Practice Problems 11 : Series: Definition of convergence, Necessary and sufficient conditions
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for convergence, Absolute convergence.

Show that )", a, converges if and only if Zf:’:p a, converges for any p € N.

. Show that »~>7 ,(an + by,) converges if 2 a, and Y, b, converge.
. Show that every sequence is a sequence of partial sums of a series.

. Show that > > | (a, — an4+1) converges if and only if the sequence (a,) converges. Verify

the convergence/divergence of the following series:

(2) Xnli mm @D

(b) 52, nths

. Show that the series 3 + 2+ 24+ 1 +3+2 41+ 2424241424 | diverges.

. Let (ay) be a sequence such that a,, > 0 and a,, < ag, + ag,+1 for all n € N. Show that

the series > >° | a, diverges.

Consider the sequence 0.2, 0.22, 0.222, 0.2222. .... By writing this sequence as a sequence
of partial sums of a series, find the limit of this sequence.

. Let > °>° | ap, converge and a, > 0 for all n. If (an,) is a subsequence of (a,), show that

> pe an, also converges.

. Show that the series Y 2 | a,, converges if and only if for every e > 0, there exists N € N

such that | Y a;| < e for all m,n € N satisfying n > m > N.

Let > "2 | an be a convergent series. Consider > >, b, and ) 7 ¢, where b, = max{a,, 0}
and ¢, = min{a,, 0} (i.e., series of positive terms and series of negative terms of > >° | ay).

(a) If "2 |an| converges then show that both > 07 | b, and Y 7 | ¢, converge.
(b) If >°>° | |ay,| diverges then show that both Y 2, b, and Y .~ ¢, diverge.

Let Y7, an be a convergent series and )~ , by, is obtained by grouping finite number
of terms of ) ~>° | ap such as (a1 + a2 + ... + am, ) + (@my41 + Gmy42 + oo + Ay ) + ... for
some my, ma,... (Here by = a1 + a2 + ... + amy, b2 = amy+1 + Gmy+2 + .. + G, and so
on). Show that > >° | b, converges and has the same limit as > - | a,,. What happens if
>0 | an diverges ?

Let a, > 0 for all n € N and > >, a, be a convergent series. Suppose Y .~ by is
obtained by rearranging the terms of Y 7, a, (i.e., the terms of Y .-, b, are same as
those of Y 02 a, but they occur in different order). Show that > >, a, and > ", by,

converge to the same limit.

_)n+1

Consider the series 220:1 a, where a,, = ( . Show that the series

n

which is obtained from Y27 ; a,, by rearranging and grouping, is 3 >°°° | a,,.

(=)t

(*) Consider the series Y > | a,, where a,, = . Let a € R; for example take a = 2013.



(a) Show that there exists a smallest odd positive integer N7 such that 1+%—|—%+...+ﬁ1 >
2013. Further show that 1 + % + % + ...+ Nil — % < 2013.

(b) Show that there exists a smallest odd positive integer Ny > Nj such that

11 11 1 1
444t ——= o — > 2013,
3TET TN T2 TN e T,

Further show that 1+%+%+--'+N%_%+ﬁ+"-+zv%_%52013-

(c) Show that 0< (14 5+ L+ .+ — 3+ kg + .+ 3 ) — 2013 < - and
0<2013— (1+5++ .+ —drmply+.+4-1) <t
(d) Following (b), consider the series of rearrangement
43+ttt s+ttt —itmpt -t — &+
Show that
<1+§+%+...+N%—%+ﬁ+...+ﬁ2—i+ﬁ+..+ﬁ3> — 2013 < 4.
Further, for any j such that No 4+ 2 < Ny + 25 < N3 — 2, show that
2013- (1+4+i+ . +d -d+xlm+t -+ -t+mdm+ttmy) <4
(e) Show that the series of rearrangement given in (d) converges to 2013.

15. (*) Let (Ay) and (S,) be the sequences of partial sums of the series > > | a,, and ) 7 | 42

n=1n
respectively. If >°>°, a, is convergent or the sequence of partial sums (A,) is bounded
then show that

(a) Sn=A1( -+ A -+ .+ A2 — 25) + A, forn>1,

n

(b) the series |A1(F — 3)| +[A2(3 — 3+ ... +]An (2 - n%_l)| + ... converges,

c) the series OO_ 2n converges.
n=1 n g

Practice Problems 11 : Hints/Solutions

—

. Let (S,) be the sequence of partial sums of > 7  a;,. Then for all n > p, the nth term of
the sequence of partial sum of 220:1 ap is a1 + az + ... + ap—1 + Sy,. Use the definition of
the convergence of a series.

[\V)

. Use the definition of the convergence of a series.
3. Let (a,) be the given sequence. Consider the series a; + (a2 — a1) + (a3 — az) + ...
4. Note that the sequence of partial sums of the series > o7 (an — any1) is (a1 — ap).

5. The nth term of the series does not converge to 0.

(=}

. Let (Sy) be the sequence of partial sums of Y 7, a,. Consider, for example, S7 = a; +
(ag + a3) + (ag + a5 + ag + a7) > a1 + a1 + (ag + a3z) > a1 + a1 + a;. Show that (S,,) is
unbounded.
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The sequence is %, % + %, % + % + %, ... which is a sequence of partial sums of the

series Y 7, %. The given sequence converges to %.

. The sequence of partial sums of Y2 ap, increases and bounded above.

. Use the fact that the series Y 2 | a, converges if and only if its sequence of partial sums

(Sy) satisfies the Cauchy criterion.

(a) Observe that 2b, = a, + |a,| and 2¢,, = ay, — |ay,| for all n € N.
(b) Observe that |ay,| = 2b, — a,, and |a,| = a, — 2¢,, for all n € N.

Let (Sy) and (Sk) be the sequences of partial sums of > > | a,, and Y2, b, respectively.

Observe that (Sg) is a subsequence of (S,). For the next part, consider the series 1 — 1 +
1—1+4+1—1.... and the grouping (1—-1)+ (1 —1)4+(1—1) +....

Let (Sy) and (Sy,) be the sequences of partial sums of > >° | a, and > 7, b, respectively.
Note that both (S,) and (S,) are > increasing sequences. Suppose S, — S for some S.
Then S, < S for all n. Therefore S,, converges. If S;,, — S for some S, then S < S. For

the proof of S < S, interchange a,, and b,,.

Trivial.

(a) Since the series 1 + % + % + % + ... diverges, the sequence of the partial sums is

unbounded. Therefore there exists a smallest odd positive integer Nj such that

1 1 1,1 1 11 1,1 1
1+§++N71 > 2013. If 1+§+g+...+m+m—§ > 2013, then 1+§+5+...+m >
2013 as Nil — % < 0 which is a contradiction.

(b) Similar to (a).

(¢) From (b), it follows that 1+ % + 1 + ... + N% -1+ ﬁ +..+ ﬁ < 2013. That
isS1+4+3+. 43 —35+ v T+ w3 + 7 < 2013 + 5. This implies the
first inequality of (c).

From the first inequality of (b), 1—|—%+%—|—...—|—Ni1—%—l—N11+2 —|—...—{—Ni2—i > 2013 — 1.
This implies the second inequality of (c).

(d) The proof of the first part is similar to the proof of the first part of (¢). The second
part follows from the second part of (c).

(e) Observe from (c) and (d) that the sequence of partial sums of the series of rearrange-
ment converges to 2013.

(a) Use the fact that a, = A, — Ap_1.

(b) Since (A,) is a bounded sequence, let |A4,| < M for all n € N and for some M.

Therefore |41 (} = DI+ [4a(} = Dl + .+ [Aa(d = 7)< M(1 - 7)< M.

(c) From (b), the sequence of partial sums of the series A1(} — 3) + A2(3 — 3) + ...
converges. Therefore (S,,) converges.



