Stochastic models: Birth and death process II

Pure death process: Now, we consider the pure death process in a population. The death

rate in each state is only dependent on the current state. Let X (¢) be the number of individuals

alive up to and including time ¢, given that the initial size is ng. We are interested in
pn(t) = prob[X (t) :n‘X(O) = ng, n=0,1,2---,np.
The following are the assumptions underlying the pure death process:

i. Given X (t) = n, the probability of a new death occurring in (¢,t + h] is p, h + o(h),

where 1, is a function of n only.
ii. The probability that more than one death will occur in the time interval (¢,¢+ h| is o(h)
iii. Once X(t) = 0, the process stays at 0 permanently.

Hence, the probability of no death in (¢, + h] is 1 — pu,h — o(h).

First, consider the case of 1 <n <ng— 1:

pn(t+h) = pu(t) x prob{no death in (¢,t + h|} + p,+1(t) X prob{one death in (t,¢+ h]} +

no—n

+ Z Pnri(t) X prob{ i death in (¢,t + h|}

i>2

= Pa(O)[L = pnh = o(R)] + puia () [pns1h + o(h)] + o(h)
Note that the sum in the last term contributes o(h) only when n < ny — 2. Rearranging and
dividing both sides by h, we get

Pu(t +h) = pu(t)
h

o(h)

h
= —nPn(t) + fns1Png1(t) + o

As h — 0, we find
dpa(t)
dt

= _:unpn(t) + Mn+1pn+1(t)

For n = 0, we have
po(t+h) = po(t) x prob{no death in (¢,t+ h]} + p1(t) x prob{one death in (¢, + h]} +

no
T Zpi(t) x prob{: death in (¢,¢ + h]}

i>2

= po(t) + p1(t)[u1h 4 o(h)] + o(h)

Note that if the number of individuals alive up to and including time ¢ is 0, the probability of
no death in (¢,¢+ h] is 1. Rearranging and dividing both sides by h, we get

_dpdolft) = pi(t).
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For n = ngy, we have
Png(t+h) = pu(t) X prob{no death in (t,¢+ h]}
= Pno(D)[1 = pinyh = o(h)]

Rearranging and dividing both sides by h, we get

dpn, (1)
dt

= T HnoPng (t>

Hence, the governing equations become

dPn, (t)

T = T HngPng (t)7
dp,,(t
pdt( ) = —/ann(t) + ,U/n+1pn+1<t)7 l<n<no—1,
dpo(t)
= t).
i papi(t)

The initial conditions are p,,(0) =1 and p,(0) =0 for n =0,1,2,--- ;ng — 1.
Linear death process: In this case, we have u, = un. Now, solving the first equation, we

get
) = 4741 = ()"
For n = ny — 1, we have

Prg—1 (t>

dt + (no - 1>/vbpn0*1(t) = Ny K Png (t)

Solving this, we find

no—l

proca (1) = e )" = (10 ) ) ey

It can be proved by induction that

pa(t) = (no) (M) (1 — emtyno—m, 1<n<mny-—1.

n
Hence,
p(t) = (7110> e M (1 — e Pyl = poe i (1 — ety
Now
dpo(t B o
dot( ) = up1(t) = pnge “t(l —e #t) o—1

Integrating from 0 to ¢, we find
po(t) = (1 — e H)mo

From the solution, it is clear that we can write

pn(t) = (TLO) (efﬂt)nl _ e*ﬂt)no*n, n = O, 1, 2’ cee Mg
n
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Hence, X (t), which denotes the number of individuals alive up to and including time ¢ given
the initial size ng, follows Binomial(ng, p), where p = e .

Birth and death process: When a birth occurs, the process goes from state n to n + 1.

Similarly, when death occurs, the process goes from state n to state n — 1. It is assumed that
the birth and death events are independent. The birth-and-death process is characterised by
the birth rate )\, and death rate u,, which vary according to the state n of the process. Let
X(t) be the number of individuals up to and including time ¢, given that there are initially ng

individuals. We are interested in
pn(t) = prob[X (t) = n}X(O) = ng, n=0,1,2,--- ,ng,ng+1,---
The following are the assumptions underlying the birth-and-death process:
i. The probability of X (¢ + h) =n + 1 given that X (t) =n is A\, h + o(h)
ii. The probability of X (¢ 4+ h) =n — 1 given that X (¢) =n is pu, h+ o(h)

iii. The probability that more than one birth or more than one death will occur in the time

interval (¢,t + h] is o(h)

Hence, the probability of X (¢t + h) = n given that X(¢) =nis 1 — A\, h — pu,h — o(h).
For n > 1, we find

pu(t+h) = pu(t) x prob{X(t+h) = X ()} + pn_1(t) X prob{X(t +h) = X(t) + 1} +
+ pura(t) X prob{X(t+ h) = X(t) = 1} + > pu_i(t) x prob{X(t + h) = X (t) + i} +

1>2

+ anﬂ-(t) X prob{ X (t +h) = X (t) — i}

= a1 = Anh = pinh = o(D)] + pa (O)[An-1h + ()] + pria (8) [pn 1 + o(R)] + o(h)

Rearranging and dividing both sides by h, we get

( ]i ( ) = _)\npn(t) - ,unpn<t) + Anflpnfl(t) T Hnt1 Pt (t> + h)

Taking h — 0, we find

dp,,(t
pdt( ) = —(An + ) Pn(t) + An—1Pn—1(t) + fng1Pns1 (1), n=123--

For n = 0, we find

po(t+h) = po(t) x prob{X(t+h) =X ()} + p1(t) X prob{X(t + h) = X(t) — 1} +
+ anJri(t) x prob{ X (t+ h) = X(t) — i}

i>2

= po(t)[1 — Aoh — o(h)] + p1(t)ph + o(h)

To understand the first expression on the right-hand side, note that though the population size
is 0 up to and including time ¢, there is a possibility of birth in the interval (¢,¢ + h]. For
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example, think about plants growing from germinating seeds. There may not be plants in (0, ¢],

but a new plant may come up in (¢,¢ + h]. Rearranging and dividing both sides by h, we get

po(t +h) — po(t) o(h)
h

= —Aopo(t) + pup1(t) +

Taking h — 0, we find

dpo(t
pdot( ) = —Aopo(t) + papi(t)
These two equations
dpo(t
pc(;t( ) —Aopo(t) + papr(t)
dp,, (t
pd—t(> _()\n + Un)pn(t) + )\n—lpn—l(t) + HUn+1Pn+1 (t)7 n = 17 27 37 e

are referred to as the basic difference-differential equations for the birth-and-death process. The
initial conditions are p,,(0) = 1 and p,(0) = 0 for n # ny. To “close” (or truncate/bound) a
stochastic birth-and-death process, we set boundary conditions or limit the state space so that
the infinite or open-ended system becomes manageable.

Since explicit solutions for p,(t) are not readily available, the steady-state solutions are
important. The steady state implies that the solutions p,(t) are independent of time after
a long time. Hence, p,(t) are constants and p/ (t) = 0. Consequently, under steady state

assumption, we have P, = lim;_,, p,(t), and

—>\0P0—|—,[L1P1 = 0, n:O,
_(/\n—’_ﬂn)Pn_’_/\n—an—l+Mn+1Pn+1 - 07 n = 172737"'

Solving the equation for n = 0, we find

For n =1, we get

()\1 + ul)Pl = )\OPO + /J/QPQ = ulPl + [LQPQ [using the relation for n =0
A A1
— Pp==p ===
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P

Proceeding in this manner, we find

n—1

A1 Ap—2 " * AL A i
P, = 1 2 1 OPO ja ,
Mnfbn—1 - Koty i Mi+1

To find Py, we use the definition of probability to find

ZP =1 = P0<1+§:ﬁ ):1 — P0:<1+§:ﬁ >_.

nle’uZ+1 nle'U/lJrl

For a stationary or steady-state distribution to exist, this infinite sum must converge.
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