some irreducible finite modules M (1), M (2) of £1, £2 respectively.

Proof. Assume (£1, h1) to be a strongly admissible pair. In this case U(£1)°? = U(£1)" N
U(£1)o (see §2.4.3) as required in Theorem 3.11. Hence the two assertions immediately
follow by applying Theorem 3.11 to U(£;), U(£2) and the modules M (1) and M (2). O

Note. In the above theorem, the assumption that one of the admissible pairs is strongly
admissible cannot be dropped as illustrated by the following example. We retain notations
as in 2.3.2(b). Take £; = q(3) for j = 1, 2. Let h denote the Cartan subalgebra of q(3) and
b = ®1<i<;j<3q(3)e, ¢, be the standard Borel subalgebra. Set \; := A for j = 1,2, where
A € b is given by /\(HZ) = fori =1, 2,3. We follow the construction as in [4, §1.5.4]
to obtain the irreducible highest weight module corresponding to A by first constructing
an irreducible h-module W), extending it trivially to a module for b, then inducing it to
£, followed by taking its quotient by its unique maximal submodule. We denote this
irreducible module of £; as M (j), for j = 1, 2. By [4, Theorem 2.18], M (j), j = 1,2 are
finite dimensional modules. As illustrated in loc. cit., the Clifford algebra C) associated
to the bilinear form (-, -) 5 given by (v, w)x := A([v, w]) for v, w € h; when restricted to
the quotient space h7/Rad (-, -) is isomorphic to U (§)/I, where I is the ideal generated
by Rad {-,-)» and a — A(a) for a € hg. The irreducible h-module W), is identified with
the unique irreducible of the Clifford algebra C, considered as an h-module under the
above isomorphism. Then W has dimension 2/™/2 where m = dim by /Rad(-, ) and
[m/2] is the smallest integer greater than or equal to m/2. Since Rad(:,-)» = 0 for the



ON THE REPRESENTATIONS OF CERTAIN GRADED TENSOR PRODUCTS 15

above A, we get m = 3 and so dimension of W), is 4. The h-module W), is the \;-weight
space of M (i) for i = 1,2. Since both M (1) and M (2) are highest weight modules, the
tensor product M (1) ® M (2) is a finite dimensional weight module for the admissible pair
(L1 ® £9,5@ ). The dimension of its (A1, A2 )-weight space is 16. Also, M (1) @ M (2) is
generated as a £ @ £o-module by its (A1, A2)-weight space. So, suppose M (1) ® M(2) is
an irreducible £; ® £o-module then its (A1, A2)-weight space has to be an irreducible b & b-
module (indeed, the U (£1) ® U(£2)-module generated by any proper ) & h-submodule of
the (A1, A2)-weight space Wy ® W, gives rise to a proper submodule of M (1) ® M (2),
contradicting the irreducibility of the latter). On the other hand, extending the construction
of [4, §1.5.4] to q(3) @ q(3), we note that the irreducible h @ h-module corresponding
to (A1, A2), denoted as W(r1,x0)» 18 obtained as the unique irreducible module for the
Clifford algebra C(y, »,) = Cms where m’ = dim ((b1 ® b7)/Rad (-,-)(x,,5,)). Since
Rad(-,-)(x;,2,) = Rad (-,-)x @ Rad (-, -)», the latter being 0, we get m’ = 2m. Hence
the dimension of Wy, »,) which is 2lm'/21 = 8. Since the irreducible h @ h-module
corresponding to (A1, A2) € (hy @ hg)* is unique, by dimension consideration the (A1, A2)-
weight space of M (1)®M (2) is not an irreducible hdh-module. In particular, M (1)@ M (2)
is not irreducible for £; & £s.
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