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Abstract. In this paper, we introduce the notion of the queer color group, analogous to

that of the queer supergroup over the infinite Grassmann algebra. We obtain a Schur-Weyl

duality theorem for this group and thereby construct an explicit spanning set of invariants of

the associated symmetric algebra of the mixed tensor space of a G-graded vector space where

G is a finite abelian group. As a consequence, we obtain a generating set for the polynomial

invariants, under the simultaneous action of the queer color group on color analogues of

several copies of matrices. We also introduce the notion of concomitants for the queer color

group analogous to that of Procesi in [16] and obtain a generating set for the algebra of

concomitants. These results generalize those of Berele in [3] to the color setting.

1. Introduction

Lie color algebras were introduced as ‘generalized Lie algebras’ in 1960 by Ree [17], being

also called color Lie superalgebras (see [4]). Since then, this kind of algebra has been an

object of constant interest in mathematics, being also remarkable for the important role

played in theoretical physics, especially in conformal field theory and supersymmetries. Lie

color algebras have close relation with Lie superalgebras. Any Lie superalgebra is a Lie

color algebra graded by the simplest nontrivial abelian group Z2, while any Lie color algebra

graded by a finitely generated abelian group can be transformed to a Lie superalgebra under

a suitable choice of a ‘multiplier’. Unlike Lie algebras and Lie superalgebras, structures and

representations of Lie color algebras are far from being well understood and also there is no

general classification result on simple Lie color algebras. Some recent interest related to their

representation theory and related graded ring theory can be found in [5], [10], [20], [21].

The double centralizer theorem for the general linear lie color algebra is known due to

results of Fischman and Montgomery in [7]. Using this, in [2], Berele was able to obtain a

Schur-Weyl duality for the associated general linear lie color group. This leads to a spanning

set for the space of polynomial invariants on several copies of matrices. These results were

generalised in [15] to the invariants of mixed tensor spaces. In this paper we extend these
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results to the queer color group, which we define analogous to the queer supergroup over the

infinite Grassmann algebra.

In order to define the queer analogue of the general linear color group, we use the definition

of a queer lie color algebra qϵ(V ) introduced in [13]. This definition is motivated by the work

of Scheunert in [19] where he gives a close connection between the representations of lie color

algebras and their associated lie superalgebras. The double centralizer theorem in the color

case is obtained in [13] from its superalgebra counterpart via this connection. We use this

notion of queer lie color algebra and its centralizer theorem to define the queer color group and

prove the Schur-Weyl duality theorem for this group. Namely, for a G-graded vector space V ,

we set U := V ⊗C Λϵ where Λϵ is an infinite dimensional G-graded algebra playing the same

role as the infinite Grassmann algebra in the super setting. The queer color group is defined

as the group of invertible elements in the degree preserving part of qϵ(V )⊗ Λϵ ⊂ EndΛϵ(U).

We denote this group by Qϵ(U). The proof given here of the Schur-Weyl duality for the queer

color group follows the line of argument as in the supersetting given in [9].

Having set up the Schur-Weyl duality for the queer color group we are in a position to

discuss its invariant theory. We approach this by first looking at the invariants for the mixed

tensor space in the same spirit as in [14]. The motivation to looking at mixed tensor spaces

comes from classification problems, as illustrated in [6],[8],[11],[12],[18]. However in this case

the additional motivation is to also obtain in the G-graded setting results analogous to that

of Procesi in [16]. These results are new and extend the results of [15] to the queer case.

Setting U t
b to be the space (U⊗b ⊗ U∗⊗t). By a mixed tensor space we mean a space of

the form ⊕s
i=1U

ti
bi

where ti, bi are in N ∪ {0} for all i = 1, . . . s. The case of invariants of the

color analogues of d copies of matrices may be seen as a special case of the above by taking

ti = 1 = bi for all i = 1 . . . , s. We show in Theorem 4.1 that the ring of Qϵ(U)-invariants

of the G-graded symmetric algebra of the dual of the mixed tensor space is generated by

“coloured invariants”. We then obtain in Corollary 4.7 that in the special case of ti = 1 = bi

for all i = 1 . . . , s, these invariants form a spanning set for the Qϵ(U)-polynomial invariants

of (EndΛϵ(U))s. Viewing a superspace as a special case of a G-graded space, the invariants

that we obtain here coincide with those obtained in [14, Theorem 6.1].

The notion of Λϵ-valued polynomials over U is motivated from [9]. It was introduced in

[15] to describe polynomial invariants for the general linear color group. We consider the Λϵ-

module of maps from the graded component of U corresponding to the identity element of G to

Λϵ. This module is denoted as F(U◦,Λϵ). Then using a G-graded analogue of the restitution

map from the r-fold tensor space of U∗ to F(U◦,Λϵ), we call the image under this map to

be the space of homogeneous polynomials of degree r. The G-graded algebra of polynomials

on U is then taken to be the direct sum of these spaces of homogeneous polynomials. We

show that this algebra is isomorphic to the symmetric algebra of U∗ under the restitution

map, analogous to that done for the general linear color group in [15]. In this paper, we use
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the above notion of Λϵ-valued polynomials on ⊕s
i=1U

ti
bi

and obtain a generating set for the

polynomial invariants of a G-graded mixed tensor space. We then show that in the special

case when the mixed tensor space corresponds to several copies of the endomorphism space of

U , the coloured invariants are just queer trace monomials, whenever they are non-zero. This

may be regarded as the G-graded analogue of Procesi’s result in [16].

We use the above notion of polynomials on a G-graded vector space to define the notion of

a polynomial map between G-graded vector spaces. We then define polynomial concomitants

for Qϵ(U) analogous to that of Procesi [16]. We prove in Theorem 5.4 that the ring of Qϵ(U)-

concomitants is generated by the invariant polynomials and the projections. This extends

results of Berele in [3] to the color setting.

Notation: Throughout this paper we work over the field of complex numbers C. All

modules and algebras are defined over C and in addition all the modules are of finite dimension.

We write Z2 = {0̄, 1̄} and use its standard field structure. For a finite abelian group G, we

denote the identity element of G by ◦, while we reserve the symbols 0, 1 to denote the usual

complex numbers that they represent.

2. Preliminaries

2.1. Definition: Let G be a finite abelian group. A map ϵ : G×G→ C∗ where C∗ := C\{0}
is called a skew-symmetric bicharacter on G if the following identities hold, for all f, g, h ∈ G.

(1) ϵ(f, g + h) = ϵ(f, g)ϵ(f, h),

(2) ϵ(g + h, f) = ϵ(g, f) ϵ(h, f),

(3) ϵ(g, h) ϵ(h, g) = 1.

From the definition of ϵ it follows that ϵ(g, ◦) = ϵ(◦, g) = 1 and ϵ(g, g) = ±1, where ◦
denotes the identity element of G.

For a bicharacter ϵ of G, we set G0̄ := {g ∈ G : ϵ(g, g) = 1} and G1̄ = G \G0̄. Then there

exists a group homomorphism θ : G → Z2 such that θ(g) = 0̄ for g ∈ G0̄ while θ(g) = 1̄ for

g ∈ G1̄. Moreover, G0̄ is a subgroup of G of index 1 or 2. It easily follows that if g ∈ G1̄ then

−g ∈ G1̄.

Define a new bicharacter ϵ0 : G × G → {±1} ⊂ C∗ given by ϵ0(g, h) = (−1)θ(g)θ(h). Fix

δ(g, h) = ϵ(g, h)−1ϵ0(g, h). Then δ is also a bicharacter on G such that δ(g, g) = 1 for all

g ∈ G. A multiplier associated to δ is the bicharacter κ : G×G→ C∗ given by

κ(
∑
i

rigi,
∑
j

sjgj) =
∏
i<j

δ(gi, gj)
risj ,

where G = ⟨g1⟩ × . . .× ⟨gr⟩ such that ⟨gi⟩ ∼= Z/niZ for some ni ∈ N, and ri, sj are integers.

The above multiplier κ satisfies the condition that δ(g, h) = κ(g, h)κ(h, g)−1 for g, h ∈ G.



4 TINU DHALI, SANTOSHA PATTANAYAK, PREENA SAMUEL

Definition: For a finite abelian group G, a G-graded vector space is a vector space V

together with a decomposition into a direct sum of the form V = ⊕g∈GVg, where each Vg is a

vector subspace of V . For a given g ∈ G the elements of Vg are called homogeneous elements

of degree g and we write |v| to denote the degree of v.

Any finite dimensional G-graded vector space V = ⊕g∈GVg can be given a Z2-grading via

V = VG0̄
⊕ VG1̄

, where VG0̄
= ⊕g∈G0̄

Vg and VG1̄
= ⊕g∈G1̄

Vg.

Definition: Fix a pair (G, ϵ), where G is a finite abelian group and ϵ is a skew-symmetric

bicharacter on G. A Lie color algebra L = ⊕g∈GLg associated to (G, ϵ) is a G-graded C-vector
space with a graded bilinear map [−,−] : L× L→ L satisfying

1. [Lg, Lh] ⊂ Lg+h for every g, h ∈ G,

2. [x, y] = − ϵ(|x|, |y|)[y, x] and

3. ϵ(|z|, |x|)[x, [y, z]] + ϵ(|x|, |y|)[y, [z, x]] + ϵ(|y|, |z|)[z, [x, y]] = 0 for all homogeneous ele-

ments x, y, z ∈ L.

2.2. Given a G-graded vector space V = ⊕g∈GVg, the C-endomorphisms of V , EndC(V ) is

also G-graded, where

EndC(V )g = {f : V → V : f(Vh) ⊂ Vg+h, for all h ∈ G}.

The general linear Lie color algebra, glϵ(V ) is defined to be EndC(V ) with the Lie bracket

given by [x, y]ϵ = xy − ϵ(|x|, |y|)yx, where x, y are homogeneous elements in EndC(V ).

The k-fold tensor product V ⊗k of V is also G-graded; V ⊗k = ⊕g∈G(V
⊗k)g, where

(V ⊗k)g =
⊕

g=g1+···+gk

Vg1 ⊗ · · · ⊗ Vgk .

We have an action of the symmetric group Sk on V ⊗k as follows:

The group Sk is generated by the transpositions s1, s2, · · · sk−1, where si = (i, i+1). Then

si.(v1 ⊗ v2 ⊗ · · · ⊗ vk) = ϵ(g, h)(v1 ⊗ v2 ⊗ · · · ⊗ vi+1 ⊗ vi ⊗ · · · ⊗ vk),

where vi ∈ Vg and vi+1 ∈ Vh. More generally, for σ ∈ Sk and v = v1 ⊗ v2 ⊗ · · · ⊗ vk where

each vi is a homogeneous element of V ,

σ.v = γ(v, σ−1)(vσ−1(1) ⊗ vσ−1(2) ⊗ · · · ⊗ vσ−1(k)),

where γ(v, σ) =
∏

(i,j)∈Inv(σ) ϵ(|vi|, |vj |), with Inv(σ) = {(i, j) : i < j and σ(i) > σ(j)}.

We then extend the action to V ⊗k by linearity. We then have the following lemma.

Lemma 2.1. For two permutations σ, τ ∈ Sk, we have γ(v, στ) = γ(σ−1v, τ)γ(v, σ).

Proof. Let wi = vσ(i) for all i. Then wτ(i) = vστ(i) for all i.

The action of σ on v is given by σ.v = γ(v, σ−1)(vσ−1(1) ⊗ vσ−1(2) ⊗ · · · ⊗ vσ−1(k))
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We have τ−1σ−1.v = γ(v, στ)(vστ(1) ⊗ vστ(2) ⊗ · · · ⊗ vστ(k)).

On the other hand τ−1σ−1.v = γ(v, σ)τ−1.(vσ(1) ⊗ vσ(2) ⊗ · · · ⊗ vσ(k)) = γ(v, σ)τ−1.w

= γ(v, σ)γ(w, τ)(wτ(1) ⊗ wτ(2) ⊗ · · · ⊗ wτ(k))

= γ(v, σ)γ(σ−1v, τ)(vστ(1) ⊗ vστ(2) ⊗ · · · ⊗ vστ(k))

So we have the required identity. □

By fixing a set of homogeneous vectors v1, · · · , vk of V such that |vi| = ai for all i, we set I

to be the tuple (a1, . . . , ak) in G
k. The symmetric group Sk acts on Gk via σ.(a1, . . . , ak) :=

(aσ−1(1), . . . , aσ−1(k)) for σ ∈ Sk. By defining γ(I, σ) := γ(v1 ⊗ · · · ⊗ vk, σ), the above relation

may be rephrased as, γ(σ−1I, τ)γ(I, σ) = γ(I, στ).

On the other hand the general linear Lie color algebra, glϵ(V ) acts on V ⊗k by twisted

derivation:

x.(v1 ⊗ v2 ⊗ · · · ⊗ vk) =
k∑

i=1

(
∏
j<i

ϵ(α, gj))v1 ⊗ v2 ⊗ · · · ⊗ x.vi ⊗ · · · ⊗ vk,

where x ∈ glϵ(V )α and each vj ∈ Vgj .

The group G also acts on V ⊗k by

g(v1 ⊗ v2 ⊗ · · · ⊗ vk) =
∏
i

ϵ(g, gi)(v1 ⊗ v2 ⊗ · · · ⊗ vk),

where g ∈ G and each vi ∈ Vgi .

2.3. Fix a pair (G, ϵ), where G is a finite abelian group and ϵ is a skew-symmetric bicharacter

on G. We now define a graded algebra Λϵ which generalizes the infinite Grassmann algebra in

the super setting. Let X = ∪g∈GXg be a G-graded set, where each Xg is countably infinite.

Let Λ be the free C-algebra generated by X and we define Λϵ := Λ/I, where I is the ideal

generated by the elements xy − ϵ(g, h)yx, for all g, h ∈ G and for all x ∈ Xg and y ∈ Xh.

Then Λϵ is also G-graded and in fact when G = Z2 and X contains only degree 1 elements,

Λϵ is the Grassmann algebra on the vector space with basis X.

If X = {x1, x2, · · · }, then the set {xi1xi2 · · ·xir : i1 ≤ i2 ≤ · · · ≤ ir} is a basis of Λϵ. For

a fixed linear ordering of the elements of X, we set Λϵ(N) to be the linear span of the basis

vectors {xi1xi2 · · ·xir : 1 ≤ i1 ≤ i2 ≤ · · · ≤ ir ≤ N} where N ∈ Z≥0. We then have the

following filtration:

Λϵ(N) ⊂ Λϵ(N + 1), for all N ≥ 0.

2.4. Given a G-graded vector space V = ⊕g∈GVg, we set U := V ⊗C Λϵ. Then U is also a

G-graded Λϵ-bimodule: a compatible left action of Λϵ can be given on U by setting λ.u =

ϵ(g, h)uλ where λ ∈ Λϵ and u ∈ U are of degrees g and h respectively.
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Let EndΛϵ(U) := {T ∈ EndC(U) : T (uλ) = T (u)λ for all u ∈ U, λ ∈ Λϵ}. Then EndΛϵ(U)

is also G-graded in a natural way via

EndΛϵ(U)g = {T ∈ EndΛϵ(U) : T (Uh) ⊆ Ug+h, for all h ∈ G}.

There is a natural embedding V ↪→ U given by v 7→ v ⊗ 1. Any C-linear map T : V → V

extends uniquely to an element of EndΛϵ(U) and we have EndΛϵ(U) ∼= EndC(V )⊗CΛϵ. More

generally, for two G-graded vector spaces V and V ′, set U := V ⊗C Λϵ and U ′ := V ′ ⊗C Λϵ,

we denote by HomΛϵ(U,U
′) to be the set of C-linear maps from U to U ′ which commute with

the right action of Λϵ. Then HomC(V, V
′)⊗C Λϵ

∼= HomΛϵ(U,U
′). In particular, if we denote

by U∗ the G-graded space HomΛϵ(U,Λϵ), then U
∗ ∼= V ∗ ⊗C Λϵ.

With notation as above, it may be easily seen that U ⊗Λϵ U
′ ∼= (V ⊗C V

′) ⊗C Λϵ via the

map defined on the homogeneous elements by v ⊗ λ⊗ v′ ⊗ λ′ 7→ v ⊗ v′ ⊗ ϵ(|λ|, |v′|)λλ′. Here
|λ|, |v′| denote the G-grading of λ and v′ respectively.

2.5. Symmetric algebra on a graded vector space. Let G be a finite abelian group and

ϵ is a skew-symmetric bicharacter on G. Let V = ⊕g∈GVg be a G-graded vector space over

C. The tensor algebra on V is T (V ) = ⊕k≥0V
⊗k.

The symmetric algebra on V is defined to be S(V ) = T (V )/I(V ), where I(V ) is the ideal of

T (V ) generated by elements of the form v⊗w− ϵ(g, h)w⊗v, where v and w are homogeneous

elements of degrees g and h respectively. Note that the ideal I(V ) is both Z-graded as well

as G-graded.

We note that if we write V = ⊕g∈GVg = VG0̄
⊕ VG1̄

, where VG0̄
= ⊕g∈G0̄

Vg and VG1̄
=

⊕g∈G1̄
Vg then since ϵ(|v|, |v|) = −1 for v ∈ VG1̄

we have v ⊗ v = 0 in S(V ).

We define the d-th symmetric power of V , written Sd(V ) to be the image of V ⊗d in S(V ).

Since I(V ) is Z-graded as well as G-graded, we have S(V ) = ⊕d≥0S
d(V ) and each Sd(V ) is

G-graded. If VG1̄
= V then S(V ) is denoted as

∧
(V ) and it is the exterior algebra of V .

We then have the following lemma which will be used in the proof of the main theorem.

The proof can be found in [14].

Lemma 2.2. (1) Given any map f : V →W , between two G-graded vector spaces, there is a

unique map of C-algebras S(f) : S(V ) → S(W ) carrying V to W .

(2) For a G-graded vector space V , we have S(V ⊗C Λϵ) = S(V )⊗C Λϵ.

(3) For two G-graded vector spaces V and W , we have S(V ⊕W ) = S(V )⊗ S(W ).

(4) If V is a G-graded vector space and {v1, v2, · · · , vn} is a basis of V consisting of ho-

mogeneous elements, then the set of all monomials of the form vi11 ..v
in
n such that

∑n
j=1 ij = d

and 0 ≤ ij ≤ 1 for vj in VG1̄
, form a basis of Sd(V ).

Remark 2.3. In the above lemma, for U = V ⊗C Λϵ, S(U) is defined as the quotient of

T (U) by the ideal generated by the elements of the form v⊗w− ε(g, h)w⊗ v where v, w ∈ V
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are regarded as elements of U . Further, in view of (2) above, all the other statements of the

lemma also hold after extending scalars to Λϵ.

2.6. For V = ⊕g∈GVg and U = V ⊗C Λϵ, we set

Mϵ(U) := {T : U → U : T (Ug) ⊆ Ug, for all g ∈ G}.

Definition: The general linear color group GLϵ(U) is defined to be the group of invertible

elements in Mϵ(U).

2.7. The group GLϵ(U) acts on the k-fold tensor product U⊗k diagonally:

T.(u1 ⊗ · · · ⊗ uk) = (Tu1 ⊗ · · · ⊗ Tuk).

We denote by η the resulting homomorphism: η : GLϵ(U) → EndΛϵ(U
⊗k).

The action of the symmetric group on V ⊗k defined in §2.2 can be extended to an Λϵ-linear

action on U⊗k.

As U = V ⊗ Λϵ is a Λϵ-bimodule, U⊗k is also a Λϵ-bimodule. The action of Sk and Λϵ on

U⊗k commute with each other. So the Sk action on U⊗k extends to an action of the group

algebra Λϵ[Sk]. We denote by ρ the resulting homomorphism: ρ : Λϵ[Sk] → EndΛϵ(U
⊗k).

In [2], Berele proved a version of Schur-Weyl duality for the above action of the general

linear color group.

Theorem 2.4. Let A be the subalgebra of EndΛϵ(U
⊗k) generated by η(GLϵ(U)). Then the

centralizer of A in EndΛϵ(U
⊗k) is ρ(Λϵ[Sk]).

2.8. Isomorphisms. In this subsection we list out all the isomorphisms we require in this

paper. Let V and W be G-graded vector spaces over C and U = V ⊗ Λϵ, U
′ =W ⊗ Λϵ.

1. We have U ⊗ U∗ ∼= End(U) defined by (v, ϕ) 7→ T(v,ϕ) where T(v,ϕ)(w) = vϕ(w) for all

v, w ∈ U and ϕ ∈ U∗. Under this identification, we define a product operation on U ⊗ U∗ as

(v⊗α).(w⊗ β) = vα(w)⊗ β making the identification an isomorphism of G-graded algebras.

The above isomorphism leads to the following isomorphism for each k ∈ Z≥0:

End(U)⊗k ∼= (U ⊗ U∗)⊗k.

2. We have an Λϵ-linear isomorphism U ⊗U ′ → U ′⊗U defined by v⊗w 7→ ϵ(|v|, |w|)w⊗v,
where v and w are homogeneous elements of V and W respectively.

3. We have an evaluation map ev : (U∗)⊗k × U⊗k → Λϵ defined by

(f1 ⊗ f2 ⊗ · · · ⊗ fk, v1 ⊗ v2 ⊗ · · · ⊗ vk) 7→ pϵ(f, v)f1(v1) · · · fk(vk),
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where f = f1 ⊗ f2 ⊗ · · · ⊗ fk, v = v1 ⊗ v2 ⊗ · · · ⊗ vk for homogeneous elements fi and vi, and

pϵ(f, v) =
k−1∏
j=1

(
k∏

i=j+1

ϵ(|fi|, |vj |)).

4. The above evaluation map ev is a non-degenerate bilinear form and hence leads to an

isomorphism between (U∗)⊗k and (U⊗k)∗ which is GLϵ(U) equivariant.

5. Let τ be the permutation which takes (1, 2, · · · , k, k+1, · · · , 2k) to (τ(1), τ(2), · · · , τ(k), τ(k+
1), · · · , τ(2k)) = (1, 3, 5, · · · , 2k − 1, 2, 4, 6, · · · , 2k). The symmetric group S2k acts on (U ⊕
U∗)⊗k. Under this action, the permutation τ takes U⊗k ⊗ (U∗)⊗k to (U ⊗ U∗)⊗k = (U ⊗
U∗) ⊗ (U ⊗ U∗) ⊗ · · · ⊗ (U ⊗ U∗). Since the action of S2k and GLϵ(U) commute with each

other, we get a GLϵ(U)-isomorphism between U⊗k ⊗ (U∗)⊗k and (U ⊗ U∗)⊗k.

Let v = v1 ⊗ v2 ⊗ · · · ⊗ vk and f = f1 ⊗ f2 ⊗ · · · ⊗ fk. Then the isomorphism is defined by

v ⊗ f 7→ pϵ(v, f)(v1 ⊗ f1)⊗ (v2 ⊗ f2)⊗ · · · ⊗ (vk ⊗ fk).

6. let V1, . . . , Vk be G-graded vector spaces over C and let Wi := Vi ⊗C Λϵ. Let W =

W1⊕· · ·⊕Wk and τ be the permutation as defined above. Then the group S2k acts naturally

on the 2k-fold tensor product (W⊕W ∗)⊗2k. Under this action the element τ ∈ S2k induces an

isomorphism between the subspacesW ∗
1⊗· · ·⊗W ∗

k⊗W1⊗· · ·⊗Wk andW
∗
1⊗W1⊗· · ·⊗W ∗

k⊗Wk

of (W⊕W ∗)⊗2k. This isomorphism followed by the mapW ∗
1 ⊗W1⊗· · ·⊗W ∗

k ⊗Wk → Λϵ given

by α1⊗w1⊗· · ·⊗αk⊗wk 7→
∏

i αi(wi) gives a non-degenerate pairing ev :W ∗
1 ⊗· · ·⊗W ∗

k⊗W1⊗
· · · ⊗Wk → Λϵ. Note that the non-degeneracy comes from noticing that this map is obtained

by extending scalars to Λϵ of a non-degenerate pairing over C. The isomorphism induced by

this non-degenerate pairing will be denoted by ι :W ∗
1 ⊗ · · · ⊗W ∗

k → (W1 ⊗ · · · ⊗Wk)
∗ which

is also GLϵ(U)-equivariant.

It may be noted here that under the above isomorphism, the dual basis element Tw1⊗···⊗wn ∈
(W1⊗· · ·⊗Wk)

∗ corresponds to pϵ(w,w)Tw1⊗· · ·⊗Twk
∈W ∗

1⊗· · ·⊗W ∗
k where w = w1⊗. . .⊗wk

is a basis vector of W1 ⊗ · · · ⊗Wk.

7. Let ν ∈ S2k be the permutation (1 , 2)(3 , 4) · · · (2k− 1 , 2k) and ev⊗k : (U∗⊗U)⊗k → Λϵ

denote the evaluation map (f1 ⊗ v1) ⊗ (f2 ⊗ v2) ⊗ · · · ⊗ (fk ⊗ vk) 7→ f1(v1) · · · fk(vk). We

have a non-degenerate bilinear form End(U⊗k)⊗ (U⊗k⊗ (U∗)⊗k) → Λϵ given by ⟨A, v⊗f⟩ :=
ev⊗k[(ν.τ).(A(v)⊗ f)], where v = v1 ⊗ v2 ⊗ · · · ⊗ vk and f = f1 ⊗ f2 ⊗ · · · ⊗ fk. This gives a

GLϵ(U) isomorphism

Θ : End(U⊗k) ∼= (U⊗k ⊗ (U∗)⊗k)∗

8. The isomorphism Θ followed by the isomorphisms given in (1) and (5) lead to a GLϵ(U)-

isomorphism End(U⊗k) ∼= (End(U)⊗k)∗.
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2.9. Color trace. With the above identification of EndΛϵ(U) with U ⊗Λϵ U
∗, we define the

color trace map ctr : EndΛϵ(U) → Λϵ given by

ctr(u⊗ f) = ϵ(|u|, |f |)f(u)

for two homogeneous elements u ∈ U and f ∈ U∗ and extend to all of U ⊗Λϵ U
∗ by linearity.

It can be easily seen that ctr(AB) = ϵ(|A|, |B|)ctr(BA) for two homogoneous elements

A,B ∈ EndΛϵ(U) and as a consequence we get that ctr(ABA−1) = ϵ(|A|, |B|)ctr(B) for all

B ∈ EndΛϵ(U) and for all invertible A ∈ EndΛϵ(U).

By choosing a basis {v1, · · · , vr, vr+1 · · · , vn} of V , where the first r of them are in VG0̄
and

the last n− r are in VG1̄
and identifying EndΛϵ(U) with the space of matrices we get that

ctr(A) =

r∑
i=1

aii −
n∑

i=r+1

aii.

When we restrict the color trace function to Mϵ(U) it becomes an ordinary trace function

from Mϵ(U) to (Λϵ)G0 in the sense that ctr(AB) = ctr(BA). Since Mϵ(U) ⊂ EndΛϵ(U)0 we

get that ctr(ABA−1) = ctr(B) for all A ∈ GLϵ(U) and B ∈ EndΛϵ(U).

3. Queer Lie Color algebra and Queer Lie color group

3.1. Let G be a finite abelian group and ϵ be a skew-symmetric bicharacter on G. Assume

that [G,G0̄] = 2 and let g ∈ G1̄ such that 2g = ◦. Fixing an ordering for the elements of

G0̄, we list the elements of G as {◦, g1, g2, . . . , g, g + g1, g + g2, . . .} with the elements in G0̄

appearing first. Let V be a G-graded vector space such that dim(Va) = dim(Va+g) for all

a ∈ G. Note that the dimension of V is 2m where
∑

a∈G0̄
Va has dimension m. We fix a basis

{ei}2mi=1 of V , arranged such that the first m vectors are from VG0̄
and the rest are from VG1̄

;

further, ordered linearly so that i < j implies |ei| appears before |ej | under the fixed ordering

of elements of G. For the rest of the article we fix this notation.

Suppose P is a linear map such that

(1) P maps Va to Va+g for all a ∈ G.

(2) P 2 = −κ(g, g)id where κ is the multiplier as defined in §2.1.

Note that P |Va : Va → Va+g is an isomorphism for all a ∈ G and |P | = g.

We could define P (ei) = em+i and P (vm+i) = −κ(g, g)vi, for i = 1, . . . ,m. In a uniform

way, this could be expressed as

P (ei) = (−κ(g, g))θ(|ei|)e(m+i) mod 2m,

where θ : G→ Z2 such that θ(g) = 0̄ for g ∈ G0̄ and θ(g) = 1̄ for g ∈ G1̄.

We define the queer Lie Color algebra to be qϵ(V ) := ⊕a∈Gqϵ(V )a, where

qϵ(V )a = {x ∈ End(V )a : P (xv) = ϵ(g, a)xP (v), for all v ∈ V }.
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By choosing a basis of V and denoting the matrix of x ∈ End(V )a with respect to this

basis by A, the above relation translates to

PA = ϵ(g, a)AP.

The queer Lie color algebra qϵ(V ) is a subalgebra of glϵ(V ) and ctr(A) = 0 for all A ∈ qϵ(V )

(see [13, Proposition 3.13]).

3.2. Let Sk be the symmetric group on k letters. We know that it is generated by the

transpositions s1, · · · , sk−1, where si = (i, i+ 1) for 1 ≤ i ≤ k − 1.

Let Hk be the associative algebra generated by s1, · · · , sk−1 and c1, · · · , ck−1, ck with the

following defining relations:

s2i = 1, sisi+1si = si+1sisi+1, sisj = sjsi (|i− j| > 1),

c2i = −1, cicj = −cjci, (i ̸= j)

sicisi = ci+1, sicj = cjsi, j ̸= i, i+ 1.

The generators s1, · · · , sk−1 are of degree 0 and the subalgebra generated by them is iso-

morphic to the group algebra C[Sk] of Sk, and the generators c1, · · · , ck−1, ck are of degree g

and the C-subalgebra generated by them is isomorphic to the Clifford algebra Clk.

Then the algebra Hk is isomorphic to C[Sk]⋉Clk, which is C[Sk]⊗Clk as a vector space

with the multiplication given by

(σ ⊗ ci1 · · · cil)(τ ⊗ cj1 · · · cjm) = στ ⊗ cτ−1(i1) · · · cτ−1(il)cj1 · · · cjm ,

where 1 ≤ is, jt ≤ k.

Note that Hk has as basis the elements which can be written in the form σ ⊗ cϵ11 · · · cϵkk
where σ ∈ Sk and ϵi ∈ Z2 for all i.

3.3. There is a left action of Hk on V ⊗k as follows:

The generators sj act on V ⊗k by

sj .(v1 ⊗ · · · ⊗ vk) = ϵ(|vj |, |vj−1|)v1 ⊗ · · · ⊗ vj−1 ⊗ vj+1 ⊗ vj ⊗ vj+2 ⊗ · · · ⊗ vk.

The generators cj act on V ⊗k by

cj .(v1 ⊗ · · · ⊗ vk) =

j−1∏
i=1

ϵ(g, |vi|)v1 ⊗ · · · ⊗ vj−1 ⊗ P (vj)⊗ vj+1 ⊗ vj+2 ⊗ · · · ⊗ vk.

From the above action, we may note that for εi ∈ Z2, for i = 1, . . . , k,

cε11 · · · cεkk .(v1 ⊗ · · · ⊗ vk) =
∏
i>j

ϵ(gεi , |vj |)P ε1v1 ⊗ · · · ⊗ P εkvk,
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where

gεi =

{
◦ if εi = 0;

g if εi = 1.

The action of a basis element (σ ⊗ cε11 . . . cεkk ) ∈ Hk on V ⊗k is given by

(σ⊗cε11 . . . cεkk ).(v1⊗· · ·⊗vk) =
∏

i>j ϵ(gεi , |vj |)γ((|v1|+gε1 , · · · , |vk|+gεk), σ−1)(P
εσ−1(1)vσ−1(1)⊗

. . .⊗ P
εσ−1(k)vσ−1(k)).

So we get a G-graded algebra homomorphism

Φk : Hk → EndC(V
⊗k).

On the other hand the queer Lie color algebra, qϵ(V ) acts on V ⊗k by twisted derivation:

x.(v1 ⊗ v2 ⊗ · · · ⊗ vk) =

k∑
i=1

(
∏
j<i

ϵ(α, gj))v1 ⊗ v2 ⊗ · · · ⊗ x.vi ⊗ · · · ⊗ vk,

where x ∈ qϵ(V )α and each vj ∈ Vgj .

We denote by Ψ the resulting homomorphism: ψ : qϵ(V ) → EndC(V
⊗k).

The group G also act on V ⊗k by

g(v1 ⊗ v2 ⊗ · · · ⊗ vk) =
∏
i

ϵ(g, gi)(v1 ⊗ v2 ⊗ · · · ⊗ vk),

where g ∈ G and each vi ∈ Vgi .

We then have the double centralizer theorem for the queer Lie color algebra.

Theorem 3.1 (Moon [13]). Let A = Φ(Hk) and let B be the subalgebra of EndC(V
⊗k)

generated by ψ(qϵ(V )). Then A and B are centralizers of each other.

3.4. For V = ⊕g∈GVg and U = V ⊗C Λϵ, we set

Mϵ(U) := {T : U → U : T (Ug) ⊆ Ug, for all g ∈ G}.

Recall that the general linear color group GLϵ(U) is defined as the group of invertible

elements in Mϵ(U).

The map P ∈ EndC(V ) defined earlier extends to a map in EndΛϵ(U). We still denote it

by P . For A ∈ EndΛϵ(U)0 we define the queer trace as qtr(A) := ctr(PA).

Definition: The queer Lie color algebra over Λϵ is defined to be qϵ(U) := {A ∈ EndΛϵ(U)0 :

PA = AP} with the ordinary Lie bracket and the queer Lie color group Qϵ(U) is defined to

be the elements of GLϵ(U) which commute with P .

Remark 3.2. All the isomorphisms mentioned in §2.8 are GLϵ(U)-equivariant, hence they

are also Qϵ(U)-equivariant.
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The group Qϵ(U) acts on the k-fold tensor product U⊗k diagonally:

T.(u1 ⊗ · · · ⊗ uk) = (Tu1 ⊗ · · · ⊗ Tuk).

We denote by Ψ the resulting homomorphism: Ψ : Qϵ(U) → EndΛϵ(U
⊗k).

The action of Hk on V ⊗k defined in §3.3 can be extended to a Λϵ-linear action on U⊗k as

follows:

For σ ∈ Sk and u = u1 ⊗ u2 ⊗ · · · ⊗ uk ∈ U⊗k where each ui is a homogeneous element of

U ,

σ.u = γ(u, σ−1)(uσ−1(1) ⊗ uσ−1(2) ⊗ · · · ⊗ uσ−1(k)),

where γ(u, σ) =
∏

(i,j)∈Inv(σ) ϵ(|ui|, |uj |), with Inv(σ) = {(i, j) : i < j and σ(i) > σ(j)}, and
for the generators cj ∈ Hk,

cj .(u1 ⊗ · · · ⊗ uk) =

j−1∏
i=1

ϵ(P, ui)u1 ⊗ · · · ⊗ uj−1 ⊗ P (uj)⊗ uj+1 ⊗ uj+2 ⊗ · · · ⊗ uk.

We then have the following:

Theorem 3.3. Let A be the subalgebra of EndΛϵ(U
⊗k) generated by Ψ(Qϵ(U)). Then the

centralizer of A in EndΛϵ(U
⊗k) is Φ(Λϵ[Hk]).

Proof. First note that if x ∈ qϵ(V ) is homogeneous and e ∈ Λϵ is homogeneous of degree

−|x|, with e2 = 0, then I + xe is invertible with inverse I − xe. Again I + xe commutes with

P since x and e have the same degree and each commutes with it. Hence, xe ∈ qϵ(U) and

I + xe ∈ Qϵ(U).

By the above note it is clear that if ϕ ∈ Endϵ(U
⊗k) commutes with Qϵ(U) then it also

commutes with qϵ(U). On the other hand, Qϵ(U) ⊂ qϵ(U) so the converse is also true. So it

suffices to show that

Endqϵ(U)(U
⊗k) = Φ(Λϵ[Hk]).

However, Φ(Λϵ[Hk]) can be identified with Φ(Hk)⊗CΛϵ, so we will show that Endqϵ(U)(U
⊗k) =

Endqϵ(V )(V
⊗k)⊗ Λϵ. The result then follows from Theorem 3.1.

Given EndΛϵ(U
⊗k) ∼= EndC(V

⊗k) ⊗ Λϵ, an element ϕ ∈ EndΛϵ(U
⊗k) can be expressed as∑

i ϕi⊗λi where ϕi ∈ EndC(V
⊗k) and λi’s are in Λϵ can be assumed to be linearly independent

over C and ϕi ⊗ λi is homogeneous for each i. Now ϕ commutes with qϵ(U) ⊂Mϵ(U) implies

that ϕ ◦ (X ⊗λ)− (X ⊗λ) ◦ϕ = 0 on U⊗k where X ⊗λ is an arbitrary homogeneous element

of qϵ(U). Thus we have,∑
i

(ϕi ⊗ λi) ◦X ⊗ λ−
∑
i

X ⊗ λ ◦ (ϕi ⊗ λi) = 0.
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Using the relation (Y ⊗µ) ◦ (X ⊗ λ) = Y ◦X ⊗ ϵ(|µ|, |X|)µλ in EndΛϵ(U
⊗k), we get from the

above equality that∑
i

(ϕi ◦X ⊗ ϵ(|λi|, |X|)λiλ−
∑
i

X ◦ ϕi ⊗ ϵ(|λ|, |ϕi|)ϵ(|λ|, |λi|)λiλ) = 0 for infinitely many λ.

Using the condition that |X| = −|λ| and that ϵ(−|X|, |ϕi|) = ϵ(|ϕi|, |X|) obtained from the

relations in Definition 2.1(2),(3), we reduce the above equation to∑
i

(ϕi ◦X − ϵ(|ϕi|, |X|)X ◦ ϕi)⊗ ϵ(|λ|, |λi|)λiλ = 0.

Since λi are linearly independent over C and Λϵ is of infinite degree, λ can be chosen of

sufficiently large degree N such that λλi are linearly independent for all i. Hence the left

hand-side element of EndC(V
⊗k) ⊗ Λϵ is 0 if and only if ϕi ◦ X − ϵ(|ϕi|, |X|)X ◦ ϕi = 0 for

each i. In particular, ϕi ∈ Endqϵ(V )(V
⊗k) for all i, as required. □

4. Mixed tensor Invariants of Qϵ(U)

Let G, V , ϵ, V be as defined above. By a mixed tensor space we mean a direct sum of

the form ⊕s
i=1(V

⊗bi ⊗ V ∗⊗ti) for an s ∈ N and ti, bi ∈ N ∪ {0}. For simplicity of notation

we denote V ⊗bi ⊗ V ∗⊗ti by V ti
bi
. Since each summand in the mixed tensor space has a

G-grading, there is a natural G-grading inherited by their direct sum ⊕s
i=1(V

ti
bi
). Taking

U = V ⊗C Λϵ and U∗ = HomΛϵ(U,Λϵ) ∼= V ∗ ⊗C Λϵ, the mixed tensor space over Λϵ is the

G-graded space ⊕s
i=1(U

⊗bi ⊗Λϵ U
∗⊗ti) for an s ∈ N and ti, bi ∈ N ∪ {0}. It may be seen that(

⊕s
i=1(V

ti
bi
)
)
⊗CΛϵ

∼= ⊕s
i=1(U

⊗bi ⊗Λϵ U
∗⊗ti). We shall denote this mixed tensor space over Λϵ

by W .

Fixing an ordering for the elements ofG0̄, we then list the elements ofG as {◦, g1, g2, . . . , g, g+
g1, g+ g2, . . .} with the elements in G0̄ appearing first. We fix a basis of V , {ei}2mi=1, arranged

such that the first m vectors are from VG0̄
and the rest are from VG1̄

; further, ordered linearly

so that i < j implies |ei| appears before |ej | under the fixed ordering of elements of G. Let

{e∗i }2mi=1 be the dual basis corresponding to {ei}2mi=1. We denote the image in U and U∗ of the

above basis elements under the embedding V ↪→ U (and V ∗ ↪→ U∗ respectively) also by the

same notation. The mixed tensor space W then has a basis given in terms of the above bases

of U and U∗. Denote the element dual to the basis vector el1 ⊗· · ·⊗elbi ⊗e
∗
u1
⊗· · ·⊗e∗uti

∈ U ti
bi

by T (i)
u1...uti
l1...lbi

. We denote the corresponding element in W ∗ also by the same notation.

Notice that T (i)
u1...uti
l1...lbi

defines a linear map on W via the projection pi : W → U ti
bi
, i.e.,

T (i)
u1...uti
l1...lbi

(v1, . . . , vs) = T (i)
u1...uti
l1...lbi

(vi) for (v1, . . . , vs) ∈ W . The G-grading of the element

T (i)
u1...uti
l1...lbi

∈W ∗ is given by
∑bi

i=1 hli −
∑ti

i=1 hui where ha are such that ea ∈ Vha . The set of

all T (i)
u1...uti
l1...lbi

, where i = 1, . . . , s and uj , lj are from {1, · · · , 2m}, forms a Λϵ-basis of W
∗.
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4.1. Symmetric algebra of the mixed tensor space. Let S(W ∗) be the symmetric al-

gebra of W ∗. We denote by ϖ : T (W ∗) → S(W ∗) the natural map from the tensor algebra

of W ∗ to S(W ∗). We know that S(W ∗) has a Z-grading given by ⊕r∈N∪{0}S
r(W ∗) where

Sr(W ∗) is the image under ϖ of T r(W ∗). The restriction of ϖ to T r(W ∗) is denoted as ϖr.

It is easily seen that S(W ∗) has a Λϵ-basis consisting of monomials in T (i)
u1...uti
l1...lbi

, i = 1, . . . , s

and uj , lj are from {1, · · · ,m+ n} where the variables T (i)
u1...uti
l1...lbi

are arranged in order such

that basis vectors of (⊕s
i=1V

ti
bi

∗
)gl come before those of (⊕s

i=1V
ti
bi

∗
)gk whenever l < k and

among them arranged from i = 1 . . . , s; the degree of each variable T (i)
u1...uti
l1...lbi

∈ (⊕s
i=1V

ti
bi

∗
)G1̄

in such a monomial being either 0 or 1. The monomials among the above whose total degree

is r, form a basis for Sr(W ∗) over Λϵ.

4.2. Qϵ(U)-invariants of the symmetric algebra S(W ∗). In this subsection we give a

spanning set for the space of Qϵ(U)-invariants of S(W ∗). The following argument is similar

to the argument given in [15, §3.2]. Let
∑

imibi = N and
∑

imiti = N ′. We have the

following sequence of Qϵ(U)-invariant isomorphisms:(
U⊗(

∑
i mibi) ⊗ (U∗)⊗(

∑
i miti)

)∗
→ (⊗s

i=1(U
ti
bi
)⊗mi)∗ → ⊗s

i=1((U
ti
bi
)∗)⊗mi (4.1)

The first isomorphism is induced on the duals by the permutation action of µ ∈ SN+N ′ on the

subspace U⊗N ⊗ U∗⊗N ′
of (U ⊕ U∗)⊗(N+N ′) where µ takes (1, . . . , N +N ′) to (1, . . . b1, N +

1, . . . , N + t1, b1 + 1, . . . 2b1, · · · ). The isomorphism above is Qϵ(U)-equivariant since the

symmetric group action on (U ⊕U∗)⊗(N+N ′) commutes with the Qϵ(U)-action induced on it.

Let k =
∑

imi and W =W1 ⊕ · · · ⊕Wk, where Wi = U ti
bi
. Then the group S2k acts naturally

on the 2k-fold tensor product (W ⊕W ∗)⊗2k. The second isomorphism in the above sequence

is the inverse of ι, as described in (6) of §2.8, between W ∗
1 ⊗ · · · ⊗W ∗

k and (W1 ⊗ · · · ⊗Wk)
∗.

More explicitly, the isomorphism is given on the dual basis by

Tw1⊗···⊗w∑
i mi

7→ pϵ(w,w)T (1)w1 ⊗ · · · ⊗ T (s)w∑
i mi

where wi ∈ Wi is a basis vector and T (i)wi is the dual vector in W ∗
i ; here for wi = el1 ⊗

· · · ⊗ elbi ⊗ e∗u1
⊗ · · · ⊗ e∗uti

∈ U ti
bi

the notation T (i)wi represents the linear map T (i)
u1...uti
l1...lbi

by

our earlier notation. The value of pϵ(w,w) for w = (w1, . . . , wk) where wi ∈ V|wi| is given

by
∏k−1

i=1 (
∏

i<j≤k ϵ(|wi|, |wj |)). This isomorphism is Qϵ(U)-equivariant since the symmetric

group action on (W ⊕W ∗)⊗2k commutes with the Qϵ(U)-action induced on it.

By a standard argument, the space U⊗N ⊗U∗⊗N ′
has Qϵ(U)-invariants if and only if N =

N ′, and so does its dual, (U⊗N ⊗ U∗⊗N ′
)∗. When N = N ′, the latter space can be identified

with EndΛϵ(U
⊗N ) via the non-degenerate pairing (EndΛϵ(U

⊗N )) ⊗ (U⊗N ⊗ U∗⊗N ) → Λϵ

described in §2.8 leading to a Qϵ(U)-linear isomorphism,

Θ : EndΛϵ(U
⊗N ) → (U⊗N ⊗ U∗⊗N )∗.
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The Qϵ(U)-invariants of EndΛϵ(U
⊗N ) is just the centralizer EndQϵ(U)(U

⊗N ) which by The-

orem 3.3, is spanned by the images of the elements of Hk. Now using the same argument as

in the proof of [15, Theorem 3.2], we see that S(W ∗)Qϵ(U) is spanned by the images of the

elements of Hk, as k varies in N.

For σ ∈ SN and cε11 . . . cεNN ∈ ClN which we also denote in short-hand by cε, the linear map

on U⊗N ⊗ U∗⊗N , associated to the element σ ⊗ cε ∈ HN under the map Ψ followed by Θ is

given by ∑
L=(l1,...,lN )

γ̂(L, ε)γ((σ(Lε), σ(Lε)∗), τ−1)γ(τ.(σ(Lε), σ(Lε)∗), ν−1)TL,σ(Lε)∗

where ε = (ε1, . . . , εN ), (l1, . . . , lN )∗ := (l∗1, . . . , l
∗
N ), indicating that these are the indexes

corresponding to the basis vectors e∗l1 , . . . , e
∗
lN

in the dual space U∗, (l1, . . . , lN )ε := (ε1m +

l1, . . . , εNm+ lN ) where m = dimV0̄ and the indices are taken modulo (2m); note that |li +
εim| = gεi+|li|, |(li+εim)∗| = −(gεi+|li|) and γ̂((l1, . . . , lN ), ε) := (−κ(g, g))

∑N
i=1 εi|vli |

∏
j<i ϵ(gεi,|vlj |

).

Going through the isomorphisms in (4.1) and projecting via the map ϖm1 ⊗ · · · ⊗ϖms the

above linear map corresponds to the following element of S(W ∗):∑
L=(l1,...,lN )

q̂σ,ε(L,m1, . . . ,ms)

s∏
i=1

mi∏
j=1

T (i)
l(
∑

p<i mptp+(j−1)ti+1)···l(∑p<i mptp+jti)

l′
(
∑

p<i mpbp+(j−1)bi+1)
···l′

(
∑

p<i mpbp+jbi)
(4.2)

where li ∈ {1, . . . ,m,m + 1, · · · , 2m} for all i = 1, . . . , N , l′j = lσ(j) + εjm( mod 2m) for

j = 1 . . . , N . The value of q̂σ,ε(L,m1, . . . ,ms) is given by the formula

p(w,w)γ(µ−1.(L, σ(Lε)∗), µ−1)γ̂(L, ε)γ((σ(Lε), σ(Lε)∗), τ−1)γ(τ.(σ(Lε), σ(Lε)∗), ν−1).

This element in S(W ∗) is denoted as φσ⊗cε . Given an s-tuple (m1, . . . ,ms) of non-negative

integers such that
∑s

k=1mktk =
∑s

k=1mkbk = N , as σ varies in SN and ε varies in ZN
2 , the

elements φσ⊗cε will be referred to as ‘coloured invariants’ 1.

We have thus obtained the following:

Theorem 4.1. Given a mixed tensor space W = ⊕s
i=1U

ti
bi
, the coloured invariants as in (4.2)

spans S(W ∗)Qϵ(U). □

Remark 4.2. We say that a variable

T (i)
r(

∑
p<i mptp+(j−1)ti+1)···r(∑p<i mptp+jti)

rσ(
∑

p<i mpbp+(j−1)bi+1)···rσ(
∑

p<i mpbp+jbi)
∈ S(W ∗)

is even or odd depending on whether the degree of the variable is in G0̄ or G1̄. With this

terminology, we note that in the above formula the monomials with repeated odd degree

variables will be identically 0 in S(W ∗). In particular, those indices r1, . . . , rN in the sum in

1In (4.2), the monomials should be considered modulo the anti-commutativity relations in S(W ∗). See

Remark 4.2 below.
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(4.2) are to be dropped for which there is a 1 ≤ i ≤ s and 1 ≤ j < j′ ≤ mi such that the

above variable corresponding to these values of i, j, j′ turns out to be of odd degree and,

(rσ(
∑

p<i mpbp+(j−1)bi+1), . . . , rσ(
∑

p<i mpbp+jbi)) = (rσ(
∑

p<i mpbp+(j′−1)bi+1), . . . , rσ(
∑

p<i mpbp+j′bi)),

(r∑
p<i mptp+(j−1)ti+1, . . . , r

∑
p<i mptp+jti) = (r∑

p<i mptp+(j′−1)ti+1, . . . , r
∑

p<i mptp+j′ti).

4.2.1. Coloured picture invariants on EndΛϵ(U)s in terms of color traces. For an s-tuple

(m1, . . . ,ms) such that
∑s

i=1mi = r, let Tσ ∈ (⊗s
i=1(U

ti
bi
)⊗mi)∗ be the linear map correspond-

ing to σ ∈ SN obtained via the map Ψ followed by the isomorphisms Θ and (4.1). The

coloured picture invariants defined in §4.2 are the images in Sm1,...,ms(W ∗) of these linear

maps Tσ, σ ∈ SN .

When ti = bi = 1 for all i = 1, . . . s, under the identification EndΛϵ(U) ∼= U ⊗Λϵ U
∗ the

mixed tensor spaceW can be identified with EndΛϵ(U)s; further the composition operation in

EndΛϵ(U) corresponds to the product on U ⊗U∗ given by (v⊗α).(w⊗β) = vα(w)⊗β. Then
the color trace monomial ctrσ associated to σ is defined as ctrσ(v1 ⊗ ϕ1 ⊗ · · · ⊗ vN ⊗ ϕN ) =

ctr(vi1 ⊗ ϕi1 .vi2 ⊗ ϕi2 . · · · .vir ⊗ ϕir)ctr(vj1 ⊗ ϕj1 .vj2 ⊗ ϕj2 . · · · .vjt ⊗ ϕjt) · · · where σ−1 =

(i1 i2 . . . ir)(j1 j2 · · · jt) · · · . The proof of the following is analogous to that of Lemma 3.8 of

[14]:

Lemma 4.3. For a σ ∈ SN such that σ−1 = (i1 i2 . . . ir)(j1 j2 · · · jt) · · · ∈ SN , the GLϵ(U)-

invariant map Tσ (as described above) corresponds to the trace monomials ctrσ up to a scalar.

Further, both the maps agree when restricted to the degree ◦ part, ((U1
1 )◦)

⊗N .

□

From the above Lemma, the coloured invariants can be described in terms of color traces as

follows:

Lemma 4.4. For a σ ∈ SN and cε11 . . . cεNN ∈ ClN , we have

ev(ντ. ̂(σcε11 . . . cεNN ).τ−1)(u1 ⊗ ϕ1 ⊗ · · · ⊗ uN ⊗ ϕN ) = m.ctrσ(P
ε1u1 ⊗ ϕ1, . . . , P

εNuN ⊗ ϕN ),

where m ∈ C \ {0} and (u1 ⊗ ϕ1 ⊗ · · · ⊗ uN ⊗ ϕN ) ∈ ((U1
1 )0)

⊗N .

Proof. We have

(σ.cε11 . . . cεNN ).(u1 ⊗ · · · ⊗ uN ) =

γ((|u1|+ gε1 , · · · , |uN |+ gεN ), σ
−1)[

∏
i>j

ϵ(gεi , |uj |)](P
εσ−1(1)uσ−1(1) ⊗ . . .⊗ P

εσ−1(k)uσ−1(N)).

Consider the action of cε11 . . . cεNN followed by σ from the left on τ−1.(u1⊗ϕ1⊗· · ·⊗uN⊗ϕN )

where |ui| = αi = −|ϕi|. This gives the vector

γ((α1+gε1 , · · · , αN+gεN ), σ
−1)[

∏
i>j

ϵ(gεi , αj)](P
εσ−1(1)uσ−1(1)⊗. . .⊗P

εσ−1(N)uσ−1(k)⊗ϕ1⊗. . .⊗ϕN ).
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Applying ντ to the above vector followed by the evaluation we get
∏N

i=1 ϕi(P
εσ−1(i)vσ−1(i)),

up to a scalar. Here the scalar is given by

β = γ((α1+gε1 , · · · , αN+gεN ), σ
−1)[

∏
i>j

ϵ(gεi , αj)]γ((σ.(α1+gε1 , . . . , αN+gεN ),−α1, . . . ,−αN ), (ντ)−1).

Hence we note that

ev(ντ. ̂(σ ⊗ cε11 . . . cεNN ).τ−1)(u1⊗ϕ1⊗· · ·⊗uN⊗ϕN )) = ev((ντ.σ̂.τ−1).(P ε1u1⊗ϕ1⊗· · ·⊗P εNuN⊗ϕN )).

From Lemma 4.3 we get that this is equal to β.ctrσ(P
ε1u1 ⊗ ϕ1, . . . , P

εNuN ⊗ ϕN ). □

Identifying (U1
1 )◦ with Mϵ(U), we also have the following analogue of [14, Proposition 6.3].

The proof is the same line of argument used in Theorem 4.1 to observe that the linear maps

ev(ντ. ̂(σcε11 . . . cεNN ).τ−1) of the above lemma span the Qϵ(U)-invariant linear functionals on

EndΛϵ(U)⊗N . Let Tσ,ε be the linear map ev(ντ. ̂(σcε11 . . . cεNN ).τ−1) of the above lemma.

Theorem 4.5. The space of Qϵ(U)-invariant linear functionals on Mϵ(U)⊗N is spanned by

colour trace monomials given by

ctrσ,ε(A1 ⊗ · · · ⊗AN ) = ctr(P εi1Ai1 · · ·P εiaAia)ctr(P
εj1Aj1 · · ·P εjbAjb) · · ·

where σ = (i1, i2, . . . , ia)(j1, . . . , jb) · · · is a permutation of SN written as product of disjoint

cycles and ε = (ε1 . . . , εn) ∈ ZN
2

Proof. We already observed above that Tσ,ε span [Endϵ(U)⊗N ∗
]Qϵ(U) and so they also span

[Mϵ(U)⊗N ∗
]Qϵ(U). Further by the above Lemma, these Tσ,ε are given by color trace monomials,

upto a scalar. □

4.3. Polynomial invariants ofW◦. We recall the notion of polynomials from [15]. LetW be

the mixed tensor space as defined in the beginning of this section. Then the graded component

of W corresponding to the identity element ◦ ∈ G is denoted as W◦. Let us consider the Λϵ-

module of all functions fromW◦ → Λϵ, denoted by F(W◦,Λϵ). Let F
r : T r(W ∗) → F(W◦,Λϵ)

be given by F r(α)(v) = ev(α⊗ v ⊗ · · · ⊗ v) where ev : T r(W ∗)⊗ T r(W ) → Λϵ is as defined

in §2.8. Let F • := ⊕∞
r=0F

r : T (W ∗) → F(W◦,Λϵ). This map factors through S(W ∗).

We continue to denote the induced map from S(W ∗) → F(W◦,Λϵ) also by F •, and its

restriction to Sr(W ∗) as F r. The map F • is an isomorphism onto its image. The image

of F • is denoted as P(W◦). The elements of P(W◦) are called polynomials on W◦. The

map F r : Sr(W ∗) → F(W◦,Λϵ) is called the restitution map and its image is Pr(W◦). A

Qϵ(U)-action can be given on Pr(W◦) via the isomorphism F •. The invariants in P(W◦)

for the induced action of Qϵ(U) are called the invariant polynomials on W◦. The invariant

polynomials of degree r are the images under F r of Sr(W ∗)Qϵ(U).

For a tuple (m1, . . . ,ms) such that
∑s

i=1mi = r, let Tσ,ε ∈ (⊗s
i=1(U

ti
bi
)⊗mi)∗ be the linear

map described above, corresponding to σ ∈ SN and ε ∈ Z/2ZN . The coloured invariants
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defined in (4.2) are the images in Sm1,...,ms(W ∗) of these linear maps Tσ, σ ∈ SN . Then the

proof of [15, Proposition 3.5] also establishes the following:

Proposition 4.6. The coloured invariant φσ⊗cε ∈ S(m1,...,ms)(W ∗) maps under restitution F r

to the element of F(W◦,Λϵ) given by u 7→ Tσ,ε(u
⊗m1
1 ⊗· · ·⊗u⊗ms

s ) where u = (u1 . . . , us) ∈W◦.

□

Corollary 4.7. The space of Qϵ(U)-invariant polynomials on EndΛϵ(U)s is spanned by the

color trace monomials given by

ctr(P εi1Ai1 · · ·P εiaAia)ctr(P
εj1Aj1 · · ·P εjbAjb) · · ·

where A1, . . . , As ∈ EndΛϵ(U), σ = (i1, i2, . . . , ia)(j1, . . . , jb) · · · is a permutation of SN writ-

ten as product of disjoint cycles, ε = (ε1 . . . , εN ) ∈ ZN
2 and f : {1, . . . , N} → {1, . . . , s}, for

each N ∈ N.

Proof. Follows from Proposition 4.6 and the Lemma 4.4 in view of the Theorem 4.1. □

Lemma 4.8. For A ∈ qΛϵ(U), ctr(A) = 0.

Proof. We have P 2 = −κ(g, g)I. Let A ∈ qΛϵ(U). Since A commutes with P , we have

PAP = P 2A = −κ(g, g)A. On the other hand since PA and P are each of degree g, we have

ctr(PAP ) = ϵ(g, g)ctr(P 2A) = κ(g, g)ctr(A),

as ϵ(g, g) = −1. So ctr(A) = 0. □

Remark: Suppose A1, A2, · · · , Ak commute with P . We then have P ε1A1 · · ·P εkAk =

P ε1+···+εkA1 · · ·Ak. So,

ctr(P ε1A1 · · ·P εkAk) = ctr(P ε1+···+εkA1 · · ·Ak) = (−1)tκ(g, g)t.ctr(A1 · · ·Ak) = 0

if ε1 + · · · + εk = 2t for some t. If ε1 + · · · + εk = 2t + 1 for some t then we have

ctr(P ε1A1 · · ·P εkAk) = (−1)tκ(g, g)t.ctr(PA1 · · ·Ak) = (−1)tκ(g, g)t.qtr(A1 · · ·Ak).

Let I be the subspace of elements of (U1
1 )◦ which commute with P . We then have the

following corollary.

Corollary 4.9. The space of Qϵ(U)-invariant polynomials on EndΛϵ(U)s restricted to Is is

spanned by the queer trace monomials given by

qtr(Af(i1) · · ·Af(ir))qtr(Af(ir+1) · · ·Af(it)) · · ·

where A1, . . . , As ∈ I, (i1 . . . ir)(ir+1 . . . it) · · · ∈ SN and a map f : {1, . . . , N} → {1, . . . , s},
for each N ∈ N.

Proof. Follows from Corollary 4.7 in view of the above remark. □
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5. Concomitants on qϵ(U)k

For G-graded vector spaces M and M ′ over C, we set Mϵ :=M ⊗CΛϵ and M
′
ϵ =M ′⊗CΛϵ.

The ◦-component of Mϵ and M ′
ϵ are denoted as (Mϵ)◦ and (M ′

ϵ)◦ respectively. A morphism

ϕ : (Mϵ)◦ → (M ′
ϵ)◦ is said to be a polynomial map if the map induced by ϕ from F((M ′

ϵ)◦) →
F((Mϵ)◦) given by α 7→ α ◦ ϕ takes P((M ′

ϵ)◦) → P((Mϵ)◦). We denote the latter map as ϕ∗.

In view of the isomorphism of the symmetric algebras S(Mϵ
∗) and S(M ′

ϵ
∗) with the G-graded

algebras P((Mϵ)◦) and P((M ′
ϵ)◦) respectively, it may be noted that ϕ is a polynomial map if

and only if Ti ◦ ϕ is an element of P((Mϵ)◦) for all the dual basis vectors, Ti ∈ (M ′
ϵ)

∗.

Remark 5.1. (1) It is easily seen that, for G-graded vector spaces M , N , M ′, N ′, the

projections (Mϵ)◦ × (M ′
ϵ)◦ → (Mϵ)◦, (Mϵ)◦ × (M ′

ϵ)◦ → (M ′
ϵ)◦ are polynomial maps; and if

f : (Mϵ)◦ → (Nϵ)◦, g : (M ′
ϵ)◦ → (N ′

ϵ)◦ are polynomial maps then so is (f, g) : (Mϵ)◦×(M ′
ϵ)◦ →

(Nϵ)◦ × (N ′
ϵ)◦.

(2) If N , N ′ are G-graded vector subspaces of M , M ′ respectively and ϕ : (Mϵ)◦ → (M ′
ϵ)◦

is a polynomial map then the restriction of ϕ to (Nϵ)◦ is also a polynomial map; indeed,

restriction to (Nϵ)◦ induces a surjection from S(M∗
ϵ ) onto S(N

∗
ϵ ), hence the restriction map

res : P((Mϵ)◦) → P((Nϵ)◦) given by f 7→ f |(Nϵ)◦ is a surjection, so f ◦ϕ|(Nϵ)◦ = (res◦ϕ∗)(f) ∈
P((Nϵ)◦) for all f ∈ P((M ′

ϵ)◦). Further, if ϕ((Nϵ)◦) ⊂ (N ′
ϵ)◦, then ϕ : (Nϵ)◦ → (N ′

ϵ)◦ is also

a polynomial map, since res : P((M ′
ϵ)◦) → P((N ′

ϵ)◦) is a surjection and f |(N ′
ϵ)◦

◦ ϕ|(Nϵ)◦ =

f ◦ ϕ|(Nϵ)◦ .

Lemma 5.2. Let Mϵ(U) = (EndΛϵ(U))◦ be as defined in §3.4. Then the maps describing the

addition and composition operations in Mϵ(U) are polynomial maps.

Proof. That the addition operation is a polynomial map follows from the earlier observation

that the projections X1, X2 from Mϵ(U) ×Mϵ(U) → Mϵ(U) are polynomial maps and that

α ◦ (X1 +X2) = α ◦X1 + α ◦X2 for α ∈ P(Mϵ(U)).

For the claim about the composition map, first let T ∈ EndΛϵ(U). Denote the basis elements

of U (obtained from that of V ) by va, a = 1, . . . , 2m. Then T (vb) =
∑

a vatab. Let Tab be the

elementary transformation given by vc 7→ δcbva as c = 1 . . . , 2m. Then we can express T in

terms of the basis Tab as
∑

a,b ϵ(|vb|, |tab|)Tabtab. Further, if γab ∈ (EndΛϵ(U))∗ be the basis

element dual to Tab, then γcd(T ) = ϵ(|tcd|, |vd|)tcd. Note that if T ∈ Mϵ(U) then T (Ug) ⊂ Ug

for each g ∈ G, so |tab| = |vb| − |va| in the above expression and |Tab| = −|tab| = |va| − |vb|.
Now using the relation that λT = ϵ(|λ|, |T |)Tλ for λ ∈ Λϵ, one can check that γcb(S ◦
T ) =

∑
a ϵ(|Tca|, |tab|)γca(S)γab(T ). Denoting the dual basis vector associated to (Tab, 0) ∈

EndΛϵ(U) × EndΛϵ(U) and (0, Tcd) ∈ EndΛϵ(U) × EndΛϵ(U) by αab and βcd respectively, we

can rewrite the above expression as γcb(S ◦ T ) = (
∑

a ϵ(|Tca|, |tab|)αcaβab)(S, T ), establishing

that the composition on Mϵ(U) is a polynomial map. □
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Identifying EndΛϵ(U) with U ⊗ U∗ (see §2.8(1)), we note that qϵ(U) is identified with the

subspace I given in Corollary 4.9.

Corollary 5.3. In qϵ(U), the maps describing the addition and composition are polynomial

maps.

Proof. Follows immediately from the Remark 5.1 and the above Lemma. □

A Qϵ(U)-concomitant ϕ : qϵ(U)k → qϵ(U) is a polynomial map such that

ϕ(Y.(A1, . . . , Ak)) = Y.ϕ(A1, . . . , Ak)

for (A1, . . . , Ak) ∈ qϵ(U)k and Y ∈ Qϵ(U).

By the previous lemma and the observations preceding it, it may be noted that the set

of all Qϵ(U)-concomitants from qϵ(U)k → qϵ(U) forms a G-graded ring with respect to the

pointwise multiplication and pointwise addition.

Consider the projection operator Xi onto the i-th coordinate, i.e., Xi : qϵ(U)k → qϵ(U) is

given by Xi(A1, . . . , Ai, . . . , Ak) = Ai where i = 1, . . . , k. We then have the following:

Theorem 5.4. The algebra of Qϵ(U)-concomitants is generated by the projections X1, . . . , Xk

and the products of even number of queer trace monomials.

Proof. Let f be a polynomial concomitant. Consider f̄(A1, ...Ak, Ak+1) := qtr(f(A1, , , Ak)Ak+1).

By the non-degeneracy of the color trace bilinear form it follows that, if f, g are polynomial

concomitants such that f̄ = ḡ on qϵ(U)k+1 then f = g. It is also clear from the observations

made above that f̄ is a polynomial invariant if f is a polynomial concomitant. Using Corol-

lary 4.9, we can write f̄ =
∑

i1,..ij ̸=k+1 λi1,...ijqtr(Ai1 ...AijAk+1) where λi1,...ij is product of

queer trace monomials in which Ak+1 does not appear. Now from the definition of projection

operators and the above identity for f̄ we have that f =
∑

i1,...ij
λi1,...ijXi1 ...Xij .

Note that each queer trace monomial appearing in λi1,...,ij in the above expression has

degree g, so λi1,...,ij has degree g times the number of monomials in λi1,...,ij ; further, f̄ and

qtr(Ai1 ...AijAk+1) also have degree g. This can happen only if the number of monomials in

λi1,...,ij is even. Hence the theorem. □

An expression of the form λi1,...ijXi1 ...Xij where λi1,...ij lies in the space described in The-

orem 4.5 (with N = k − j and 0 < j ≤ k) and i1, . . . , ij are the indices which do not appear

in λi1,...ij , is called a multilinear concomitant. When j = 0, by a multilinear concomitant we

just mean a multilinear invariant.

Theorem 5.5. The space of multilinear Qϵ(U)-invariant maps from qϵ(U)k → qϵ(U) is

spanned by the multilinear concomitants defined above.



INVARIANT THEORY OF THE QUEER COLOR GROUP 21

Proof. Let f be a multilinear invariant map from qϵ(U)k → qϵ(U). Now following the same

argument as in the above theorem and then using Theorem 4.5, we obtain the desired result.

□

Remark 5.6. Theorems 5.4 and 5.5 may be viewed as analogues of [3, Theorem 7.4, Corol-

lary 7.5] where Berele used the identification of the superalgebra q(n) with the matrix ring

Mn(E) over the infinite grassmann algebra E, in order to describe the notion of polynomials

on q(n).
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