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ASSIGNMENT 1
SOLUTIONS
MTH102A

Show that matrix multiplication is associative i.e. A(BC) = (AB)C when-
ever the multiplication is defined.

Solution. Let A = (aij)mxn,B = (bij)nxp,C = (aij)pxq be matrices.

We first consider A(BC)

Let R = (7j)nxq = BC, S = (8ij)mxq = A(BC), Then

n
Sij = E ;174
=1
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Ty = E blkckj
k=1
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Sij = E ail(E blkckj)
=1 k=1
n o p

— S = E E (lilblkckj.

=1 k=1

Similarly for (AB)C, taking R = (74;)mxp = AB and S = (8j)mxq = (AB)C

we get
n p
Sij = g g ;b Crj

=1 k=1
Therefore A(BC') = (AB)C.

Suppose A and B are matrices of order m x n such that Az = Bz for all
T € R™. Prove that A = B.

Solution. Let A = (a;j)mxn and B = (@;j)mxn be matrices. Take 7 = ¢;
where e; = (0,..,1,..,0) € R", (1 at the jth position).

So Ae; = Be; = jth coloumn of A and B is same for j =1 ton

Hence A = B.

Let A = (a;;) be a matrix. Transpose of A, denoted by AT, is defined to be
AT = (b;;) where bj; = aj;.

(i) Show that (A + B)T = AT + BT, whenever A + B is defined

(ii) Show that (AB)T = BT AT whenever AB is defined.

Solution. (i) Let A = (aij)nxn , AT = (a;j)nxn , B = (bij)nxn , BT = (b;j)nxn
, (A+ B) = (c;) and (A+ B)T = (d;;). Then d;; = ¢ji = aj;+bj; = (a;; +b;;.
Hence (A + B)T = AT + BT,
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(ii) Let AB = (ng)nm and (AB)T = (dij)nxn. Then d;; = ¢;; =
Dt @ikbri = Dk ak; ik = Dohe zkak] Hence (AB)" = BTAT.
A square matrix A is said to be symmetric if A = AT and a square matrix
A is said to be skew symmetric if A = —AT.
Prove that a square matrix can be written as a sum of symmetric and skew

symmetric matrix.
Solution. A = %(A + AT) + %(A — AT).

T

Now (%(A n AT)) (AT 4 (ATYT) = 1(A + AT,

T

(3a-am)) = 57 - (a7)7) = 44+ a7),
A square matrix A is said to be nilpotent if A™ = 0 for some natural number
n.
(i) Give examples of non-zero nilpotent matrices,
(ii) Prove that if A is nilpotent then A + I is an invertible matrix, where [
is identity matrix.
Solution. (i) Strictly upper triangular matrices (i.e. a;; = 0 for all i < j) are
nilpotent.

i) (I+AI-A+ ..+ () tA ) =T+ (-1 1A =T
Trace of a square matrix A, denoted by Tr(A), is defined to be the sum of
all diagonal entries.
(i) Suppose A,B are two square matrices of same order. Prove that
Tr(AB) =Tr(BA).
(ii) Show that if A is invertible then Tr(ABA™') = Tr(B).
Solution. (i) Let A = (@ij)nxn » B = (bij)axn » AB = (¢ij)nxn and
BA = (dij)nxn- Then ¢;; = >0 aibgj and di; = > bigay;. So Tr(AB) =
D it Cii = Dy Dope Qikbri = Dy D iy briaik = Dy die = Tr(BA).

(ii) Tr(ABA ') =Tr((AB)A ') = Tr(A"'(AB)) = Tr(B)
Apply Gauss elimination method to solve the system 2z + y + 2z = 3, 3z —
y+4z =T and 42 + 3y + 62 = 5.

Solution. The augmented matrix is

2 1 2|3
3 =1 4|7
4 3 6|5
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2 1 2|3 2 1 2|3 2 1 2|3
3 -1 4|7 | Z2EBRR g 5 1|52 | D2y g 52 1) 5)2
43 6|5 4 3 6|5 0 1 2|-1

2 1 2 3

0 =5/2 1 |5/2

0 0 12/5] 0

We can thus obtain the solution to the given linear system by solving the equivalent

R3—>R3+(2/5)R2
_— >

system
2r+y+2z = 3
(=5/2)y+2z = 5/2
(12/5)z = 0
The solution is x = 2,y = —1 and z = 0.

2 -2
(8) Find the row reduced echelon form of the matrix [3 62 g ] :

Solution.
[2 6 —2] R 1Ry [1 3 —1] Rys Ry 30 [1 3 -1
— A e

3 -2 8 3 =2 8 0 —11 11

R2—>%11R2 1 3 —1 Ri—R1—3R> 1 O 2
— —_—
01 -1 01 -1



