Chapter 2
Multivariate Normal Distribution

Multivariate Normal Distribution

A generalization of the univariate bell-shaped normal distribution is the multivariate
normal distribution. Most multivariate statistical techniques assume that the data are
generated from a multivariate normal distribution. We derive the multivariate analogue

of the univariate normal distribution.

The probability density function (PDF) of the univariate normal distribution N (u, o%)

is

1 1z —p\
fx(z) = —=—exp ——<u> ., —00< T <00, —00< <00, 0<0?<o00.
oV 2w 2 o
which can be expressed as
1 1 o\ 1
fx(@) = exp | —5(x — ) (0%) " (z — p)
oV 21 2

Note that (ﬁ) is a constant and (z — p)(0?) ™! (z — p) is expressible as a quadratic

form.

Now consider p random variables X, X5,..., X, in the form of a p x 1 random
vector X = (X1, Xs,...,X,)". To derive an analogue multivariate form of the univariate
N (u,0?), consider replacing scalar = by vector z = (x1, 2o, ...,,), scalar p by a vector
b= (b1,bs,...,b,) and scalar (¢?)~! by a positive definite matrix

a1; Q2 -+ Ayl

Q21 Q22 -+ Q2
A= g

Gpr Ap2 -+ Qpp

Assume A to be a full-rank matrix (which helps later when we need to consider its

inverse). Now replace

(@ —p)(0*) @ —n) by (z-b)Alz-D).
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Note that

(x—b/Ax—b) =) Zaij(l‘i = bi)(x; — by).

i
Consider the analogous form of the density function of a p-variate normal distribution

as
1
(om0 = Kexp | =3z -1/l - 5)].

where the constant K > 0 is chosen such that the integral over the entire p-dimensional

Euclidean space of 1, x9, ..., x, is unity.

The next objective is to determine K, b and A.

(i) Determining K

Observe that fx(z1,2a,...,2,) > 0, and since A is a positive definite matrix, so
(z —0)'A(z —b) > 0.

Thus, the density is bounded, i.e.,

fX(xlaan"‘vxp) S K.

~

Determine K such that

00 %) 1

Let
o [ee) 1
o= [T [ e |- A - ) dayeede
Note that
KK* = 1.

Since A is a positive definite matrix, there exists a non-singular matrix C' such that

C'AC =1.
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Pre-multiplying by (C”)~! and post-multiplying by C’ on both sides of C’AC' = I, we get

C'AC =1
or (C')\C"ACC = (C') 'O
or A= (CC')™!
or A7t =(CC".

Let £ — b = Cy, where y = (y1, 42, ..., ¥,)". Now transform z to y as

(z—0)Alx —b) =y C'ACy =y'Iy = y'y, [using C'AC = I].
The Jacobian of the transformation is

J =mod |C|,

where |C| = det(C), i.e., the determinant of C' and mod |C| is the absolute value of |C].

Thus,

O(x1,Tay...,Tp)

R
(yb Y2, .- 7yp)

Therefore,

fy(y) = Ix(@) [ J].
Then from

1
Fele) = Ko |5z -1/t - 1)

we get

1 yall
fr(y) = Kexp (—Eg C ACQ) 1C|

g’y) (using A" = CC").

= K|CC'|Y?exp (—

N — o —

= K|AYY?exp (—
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Considering fx(y) to be the PDF,

fy(y)dy =1

~ ~

RP

1 P
KA_11/2/ ! dz:]-
or A7 Rpexp 59y H Y
o) o) 1 p p
—11/2 _Z 2 —
o i o [ (53 [

o0 1=1 1=1
—-111/2 - > _1 2 o
or  K|AT! o [ [ exp SYi | dyi =

p 00
1
or K|A~YY/2 H/ exp (—§yf) dy; = 1.
i=1 7/~

Since y. s are i.i.d. and y; ~ N(0,1), so

/00 L e < L 2) d 1
X ——=UY- P =
. o p 2% Y

1
exp (—Eyf) dy; = V2.

Then
P
KA 2 T](V2r) = 1.
i=1
or K = (2m)7P/2| A2
|A|1/2
or = (27T)P/2‘
Hence

Alternatively, the same result can be found as follows. Since C'AC = I,

SO

O] - AL - |C] = [1].

Since |I| =1 and |C'| = |C],

1
and thus,
K 1 B |A|1/2
K (2m)p/?
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(ii) Determining b

Next we find the parameter p as follows using Y = (Y1, Y2, ...,Y,) andy = (y1, 2, ..., ¥p)".

Consider the marginal density function,

//M

_ \/% [/_m Y; €Xp <—%y§> dyi] ﬁ [/_Z \/12_7T exp (—%yf) dya}

75 [ w3 o
5 _Ooy p 2?% Y

=0 [being an odd function of y;.]

Thus
EY) 0
E 0
s - | P - =
evy)  \o
Since
X-b=0CY,
o
EX)-b=CE(Y)=0
Hence
E(‘X) = @7
i.e, the mean vector of X is b. So we denote it by = (p1, p2, . .., p1p)’, as
p=E(X)=b,

~

where E(X;) = u;, i=1,2,...,p.
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(iii) Determining A

Consider the expectation of the p x p symmetric matrix (X — b)(X —b)’ as
E(X -bX -b)" = ECYY'C)
—CRYY)C".
Y2 Y, --- WY,
_CE B Yy oo Y, o
LY N e V2

Now we find E(Y' Y”) which consists of diagonal and off-diagonal elements.

Note that the density of Y is

1 1, S 1

E<m>=/_:--/_zyiyj£[1[jz—

When ¢ = j, then

Consider

E(Y;Y;) = E(Y})

[ Lotoe() ] [ oo (5) 0}

h#i
1 > 2 12)
- 2oxp( —=y2 ) dy; - 1
/_27T/—ooyl p( 2% Y

=1 [being even function of y;].

When i # j then,

w0 [ sen(-b) ]« [ o))

SUEYRIE I

h#i,j

=0 [being odd function of y; and y;, first and second integrals are zero.]

Multivariate Analysis | Chapter 2 : Multivariate Normal Distribution | Shalabh, IIT Kanpur



Thus

B(Y?) E(MY) - E(WY,)
E(Y5Y; E(Y}?) --- EYY,
B - -y = o | PR B B
E(Y,Y1) E(Y,Y2) -+ E(Y))
10 -0
0 1 ol
= C C
0 0 1
= CIC'
= CC’
— A1
Since b = p, so E(X — p)(X — p) is the covariance matrix of X, so we denote it as 3.
Thus
ATl =%
and
01 O12 O1p
091 O3 o
BX - )X —py=x=|"" T2
O'pl O'pg 0-5

which is a positive definite symmetric matrix.

Substituting K, b and A in K exp[—3(z — b)’A(z — b)], we obtain the probability

density function of the p-variate multivariate normal distribution as

1 1 _
fx(z) = e P {—5@ —)E - p)

and we write

Hence, we obtain the following result:
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Theorem 1: If the density of a p-dimensional random vector X is

|A|1/2 1

then
EX)=b and Cov(X)=A"".

Conversely, given a vector p and positive definite matrix X, there is a multivariate normal

density
1 1 IN—1
Gy P T T

such that
E(X)=p and Cov(X)=2X%

~

with this density.

Note 1: If ¥ is not of full rank, then ¥ is not uniquely invertible and the distribution
is known as a singular distribution. In this case, the density is concentrated on a lower-

dimensional space which is less than p.

Note 2: It is important to note that X ~ N,(u,X), where X;, Xs,..., X, are not
necessarily independent. Suppose we use X — p = CY which implies Y = CHX — H)7
where C is such that C"~7'C =T or ¥ = CC’. Then Y ~ N,(0,1), and Y1,Ys,...,Y,

are now independent.

Characteristic Function of Multivariate Normal Distribution

The characteristic function of a random variable X in a univariate case is defined as
o(t) = Elexp(itX)] = / e fx(z) dw
R

and for the multivariate case, the characteristic function of a p-component random vector

X, is defined as
ox(t) = Elesp(itX)] = [ e xw)do.

RP
It is important to note that uniqueness and inversion theorems help identify proba-

bility distributions. The uniqueness theorem states that two random variables have the
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same characteristic function if and only if they have the same PDF. So if we know the
characteristic function, we can uniquely determine the PDF. The inversion theorem helps

determine the PDF from a given characteristic function.

Let X ~ N,(u, X). The characteristic function is given as

¢x(t) = E[exp(it’ X)] .

Substitute X — p = CY where the non singular matrix C' is determined such that
C'S'C=Tor X' =CC". Then Y ~ N,(0,1).

The characteristic function is

ox(t) = B |exp {it/(CY +p) ]
(

p
= exp <z‘y/u> HE exp (1u;Y;)].
7j=1
For a univariate random variable W ~ N(u, 0?), the characteristic function is given by
~ L
ow(t) =exp | itp — 50 ).

If £t =0, 0% =1, then

o (t) = E [exp(itW)] = exp (-ﬁ) .

2
2
Py, (t) = exp (—%) ;

Bl 51 - o (1)

Note that Y; ~ N(0, 1), so

SO
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Thus,

Substituting

we get

1
¢x(t) = exp {iz’u - 52’24 :

Distribution of Linear Combinations of Normally Distributed

Random Variables

Let X ~ N,(p,X) and Z = AX, where X is a p x 1 vector, A is an m X p matrix of
coefficients of m linear combinations of X, and Z is an m x 1 vector. Here Rank(A) =

m < p.
Consider the characteristic function of Z as follows:
¢z(t) = E[exp (it Z)]

= E[exp (i(f'A) X)]
= Elfexp (i’ X)]  (where ¢ = t'A)

= exp {zQ’H — %Q/EQ}
-/ 1 ! !
= oxp i (4g) - 5¢(AA)].

Using the uniqueness theorem of the characteristic function, the characteristic function

is recognizable as

No(Ap, ATA),
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i.e., an m-variate multivariate normal distribution with mean vector AH and covariance
matrix AXA’. Since the characteristic function determines the distribution uniquely, it
follows that

Z ~ Nm(A;NL, AXA)).

Hence, the linear transformation of a multivariate normal distribution is also a multi-

variate normal distribution.

Alternative Method to Derive the Distribution of Linear Combinations of

Normally Distributed Random Variables

Consider X ~ N,(p,X) and Z = CX, where Z is an p x 1 vector and C is an m X p
nonsingular full rank matrix of the coefficients of m linear combinations of X, and X is

a p x 1 vector.

Here
X = C71~Z>

and we want to obtain the density of Z. The Jacobian of transformation is

|J| = mod |C™|
1
mod |C|

_
\lep

%]
IClIE[ ]

|2|1/2
o |OZC/|1/2'

Consider the quadratic form from the exponent of X ~ N, (y, %) as
()2 @ —p) = (CTz =S (CT'2 — p)
= (CTz-C7lCwsH(C™z = C7'Cp)
/
= [C‘l(g - Cg)} n [C‘l(g —Cp)

= (z = Cp)(C=C") !z — Cp),
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since CC" = I and (C~') = (C’")~!. Thus the density of Z is

fz(2) = fx(z) 1|

1

1 / I\ —
- W@Xp {—5@— Cp)(CEC) Yz — CH)} .

|2|1/2
’OZC'P/Q
1

1 / N\ —
- (27 )P/2|CRCY[1/? exp [_Q(E - C/;L) (cxc”) l(g — C/;L)] )

Thus
Z ~ Nm(O[NL, cxC).

Marginal Distributions

Let X = (X1, Xs,...,X,)" be a px 1 vector of random variables Xj, Xo,..., X,. If it
is partitioned into two sub-vectors containing ¢ random variables in the first sub-vector

and (p — ¢) random variables in the second sub-vector, i.e.,
X =(X1, X0, ..., X, Xyi1, .., Xp) = (X1, X)),
where X1 = (X1, Xa, ..., X,) and Xz = (Xgs1, Xosa,- .., X,).
Let X ~ Np(p,¥) and p1 as well as X be partitioned in a similar way as 1 = (p1, 2)’,

¥ p
and X = H 2 such that

Yo Moo
« E(X1) = isaqx1 vector,
« E(Xs) =psisa (p—q) x 1 vector,
« B[(X:— 1) (X1 — Hl)/] = Y1 is a ¢ X g matrix,

. B[(Xs— f12) (X2 — L,LQ)/] =Yg isa (p—q) X (p— q) matrix and
i E[(Z(z - INL2)(AZ(1 - ,g1)/] =Yg is a (p — q) X ¢ matrix.
Also, X can be partitioned into two subvectors as X; and X, in two ways - both sub-

vectors are independently distributed and both sub-vectors are non-independently dis-

tributed. We consider both cases.
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Case I: When X; and X, are Independently Distributed

If ¥15 = 0, a null matrix, then X; and X, are independently distributed. So consider

5 Y11 O
0 Yoo
Then
1 Z1_11 0
by = . s and |E| = ’211| |222’.
0 X5
Counsider

= (21— m)' 2

=01+ Q2 (say.)

(21— ) + (22 — pi2) Ty (w2 — f12)

where Q1 = (21 — )27 (71 — ) and Qo = (22 — p12) S5 (2 — p12).

Joint PDF

Consider the PDF of X and substitute the partitioned values:
fx (@) : (- 'S - p)
T)=———FmomexXp | —z(z— T —
2? ~ (27T)p/2|2|1/2 p 2 ~ /;L ~ /‘L

1 1
= @noremne P (‘ﬁQ)
1 1
NG PR ek (‘5@1 ! Q2>)

= ! ex —& . 1 ex _%
(277)‘1/2‘211’1/2 p 9 (27T>(p—q)/2|222|1/2 p 5

= Nq(Hl; Y1) - prq</f27 Yg2).
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Marginal distribution of X;

The marginal distribution of X; is now found as follows:
fx (X1) = / / Ny(zlp, B) dzgsr - - day
- / / N‘l(@'/fl’Ell)Np—q(£32|lj27222)dﬂﬁq+1 - dxy

:Nq(glwl’zll)/ / Np—q(22|p2, Xo2) dxgis -+ - day

= No(21]p1, ¥11) - 1

= No(21]p, ¥11)

Therefore X; ~ NCI(/N“’ Y11)-

Marginal distribution of X,

Similarly, the marginal distribution of X, is now found as follows:

fgz(@) = / / Nq@l“jla211>Np—q(§2|£‘2,222) dxy -~ dx,

= Np—q(22|pt2, Xa2) /

— 00

= Np—q(22|pt2, Xo2) - 1

/ NQ(%”HI,EH)dJ;l...dxq

= Np—q(22|pt2, Xa2)

Therefore Xy ~ Np_q(Hg, Yo9).

Case II: When X; and X, are Not Independent

In this case,

> >
X=(X,X), s=["" 7",
Z21 Z:22

where ;7 is a non-null matrix.

It is usually easier to handle the case when the random variables are independent

than when they are not. So we aim to construct two random vectors Y; and Y5 as a
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function of X; and X, such that Y; and Y5 are independent, whereas X; and X5 are not

independent.

Consider a nonsingular linear transformation to sub-vectors:
Yi=X1+BXo
Yo =Xo

and choose B such that the components of Y; and Y5 are uncorrelated, where B is a

g X (p — q) fixed but unknown matrix.
0=E[Y: — EQ)HYz — E(Y2)}]
= E[{ X1 + BXs — E(X1) — BE(X2) H{ X2 — E(X2)}]
= E[{(X1 — E(X1)) + B(X2 — E(X2))H{Xo — E(X2)}]

= X9+ By
which implies
B = —%3%5,.
Hence,
Vi = X1 — X235 Xo,

and we can write

Y, I =S50 (X I —%.550)

l/ _ I _ 124499 A1 _ 124492 2(
Y, 0 1 Xo 0 I

This is a nonsingular transformation of X, and therefore has a multivariate normal
distribution with mean vector

el (! X% | [ B(

Y, 0 I E(

] —2122521 /Nl,l

0 I 125

p1 — Z1222_21,562
H2
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First find the covariance matrix of Y; as follows:
Cov(Y1) = E[(Y1 — r1)(Y1 — 11)]]
=F H(Kl — 1) — B35 (X5 — /jz)} {(2(1 — 1) — B35 (Xo — ljﬂ}l
=311 — Y1355 Bo1 — 12855 Va1 + L1935 o B35 By
=11 — Y1955 Vo1

= Y112, say.

The covariance matrix of Y is

Cov(Y)=E[Y —v)(Y¥ — )]
El(Yi —v)(Yi—m)] ElY1—n)Ye— 1)

E[Q@ —1)(Y1 — L/l)/] E[(XQ - 22)(2/2 - 22)/]

X1 — E1222721221 0

0 229
- Y2 0
0 Y99

Thus Y; and Y5 are independently distributed. The marginal distribution of Y5 = X
is Np,q(/jg, 222).

It may be noted that E(Y)) = p — 312355 12. Since Y; is a nonsingular linear

transformation of a multivariate normally distributed random vector, we have
Yi ~ N, (/31 — 21222_21/32, E11.2) :

It can be observed that by considering Y, = X, we have derived the marginal
distribution of X5. Similarly, in order to derive the marginal distribution of X;, consider
Y and Y5 by interchanging the subscripts 1 and 2 and proceeding in the same way by
considering

Yw=X, Y,=X+BX.

Then we find B* such that Y|* and Y5 are uncorrelated. Construct Y;* and Y5 and

proceed further on the same lines as in the case of Y} and Y5.
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It is also important to note that the two subvectors X; and X, contain those variables

out of Xj, Xs,..., X, which the experimenter or the statistician decides.

Theorem 2: If X, X5,,..., X, have a joint normal distribution, a necessary and suffi-
cient condition for one subset of the random variables and the subset consisting of the
remaining variables to be independent is that each covariance of a variable from one set

and a variable from the other set is zero.

Proof: Let X; and X; be two random variables from the first and second sets, respec-

tively. Then their covariance is

Oij = 1) (X5 — u;)}

- / / = 1) X0 X X, (T, @) dy - - d,.

Since the joint density factors as

le,XQ,...,Xp ($1, cee ,9Cp) = fxl,xg,...,xq (xl, e 7%) : fxq+1,Xq+2,...,Xp(9€q+17 e 7%),

we have

= [/ / (zi — 1) X1 X x, (T - oo, Tg) dy - -~dxq}
{/ / = 1) X1 XoronXp (Tqi s -5 Tp) dTgy -+ dxp}

as each of the integrals is zero.

On the other hand,

Jij = Pz‘jUz‘Uj~

Since X is nonsingular, o; # 0 and o; # 0. Therefore, o;; = 0 only when p;; = 0.
Thus, if one set of variates is uncorrelated with the remaining variates, the two sets are

independent.

It is important to understand that the implication of independence from a lack of
correlation depends on the assumption of normal distribution, but the converse is always

true.

Multivariate Analysis | Chapter 2 : Multivariate Normal Distribution | Shalabh, IIT Kanpur 17



Conditional Distributions

The conditional distributions are of a simple nature because the means depend only
linearly on the variates held fixed, and variance and covariance do not depend at all on

the values of the fixed variates.

To formulate the conditional distribution, we assume X ~ N,(u,X) and partition
X = (Xi,X,)" where X; is a (g x 1) vector of random variables X, X5, ..., X, and X,

is a (p — q) x 1 vector of random variables X 1, Xy, .., Xp.
Consider a nonsingular transformation
Yi = X1 + BX,
Yo =Xo
and choose B such that Y7 and Y5 are uncorrelated.

This exercise has already been done when the marginal distributions were found

when X; and X, are partitioned such that they were not independent.

We found B = —%,55), and Y = X, —%1555) Xo, which follows Y; ~ N, (Hl — S50 e, 211,2>
Where 211.2 = 211 — 21225212217 and 2/2 ~ Np,q(/jz, EQQ).

We also proved that Y; and Y, = X, are independently distributed. So the joint
density of Y; and Y5 is
Sy (i y2) = () - fra(2)-
AlSOa f{((glv %‘2) ~ Np(/j? 2)
Suppose we want to find the conditional distribution of X;|Xs = 2.

Then we know

fX(ﬂUl,xz)
{(1|{(2<N1|~2> f§2<$2)

So we find fx(z1,22) from fy(y1,y2) as

fg((%l,@) = fg(y1,y2)|=]|
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where the Jacobian of transformation is |.J| = 1. Then

fg((%’h;ﬂ,z) = fg(yl,gﬁ -1
= Ivi(y1) frz(y2)

fXQ (QQ) = f£(2 (gQ)

Then,
fX<x17x2>
f&l% =) fx>(22)
() Fe(ye)
f§2(§2>
= fn(y)
where
[ p——
iy = (27) 12|21 10] 12
]_ /
X exp {—5 {(zﬁl — ) — L12¥55 (22 — gz)} S {(@1 — ) = 1225 (2 — /32)}1 :
Thus,

f(Xi] X2 = 22) ~ N, (,lwh + E1222_21(%2 - Hz), E11.2) )

where p; + 21222_21(272 — f2) is the conditional mean vector and X110 = X1 — 21222_21221

is the conditional covariance matrix of conditional random vector X;|Xs = 2.

Similarly, f(X2| X1 = z1) will also follow a (p — ¢) variate multivariate normal distri-
bution. The conditional mean vector and conditional covariance matrix of Xo|X; = 2

can be easily found as ps + ZmEﬁl (1 — 1) and Yogq = Yoo — 22121’11212, respectively.

One may note that F(X;]|Xs = 22) is a linear function of g5 and Cov(X:|X2 = z2)

does not depend on gs.
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Regression Function

The expectation of conditional distribution is the regression function, i.e., F(X;| X, =
To) = pi1 + Y1255, (12 — p12) is the regression function. Here B = %153, is the matrix

h

of regression coefficients of X; on z5. An element in " row and (k — ¢) column of B

is denoted by Bik.g+1... k—1k+1,..p-

The partial covariance between X; and X; holding X1, ..., X, fixed, is the (i, j)%"
element of 31,5 and is denoted as 05441, p. When ¢ = j, then it" diagonal element of
Y112 is the partial variance and denoted as 0y 411.... . The partial correlation coefficient
between X; and X; holding X 4,..., X, fixed is given as

Oij.q+1,...p

Pij.g+1,..p =

The vectors of residuals of X; from its regression on X5 is given by

Xi2 = (X1 — ) — B(Xz — pa).

The maximum correlation between X; and the linear combination of the random
variable in X5, i.e., o/ X5 is called as the multiple correlation coefficient between X; and
Xo. It is denoted as

E(Bi(X2 — p2) (X — p4))
VT BBy (Xe = ) (X2 — p12) Bio)
QEi) E2_2127(@')

Vi T 22 00)

Ri.qul,...,p =

where g(;) s the i row of Y15 and By = ggi)Er;Ql is the i'" row of B matrix. Then we

find

Tii = 01y Xa2 900

2 _
L= Ri-q+17---7p - O
43
1
Uz‘i|222|
where
/
O Ty
Ei — (%)
g (i) Y92
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Estimation of Mean Vector and Covariance Matrix

The multivariate normal distribution is specified by the mean vector T and covariance
matrix . We consider the estimation of It and Y on the basis of a random sample.
It may be recalled that in the univariate normal distribution N(u,c?), the maximum
likelihood estimators of u and o2 are the sample arithmetic mean and sample variance
(the sum of squares of deviation of observations from the sample mean divided by the

number of observations). Now our aim is to find the maximum likelihood estimators of

pand X from Np(p, X).

First, we consider some basic results which will help derive the maximum likelihood

estimators of p and X.

Lemma 3: Let z1, 29, ..., 25 be N vectors, each of p components, and let T = (z,, &

P&y )

Then for any vector b,

D (o =b)(za =)' =) (@« —2)(@a—7) + N —b)(T — D)

= QZN;K% —2)+ @ -Dlza—2)+ @ - D)

= im — D) (wa =) + (@0 — D)@ b + @~ D)@a—2) + @ - )@ -]

= i( ~D)(ga —3) + i( —x)] (T +(@—b [ﬁ(:z —7) /+N(g—b)(g
= é(@a —Z)(Za—2)+0+0+ N(z—b)(z—b)  (since :l(zfa —1z)=0)

Multivariate Analysis | Chapter 2 : Multivariate Normal Distribution | Shalabh, IIT Kanpur 21

/

=



Result 1: An example for understanding the operations over a lower triangular matrix
is as follows:
a 0 0
Let T=|b d 0| bea lower triangular matrix.
c e f

Then, the square of the determinant is

> = |T|-|T]
a® 0 0
= ab + bd d? 0| =da*d*f>.

ac+be+cf de+ef f?

Note that |T'|? is the product of the squares of the diagonal elements of T. Then

log |T|> = log a® + log d* + log f*

and
a 0 0 a b ¢ a? ab ac
TT" = |b d 0| |0 d e|=|ab B2+d® be+de
c e fll0O f ac bc+de A +e+ f?

Then the trace is
tr(TT") = a* + b* + & + d* + e* + f?

which is the sum of squares of all the elements of T'.

Lemma 4: If D is a positive definite matrix of order p x p, the maximum of
f(G)=—Nlog|G| —tr G'D
with respect to a positive definite matrix G exists and occurs at
G=—=D

and has the value

1
f <ND) = pNlog N — Nlog |D| — pN.
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Proof: Since D is a positive definite matrix, so there exists F such that D = EFE’ and

E'G 'E = H. Then

(E/GflE)fl — H*l
or E'\GE ' = H!
or EE'GE'E' = EH'F

or G=EH'F,

G| = |E[[HE|
=|HY|EE|

= |H Y| D]
_ 10l
H|

and

tr(G'D) =tr(G'EE")
=tr(E'G'E)
=tr H.

The function to be maximized with respect to a positive definite matrix H is

f(G) = —=Nlog|G|—tr G'D

D
:—Nlog:F:—trH

= —Nlog|D|+ Nlog|H| —tr H.

Let H = TT' where T is a lower triangular matrix. This is due to the Cholesky de-
composition theorem, which states that “If A is a positive definite matrix, there exists

a unique lower triangular matrix 7" (¢;; = 0,7 < j) with positive diagonal elements such

that A =TT"”
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So we can write

f =—Nlog|D|+ Nlog|T|* —tr TT'

p p
= —Nlog|D|+ > Nlogty; — | Y th+> >
i=1 )

i=1 i i<y

= —Nlog|D| +§:(N10gt?¢ —t5) — Z Z t-

i=1 i §(i<j)
A clarification to derive these steps is illustrated in the example in Result 1.

Using the principle of maxima/minima, we find that

af N
ZL 1=
o7~ 1Y

which gives N =t% ;i=1,2,...p and

i

2f N 1

ot th £

at N = t, implying that the function is maximized at N = ¢7, . Combine all the values

into a matrix. Thus, the maximum occurs at H = N1.

Then
G=FH'F = iEE’ = iD
N N
Further
f(G)=—Nlog|G| —tr G™'D,
soat G = %D,

B 1 B |D| D1
f(G)=f (ND> = —Nlog‘w| —tr = -D

D
——Nlog‘N—IJ—Ntr I,

= —Nlog|D|+ pNlog N — Np.

Hence proved.

Multivariate Analysis | Chapter 2 : Multivariate Normal Distribution | Shalabh, IIT Kanpur

24



Maximum Likelihood Estimation of ;4 and X

Let x1,%2,...,2ny be a sample of observations on X ~ N,(u, X) where N > p. It is
important to note that the sample size is N (and not n, the notation n will be used

later).

Let the sample mean vector be

N /
g:%z ( lea,—Z:pga,... me> {El,xg,.,_7;ivp)’

where T, = (T14, Tog; - - -, Tpa) and T; = % Zgzl Tioy-
Let
N N
A= Z(%Oz - Z)(%Oz - Z)/ = Z(mia - fi)(xja - fj) i) = L,2,....p
a=1 a=1
The likelihood function of z1,z,...,zN is
1 1 &
L= ———5exp (—— D (@0 — 1)S (wa — u))
(2m) 2" |22 2= - -
Np N 1
log L = ——~1log(2m) — - 10g %] = 5 3 (20 — 1) (za — p1).
a=1

We simplify the term inside the exponent of the likelihood function by using the

result for two matrices C' and D,
tr(CD) = tr(DC).

Note that, S (2o — 11)'S " (o — p) is a scalar quantity. Consider

D (o= )T ga—p) = trz Lo — 1)
=tr Z ST — ) (@ — 1) (using trCD = trDC)

=tru! [A + N(Z —p)(Z — H)/] (using Lemma 3 with b = /NL)

=trS A+ trS7IN(Z — )@ —p)f

~

=tr'A+ N(zZ — ,g)'Z_l(a’: — 1.

~
~
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The log likelihood can be written as

N N 1 N
logL = —TP log(2m) — 5} log || — 5157’2_114 — 5(@ — H)'Z_l(@ — )
N
= 2 Plog(2r) — term (I) — term (IT) — term (IIT) (say)

2
where term (I) = £ log ||, term (II) = 1rS7 A4 and term (I1I) = £(z — p)’S~1Z — p).

~

We consider now the optimization of terms (I), (II) and (III) separately.

Consider the minimization of term (III) = (Z — )X 71(Z — p).

~ ~

Since ¥ is a positive definite matrix, so ¥~! is also a positive definite matrix. Hence
N(z—p)Y (z —p) > 0 and is a positive definite quadratic term and N(z — u)'Y 7 (z —

p) = 0 if and only if = Z.

~

Next we consider the maximization of terms (I) and (II). We use the Lemma 4 and

by substituting G = ¥ and D = A, we get

f(G)=f(X)=—Nlog|Z| —tru A

Z|=

whose maximum occurs at (G ==D, i.e.,)
1 1 &
Y= NA N ;(@a — 1) (2a — Z)".

The log likelihood function

N N 1 N
logL = —=Flog(2m) = 5 log|2| = StrSTA - 27 — /72— p)
N
= constant — 2 f(2) = = (& - p)/S7 @~ p)

which is maximized at

=1
and
.1 1 <
Y= NA: N;(%’a _@@a _@/‘

Thus /i and 3 are the maximum likelihood estimators of 1 and X, respectively.
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Result: E(S) =X where S =

N-1°

Proof: Consider the expectations of diagonal and off-diagonal elements of S, or equiva-

lently the matrix A.

Consider the i-th diagonal element of A, i.e., a;; as follows:

(x50 — T;)°

$
I
WE

1

<.
I

[(zji — pi) — (T — )]

[
WE

<.
Il
-

Il
.MZ

(@i — ) = N(Zi — p)*.

<
Il
—_

Taking expectations on both sides, we get

E(a;) = Noy; — NVar(z;)

— Noy; — <Uzz>

Now consider

= > (e = 7)Y (0 = )+ 2D (s — ) (aj —

= Qy; + ajj + QCLZ'j

= (N = 1)(sii + 555 + 2s45).

Next consider

Var(xze + xo;) = Var(Xa) + Var(Xe,) +2Cov(x44, Ta;j)

= 0j; + O'jj + 2Uij

and

E(SZ‘Z‘ + Sjj + 282']') = 0j; + O'jj + 20’@'.
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Since we already proved E(s;;) = 0;; and E(s;;) = 0y, it follows that

E(sij) = 04;.
Finally, consider E(S) as

S11 S12 ... Sip

g S21 S22 ... Sgp

Spt Sp2 ... Spp
E(SH) E(Slg) E(81p>
B(S) = E(le) E(fﬂ) E(?p)
E(sp1) E(sp2) .. E(spp)

011 012 ... O1p

B O921 0O22 ... O

Op1 Op2 ... Opp

= 2.

Thus, note that Y=9= ﬁA is an unbiased estimator of X.

Alternatively, one can also derive E(s;;) = o;; by considering a random variable

U=X+Y.

Based on samples uy, us, . . ., uy, we can express the sample variance s? and then
1 N
2y _ o2l 2

B(s)) = v—F ;(u ) ] =0

Substituting u; = z; + y;, we can write s> as
N Z{ — Y| =Var(X+Y)
1 N N N :
- N 2 2

mE ZZI Zl ZZI(.TZ—QT)(yZ—y) _O-w+0-y+20-$y
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This simplifies to

E(Si) + E(Si) + 2E(Sa:y) = Ui + 0'; + 20my'

Since E(s;) = o and E(s}) = o, this implies
E(Syy) = Ouy.

Then the result E(S) = 3 follows.

Distribution of Sample Mean Vector

It may be recalled that in the univariate normal distribution N(u,c?), the maximum
likelihood estimators are Z and 6% = = > (x; — )?. The distribution of z is N (y, 0 /n).

Further, X and 6% are independently distributed.

Now we aim to derive similar results for the case of a multivariate normal distribution.

We will use the concept of an orthogonal matrix.

An orthogonal matrix C' satisfies CC" = [. To understand the interrelationship

among the elements of such matrices, consider a simple example.

C C12
Let C=| " 7| bean orthogonal matrix such that CC’ = I and we can write

C21 C22

Ci1 Ci2 Ci1 C21 10

Co1  C22 Ci12 C22 01

Multiplying the matrices, we get

2 2

C11 T C1p C11C21 + C12C22 10
2 2 01

C21C11 + C22C12 €51 + Ch9

2 2 2
Dokt Clk Dope1 ClkC2k 10
2 2 2 -

Zk:l CokCik Zk:l Cok 01

The element-wise comparison of the left and right-hand sides shows that

. Z?Zlcijzl fora=1,2
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g Zizl Carcar = 0 for a # .

Such relationships can be generalized to any orthogonal matrix C' of order N x N as

1 fa=xy

0 ifa##n7.

N
Z CapCyp =
B=1

Next, we consider the following theorem involving the linear combinations of mul-
tivariate normal distributed random vectors constructed by using the elements of an

orthogonal matrix.

Theorem 5: Suppose Xi, Xo, ..., Xy are independently distributed where X, ~ Np(ga, Y)
for o =1,2,...,N. Let C = ((cap)) be an orthogonal matrix. Then Y, = Z]BVZI CapXp
is distributed as Np(ja, Y)) where Yo = Zgil Caphis, and ¥1,Y5, ..., Yy are independently
distributed.

Proof: We first show the multivariate normality of Y,,’s, then find the mean vector and

covariance matrix.

Note that {Y,} is a set of linear combinations of { X3} which are following a multi-
variate normal distribution. Since X, have a joint normal distribution, {Y,} also have a

joint normal distribution.

Now we find the mean vector:

B(Y) = E

N N
> CaﬁXﬂ] =D cCaslts = Ja-

B=1 B=1
Next, we find the covariance matrix of Y's as follows:

Cov(Ya, Y7) = E[(Ya —7a) (Y5 = 75)’]

~

(g )]

N
Y CapcscE [ Xg — pp)(Xe — Ajs)'} :

1 e=1

WE

=
Il
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Note that E[(Xs — pg)(Xe — pe)'] = dpcX, where dge is the Kronecker delta defined as

1 ifg=¢
0 if 8#e

08 =

Thus

N N
COU(YQ,Y,Y’ ZZZCQ@’C%@BGE

=1 e=1

= Z (Z 076556>

=

= Z CapCyp2

p=1

ZTI:

Il
&

)

~

where

1 ifa=vy

0 ifa#y

By =

is the Kronecker delta and

N 1

Z CapCyB =

p=1 0 if a # 7,

if o =7

using the property of an orthogonal matrix.

This shows that Y, is independently distributed of Y, (for a # ) and has a covariance

matrix X.
We consider the next general lemma, which will also be used later.

Lemma 6: If C'= ((cnp)) is an orthogonal matrix of order N x N, then

N N
D XeXl =D YoVl
a=1 a=1

where Y, = Zgzl CapXg.
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Proof: Consider

a=1 a=1 \p=1 y=1
N N N
= Z Z (Z cagcm> Xg)N(;
B=1 v=1 \o=1
N N
= Z Z 55’7‘2(5‘2(7
B=1 y=1

where, due to the orthogonal matrix C', we have

N 1 ifa=vy
anﬂcvﬁ:
p=1 0 ifa#y
and
1 ifg=xn
Oy =
0 it g#~

is the Kronecker delta.

So we get

Before considering the proof of independence of i and 3, we consider the following

result, which will help us in the proof.

Result 2: Let X, ~ Np(g, Y), @« = 1,2,..., N be independently distributed. There

exists an N x N orthogonal matrix B = ((b,s)) whose last row has all the elements

(1/V/N,1/V/N,...,1/v/N).

So
bll b12 N blN
B =
bel,l bN71,2 cee bel,N
1 L L

Let Zo =5 1 basXp.
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Then for the N** vector:

Now we consider A as

N N
A:(N_l)S:Z(‘Xa_X)( a_X)/:Z*Xa*Xé_NX*X,'
a=1

a=1

Using the result .0, X, X! = YN 7.7' and defining Zy = VNX, we can

express A as

which no more depends upon Zy and note that Zy is a function of X.

Note that A is a function of Zi, Zs, ..., Zy—1 and does not depend on Zy. On the
other hand, the sample mean vector X depends only upon Zy (since X = \/LNNZ N)- S0

we can say that the mean vector X is independent of A.

We also note that

E(Zo) = basE(Xs)

as B = (b;;) is an orthogonal matrix and the elements in N** row are all equal (typically
1/v/N), the orthogonality condition implies that for a # N, the row sum > gbap = 0.
Thus

E(Zy,) =0 fora=12,...,N—1
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Also, consider the expectation of the N transformed vector Zy as follows:

E(Zy) =) bnsE(Xp)

=
—_

1

\/—
K

% an

Thus Zy ~ Np(\/ﬁ,u, ¥). Since X = f’ the distribution of the sample mean is

_ b))
X”Np@w)'

This can also be demonstrated using the likelihood function approach. The likelihood
function of the sample X, Xo,..., Xy is L(X1,..., Xn) given as

(2m) |3

a=1

N
1 1 _
L= g exp [—5 > (Ko = g5 (Xa g)] .

Consider the exponent of the likelihood function and express it as a function of Z,.

We simplify it by considering the exponent term as follows:

Z(X H>E I(Ka_lf) —tr |27t Z(‘XO‘_H)(‘X&_H)/]

=tr |57 {(Xa = X))+ (X - p)H(Xa - X) + (zf—u)}’]

=tr |37 {Z(Zfa — X)(Xa = X)' + N(X - p)(X —g)’}]

= tr [ETHA+NE - (X - Y]
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Thus, the likelihood function is written as

L= 1 e OXD [——ZZ’ >z, —E(X p) <%>_1(5—ﬁ)]

Thus X and (Z4,...,Zn_1) are independently distributed.

Further, the distribution of X is

1, S\ 7o
constant X exp [—5(2( — ) (N) (X — H)]

which can be written as N, (y ,2).

As NY is distributed as A = V"' Z, 7" where Z, ~ N,(0,%) fora =1,2,..., N —
1 and Z4, %o, ..., Zn—1 are independent.

Moreover, X and A (or equivalently the sample covariance matrix S) are indepen-

dently distributed.

The distribution of A is the Wishart Distribution, which is discussed in the next

chapter.
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