GRADED PICTURE INVARIANTS AND POLYNOMIAL INVARIANTS
FOR MIXED TENSOR SUPERSPACES
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ABSTRACT. In this paper we consider the mixed tensor space of a Zz-graded vector space.
We obtain a spanning set of invariants of the associated symmetric algebra under the action of
the general linear supergroup as well as the queer supergroup over the Grassmann algebra.
As a consequence, we give a generating set of polynomial invariants for the simultaneous
adjoint action of the general linear supergroup on several copies of its Lie superalgebra. We
show that in this special case, this set turns out to be the set of supertrace monomials,
which is analogous to the result of Procesi for the general linear group. A queer supergroup

analogue of these results is also obtained.
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1. INTRODUCTION

The theory of Lie superalgebras has aroused much interest both in mathematics and physics.
Lie superalgebras and their representations play a fundamental role in theoretical physics since
they are used to describe supersymmetry in a mathematical framework. A comprehensive
description of the mathematical theory of Lie superalgebras is given in [8], containing the
complete classification of all finite-dimensional simple Lie superalgebras over an algebraically
closed field of characteristic zero. Since then, these superalgebras have found applications
in various areas including quantum mechanics, nuclear physics, particle physics, and string
theory. In the last few years, the theory of Lie superalgebras has experienced a remarkable
evolution with many results obtained on their representation theory and classification, most

of them extending well-known facts from the theory of Lie algebras.

In [13], Procesi studied tuples (Aq, - - , Ax) of endomorphisms of a finite-dimensional vector
space up to simultaneous conjugation by studying the corresponding ring of invariants. He
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showed that for an algebraically closed field F' of characteristic zero the algebra of invariants
F[(Ai)jl]GLT(F) can be generated by traces of monomials in Aj,--- Ag. The main tool used
in the work of Procesi, in order to describe the invariants, is the Schur—Weyl duality. This
tool was used in a similar way also to study more complicated algebraic structures than
just a vector space equipped with endomorphisms. In [6], Datt, Kodiyalam and Sunder
applied this machinery to the study of finite-dimensional complex semisimple Hopf algebras.
They were able to obtain a complete set of invariants for separating isomorphism classes of
complex semi-simple Hopf algebras of a given dimension. This they accomplished by giving
an explicit spanning set for the invariant ring of the mixed tensor space. These are called
“picture invariants”. The picture invariants obtained in the case of comlex semisimple Hopf
algebras were also obtained by using techniques from Geometric Invariant Theory in [11].
In [12] the author generalized the above results to any type of algebraic structure based on
a finite-dimensional vector space over an algebraically closed field of characteristic zero and
gave an uniform approach for studying these rings of invariants, which does not depend on
the dimension of the vector space. In [9] these picture invariants were used to describe a
finite collection of rational functions in the structure constants of a Lie algebra, which form
a complete set of invariants for the isomorphism classes of complex semisimple Lie algebras
of a given dimension. More recently, the invariant ring of the mixed tensor spaces was used
to extend results of [6] to separate isomorphism classes of complex Hopf algebras of small
dimensions [14]. The invariant ring of the mixed tensor space arises naturally in obtaining
invariants of any such isomorphism classes. Here, we look at the analogue of this invariant
ring in the supersetting. We define “graded picture invariants” for the invariant ring of the
mixed tensor superspace in the supersetting and show that these invariants A-linearly span

the invariant ring.

The invariant theory of superalgebras has seen remarkable progress in the recent years. In
[15], Sergeev proved fundamental theorems of invariant theory for classical supergroups and
their Lie superalgebras (see [17] and [18] for a detailed exposition). A super analogue of the
Schur—Weyl duality between the general linear superalgebra and the symmetric group was
established independently in [3] and [15]. In [19], Shader and Moon gave a super Schur—Weyl
duality for the general linear superalgebra acting on the mixed tensor space.

The general linear supergroup of a super vector space V over C is defined as a super
group scheme. We, however, take the popular view of considering this group scheme as an
actual group by taking the A-valued points of the general linear group scheme. We denote
this group as GL(U) where U := V ®c A. The queer supergroup Q(U) is defined as a
subgroup of GL(U). By working with GL(U) and Q(U) we are able to take a more elementary
approach to the theory of invariants for these supergroups. Allowing scalars to come from A is
crucial in obtaining a group-theoretic version of the well-known Schur-Weyl-Sergeev duality
for the complex general linear superalgebra and queer lie superalgebra (See Theorem 2.2,
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Theorem 5.1). The fact that A has infinite degree ensures that there no more invariants than
those given by the Schur-Weyl-Sergeev duality for the complex lie superalgebras of interest.

In [1], [2], Berele successfully extended results of [13] to the supersetting by showing that
the invariants for the GL(U)-action on the super ring of polynomials in the entries of d-tuples
of degree-0 matrices over A are generated by supertrace monomials in the d matrices. As
in the classical case, the main ingredient for obtaining the invariants comes from the super
analogue of the Schur-Weyl duality. In this paper, we extend Berele’s results to the action
of the general linear supergroup and the queer supergroup on the mixed tensor superspace

leUlf: where t;, b; are in NU {0} for all i = 1,...s. The case of invariants of d copies of
matrices, as in [2] may be seen as a special case of the above by taking t; = 1 = b; for all
t=1...,s. Weshow in Theorem 4.2 that the ring of invariants of the supersymmetric algebra
S(@;"’ZIU;;)*, is generated by certain special invariants which are analogues of the “picture
invariants” in [6]. We then show in Theorem 4.11 that in the special case of t; = 1 = I
for all = 1...,s, this agrees with the results of [2]. This result is covered under the case
of the s-looped quiver in [4] where the authors describe the polynomial (semi)-invariants of
super-representations of quivers over a field of characteristic zero.

In the supersetting, we use the notion of A-valued polynomials over U, as introduced in
[10]. This is done via the supersymmetric algebra of the dual space U*. We consider the
A-module of maps from the degree-0 component of U to A, denoted as F(Up, A). Then using
an analogue of the restitution map from the r-fold tensor space of U* to F(Up, A), as defined
in [10], we call the image under this map to be the space of homogeneous polynomials of
degree r. The polynomial ring on U is then taken to be the direct sum of these spaces. It
is also shown in loc. cit that this polynomial ring is isomorphic to the symmetric algebra of
U*, under the restitution map. We view this description of polynomials over U as a suitable
alternative to Berele’s notion of a polynomial over matrices with scalars in A, as defined
in [2], since we are interested in mixed tensor superspaces which do not have any natural
identification with matrices. In this paper, we use the above notion of A-valued polynomials
on @leUli? and obtain a generating set for the polynomial ring of invariants for a mixed
tensor superspace. We obtain ‘graded picture invariants’ as invariant polynomial functions
on the mixed tensor superspace. We then show that in the special case when the mixed
tensor superspace corresponds to several copies of the endomorphism space of U, the graded
picture invariants are just supertrace monomials as given in [2]. This may be regarded as the
superanalogue of Procesi’s result in [13].

The queer Lie superalgebras form a family of “strange” Lie superalgebras since they do
not possess non-degenerate invariant even bilinear forms. The representation theory and
invariant theory of the queer superalgebras q(n) have been intensively studied in the last two
decades. The analogous statement of Schur-Weyl duality for the queer superalgebra was given
by Sergeev [16] during the study of their polynomial representations. The duality is often
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called the Schur-Weyl-Sergeev duality which gives an isomorphism between a super-extension
of the symmetric group called the Sergeev algebra, denoted as Sery, and Endq(n)(V®k) for
n > k. This duality also lifts to the queer supergroup Q(U) and the Sergeev superalgebra
(see [2]). An extension of this duality to mixed tensor spaces can be found in [7]. Using the
Schur-Weyl-Sergeev duality, we show in Theorem 6.1 that the polynomial ring of invariants of
the mixed tensor superspace @leU;; under the action of the queer supergroup is generated by
a larger collection of “graded picture invariants”. As a corollary, we show that the polynomial
invariants in the case of t; = 1 = b; for alli = 1,..., s are generated by queer trace monomials,
which is also proved in [2].

We now give an outline of the paper. In section 2 we review preliminaries of super vector
spaces and Lie superalgebras and we also recall the super analogue of the classical Schur-
Weyl duality. In section 3 we include a proof of the first fundamental theorem of invariant
theory for tensors. In section 4 we introduce the notion of graded picture invariants and
prove that these graded picture invariants span the invariants of the supersymmetric algebra
of the dual of the mixed tensor superspace. Using this result we give a spanning set for the
polynomial invariants of the mixed tensor superspace and thereby show that the supertrace
monomials span the polynomial invariants for the simultaneous adjoint action of the general
linear supergroup on several copies of its Lie superalgebra. In section 5 we recall the definition
of Queer supergroup and state the Schur-Weyl-Sergeev duality for it. In section 6 we extend
the results of section 4 to the Queer supergroup.

2. PRELIMINARIES

2.1. Grassmann algebra. Given a vector space M we denote by T'(M) the tensor algebra
on M. Let I be the 2-sided ideal of T'(M) generated by the elements v ®@w+w v, v,w € M.
Then the exterior algebra over M is the Z-graded algebra defined by A(M) =T (M)/I. As
a C-vector space, A(M) has dimension 2", where n = dim(M). Note that A(M) is Zs-graded
in which Ay (resp A;) is the direct sum of the homogeneous subspaces of even (resp. odd)
degrees. This superalgebra is called the Grassmann algebra of degree n. Choosing a basis
v1, V2, -+, Uy of M, the set {v]'v5?, - 0% : a; = 0,1} forms a basis of A(M). Since A(M)
depends only on n = dim(M) up to isomorphism, we write A(n) for A(M).

For any flag 0 € M} C My C --- C M,—1 C M, = M, where dim(M;) = i, we have
CcA(1l)cA(2) c---Cc A(n—1) C A(n). Then the infinite dimensional Grassmann algebra
is defined by the direct limit of this direct system, A = lim A(n) (see §2.2 of [10]). Apart from
the Zo-grading, A has a Z-grading A = ®72)A;, where Ag = C. The Grassmann algebra A
is super commutative means that if z,y € A are homogeneous, then xy = (—1)|x||y|y$, where
|z| =i if x € A;. This implies that any right or left module over A is automatically a bimodule.
For example, a right A-module V) can be made a left A-module via the composition of the
right action map with the braiding A ®¢ Vi — Vi @c A given by A @ v — (—=1)MIy @ A
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Throughout this paper all the A-modules that we consider are free over the infinite dimen-
sional Grassmann algebra A. The projection map A — C will be used to specialize the scalars
to C.

2.2. Super vector spaces. A Zs-graded vector space V over C is a direct sum V@ V; of two
subspaces, the even subspace Vj and the odd subspace V. If dim(Vp) = k and dim(V;) = I,
we write sdim(V') = (k|l), and call it the superdimension of V. Define the parity |v| of any
homogeneous element v € V; by |v| = i.

For any Zs-graded vector space V over C, we let U := V ® A be the corresponding free
A-module. We have the natural embedding V' — U,v — v ® 1. If W is another Zs-graded
C-vector space and U’ := W ® A, then Homy (U, U’) = Hom¢(V, W) ® A.

Let Mj,;(A) be the set of all (k+1) x (k+1) matrices over A. We have M, ;(A) = M ;(C)®A
as Zo-graded vector spaces. We write a matrix T in block form as

A B
- (4 2) o

If T is even (resp. odd), then the entries of A and D belong to Ag (resp. A1), and the entries
of B and C belong to A; (resp. Ag) . If sdim(V') = (k|l) and U := V®A, we have a Zs-graded
vector space isomorphism Endy (U) = My (A).

We define the supertrace function str : My ;(A) — A given by str( c D

tr(D), where for a matrix X, ¢tr(X) denotes the sum of the diagonal entries of X. We note
that the supertrace function is Ag-linear and satisfies str(ST) = str(T'S) for S, T € Mj;(A).

B)) = tr(A) —

The general linear lie superalgebra gl(V') is the vector space Endc (V) endowed with the
lie superbracket defined for X,Y € gl(V') by

[X,Y]= XY — (-)X Wy Xx.

When U := V ®c A, we define the general linear superalgebra gl(U) as the degree 0 part of
Endc (V) ® A.

The general linear supergroup GL(U) is {g € Enda (U)o : g is invertible}. (See [10, Sec-
tion 2.4]).

2.3. Let V be a super vector space over C and let VE* = V@V ®@---®@ V be the k-fold
tensor product of V. Then V¥ is a gl(V)-module by defining

2.V @V - Qup) =201 QU ® - Qup+ (=)l @ vy ® - @ v+
N (f1)|ﬂ?|(\v1|+|”2|‘i""-|-|vk71\)U1 Ry @ @ Tvg, (2.2)

where z € gl(V') and v; € V are Zs-homogeneous elements of degrees |z| and |v;| respectively.
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When U := V ®c A, the general linear superalgebra gl(U) acts on U®* by the ordinary
derivation, i.e.,

(U Qua @ Quy) = Zu1®ug® TQTU D QU

On the other hand the symmetric group S acts on V¥ by
(6,i41)01 QU ®- - @V QVi1 @+ - @vg = (=11l @U@ - Qv @V @ - By, (2.3)
where (i,7) denotes a transposition in Sy and v;,v;11 are Zao-homogeneous. More generally
the action of Si on V®* is defined as follows: For 0 € S and v = v; Q v @ - - - @ vy,
o0 =70, ) (Vg-111) @ Vg-1(2) @ -+~ @ Up1()),
where y(v,0) = H(ivj)elm(g)(—1)'“1'“”?‘, with Inv(o) ={(i,7) : i < j and o(i) > o(j)}.
1

It is easy to see that y(v,07) = y(0 v, 7)y(v, o) for two permutations o and 7.

We denote the representations of Sy and gl(V) on V®F by 1, and pj, respectively.

2.4. Isomorphisms. In this subsection we list out all the isomorphisms we require in this

paper. Let V be a super vector space over C.
L. V@ V*=End(V) defined by (v, $) = T, 4) where T(, 4)(w) = vo(w).
This implies that End(V)®* = (V @ V*)®* for k € Z>o.

2. For two super vector spaces V and W over C, we have an isomorphism VW — WV
defined by v ® w — (—1)/*I"ly @ v, where v and w are homogeneous elements of V and W

respectively.

3. We have an evaluation map ev : (V*)®¥ x VO — C defined by

(fiofie @ fneue o) (1P f ) fi(w),

where f* = f{ @ fy ®---® [}, v =11 ®v2 ® - - - ® v, for homogeneous elements f; and v;,
and p(f*,v) is defined as follows. For homogeneous elements f; and v;, let d; = |v;|(| /14| +
-+ |ff]) with dj, = 0. Then p(f*,v) = Zle dj and extend this definition by linearity.

4. The above evaluation map is a non-degenerate bilinear form and hence we get a GL(V)
isomorphism between (V*)®* and (V®F)*.

5. Let 7 be the permutation which takes (1,2, ek k41,0 2k) to (T(1),7(2), - -+, T(R), T(k+
1),---,7(2k)) = (1,3,5,--- ,2k — 1,2,4,6,--- ,2k). The symmetric group So; acts on (V &
V*)®k. Under this action, the permutation 7 takes VEF @ (V*)®* to (V @ V¥)®F = (V ®

VHR(VeV)®- - ®(VeV*). Thus we get a GL(V)-isomorphism between V&* @ (V*)®k
and (V ® V*)®*. We then have

VO @ (V¥ = (V @ V*)®F = End(V)®*



GRADED INVARIANTS FOR MIXED TENSOR SPACES 7

Let v =11 Qu2® - -Qupand f* = f{ ® f5 ®---® fy. The map in the reverse direction
is defined by v @ f* =+ (—=1)P@L) (1) @ f) @ (v @ f5) @ -+ @ (v, @ f;). Note that the sign
(=1)P@L7) s exactly Y f5,r7h).

6. Let W = W1 & --- & Wy, where W; are super vector spaces over C. Then the group
Sor. acts on (W @ W*)®2*. The permutation 7 defined above then induces an isomorphism
between Wi ®@--- @ Wy @W1 ®--- @ W and W@ W1 ® --- ® W @ Wy. This isomorphism
followed by the evaluation map to C gives a non-degenerate pairing between Wi®- - -@ W} and
(W1 ® -+ @ Wg)*. As the Syi action commutes with the GL(W)-action, so the isomorphism
Wi - W= (W, ®- - @ Wg)* is a GL(IW) isomorphism.

It may be noted here that under the above isomorphism, the dual basis element T, ...@w,, €
(W1 ® - ® Wy)* corresponds to (—1)P@WT, ®...@ T, € Wi ® @ W} where w =
wy ® ... R wy is a basis vector of W1 ® - - - ® Wy

7. Let v € Sy be the permutation (12)(34)---(2k — 12k) and ev®* : (V* @ V)® — C
denote the evaluation map (f;f @ v1) ® (f5 @ v2) @ --- @ (fif @ vg) = fi(v1)--- fi(vr). We
have a non-degenerate bilinear form End(V®") @ V& @ (V*)®% — C given by (4,v® f*) :=
ev®*[(v.7).(A(v) ® f*)]. This gives a GL(V) isomorphism

© : End(V®F) = (V¥F @ (V*)=h)*

Remark 2.1. All the isomorphisms given above hold mutatis mutandis even with V replaced
by U :=V ®c A.

2.5. Supertrace. For U =V ®c A, we have U* = Homy (U,A) and U @ U* = Endj (U) as
graded A-algebras where the multiplication on U®U* is defined by (v®¢)(w®v) = v@¢p(w)p.

We define the supertrace map str : Endy (U) — A by
str(v @ ¢) = (=1)1"19lg(v)

and with the above identification this definition agrees with the definition given on Endy (U).
It satisfies str(AB) = (—1)I41Blstr(BA), for A, B € Enda (U). When restricted to End (U)o,
the str map behaves like the ordinary trace map in the sense that str(AB) = str(BA) for
A, B € Endy (U)o and str(CDC™1) = str(D) for D € Endy(U) and C € GL(U).

2.6. Schur-Weyl duality. For a super vector space V over C, the actions of gl(V) on V&*
and the right action of S}, on V®F defined in §2.3 commute with each other and the super ana-
logue of Schur-Weyl duality says that the span of the images of Sy and gl(V) in End(V®*) are
centralizers of each other (see [3]). In particular we have a surjective algebra homomorphism:

M : C[Sk] = Endgy) (V)

where Endgy) (V@) is the space of gl(V')-module homomorphisms of V®¥. This is equivalent

1

to taking the right action of S on V® given by v.0 := ¢~ '.v and the homomorphism
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corresponding to it to be
Uy, : C[Sk] — Endgy vy (VEF)2.

2.7. Schur-Weyl duality over A. Let V be a super vector space over C and let U = V®cA.
Let U®" = U ® - - ®@ U (r-times) be the r-fold tensor product of U. The general linear
supergroup GL(U) acts on U®" by

g(W1 W ® - Quw,) =gw ®guws® -+ @ g.wy
for g € GL(U). The dual superspace U* of U has a natural GL(U)-module structure given
by g.f(v) = f(g~ '), forallv € U.
On the other hand, the symmetric group S, acts on U®" by

(1,i+1) 1R QU QV41 R+ QU = (—1)'“”””1‘111@112@‘ QUL RV R- Ry, (2.4)

where (7,7) denotes a transposition in S, and v;,v;11 are Zy-homogeneous. We denote the
representations of S, and GL(U) on U®" by 7, and p, respectively.

The group ring AS, = CS, ® A is an associative superalgebra, with CS, regarded as purely
even. By extending the action of S, on U®" A-linearly we get an action of the super algebra
AS, on U®". Tt is easy to see that the actions of AS, and GL(U) on U®" commute with each
other.

We then have the following super analogue of Schur-Weyl duality (for a proof see [10]).

Theorem 2.2. Let Endrun(U®") = {¢ € Endp(U%") : g = ¢g,Yg € GL(U)}. Then
Endgrwy(U)*" =n(AS;). O

3. TENsOR FFT ror gl(V)

3.1. Tensor FFT over C. Let V = V5 @ V] be a super vector space over C. The tensor
version of the first fundamental theorem of invariant theory for gl(V') describes a spanning
set for (V& @ (V*)®F)91(V) which can be derived from the super analogue of the Schur-Weyl
duality described above. Here we provide a proof for the convenience of the reader.

Let e1,- -+, em+n be a basis for V' with the first m vectors are of degree 0 and the rest are
of degree 1. Let e7,--- , ey, ., be the dual basis for V*.

We set S = Sp U S1, where Sp = {1,2,--- ,m}and S; ={m+1,m+2,--- ,;m+n}. We
define parity for I as |i| = 0if i € Sy and |i| =1 if i € S1. We also set |Ey;| = [i| + |j].

For o € Sk, we define

0, = Z(—l)p(l’[)’y(l, 0—1)(6%71(1) QR ® %71(@) ® (e, ® - ®el),
I

where the sum is over all the k-element ordered subsets I = {i1,i2,--- i} of S and v(I,0) =

v(er,o) and p(I,I) = p(er,er) with e = €;, ® --- @ ¢;, .
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In what follows we use the notation p(I,J) = p(er,eys), where e = €;; ® --- ® e;, and
ey =ej ®---®ej, for ordered subsets I = {i1,i,---,ix} and J = {j1,72, -, jr}-

Note that the elements (0,)ycs, are in (VEF @ (V*)&k)siV),

Theorem 3.1. (Tensor FFT for gi(V)). The space (V®* @ (V*)®)8 V) js spanned by the
set {0, : 0 € Sk}.

Proof. Since V @ V* =2 End(V) = gl(V), we have an isomorphism
®: (VO @ (V*)®F) = End(VER).

Since the tensor product action of gl(V) on V' ® V* corresponds to the adjoint action on

gl(V'), we have an isomorphism of gl(V')-invariants:

O : (VO @ (V)R V) 5 (Bnd(VOF))#Y) = Endgy (VEF),

where Endg[(v)(V®k) denotes the space of gl(V)-module endomorphisms of V&*.

By Schur-Weyl duality, we have n(C[Sk]) = Endg[(v)(V®k). So we have an isomorphism
(we still denote it by ®):

O (VO @ (V)ER)IV) 5 5 (C[Sk]).

We claim that the map ® maps 6, to ni(c). Let J = {j1,J2, - ,jx} be an ordered k-subset
of S. Then

(I)(HU)(ejl Q- ejk)
=Y (0PI o e,y @ @6y, ) ® (6], @ ®eh ) (e @ @ eyy)
I

= S () DD (L g ) (e (e1) €5 () ey @ D).
I

=7(J, ‘771)(%},71(1) ®-- Qe )= m(0)(ej, ® -+ ®ej, ).

So the set {0, : o € Sy} spans (V& @ V*®k)9[(V).
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3.2. Tensor FFT over A. Let V be a super vector space over C and let U = V ®c A.
Then U®" @p U*®5 is a GL(U) module. For a € C*, the element al belongs to the centre of
GL(U) and it acts on U®" @ U*®* by al.x = o' Sz, where [ is the identity matrix of size
(m +n) x (m + n). Hence there are no invariants if r # s, so we only need to consider the
GL(U)-invariants of U®" @ U*®". Then we have a GL(U)-module isomorphism

U®" @p U*®" = Endp (U).
From the Schur-Weyl duality it follows that
(U®" @ U*®")GL(U) = EndGL(U)(U@”) = n(AS,).

We denote the image of o € S, in (U®" ® (U*)®")“LU) also by 6, as in the above theorem.

4. GRADED INVARIANTS FOR MIXED TENSOR SUPERSPACES

For a complex super vector space V' of super dimension (m|n) and non-negative integers
t,b, we denote by V} the tensor space V® @ (V*)®, Recall that the tensor space has a natural
Zo-grading where the degree of a homogeneous element v1®- - - Uy R P ® - - - R Py is the sum of
the degrees of the individual elements taken modulo 2. By a mized tensor superspace we mean
the direct sum of finitely many tensor spaces, i.e., of the form @le(V)é"i, for an s € N and
non-negative integers t;,b;, i = 1,...s. The mixed tensor superspace inherits its Zo-grading
from its graded direct summands. Let U denote the free A-module V ®¢ A, introduced earlier.
Recall that there is a natural identification V < U, such that v — v ® 1. As was also noted
there, the supergroup GL(U) acts on U, hence it acts naturally on the tensor space U} and
acts diagonally on the mixed tensor superspace @&, (U )Z’Z >~ ( le(V)Z) ®c A.

4.1. Supersymmetric algebra of the dual of the mixed tensor superspace. For the
Zo-graded vector space V' of superdimension (m|n) over C, let {ey,...,entm} be a basis with
the first m vectors from the even part and the next n from the odd part. For notational con-
venience, we rename the dual basis e, ..., e}, ., by 21,...,2p,y1 ..., yn respectively. Under
the identification V' < U and V* — V* ®c A = U*, we denote the A-basis of U and U*
corresponding to {e1,...,entm} and {x1,...,Zm,y1...,yn} respectively, also by the same

notation.

The tensor algebra on U* is T(U*) = &,,cz20T"(U*) where T"(U*) := (U*)®A™ for n >
0 and T°(U*) := A. This is naturally a Z-graded superalgebra. Let I(U*) be the ideal
generated by elements of the form u ® v — (—1)/“/"ly @ u where u,v € U*. Note that I(U*)
is both a Z-graded and a Zs-graded ideal in T(U*). Hence the supersymmetric algebra
S(U*) :=T(U*)/I(U*) inherits a Z-grading as well as a Zs-grading from T'(U*). We denote
the image of T7(U*) in S(U*) by S"(U*) and the natural map from 77(U*) — S"(U*)
is denoted as w,. In S(U*), we have the relations z; ® z; = z; @ x;, 7, Qy; = y; ®
z; and y; ® y; = —y; ® y;. Hence we can identify S(V*) with (Clz1,...,2m] @c A) @4
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(Aly, -, yn] ®c A) where Clzy, ..., zy] denotes the polynomial algebra over m commuting
variables and Aly; ..., y,] denotes the exterior algebra generated by y1, ..., y, satisfying the
anti-commutativity relations y;y; = —y;y;. In other words, S(U*) has a A-basis given by
monomials of the form z}'---almyi' - ysm where r; € NU {0} and s; € {0,1}. One may
identify S”(U*) with the GL(U)-stable subspace e(r)T"(U*) where e(r) := %, > oes, 0+ Since
the GL(U)-action on 1" (U*) commutes with the S,-action, so the action of GL(U) on T"(U*)
descends to S™(U*), thereby making w, a GL(U)-equivariant map.

In the case of Vbt, let Tijll_::fb‘t denote the linear functional on V}f that takes value 1 only on the
basis vector e;; @ - ® €;, ® €}, ®---®¢j, and 0 on others. Under the natural identification,
(UL = (V)" ® A, we denote the A-linear map corresponding to 777 also by the same
notation. With this notation, following the same reasoning as in the case of S(U*), the super

ring S((Uf)*) can be identified with the super ring of polynomials in the variables le U0t with
( 1)(Zk aik+Zl ajl)(Zk %;C"‘Zz )T.h Jtle jt

the supercommutativity relation 77" dephi 3t =
11 Zb 1100

i1ty i) b
where a; denotes the parity of the basis element e; (as well as of e]).

More generally, for W = @leUle the mixed tensor superspace as defined above we use
the natural identification of W* with Eszl(Ule)* to obtain a A-basis for W* given by the
linear maps T'(i )lebz L e (Ulf:)*, fori=1,...,5 1<l <m+nand 1 < u; <m+n.
Under this identification the linear map T(z)le;ut’ € W* evaluates on w = (wy,...,ws) to

T(i )Zl lut (w;). With this notation, the supersymmetric algebra S(W*) can be identified with

the superalgebra of polynomials in the variables T(l)g1 gt ,1=1,..., s with the supercommu-

tativity relation T(l)J1 Jt’T(l )]1 ],tl = (-1 )(Z"a”‘Jera”)(z’“a“ +Zlalz)T(l’)]1 ]tlT(l)jl"'?tl

iy i, i i1
where a; denotes the parity of thle lglasis element e;. From the above identlﬁcatlons of § (1VV:l)
and S ((Ul’:)*) as polynomial algebras, it follows that there is a natural isomorphism from
L1 S((UF)*) to S(W*) given by (¢1 @ -+ @ ¢s) > ¢1 -+ b
Remark: For purposes of book-keeping, we fix an ordering of basis elements of Ulf: for
each ¢ = 1...s such that the degree 0 elements appear before the degree 1 elements.

4.2. Graded picture invariants on W. Let W = @leUlfz for an s € N and non-negative
integers t;,b;, i = 1,...s. The GL(U) action on W induces an action on T"(W™*) for each
r € Z29. This action commutes with action of the symmetric group S, for each r > 0 hence
the GL(U)-action descends to the subspace e(r)T"(W*) which in turn can be identified with
ST(W*). Thus, we note that the GL(U) action on W descends to the associated supersymmet-
ric algebra S(W*) of “polynomials” on W. With respect to this action of GL(U) on S(W*)
we are interested in finding a generating set for the invariant subalgebra S (W*)GL(U). For
this, we define the notion of a graded picture invariant following [6]. In the supersymmetric
setting, to an element of the symmetric group, we associate a polynomial in S(W*) which we
shall call as a graded picture invariant. A graded picture invariant is defined as follows: given
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an s-tuple (m1,..., mg) of non-negative integers such that > 7, myty = > j_ymby = N
and a 0 € Sy we associate the polynomial ¢, € S(W*) given by
mi
_ 1\Po (T1yee PN, Ms) N\ (Zp<i mptp+ (=1t +1) " T (Z, < mptp+it;)
Z ( 1) HHT(Z)TJ(2p<impbp+(j*1)bi+1)‘..T7(2p<imeP+jbi) (4'1)
r1,....,rNE{l,...,n} 1=1j=1

where p,(I, M) for an N-tuple I = (r1,...,rn) of N elements from {1,...n} and M =
(mi1,...,mg) € (NU{0})® such that )", myty = >, miby = N takes the value 1 determined
by the formula v(I,0~ ') x (=1)2UM9) where ¢(I, M, o) is

s my b;
ZZ (Z aa(zp<impbp+(j_1)bi+l) Z ag +

> > p<i Mptpt(F—1)t;

i=1 j=1 =1 k=1
N N-1 N
E ai+E a; E aj | +p(w,w).
i=1 i=1 j=i+1

In the above formula', a; is the parity of e,, (and also of its dual vector ey,) and w =

W QWL+ QWS o, where each WS imptd P O byt 1)1 ®- - '®€sz<impbp+jbi
G:ofl(zp@mptp+(jfl>ti+1) R ® ejfl(zpﬁmptﬁjti) fori=1,...,8 j=1,...,m;. It can be
seen that the degree of W mpt is

b; i

Z a(qu mpbp+(j—1)bi+k) + Z a071(2p<i mptp+(j—1)ti+k)"

k=1 k=1
Following the convention that for o € Sy, 0.(r1,...,7N) := (ro-1(1), - - -, Te-1()), it may be

seen that y(o.I, 7 )y(I,071) = (I, (r0)71) (see §2.3). Using this, we note that the above
sign (—1)2UM9) (T o=1) may be realised as v(u~'.(I,01), (vTép) ') where for a o € Sy we
define 6 € Sy as

6(i)=o0() fori<N

6(i)=1 fori>N
and for an M = (my,.. ) (NU{0})® such that >, myty = >.;_; mypby = N the
permutation,utakes(l,.. 2N)to (1,...b1, N+ 1,...,N +t1,by +1,...2by,--).

Remark 4.1. In the above formula the monomials with repeated odd degree variables are 0.
More explicitly, those indices r1,...,rn are to be dropped from (4.1) for which the variable

N\ (Zp<i mptp+(G—1t;+1) T (Z <y mptp+ity) *
T( )TU(ZPQmpbp+(j—1)bi+1)"'Ta(zp<impbpﬂ'bi) € S(W )

is of degree 1 and,
(Pa(S, <y mpbptG=1)bi+1)> = =3 Ta(, o mpbptdb) = (Ta(S, oy mpbpt (7= 1)bi 1)+ + > To (5, mpbp-+i'bi) )

'In (4.1), the monomials should be considered modulo the anti-commutativity relations in S(W*). See Re-

mark 4.1 above.
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(T‘Zp<imptp+(j—1)t¢+1v e ,T2p<imptp+jti) = (TZPQ. Mmptp+(G —D)ti+1s -+ T2p<imptp+j'ti)

for some1<i<s,1<j<j <m,.

The next proposition establishes that the above graded picture invariants generate the

invariant super ring S(W*)GHU),

This is analogous to the statement of [6, Proposition 7].
Further, it may be remarked that the proof follows the same line of argument as in [6,
Proposition 7]. However, the identifications involved in the proof there will have to be modified
to the braided category of Zs-graded vector spaces. This leads to polynomials which are

different from that of loc.cit.

Theorem 4.2. Given a mized tensor superspace W = @leU,fZ, the graded picture invariants
as defined above A-linearly span S(W*)GLU),

Proof. The degree n component of the ring S(W*), denoted as S™(W?*), is the image of
T™(W*) under w,. The basis for S”(W*) is then given by the degree n monomials in the
super-commuting variables T(Z)ZIIZ;Z arranged in order from ¢ = 1 to ¢ = s and the fixed
ordering of the standard basis of Ugj for each ¢ indicated in Remark 4.1 and such that the
odd variables appear atmost once in such a monomial. Hence it can be seen that
SUW)Z D miem, (25,5 (UE)).
mi+--+ms=n *

This isomorphism may be structurally described as coming from the degree n component
of S(W*) being expressed as a direct sum of its (my,..., ms)-multidegree summands ob-
tained by setting the multidegree of the basis elements of the form 7° (z)lulllbut’ to be the
s-tuple (0,...,0,1,0,...) with 1 only in the it"-coordinate. We have the natquaI surjection
from w,,, : ((Ulf;)*)®mi — Sml((UZZ)*) for each i. Since the GL(U)-action on ((Ulfii)*)@mi
commutes with the S, -action and SmZ((UZZ)*) can be identified under tw,,, with the sub-
space e(m;) (((ng)*)é?mz) where e(m;) = m%, ZoeSmi o, so the GL(U)-action descends to
Sml((Ule)*) making w,,, a GL(U)-equivariant map. Thereby, we get a GL(U)-equivariant
surjection wy,, ®. .. wpn, : le((Ulf:)*)‘gmi — ®f:18mi((U£Z)*). Set Wity m, = U, for
i=1,...,my and r = 1...s. Then, by the isomorphism listed in (6) of §2.4 we have,

(@i Wi)* = @, (W) (4.2)

where k = 3, m;, given by sending the basis element Ty, @-.gus- ,, (—1)P@W)T(1),, ®
.- '®T(S)wzi - where w := w1 ®- - "y, ;- Here w; € W; denotes a basis vector of W; and
it W; = Ulf: for some r = 1,..., s then the dual basis vector corresponding to w; is denoted as
T(7)w,;- Thus we have identified ( le(Ulf:)@mi)* with ®f:1((U£;)*)®mi by the above isomor-
phism. More explicitly, for index sets L = ({1, ... s, mibi), U = (u1, ... S U, mit;) the above
to (~LpPIT (L), 73, @ T (L, iy @ €

li.. oy +1---loby
s ti\x\®@m; ; e
i ((U)7) where w is as defined above and each WS impti T Cs by -te1 ©

isomorphism takes ﬂl7-~alb1 UL oWt slby +15e502b 5o
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--®elzp<l L ®Rer _ R---Rer fori=1,...,8 j=1,...,m;.

; mpbp+3jb; U(Ep<imptp+(]—1)ti+1) u(2p<lmptp+]t )
We then apply the permutation p as defined earlier, which induces an isomorphism from

le(Ulfj)@mi — UBXimibi) @ (U*)®(2imiti) and hence also on their duals.

For index sets L = (ll""’lzimibi)7 U = (ul""’uzimiti) we note that p~'.(L,U) =
(b1 lpy,wt ooy ugy, boy g1y - lopy, - - .). So the isomorphism induced by g on the duals is
given by

it (VS @ () EE ) (i (U)°) (4.3

such that Ty, maps to y(u~1.(L,U),u )7}17”,,%17“1,_,,%17lb1+17m712b1,... e ( le(UZj)@)mi)*.
A standard argument as outlined at the end of §3 gives us that U®(imibi) g (U )@ miti)
has invariants if and only if ), m;b; = Y, m;t;. From Theorem 2.2 we get a spanning set of
End(U®N)GLU) S0, in the case when > ;mibi =Y, m;t; = N, going by the isomorphism ©
defined in (7) of §2.4, we get invariants in (U®Y ® (U*)®N)* given by ©(c), where o € Sy is
regarded as an element of Endy (U®Y). As noted in §2.4 above, O(0)(v® f) = ev[v.7.(c(v) ®
/). It can be easily seen that ©(c) can be expressed in terms of the basis of (U®N @ (U*)®N)*
as

Z Y(L,o"Yy(oL, oL, 7 )y(r.(¢L,o L), v )T 1. (4.4)

L=(l1,..ln)

Now going through the isomorphisms given in (4.2), (4.3) and the map wy,, ®@ ... ® wp,,, it
can be seen that this element corresponds to the graded picture invariants defined above. [

Remark 4.3. In the above proof the invariants ©(c) are the images of O, in §3.2 under the
isomorphism from (USN @ (U*)®N) to its dual (U®N @ (U*)®N)* (via their identification to
End(U®N) using (1), (4) of §2.4).

Remark 4.4. The linear map on ®f:1(U§:)®mi got by evaluation the isomorphism in (4.3)
on (o) in the above proposition is obtained by applying a sequence of permutations, namely
v.7.0.4, followed by the evaluation map ev. Further, in the case that W = @leUll, we note
that p~' is just the permutation T.

4.3. Restitution map and realizing linear maps as multilinear polynomials on Wj.
Following [10, §3], we consider the A-module of functions from W — A denoted by F(W, A).
Let F" : T"(W*) — F(W,A) be given by F"(a)(v) = ev(a ® v ® --- ® v) where ev :
T"(W*)@T" (W) — Ais as in (3) of §2.4. It is noted in [10, Lemma 3.11] that F" restricts
to a map F" : S"(W*) — F(W)p); further, it is shown in [10, Prop 3.14] that this restriction
is an isomorphism from S"(W*) — P"(Wy) where P"(Wp) is the image of F" in F(Wy, A).
The space P" (W) is called the space of polynomials of degree r on Wy. For f € S"(W*) and
w € Wy, we note that F"(f)(w) = ev(f @ w®") where f € T"(W*) such that @, (f) = f and
W i = ww® - (r-times); (recall wy : T (W*) — S™(W*) is the natural quotient map).

Let W = @f_ 1Ut Since W* (Ut )*, the set of all linear maps T'(i )u1 ’utl € (Ut ),
foreachi=1,...,5,1<1; <m+n and 1 <wuj < m+n gives a A-basis of W*, whlch shall also
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be denoted by the same notation; regarded as a linear map on W*, T'(4 )Zl l;utl (U1, ...,us) ==

T(z)lull.“l:ftl (u1). As was described in the proof of Theorem 4.2, setting the multidegree of
T(z)u1 e W to be (0,...,0,1,0...,0) with 1 in the i*"-position and 0 elsewhere, de-

1.0y,
note by S(ml""’ms)(W*) the (mq,...,ms)-multidegree summand of S”(W*). For the same
ordering of the bases of U, ‘i as fixed in the proof of Theorem 4.2, it may be noted that the

Uu.. UtlT( )uti+1"'u2ti . (.)U(mi,l)tiJrl.--umiti

monomlals H’l 1T( )ll lb lbi+1~~~l2bi l<m¢*1)b¢+1"'lmibi

where the [;’s and u;’s vary

in {1,...,m +n} forms a basis of S(17s)(W*). Hence the natural homomorphism from
lesmi((Ugj)*) to SUmL-ms)(W*) given by f; @ --- @ fs — f1--- fs, is an isomorphism.

Also, note that ®f:1((U£:)*)®mi is a subspace of T"(W*) where r = )7, m;. We have,

Lemma 4.5. With notations as above, the following diagram commutes

m1® QTWmg

(U)o = R 8™ (Uy))")

§(mi,..ms) (@le (U;Z)*)

T (W) ST W)

Proof. 1t is an easy checking to observe that the basis element
®R5_, QT T(i)uzkimjtj+(’“i>+1'““2j<imjtj+(’f+1)fi>
i=1 <=1 U525 cimby+ (kb)) 105 g mbi+(k+1)b,)

of ®;_; ((U)*)®™i goes to the same monomial via both @, and @y, ®...®w@y,,, as required.

n

Lemma 4.6. With notations as above, for each s-tuple of non-negative integers (mq, ..., ms)
the map F" restricts to an isomorphism from S(mi--ms)(W*) — Pm-ms) (W) where
Plmms) (W) denotes the image of SU™s) (W*) in F(Wo, A). Further under the natural
identification of S(m1--"s) (W*) with ®f:15mi((Ulf:) ), the map F(m-s) .= FT o (w0, ®
R @) TT((UR)) @ ... @ T ((Up2)*) — Pmms) (W) s given by Fmi-m)(fy @
@ fs)(u,. .., us) = ev(fl ®u®m1) cev(fs@ul™s). In other words, the following diagram
commutes

1Q.. ®Fms
(o

Wmq R...Qmmg J{

1 F (U)o, A)

o

(U@ Slmiems) (g2 (U)*)

\ﬂ .
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where the right-most arrow takes f1 @ -+ ® fs € ®f:1]:((UZ;)0,A) to the map (u1,...,us) —
fl(ul) T fs(us)-

Proof. The first part is a consequence of the fact noted earlier that F" : S"(W*) — F (W) is
injective. For the second part, note that under the natural isomorphism between ®7_, 5™ ((UZZ)*)
and S+ (W), the element f ® -+ & fy € @5, S™((U,))*) where fi € S™i((Uy)")
can be identified with the monomial f;---fs € S(™ms)(W*). Then the commutativ-
ity of the diagram in Lemma 4.5 implies that F"(f;--- fs)(u) = F'(fi ® -+ @ fs)(u) =
ev(fi® @ fs@uPEim)) = ev(f1 QU™ @ - ® fs @u™), where u = (u1,...,us) € Wy
and f; € Tml((U,i')*) such that w,,, (f;) = fi. Note that, since u is a degree 0 element there
is no sign change in the above equality. The right side of the above equality evaluates to

F(f)(ur) - F (fs) (us)- .

Remark 4.7. We note from the commutativity of the above diagram and with the notations
as in the above lemma, F"(T)(u) = ev(T @ uP™ @ - - @ u¥™) where T € ®f:1Tmi((Ulf:)*)
and u = (u,...,us) € W.

In view of the above Lemma 4.6, we call the image of S(™1»™s)(W*) in F(Wy, A) as
the space of multihomogeneous polynomials on Wy, denoted as P(ml’“"ms)(WO). Further, the
map F" restricted to S(™1-+7s)(TW*) is the same as the restitution map F"M @ @ F"

lesmi((U,fj)*) — Pmms) (Wy). When m; = 1 for all i = 1,...,s, this is the space of

multilinear polynomials on Wy.

4.3.1. Polynomial invariants and ‘pictures’. By a polynomial invariant on Wy, we shall mean
an element of F(Wy, A) which is in the image of S(W*)SXU), By Theorem 4.2, this means
that the subalgebra of invariant polynomials on Wy is spanned by F"(p,) where ¢, are the
picture invariants as defined above. Let T, be the linear map described in Remark 4.4. Then

we have,

Proposition 4.8. The graded picture invariant ¢, € S(ml""’ms)(W*) maps under restitution
F" to F"(¢,) given by F"(py) = Ty(ud™ @ - @ u®™s) where u = (u; . .., us) € Wy.

Proof. The isomorphism ¢ : T"(W*) — (T"(W))* used in Theorem 4.2 is obtained from
the non-degenerate pairing 7"(W*) @ T"(W) — A, as in (4) of §2.4. Therefore, for any
¢ € T"(W*) we get a linear map ¢(¢) on T" (W) and the evaluation t(¢)(w; ® ... ® w;) is
given by ev(¢p @ w1 & ... ® w,). Hence we have the following commuting diagram:

(U)o s TM (W) ——— §T(W) —s F(Wo, A)

/ﬁ
—
—
o —
= —
—
—
—
—

(@5 (Wi s (rm(w))*
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where the inclusion ®;_, ((Ug'z)"‘)@””1 — T"(W™) is as earlier while the map < S1 ((Ulfz )®mi) T

(T"(W))* is induced by the projection pr : T (W) —» (®f:1((Ugj)®mi); for ¢ € (®f:1((Ulf:)®mi>*
and w1 ® ...Qw, € T"(W), Y(w1 @ ... ® wy) = YP(pr(w; ® ... ® wy)). By the construc-
tion of ¢, in Theorem 4.2, we know that T, € <®f:1((U£Z)®mi>* maps to ¢, € ST(W*).
Let po € T"(W?*) such that (o) = T, and @w,(ps) = ¢,. By Remark 4.7 we have
Fr(ps)(u) = ev(pe @ ud™ @ -+ @ u@™) where u = (u ...,us) € Wy. Under the isomor-
phism ¢, as seen above, the latter evaluates to TC,(u?ml ® - @ul), as required. ]

By the above proposition, the invariant polynomials on W} are given by the evaluations

of the linear maps T, := ev o n(v7du) where n := nop is as in §2.3. In the spirit of [6], we

. . . . . . AU UL, .
associate certain pictures to these invariants. To each variable T'(7) hot, €W * we associate

a picture
— —
E— N
— TO) —
| —
with ¢; in-arrows and b; out-arrows. Given an s-tuple (my,...,ms) of non-negative integers

such that Zle mit; = Zle m;b; = N, we take for each i, m; many copies of the pictures
associated to T(z)zll:;l and arrange them in order from ¢ = 1 to ¢+ = s and then label all
the in-arrows and all the out-arrows from 1 to N in the order that they appear. Now given
a o € Sy we associate a closed picture obtained by joining the in-arrow labelled ¢ with the
out-arrow labelled o~1(7). For example, let W = V! @ VY @V and my = 1;me = 2;m3 = 1.
Then corresponding to o = (1 2 3) we get the closed picture below:

1

L

2 3

T(2) j T(2)

ﬂ@
E
=

3

This picture corresponds to the graded picture invariant ¢, as defined earlier in (4.1).

4.3.2. Graded picture invariants in terms of supertraces. We now restrict to the case when
W = (U}). By (1) of §2.4, we have U] = End,(U). We can then consider the supertrace
function on U] given by str(v®a) = (—1)Plela(v) and (v®a).(w® B) = va(w)®B. With this
notation, for a permutation o € Sy the trace monomial tr, is defined on (U11)®N as try (v ®
P1®- - @UNQPN) = str(viy ® diy Vi, @ Giy-+ Vi, @ By, )87 (v ® Py 0, ® Py RV, ® Py ),
where 0=! = (i1 42 ...%,)(j1 jo---j¢)---. This definition is dependent on the permutation o
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and its cycle decomposition as well. However, it is well-defined when restricted to (U11)6®N .

The following is similar to [1, Lemma 2.2]),

Lemma 4.9. For a 0 € Sy, the GL(U)-invariant linear map ev o n(v.7.6.771) (as in Re-
mark 4.4) and try as defined above, agree on v1 ® g1 ® -+ @ vy ® ¢, upto a sign. Further,
when evaluated on v1 @ ¢1 @ --- @ uN @ dn € (U$)o)®VN, they are equal.

Proof. For the first part, by A-linearity it suffices to prove the above for the basis elements
(e, @€}, @---e1y ®e ). The effect of applying v.7.6.771 to e, ® €}, @ - e, ® e from
the left is to get £(ej, ® €l, 1y @ Cuy ® eua_l(N)). Now applying the evaluation map ev
on this vector gives, £e; <elo—1(1>) ey (vlg—l(r))ezr-&-l (ela_l(rH)) -++. After a rearrangement,

the latter is equal to e}, (er,) ey, (e, )ejfle (e1;,) -+, upto a sign. This in turn is the trace

monomial 7, (e, ® ey, ® -+ -ery R ey ).

For the second part, we try to determine the sign change explicitly. First, we consider the
special case of 71 = (12 ---7)(r+1---t)---. Let v;®@¢; € V®V*. Let v; have parity a; then
¢; have parity a;. The effect of applying v.7.6.77! to 11 ®¢1®- - -@UN @ ¢ on the left is to get
(91 @Vy-1(1)® PN DVy-1(y)). We consider the special case of 6™ = (12 ---7)(r+1---1)---.
In this case, acting v.7.6.77! from the left on (v ® ¢1 @ - - VN @ dn) We get +(d1 @ V2 @ P2 ®
V3 QP Q1) R (Dry1 @12 R+ ® P @ Upp1) ® -+ -. Now applying the evaluation map ev
on this vector gives, +¢1(v2) - - - ¢r(v1)Pr41(vr42) - - -, leaving the sign unchanged. The total
sign change is then given by ai(a) +ag+ah+---+ar+al.) +arp1(a,  +appa+--Fa)+---.
If v; ® ¢; are of degree 0 then a; = a} for each i. So, for these values we see that the
sign is (—1)@Ter+1+ " This agrees with the value of the trace monomial tr, evaluated on
(Vy, ® Guy ® Vi @ duy ). Thus, in the case that o=t = (12 ---7)(r+1---¢)--- the linear
maps evon(v.7.6.7~1) and tr, agree on ((Ull)o)®N. The proof of the general case is same as in
[1, Lemma 2.2], which we recall for completeness: Let 01 = (i1 iy .. .4 )(ip41 G2 i¢) -+ €
Sn. Let m € Sy such that 7(j) = ij then ro~lr~ 1 = (12 ---r)(r+1---t)---. We have,
7 — (Uﬂ(l) R Pr(1)®- - "QUr(N) ®¢7r(N)) = str(vﬂ(l) ®¢7r(1) Q- @Ur(r) ®¢7r(r))5t7‘(v7r(r+1) &
Pr(r41) @ = @ V() ® Pr(y)) -+ = trg(v1 @ ¢1 @ -+ vy @ dn). By the special case proved
earlier, we have t7 ;.1 (Vr(1) ® Pr(1) @+ @ Ur(n) @ Pr(v)) = (evo n(uT(ﬂa%*l)T_l))(vﬁ(l) ®
¢7r(1) Q- QU @ ¢7r(N)) = ev((vw(l) ® <Z>7r(1) e O ¢7T(N))T.(7TJ7T_1)71.T71.I/) =
(M ®P1® - Quy ® ¢N).7T*.T(7ra;r_1)_1.7'_1.1/) where 7* = 7(7~!, 771)771. We have

7'(71'71, 7771)7717'(770%_1)717'71.1/ = T(T['il, 7r71)(7r0717r71, 1)7'71.1/
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1_-1

=761 7V

1_-1

=76 17 vrt.

The last equality comes from noting that 7*v and vn* agree on vectors of the form vy ®
$1® - @uN ®Pn. Also, ev([v1 ® 1 @ - VN ® ON]T*) = ev(v1 ® P1 ® -+ ® VN ® Pn) on
(VeV*)®N . Putting all the above observations together, we have tr, (V] ®¢1®- - -QUNRoN) =
(evon(tom ) (11 @ ¢ @ -+ ® vy ® ¢n)) for all o € Sy, proving the second part. O

It is shown in [2, Lemma 6.6] that in the special case of W = (U{)? and when m = n, that
PL1) (W) is actually the space of multilinear polynomials in the co-ordinates of M,, ,(A)o.
The following corollary may be viewed as a generalization of this result.

Corollary 4.10. The picture invariant ¢, € S(ml""’ms)(W*) maps under restitution F" to
the trace monomial given by F" (py)(u) = tre (ud™ @- - -@u®™) where u = (uy ..., us) € Wo.

Proof. The proof follows from Proposition 4.8 and the above lemma. U

The invariants in P(Wj) for induced action of GL(U) such that the isomorphism is GL(U)-
equivariant are called the invariant polynomials on Wj,. The following is Theorem 6.7 of

21,

Theorem 4.11. The invariant polynomials for the simultaneous action of GL(U) on ®3_;(Ui)o

are spanned by the trace monomials tr, given by

tro(Ay, ..., Aq) = StI‘(Af(il) e Af(ir))str(Af(ier) oo Af(“)) oo
where Ay, ..., As € ®5_UL, 0 = (i1...0p)(ir41...9t) - € Sy and a map f: {1,...,N} —
{1,...,s} form € N.

Proof. The invariants in P(Wj) are the image of S(W*)SL(Y) which in turn is spanned by
Yo, by Theorem 4.2. By the above Corollary 4.10 we then get the required result. ([l

5. SCHUR-WEYL-SERGEEV DUALITY FOR QUEER SUPERALGEBRA

5.1. Queer superalgebra. Let V = V[ V] be the Zs-graded superspace for which V) = C"
and V; = C". Let {v1, -+ ,v,} and {v_1,--- ,v_p} be bases for Vj and V; respectively.

Define a map P: V — V by v; = (—1)Ily_; for all 4.
Recall that the superbracket in Endc (V) is given by
[f.9] = fg— (—1)lgf,
for homogeneous elements f, g € Endc (V).

Let U := V ®c A. The map P € Endc(V) extends to a map in Enda(U) which we still
denote by P. We have P? = —1.
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We define q(U) := {f € Enda(U)o : [f, P] = 0}. It is closed under the superbracket and
we call it the queer superalgebra.

With respect to the basis B := By U By, the operator P can be written in matrix form as

p=(2 1.
I 0
The queer Lie superalgebra q(U) (or q(n)) can be expressed in the matrix form

q(n) = {(2 i) : A€ My(Ao), B € My(Ay)}.

We define the queer trace of an element of q(n) to be

qtr<(;‘ f)) = [tr(A+ B)l,

where [tr(A+ B)]; is the degree 1 component of the sum of the diagonal entries of A+ B. We
can see that gtr satisfy gtr(MN) = qtr(NM) and qtr(RMR™1) = qtr(M) for all M, N, R €
q(n), where R is invertible.

The queer superalgebra q(U) is a subalgebra of gl(U) and it acts on U®* by ordinary
derivation (see §2.3).

The queer supergroup Q(U) is the subsupergroup of GL(U) which commute with P. The
diagonal action of GL(U) on U®* restricts to an action of Q(U) on U%*.

5.2. The Sergeev superalgebras. Let S; be the symmetric group on k letters. It is gen-
erated by the transpositions si, -, Sgp_1.

The Sergeev superalgebra Sery is the associative superalgebra generated by s1,--- ,Sg_1
and ¢y, -, cp_1,cr with the following defining relations:

[\

S; = 173i3i+13i = S8i4+15:iSi+1, SZ'Sj = sjsi (‘7, —]‘ > 1),

S0 S

c; =—1,¢i¢c; = —cjei, (1#7)

8iCiSi = Cit+1, SiCj = CjSq, j#E i+ 1.

The generators si,---,s;_1 are regarded as even and the subalgebra generated by them
is isomorphic to the group algebra C[Si] of Si; the generators ¢y, -+ ,ck_1, ¢y are called odd
and the C-subalgebra generated by them is isomorphic to the Clifford superalgebra Clj.

The Sergeev superalgebra Sery, is isomorphic to the superalgebra C[S] x Cl, which is
C[Sk] ® Cly, as a superspace with the multiplication given by

(c@ciy i) (T®cj ¢j,) =0T @ Cra1(iy) " Cr=1(i)Cj1 " Cjpm>»

where 1 < 14,5 < k.
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Let ASer; := Serp ®c A. There is a left action of the superalgebra ASer; on U®* which
is given as follows (see §3.4.1 of [5]):

The generators s; act on U®F by

s5.(u1 @ - @uy) = (—D)lwll+ly, @ ... @ Uj_1 @ Ujr1 @ U @ Ujrg D - D U
The generators c; act on U OF by
¢ (U1 ® - ®@uy) = (—1)lmlttluialy, @ . U1 @ Puj) @ ujy) @ ujya @ - @ up.

The actions of s; and ¢; give rise to an action of the superalgebra ASer; on U ®k_ So by
A-linearity, we get an algebra homomorphism

i : ASery — EndA(U®k).

From the above action, we may note that for ¢; € Zo, for i = 1,...,k,
SR (0 © - @ uy) = (—1)20 TN PRy @ - @ PRy,
where o = |ujl.
Let Endg)(U®*) be the centralizer algebra of the Q(U)-action on U®*. That is
Endg(U®*) := {f € Enda(U®¥) : gf = fg, for all g € Q(V)}.

Sergeev [16] proved the double centralizer theorem along the lines of the Schur-Weyl duality
for the queer superalgebra and it was extended to the Queer supergroups by Berele (see
Theorem 4.2 of [2]).

Theorem 5.1. Let p : Q(U) — Endp(U®%) and ny, : ASery — Endy(U®%) be the maps
induced from the actions defined above. Let A be the image of n and let B be the A-subalgebra
of Endp (U®*) spanned by the image of p. Then A and B are centralizers of each other.

Remark 5.2. It may be noted that in the statement of the above theorem we consider the
left action of the Sergeev algebra whereas Berele considers the action from the right and uses
ASer;? instead.

5.3. In this subsection we list out some facts that are needed to prove the main results in
§6. We give an outline of the proofs here, for more details refer to [2].

1. There is a GL(U) equivariant isomorphism Endy (U®*) = (Enda(U)®*)* (see (7) of
§2.4). Then from Theorem 5.1, it follows that, under this isomorphism the Q(U)-invariant
elements of (Endy (U)®*)* correspond to ASery C Endp (U®F).

2. Let T € Endy(U®*%). Then, again it follows from Theorem 5.1 that 7' commutes with
p(g) for all g € Q(U) if and only if T is in the image of ASery.
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3. Recall that we defined the supertarce map str : Endy (U) — A by

str(v® ¢) = (=1)1"1¥g(v).
For A € Endy (U)o, we define the queer trace as gqtr(A) = str(PA).

4. Let 7 be the set of elements of Endj (U)o which commute with P. Note that Q(V)
equals the set of invertible elements of Z. We have str(A) = 0 for A € T as P? = —I and
str(PAP) = str(A).

5. Let Ay,---Ag €T and €1, - €4 € Zo. Then it follows from (4) that if ), €; is even then
str(PTAy---P94Ag) =0 and if ), € is odd then str(PA;--- P4Ay) = qtr(Ay - -- Ag).

6. EXTENDING RESULTS OF §4 TO Q(U)-INVARIANTS

Given a mixed tensor superspace W = EBf:l(UZZ) as in §4, the restriction to Q(U) of
the GL(U)-action on W and on T"(W*) gives a natural Q(U)-action on these superspaces.
As the GL(U)-action commutes with the natural S,-action on T"(W™), so also does the
Q(U)-action. Hence, as seen in §3, the subspace e(r)T"(W?*) is a Q(U)-invariant subspace
which is isomorphic to S"(W*). Thus S"(W*) has a Q(U)-action defined on it and the map
wy  TT(W*) = S"(W*) is Q(U)-equivariant with respect to this action.

With this notation, to obtain an analogue of Theorem 4.2 we will need to associate further
invariants in addition to the graded picture invariants given by (4.1). Denoting the A-basis

of U corresponding to {vi,...,vp,v_1,...,v_p} also by the same symbols, we note as in
§4.2 that S(W™) is a polynomial algebra with supercommuting variables T(z)leZLtl where
l; and u; take values in {1,...,n,—1,...,—n}. Let (mi,...,ms) be an s-tuple such that

Zi:l mrty = 22:1 mybr = N, then associated to the elements ¢, € ASery the picture
invariant ., is defined by

S m;
. : / . e 1) T . it
_NG(hyT1 N My s) N (Zpci mptp+—Dti+1) (S p o mptp+ity)
Z ()T H HT(Z)T@mmpbp+<j—1)bi+1>“'7“<zp<i mpbp+ib;)
71, ,rNE{L,...,;n,—1,---,—n} =1j=1
where 1’ = r; for j # h and rj = —rj,. The value of §(h,71,...,7n,m1,...,ms) is given by
A T I i (L 1), () T )~ 1P, here T = (11, ) and (1, ) =
(=)ol onland th = (ry, o =),

The above formula is obtained by going through the isomorphisms in the proof of Theo-
rem 4.2, as was done there for the case of o € Sy. These isomorphisms are GL(U )-equivariant
and hence also Q(U)-equivariant. Replacing by —1,..., —n the indices n+1,...,n+n wher-
ever they appear in the isomorphisms listed in the proof of Theorem 4.2 we get the generators
of ( g8 ((UZZ)*))Q(U). Using the same argument as given there, it may be first noted that

there are invariants in ®;_, S™ ((Ulff)*) if and only if 7 | myty, = > ;_; mgty = N. For such
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an s-tuple (my, . ..,ms), we start with the generators of (End (U®N))?U) prescribed by The-
orem 5.1. Then as done in Theorem 4.2, going via the isomorphisms given there, the o € Sy
give rise to the polynomials ¢, as defined in §4.2. Now by the Schur-Weyl-Sergeev duality, the
elements ¢, h = 1,..., N give Q(U)-equivariant endomorphisms on U®" which correspond
under the natural isomorphism listed in (7) of §2.4, Endp (U®Y) = (U®N @p (U*)®N)*, to
the linear map given by v ® f* — ev[v.7.(cp.v ® f*)]. This may be expressed in term of the
standard dual basis of U®N @, (U*)®N by

Y AL AL L) 7y (r (L L), )Ty .
L=(l1,...IN)
where [; € {-n,...,—1,1,...,n} foralli = 1,...,N, (l,...,In)" := (I},...,ly) given by
I/ =1; unless i = h and I}, = —l;. Now going through the isomorphisms in (4.2) and (4.3), it
can be seen that this element corresponds to ¢., with the sign (—1)d0bisdnomsms) given
by (. (L, L), p= (L, L), (vr) ~A(, h).
More generally, for o € Sy and ¢{'...c}) € Cly which we also denote in short-hand by

¢, the linear map associated to the element o @ ¢i' ... ¢’ € ASery is given by
> AL e(0(L8), o (L)), 7 (7 (a(L), o(L9)), v ) Tp o(re)
L=(l1,...ly)

where € = (e1,...,en), (l1,..-,IN)® == ((=1)%y,...,(=1)*NIy) and A((l1,...,INn),€) =
()= Tzl

Going through the isomorphisms (4.2), (4.3) and the map wy,, ®- - - ®w,,, the above linear
map corresponds to the following element of S(W*):

S my
Z (—1)Foe(Eomyms) H H T(z’)l(Em mptp+ (= Dt+1) Uy i mptp-+ity) (6.1)

4 . -l _
i b —1)b;+1 i b b;
L=(l1,IN) i=1j=1 (op<s mpbp IO 2p i mpbptabi)

where [; € {1,...,n,—1,---,—n} foralli=1,...,N, I} = (=1)% ;) for j =1...,N. The
value of G, (L, m1,...,mg) is given by the formula

(—)PErE D (0 (L, o (L9)), DAL, €)Y (0(L9), 0 (L)), 7 )y (1 (o (L9), o (L)), v 7).

This element in S(W*) is denoted as @ygce. For s-tuples (my,..., ms) of non-negative inte-
gers, such that Yy, muty = > 5 mity = N, as o varies in Sy and ¢ varies in Cly, the
elements @ g0 will be refered to as ‘coloured picture invariants’ 2.

We have thus obtained the following analogue of Theorem 4.2:

Theorem 6.1. Given a mized tensor superspace W = EszlUZ;, the coloured picture invari-
ants as in (6.1) span S(W*)QWU), O

2In (6.1), the monomials should be considered modulo the anti-commutativity relations in S(W*).
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6.0.1. Coloured Picture invariants. As was done in Section 4.2, one may associate a “coloured
picture” to the above invariants. Given an s-tuple (my,...,ms) of non-negative integers such
that Zle mit; = Zle m;b; = N, we take for each i, m; many copies of the pictures asso-
ciated to T(z)zllq:l and arrange them in order from ¢ = 1 to ¢ = s and then label all the
in-arrows and all the out-arrows from 1 to NV in the order that they appear. To the element
o®ci' ...y € Sery we associate a closed picture obtained by joining the in-arrow labelled
i with the out-arrow labelled 0! (i) along with the colour prescribed by &;, which we denote
by dotted arrows if ¢; is 1 and solid arrow if it is 0. For example, let W = V3! & V) @ V!
and mj = 1;mg = 2;m3 = 1. Then corresponding to o ® ¢® = (1 2 3) ® cic3 we associate the
closed picture below:

: 1
N A

T(2) - T(2) .
3

T(3)

This picture corresponds to the coloured picture invariant @,g as defined earlier in (6.1).

6.0.2. Coloured picture invariants in terms of queer traces. For an element a € ASery C
Enda (U®N), let & denote the endomorphism o ® id on U®N @, (U*)®N. In order to
avoid confusion with the above notation, we denote the element o ® ¢i'...c¥ € ASery
by ocit...cy’. The following lemma is the analogue of Lemma 4.9 in the case of Q(U), (see
also [2, Lemma 5.8])

Lemma 6.2. For a o € Sy and ¢§' ... c{Y € Cly, we have

ev(vr.(oc] ... )T (01 ® b1 @ @ UN @ PN) = £tre (P @ @1, ..., PVun @ ),
where (v1 ® ¢1 ® -+~ @ vy ® dn) € (UT)o)?N.
Proof. Consider the action of ¢{'...c3" followed by o from the left on 77 1.(v1 @ ¢1 ® -+ ®
vN ®¢n) where |v;| = a; = |¢;|. This gives the vector (—1)p(y’@+zi>ﬂ' Gy ((e1+ag, ..., eN+
an), 0_1)(PEU*1(1)UU_1(1) ®R...® PEU*(N)va_l(N) ®R¢1®...®¢N). Applying v7 to the above

vector followed by the evaluation we get Hf\i 1 qbi(PEfl(i)voq(i)), up to a sign. Here the sign
is given by

(=1)Zii(@teGn (21 ay, ... entan), o Dv((o.(e1+au, ..., entan), a1, ..., an), (v1)™h).
Hence we note that

ev(vr.(c ® C/il\ C%V).T_l)(m@@@- - QUNR0N)) = ev((v7.5.77 ). (PPl @01 - - QP Nun®dN)).
From Lemma 4.9 we get that this is equal to +tr, (P'v; ® ¢1,..., PNoy ® ¢n). O
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We also have the following analogue of Proposition 4.8. The proof is similar to the proof
given there. Let T,gee be the linear map ev(vr.(oci! ... c3Y).771) of the above lemma.

Proposition 6.3. The coloured picture invariant py,ge € S(ml’“"ms)(W*) maps under resti-
tution F™ to F"(pegee) given by F'(0opee)(u) = Togee (ui™ & -+ @ u®™s) where u =
(ul...,us)GWO. OJ

Identifying U @ U* with End(U), we say that a vector in U @ U* commutes with P if it does
so as an endomorphism of U. We denote by S the subspace of vectors in (U ® U*)y which
commute with P. We then have the following result which agrees with Theorem 5.13 of [2].

Corollary 6.4. The invariant polynomials for the simultaneous action of Q(U) on wvectors

in ®_, (Ui )o which commute with P, are spanned by the trace monomials tr, given by

atr(Apgiy) - Apap))atr(Apg, ) - Apa,)) -

where Ay, ..., As €S, 0= "(i1...% )(iry1...9%) - € Spandamap f: {1,....,n} = {1,...,s}
forn € N.

Proof. Theorem 6.1 shows that the elements @@ span S(W*)?QV), The linear functional on

¢ (U)o (and hence also on the vectors in &3_; (U} )p which commute with P) corresponding
t0 Pogee is given by ev(vT.(0 ® ¢ft...c3Y).771). By Proposition 6.3 and Lemma 6.2 we get
that Yogee 1S try (P11, ..., PPNuny ¢y ). Then (5) of §5.3, gives the required result. [
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