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PP 26 : Functions of several variables : Sequences, continuity and partial derivatives

. Find the limit of the sequence ((sin 1, e

S|

£ .
n2 sin(

))-

S

. Find

. 2
(2) Hm(z ) s(0.0) 35ed-

(b) limy .y 2)—(0,0,0) %

(¢) limg ) (0,0) —7zry2

. Show that the following limits do not exist.

. (z+y+2)2
(a) llm(x7y7z)_>(07070) I2+y2+22

(b) limz ) 5(0,0) Tozy 7

. Show that the function f : R? — R defined by f(z,y) = sin(zy) fo, 2y # 0 and 1 for zy = 0

xy
is continuous on RZ2.

. Let f : R? — R be defined by f(z,y) = 2y for (z,y) # 0 and 0 for (z,y) = (0,0).

2$4+y2
Show that the function f is continuous at (0, 0).

1
. Let f(z,y) = e == when x # y. How must f be defined for z = y so that f is continuous

on R? ?

. Find a function f : R? — R such that f(0,0) = 1, f(1,0) = 0 and 0 < f(z,y) < 1 for all

(z,y) € R%

. Let f : R? = R be continuous and Xy € R3. If f(Xg) > 0 show that there exists an

e—neighborhood B.(Xo) = {X € R? : || X — Xy|| < €} of Xj such that f(X) > 0 for all
X € B(Xo).

. Let f:R?2 — R be given by f(z,y) =1if x =0 or y = 0 and f(z,y) = 0 otherwise. Show

that f;(0,0) = f,(0,0) = 0 but f is not continuous at (0,0).

Let f,g: R? = R be defined by f(z,y) = |z| + |y| and g(z,y) = |zy| for (z,y) € R%. Show
that

(a) f(0,0) and f,(0,0) do not exist whereas g,(0,0) and g,(0,0) exist.
(b) for zg # 0, gy(x0,0) does not exist and for yo # 0, g,(0, yo) does not exist.

Consider the function f(z,y) = 35‘”_@‘35 for (x,y) # (0,0) and f(0,0) = 0.

(a) Verify whether f is continuous at (0,0).
(b) Evaluate f,(z,0) for x # 0.
(c) Verify whether f, is continuous at (0,0).

Let f : R? — R be such that f(X +Y) = f(X) + f(Y) and f(aX) = af(X) for all
X,Y € R? and o € R. Show that f is continuous on R2.

(*) Let A be a bounded subset of R?. Suppose (xg,%0) € A whenever a sequence ((Z,,, yn))
in A converges to (xg,y0). Let f: A — R be continuous. Show that



14.

10.

11.

. By AM-GM inequality, |f(z,y) — f(0,0)] <

(a) f is bounded.

(b) there exists Xo,Yy € A such that f(Xo) = sup{f(X) : X € A} and f(Y)) =
inf{f(X): X € A}.

(*) Let f: R? — R be continuous. Let S = {X € R?: || X| < 1}. Show that the range of
f(S)={f(X): X € S}, is an interval.

Practice Problems 26 : Hints/Solutions

1

. (sind, e 72, sin(% — 1)) — (0,0,1) an n — oo.
(a) Since lim 3%yl 0, 0 is the possible limit. Now 320yl ] < 3@l
(2,0)=(0,0) Z27 42 p 2+ S Ty

ly| = 0 as (z,y) — (0,0). Therefore 0 is the limit.

(b) As (2,y,2) = (0,0,0,),t =z +y + 2z — 0. Therefore lim, ), (0.0.0) e ttit=) —

Tyt
hmt 0 1— cost % iyl
: sin(z?+y%) _
() limg y)00) —rpys = L.
(a) Along v =y =0, lim,, -)—(0,0,0) “gizijj?; = 1 whereas, along © =y = z,

lim, 4 2)-(0,0,0) % = 3. Therefore the limit does not exist.

zycosy _
A2 442

= 0 and for x = y, lim, ;) (0,0) jg;fyg = L. Therefore

(b) For x = 0, lim(, ) —(0,0) 5
the limit does not exist.

. Let (zo,y0) € R? and zoyo # 0. The function f is continuous at (xg,v0) as f(xn, yn) —

f(xo,y0) when (zp,yn) — (x0,y0). Suppose (xg,yo) € R? such that zgyo = 0 and
(Tn,Yn) — (20, y0). Since zpyn — 0, f(Tn,yn) — 1 = f(z0,yo). Therefore f is continuous
at (zo,y0).

2z (2t +y°)
S z4+y2

./133y
CE4+y2

— 0 as (z,y) — (0,0).

. Setting f(x,y) = 0 for x = y makes the function continuous.

) +y—1
Consider f(x,y) = }i+ZI+1|'

. Suppose that there exists no such e-neighborhood. Then for every n, there exists X,, €

Bi(Xp) = {X € R?®: | X — Xo| < 1} such that f(X,) < 0. Since X,, — Xo, by the
continuity of f, f(X,) — f(Xo). Therefore f(Xo) < 0 which is a contradiction.

Easily follows from the definitions.

For t # 0, M |t‘ nd M I, Therefore f2(0,0) and f,(0,0) do

=
not exist. For (xo,yo) € R? and t # 0, 2ot yo) 9(zo.40) ‘y()'('xﬁt' 20l " By allowing
t — 0, we see that f,(0,0) =0, f,(0,0) =0 and fx(O Yo) does not ex1st if yo # 0.

(a) Since | f(z,y) — £(0,0)] < BBV < WBZEW < 31 5 0 as (2,) — (0,0), f is
continuous at (0, 0).
(b) £,(0,0) = lim o 040 — _1.

(c) Since fy(z,0) = hmt 0 M = 3 for any = # 0, fy(z,0) - f,(0,0) as  — 0.
Therefore f, is not continuous at (zo,y))-



12. Let (z0,%0) € R? and (zn,yn) — (zo,%0)- Then f((xn,yn)) = f(2n(1,0) + y,(0,1)) =
Tnf(1,0) +ynf(0,1) = 20f((1,0)) + 30/ ((0,1)) = f((z0,%0))-

13. (a) If f is not bounded then for every n, there exists (2, y,) € A such that f((xn,yn)) >
n. Since ((xy,yn)) is a bounded sequence, there exists a subsequence ((zn,,Yn,))
such that (zy,,yn,) = (z0,v0) € A. By the continuity of f, f((zn,,yn,)) — f(Z0,%0)
which contradicts the assumption that f(x,,y,) > n for every n.

(b) For every n, find (2,,yn) € A such that sup{f(X): X € A} — 2 < f(x,,yn). Since
((xn,yn)) is bounded, by Bolzano-Weierstrass theorem, there exists a subsequence
(@, Yn,)) converges, say to Xo = (zo,y0). By the continuity of f, f(xn,yn) —
f(zo,y0) = sup{f(X): X € A}, that is f(Xo) =sup{f(X): X € A}

14. Let Xo,Yyo € S be such that f(Xo) = M = sup{f(X) : X € S} and f(Yp) = m =
inf{f(X): X € S} (see Problem 13). Note that f(X) € [m, M] for every X € S. Suppose
a € (m,M). Consider the map g(t) = f((1 —t)Yy + tXp). Observe that g : [0,1] - R
is continuous, ¢g(0) = m and ¢g(1) = M. By the intermediate value property, there exists
to € (0,1) such that g(tg) = «, that is f((1 —to)Yy + toXo) = . Hence f(S) = [m, M].



