Chapter 3
Wishart Distribution

Wishart Distribution

Suppose the p-component vectors Xi, Xo,..., Xy (N > p) are independent and each
distributed according to N,(, X). The maximum likelihood estimators of p and ¥ are

1N
=X d ©=_—
p=X an Na,

=1

- - A
Xy = X)Xy — XY = 2 =
(NOC N)(Na N) N S7

respectively, where A = 3% (X, — X)(Xo — X) and n =N — 1.

The distribution of A (or ) is the Wishart distribution.

Note that
S11 S12 ... Sip
S21 S22 ... Sp
S =
Spt Sp2 .- Spp

has 14+2+ ... +p = @ distinct elements. The Wishart distribution is the joint

distribution of the elements of S.

Suppose X1, Xo, ..., Xn are independent p-component vectors and each distributed

N,(11,%). Then the density of positive definite A = 3-"_| 7,7 where Z, = (X, — X) is

1
f(A) = np p(p—1 n ;
2% n ™ |8 [T, T(H)

|A|nifp71 exp (—%tr(Z_lA))

and f(A) = 0 otherwise; where n = N — 1. The associated distribution is denoted as

W,(X,n). The parameters of the Wishart distribution are ¥ and n.

Theorem 1: If Y, ~ N,(0,%), where Y, is a p-component vector with n > p and
Y1,Ys,...,Y, are independently distributed, then the density of A = " _ Y, Y/ is

~GS

W,(%,n) for a positive definite matrix A and 0 otherwise.

The following theorem is used to derive the characteristic function of the Wishart

distribution. It ensures the existence of a reduction used there.
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Theorem 2: If A and B are two real symmetric matrices such that A is positive semi

definite and B is positive definite, then there exists a non-singular matrix P such that

P/AP = dmg()\l, )\2, ceey )\n)

P'BP =1,

where A\j, Ao, ..., \, are the characteristic roots of the equation |A — AB| =0 in \.

Proof: Since B is a positive definite matrix, there exists a non-singular matrix ¢ such

that Q'BQ = I.

Consider Q)’AQ), which is real and symmetric. By the spectral decomposition theo-

rem, there exists an orthogonal matrix H such that
H'(Q'AQ)H = D = diag(M\i, A2, - -, \n)
where Rank (Q'AQ) = Rank (D) and Ay, Ao, ..., \, are the characteristic roots of |Q"AQ—
M| =0.
Let P = QH, P is non-singular, so this implies P’AP = D = diag(A1, Az, ..., An).
Since () is non-singular, P is also non-singular.

Since Q’'BQ =1 and H'H =1,

QBQ=1
or HQBQH = H'H

or P'BP =1.
Now consider

IQ'AQ — AI| =0
or  |QAQ-AQBQ|=0
or QA= AB)Q| =0
or |QlA—AB|IQI =0
or QI A—AB|=0.
or  |A—\B|=0.

Multivariate Analysis | Chapter 3: Wishart Distribution | Shalabh, IIT Kanpur 2



Characteristic Function

Suppose Y1,Ys,...,Y, (n > p) are independently distributed and Y, ~ N(0,%), a =
1,2,...,n.

Consider A=>""_, Y, Y/

a=1 0L«

Introduce the p x p matrix © = ((6;;)) with 6;; = 6;;. The characteristic function is
¢a(©) = Elexp(itr(A0))]

= E[exp(itr(z Y.Y.0))]

a=1

= FElexp(i Z Y. 0Y,)]

a=1

I
=

Elexp(iY,0Ya)]
1

= [E{exp(iY"OY)}]".

Q
Il

First we find Elexp(:Y'OY)]. Using Theorem 1, we use the following result.
Consider X! and for real ©, there exists a real non-singular matrix P such that
PY'P=1

P'OP = diag(\i, Ma, ..., \)) = D

where A1, Ao, ..., A, are the characteristic roots of |© — AX~! = 0.

Consider a linear transformation Y = PZ where Z ~ N(0, I) and Z;’s independently
distributed. Then

Elexp(iY'®Y)] = Elexp(iZ'P'OPZ)]
= Elexp(iZ'DZ)]
= BElexp(i Z N Z2)]

= HE[exp(i)\jZ;)].

J=1
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Since Z; ~ N(0,1) and Z;’s are independently distributed, so Zf ~ X?l)‘ The character-

istic function of a Chi-square random variable with one degree of freedom is

G2 (t) = (1 — 2it) "2

So
Elexp(iX; Z7)] = (1 — 2iX;) /2,

Thus

7=1
p
= [ -2ix)~"2
j=1
= |I — 2iD|7Y/?

The matrix I — 2:D is a diagonal matrix. We find

[ —2iD| = |P'’S"'P — 2iP'OP|
= |P'||! — 2i0|| P
= [P - 2i0].

Since P'Y"'P = I, taking the determinant on both sides and solving it further gives

|PI[S7H| P =[]

or \PP]Z*l\ =1

1
2 _

or |P|* = Tk

Also P'(X7!' —2i©)P =1 — 2iD. Thus
. |X71 — 2i0)]

[—2ip| =12 _— =%

1B = e
Next we find

: _ e IETMR
Elexp(iY'0OY)] = |I — 2iD|7Y/? = SRy

Multivariate Analysis | Chapter 3: Wishart Distribution | Shalabh, IIT Kanpur 4



Finally,

¢4(0) = [E{exp(iY'OY)}]"

|2—1|n/2
B - 2002
= |I — 200%™/

which is a function of > and n only.

Additive Property of Wishart Distribution

Theorem 3: If A; (j =1,2,...,q) are independently distributed and A; ~ W, (X, n;),

then the sum of matrices

A= Zq:Aj ~ Wp(E,Xq:nj).
=1 j=1
Proof: For matrix A;, A; ~ W,(3,n;), the characteristic function is
64, (0) = |T - 2i0%| 77 |
Since Ay, As, ..., A, are independently distributed, so

$a(0) = o5 4,(0)
= 04,(0) - 04,(0)...04,(0)
— {|I - 2i0%|" 7} - {|I — 20057 }.. . {|] — 20057}

— | — 2i0%| 2 Xia

Thus A ~ W, (%, 23:1 n;). This is the reproductive property of the Wishart distribution.
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Distribution of Linear Transformation

Theorem 4: If A ~ W,(X,n) and C is a p X p nonsingular matrix, then for B =
C'AC, B ~ W,(C"SC,n) where C' is such that Z, = C'Y, and A =>"_ Y,V Y, ~

a=1

N,(0,%), a=1,2,...,nand Y1,Ys,...,Y, are independently distributed.

Proof: Consider A = Y "_, Y, Y, where Y, ~ N,(0,X), @ = 1,2,...,n and Y,’s are
independently distributed.

Let Z, = C"Y,. Then

Also

&
—~
14
Q
~—

I

0
E( aN;) - C,E(l/al/oi)c = C'%C.

Since Y,,’s are independently distributed, so Z, are also independent and Z, ~ N,(0, C"EC).
Thus B =>"_ | Z,Z., ~ W,(C'SC,n).

Marginal Distribution
Theorem 5: If A=>"_, Z,Z! is following W, (3, n). Suppose A and ¥ are partitioned

An A )ITEEDY
A 11 A and ¥ — 11 212
A21 A22 221 Z22
The orders of Ayy, A1 and Ay are (¢ X q), ¢ X (p—¢q) and (p—q) X (p — q), respectively.
Similarly, the orders of ¥11, Y15 and gy are (¢ X q), ¢ X (p —¢q) and (p — q) X (p — q),

respectively. Then Ay, is distributed as W, (311, n).
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Proof: Let Z,’s, a« = 1,2,...,n are independent and each Z, ~ N,(0,X). Partition Z,
as Zo = |25, 7)) where Z{ is of order ¢ x 1 and 28 is of order (p — ¢) x 1. From
the property of marginal distribution of Np(Hv Y)), we know that Zfl), Z;l), cee NZr(Ll) are
independent and each NZC(}) ~ N,(0,%X11),a=1,2,....,n.

Also Ay, is distributed as ", g&”g&”/, so Ay; has W, (311, n) distribution.
Similarly, Ay, is distributed as Y . _, NZéZ)NZéQ)/, so Ayy has W,_ (X9, n) distribution.

This result can be generalized to the case when Z, is partitioned into ¢ sub-vectors

as follows.

Theorem 6: Let A and ¥ are partitioned into py, pa, . . ., p, rows and columns (p; +p2 +
...+ p, = p) as follows:

AH A12 e Alq 211 212 e Zlq

A A A b b DY
A .21 ‘22 2q and S — ‘21 .22 ‘Qq

Ap Ap ... Ay Yy g2 .- gq

If Ais following W, (3, n) and if ¥;; = Oforalli,j =1,2,...,q (i # j), then Ayy, Ao, ..., Ay
are independently distributed and Aj; ~ W, (3;;,n),7 =1,2,...,q.

Proof: The random matrix A is distributed as A =Y _, Z,Z!, where Z,’s are indepen-

dently distributed and each Z, ~ N(0,X).

Partition Zy as Zo = (28", 287, Z{7) where the orders of 2", 2, ..., 2" are

p1 X 1,pa x1,...,p, X 1, respectively.

Since X;; = 0, so this implies that 2", Z3" .. .z ZzW 70 gm g gl 7o
(i.e., g}j’, Z&z), . NZO(Z"), a=1,2,...,n)arealsoindependent. Then Aj; => " _, Z&DZS)/,
App=>"" ) Z&Q)NZISQ),, oA =0 Z&‘J)NZ&Q)/ are also independent. Hence using The-
orem 5 it is concluded that A;; ~ W, (X,;,n).

J
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Conditional Distribution

Suppose the p-component vectors Y7, Ys, ..., Y, are independently distributed and each
Y, ~N,(0,%),a=1,2,...,n. Then A=5%"_ Y, Y ~W,(X,n).

Suppose Y, ’s are partitioned as Y, = (Xa(l), 2@(2))’ such that 2/051) and Ya@) are p and

(p — q) component vectors, respectively. The A and ¥ matrices are suitably partitioned

Y1 X A A
5 11 212 and A — 11 A2
Y1 X Ag1 A

where the orders of A;; and Xq; are p x p, orders of each Ayy and Yos are (p—q) X (p—q)

and orders of each A and ¥q5 are p X (p — q).

Theorem 7: The distribution of A22‘1 = AQQ - A21A1_11A12 is Wp_q<222.1,n - p) where
Y91 = Tz — Lo U7 T

Proof: The representation A = >°"_ | Y, Y can be expressed as A = Y'Y where YV
is a n X p matrix. The rows of Y are i.i.d. and follow N,(0,%). Similarly, A;; =
>, YOV Ay, = > Y2y and Ay = > YY" can be expressed as
A =YY, Ap =Y)Y, and Ay = Y'Y, respectively.

Then Asy; can be expressed as
Agpy = Agy — A AT Ao
—VYs — VALYV,
VI - VARV,
= Y/PY,
where P = I — Y, A]'Y/ is a symmetric and idempotent matrix with rank (n — p).

Note that
PY, = Vi — ViALY]Y: = Vi — iA[ Ay = 0.

Let Ya1 = Ys — V157 S
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Consider

Yy PYar = (Y = S B V) = YIARY))(Ys — ViZ E0s)
= (Y = Yo ViARY] = Sy B0V + Sar S Y VAR YY) (Y — Vi S)
=Y;Ys — VYVIAL'Y{Ys

= YJPYs.

Also, the covariance between Y51 and Y] is
Cov(Y7,Ys — 3/121_11212) =Yg — E1121_11212 =0.

So Y51 and Y] are independent.
Thus Y51 ~ Np4(0, 322.1)-
Next, we use the following result:

Suppose X follows N (0, %) where X is an n X p matrix and C' is an n X n symmet-
ric matrix, then X’C'X has a Wishart distribution if and only if C' is idempotent and
X'CX ~ W,(X,r) where r = tr(C) = rank(C).

Using this result, we can conclude that
Yy PYaq ~ Wy q(Xa21,n — p)

for any given Y] as P is idempotent matrix and its rank is (n — p).

This conditional distribution is free of Y;. Therefore, it is the unconditional distri-

bution, and moreover, Ass 1 is independent of X;.

Multivariate Analysis | Chapter 3: Wishart Distribution | Shalabh, IIT Kanpur 9



The Generalized Variance

The multivariate analogue of the variance o of a univariate distribution is the covariance
matrix 3. Another multivariate analogue is the scalar ||, which is called the generalised

variance of the multivariate distribution.

The generalized variance of the sample of vectors z1, zo, ..., 2y is defined as
;X
|S| = ‘m ;(ga - @)(ga - @)/

In some sense, it is a measure of spread in a multivariate setup. Such a term arises when
constructing the likelihood ratio test, and we will use it in Chapter 5, which covers the

Hotelling 72 distribution.

Similarly, we denote
N

Z(@a —Z)(za — )|

a=1

Al =

The probability distribution of |A| is the same as the distribution of the product of x?
variables with n,m — 1,n —2,...,n — p 4+ 1 degrees of freedom. The exact form of the
distribution of the product of y? variables with n,n —1,...,n —p+ 1 degrees of freedom

is not known.
The following theorem describes this result.

Theorem 8: Given a random sample X, Xs,..., Xn from Np(g, Y)), the distribution

of the sample generalized variance |S| is the same as the distribution of ( Nlﬂ)p (or %‘)

times the product of p independent factors where the distribution of i'* factor being x?

with (N — i) degrees of freedom.

Also, the asymptotic distribution is

sl

(- o

and
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Quadratic Forms in Normal Variables

Let X ~ N,(0,1), the necessary and sufficient condition that X’AX to be distributed as
x? distribution is that A is idempotent, and the degrees of freedom of the x? distribution

will be the same as rank of A, i.e., trace of A matrix.

Theorem 9 (Craig’s theorem): Two quadratic forms X’AX and X'BX are indepen-
dently distributed if and only if AB = 0 where A and B are symmetric and idempotent

matrices.

The necessity of this condition is proved by equating the joint characteristic function
to the product of the two characteristic functions. The sufficiency of the condition AB = 0
is proved by simultaneously diagonalizing A and B with the help of an orthogonal matrix
and showing that no non-zero terms appear at the same positions in each of the diagonal

matrices.

Theorem 10 (James theorem): Let Q = X'X = 32 | X’A, X, then for the quadratic
forms X’A;X to be independently distributed as x?, any one of the following three

equivalent conditions is necessary and sufficient:

(1) A2=A;,i=1,2,....k
() AA;=0,i#7,j=12.. .k

(I1T) Zle rank(A;) = p.

This is a generalized version of Cochran’s theorem, which states only condition (III). The

theorem also holds when @ = X'AX = Zle X'A; X where A is idempotent.

Theorem 11 (Cochran’s theorem): Suppose Y;,Ys,..., Yy are independently dis-
tributed and Y, ~ N,(0,%), « =1,2,..., N. Suppose C; is a N x N symmetric matrix
with rank (Cy) =i, 1 =1,2,...,mand > ", C; = Iy. Suppose the matrix C; = ((Cl))
is used in forming Q; = 32N Zgzl ! 5YaY; and suppose Y1 Q; = SV (i =
1,2,,...,m). Then a necessary and sufficient condition that Q1,Qs,...,Q,, are inde-

pendently distributed with Q; ~ W,(X,r;) is > ;- r; = N.
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Inverted Wishart Distribution

If A~ W,(X,n), then B = A" has the inverted Wishart distribution and its density is
1 n ntp 1
- I B o (- qrs B )
np DPIP p—1 n—i 2
2em i [[im I(%5Y)

The proof follows by f(B) = f(A) -|J|, where J is the Jacobian of the transformation.

Noncentral Wishart Distribution

Suppose the columns of a matrix X are independently distributed about a non-null mean
vector given by a matrix M, then the distribution of A = X X' is a noncentral Wishart
distribution with = X"'M’'M as the noncentrality matrix of the noncentral Wishart

distribution.

If Xo ~ Ny(M,%X)and A=>"_, X,X/ then A has a noncentral Wishart distribu-
tion with PDF

A" exp(—LtrolA) exp(—2 1
= B IS (1 Jasa)
2o [I T2
where the Hypergeometric function is defined as
(@) ... (ap)r =
F, ey by, by Z) = — . —
g i) = 3

and (a)y =ala+1)...(a+k—1).

It is denoted as A ~ W,(X,n, Q).

Some Useful Results for Wishart Distribution

Lemma 11: If A ~ W,(3,n) then E(A) =nX and E(A™!) = —4—%"1.

n—p—1
Lemma 12: If A ~ W,(X,n), his a p x 1 vector and is independently distributed of A,
h' Ah

then u = ZZ’EE

has the x? distribution with n degrees of freedom and is independent of h.

oPP

Lemma 13: If A ~ W,(X, n), then 2 has the x? distribution with (n—p+1) degrees of
freedom where a?? and o?P are the last (p'*) diagonal elements of A~! and ¥~! matrices,

respectively.
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Lemma 14: If A ~ W,(X,n) and h is a p x 1 vector distributed independently of A,

then
S

WA
has the x? distribution with (n — p + 1) degrees of freedom and is independent of h.

Some Useful Results for Jacobian of Transformation

Suppose we want to find the distribution of Y given the distribution of X.

1. Y = AX B where the order of Y is p x ¢, the order of A is p X p, the order of X is
p % ¢ and the order of B is ¢ x g. Then the Jacobian of transformation |.J|, denoted
as J(Y — X) = |2%| = |A|?|B|P where the order of 2 is pg X pq.

2. Y = AX A’ where the order of X is p X p symmetric, the order of Y is p X p, the
order of A is p x p and the order of X is p X p then J(Y — X) = |A[PT1.

3. If | X] #0,Y = X! where the order of X is p x p, then

o J(Y = X) = |X|~®*) if X is symmetric

o J(Y = X) = |X|"% if X is non-symmetric.

4. For lower triangular matrices X,Y and A, each of order p X p,

If Y = AX then J(Y = X) = [[~_,

=1 -

If Y = XA then J(Y = X) =], a/".

=1 "

IfY = XA + AX' then J(Y — X) = 2?7, a7,

=1 "1

IfY >0, Y = XX then J(Y — X) =2°[["_, a& """

=1 "1

5. For upper triangular matrices X and A, if Y = XA'+ AX/, then J(Y — X) =

D P 7
) | R
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