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. Show that for x € R with |z° <

. Using Taylor’s theorem compute liH(l)
T—

Practice Problems 10 : Taylor’s Theorem

. Let f : [a,b] = R and n be a non-negative integer. Suppose that f(**1) exists on [a,b].

Show that f is a polynomial of degree < n if f(**1)(z) = 0 for all 2 € [a,b]. Observe that
the statement for n = 0 can be proved by the mean value theorem.

.Showthat1+%—%2§\/1—|—x§1—|—%for$>0.

2
3

. Show that for x > 0, |ln(1+:v)—<x—%+—)\§%

. 3
104, we can replace sinz by x — % with an error of

magnitude less than or equal to 10~4

. Prove the binomial expansion: (1 + z)" =1+ nz + n(n Va2 4 42" z€eR

1—\/1—1—3}2 cosT
(a) Let f: [a,b] — R be such that f”(z) > 0 for all x € [a,b]. Suppose z¢ € [a,b]. Show
that for any = € [a, ]
f(@) = f(zo) + f'(wo)(x — o)

i.e., the graph of f lies above the tangent line to the graph at (x¢, f(z0))-

s 371']

(b) Show that cosy — cosz > (z —y)sinz for all z,y € [, 5]

(a) Let f:[a,b] = R be such that f”(x) > 0 for all x € [a,b]. Suppose that x,y € (a,b),
r <yand 0 <X <1. Show that
FQz+ (1 =Ny) <Af(z)+ (1 =N f(y)

i.e., the chord joining the two points (z, f(x)) and (y, f(y)) lies above the portion of
the graph {(z, f(2)) : € (,9)}.
(b) Show that Asinz < sin Az for all z € [0,7] and 0 < A < 1.

. Let f : [a,b] — R be twice differentiable. Suppose f’(a) = f’(b) = 0. Show that there

exist ¢1,c2 € (a,b) such that |f(b) — f(a)| = (IFTQ)Q% | (c1) = f"(c2)|.

Let f : R — R be such that f”'(z) > 0 for all x € R. Suppose that z1,z2 € R and 71 < 3.
Show that f(z2) — f(21) > f/ (B522) (29 — 21).

Let f be a twice differentiable function on R such that f”(x) > 0 for all x € R. Show that
if f is bounded then it is a constant function.

(a) For a positive integer n, show that there exists ¢ € (0,1) such that
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(n+ 1)l

1
et
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e=1+ '+2

1

Further show that ne—jl = nle — m for some integer m.
(b) (*) Show that e is an irrational number.
(*) Let f: R — R be such that f”(z) > 0 for all z € R. Suppose f is strictly increasing

and f(Z) = 0. Let 9 > T and (z,) be the sequence generated by Newton’s algorithm with
the initial point xg.

(a) Show that f’(zq) > 0.
(b) Show that (x,) converges.



10.

11.

12.

13.

. By Taylor’s theorem there exists ¢ € (0,2) such that 14+z =1+ § — % L

Practice Problems 10: Hints/Solutions

. Take any = € (a,b] and apply Taylor’s Theorem for f on [a,z]. We get that f(z) =

fla)+ f'(a)(x —a) + f/;(!a) (z—a)?+..+ %(w — a)™ which is a polynomial of degree
<n.

2

FESEE
. By Taylor’s theorem there exists ¢ € (0, x) such that In(1 +z) =z — % + % - ﬁ.

. There exists ¢ € (0,z) such that sinz =z — "5;—? + (cos c)‘g—? If |z|° < 2%, then

104)
sing — (¢ — 2 <107%
6

. Apply Taylor’s theorem for f(x) = z" on [1,1+ 2] when x > 0 and [1 + z, 1] when x < 0.

. Observe from Taylor’s theorem that v/1 + 22 = 1+§—%+aaz6 and cosx = 1—%4—%—1—5955

for some « and 8 in R. The limit is é

(a) There exists ¢ between xg and x such that f(z) = f(zo)+f'(x0)(x —x0) + %‘f”(c).
This implies the required inequality.

(b) Take f(z) = cosz on [Z,3X] and apply the inequality given in (a).

. (a) Let oy = Az + (1 — N)y. By Problem 7(a), f(z) > f(x)) + f'(zA)(1 — N)(z — y) and

f(y) > f(z)) + f'(xx)A(y — x). Eliminate f/(xy).
(b) Take f(z) = —sinz on [0, 7] and apply the inequality given in (a).

. By Taylor’s theorem f (%) = f(a) + L(ch) (b_Ta)z and f (%) = f(b) + f//gCQ) (b_Ta)2 for

some c1,¢o € (a,b). Eliminate f (%£2).

Let T = #£22 Since f”(z) > 0 for all z € R, by Taylor’s theorem f(z2) > f(Z) +
11(Z) (o _%)j @(%2 —7)? and f(x1) < f(@)+ f(Z)(z1 —7) + @(wz —7)2. Eliminate
f(@) and L2 (zy — 7).

Suppose f'(zp) > 0 for some zp € R. Since f”(x) > 0 for all z € R, by Problem 7(a),
f(x) > f(xo)+ f'(xo)(x—xzp) = 00 as x — oo. This contradicts the fact that f is bounded.

(a) For f(x) = €® on [0,1], by Taylor’s theorem, there exists ¢ € (0,1) such that e =

e
1+L 45+ + (ni)!' Multiply both sides by n! to get ne_il = nle —m for some integer
m.
C
(b) If e = 2 for some p € Z and g € N, then by (a), (%) n%rl = nl% —m. Since n!f —m
¢ c
is an integer for n > gq, (g) n%rl is a natural number for every n > ¢. But (%) n%q -0

as n — oo which is a contradiction.

(a) Observe that f/(x) > 0V x € R because f is strictly increasing. Note that f’ is also
increasing. If f'(x9) = 0, then f'(z) = 0V a < z. That is f is constant on (—oo, z¢]
which is not true.

(b) Since x1 = zg — f,((fcoo)), by (a), z1 < zg. By Problem 7(a), f(z1) — f(x0) > f'(zo)(x1 —
xo) = —f(xo) and hence f(z1) > 0. Therefore T < z1 < xy. Similarly we can show that
T<..<z, <..<x9 <z <xy. Therefore the sequence (x,) is decreasing and bounded

below.




