Chapter 4
Distribution of Sample Correlation Coefficients

Correlation Coefficients

Correlation coefficients measure dependence. Different types of correlation coefficients

measure the dependence among variables in different situations.

The simple correlation coefficient, i.e., Karl Pearson’s correlation coefficient, mea-
sures the degree of linear relationship between two random variables; the multiple corre-
lation coefficient measures the degree of linear relationship between a variable and a set of
variables; and the partial correlation coefficient measures the degree of linear relationship

between two variables when a set of variables is held fixed.

In the case of joint normal distributions, these correlation coefficients measure the
dependence among variables. The sample correlation coefficient is an estimator of the
population correlation coefficient. The sample-based correlation coefficients are functions
of sufficient statistics, which are invariant under location and scale transformations; the
population correlation coefficients are functions of the parameters, which are invariant

under these transformations.

Correlation Coefficient of a Bivariate Sample

To understand how to derive the distribution of the correlation coefficient, we consider

the simple case of two random variables.

It can be recalled that the correlation coefficients are functions of variance and co-
variance. So, the covariance matrix of a random vector can be expressed as a function of
its correlation coefficients. Thus, considering the PDF of the sample covariance matrix

and deriving the distribution of the sample correlation coefficient from it can be helpful.

The distribution of positive definite matrix A = Ziv:l()fa — X)(X, — X)' follows a
Wishart distribution W,(X,n).
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The PDF of the Wishart distribution is

n—p—1

F(A) = |A| 2 exp(—35trEtA)

2T T

which is based on a p x 1 vector X.

We are considering only two univariate random variables X; and X5, so p = 2 and

subsequently,

g g a a
2{ = ()(17 X2)l7 T = (l’l, IQ)I, Y 11 12 7 A _ 11 12
021 022 ao1  A92
where
Var(Xy) = ou, Var(Xy) =09, Cov(X1, X3) = 012,

N
1y =3 (tia~ Tt~ Ty), 1j=12

a=1

The sample correlation coefficient is defined as

or
A12 = T/ Q11022
and the population correlation coefficient is defined as

012

P= V011022

or
012 = P/ 011022.

For p =2, f(A) = f(a11, as, a12), it is the joint distribution of a1, ase and ays.

Also
a1 a2
2
Al = = 11022 — ajy ;
Q21 A2
011 012
2
|E| == = 011022 — Oq9g.
021 022
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Using 011 = 02,09 = 05 and 015 = po,03, we get

2] = ooz (1 - p%)

and
1 _ 1 05 —pP0o0102
(1 — p?)o2o?
p 1¥2 —pP0109 01
1 1 __P_
— O'% g1092
(1—=p* | _ 2 L
0102 O'%
So
1
_1 1 s —p0102
|E | = 1 2 2 !
1
( P ) —p0102 2
2
1 < 1 0> )
22 2. 2 2 2
(1 —p?)? \oio; 0107
1
= 2
oioy(1—p?)
Next we simplify
1 __P
sol4 1 P o109 aix Q2
1—-p) \ _»p 1
( ) o102 2 Qg1 a2
1 a1 _ pa21 a2 pa22
- - o} o102 o2 o2
1-— p2 __paii a1 _ pai2 aza
( ) g102 + U% g102 + 0'%

and

_ 1 ayp | a9 pai2
7( ) 0= (0% + o pa Q, say.

Now consider the Wishart density for p = 2 and simplify it as follows:

f(A) = f(@n, 22, @12)

n—2—1

(a11a22—a%2) 2 eXp(—% )

2% I T(g)n ' (B2

- (a11a9s — a?z)%ﬁ eXP(—% )
2T ()T (37 V5] 2

Now r is introduced in this expression using the transformations

A12 = T'y/ Q11022
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and

da12 = 4/ A11029 dr.

The aim is to derive the distribution of r as a marginal distribution from the joint

distribution f(ai1, ass, ). Thus

f(A) = f(@11,a22,7") = f((111,a22>a12)u\
where the Jacobian of transformation is |.J| = \/a11a22. Then
n—3

f( ) _ (:11(122 ; r20;1_1?22) 2/2 exp [_ 1 . {@ " @ B 207“\/&11@2}} |J]
2ny/mT(5)T(%57) %] 2(1 - p?)

2 2
Now f(A) = f(ay1, as,r). So we simplify

(a11a22—7’ Olllolzz)n53 1 a1 A9y 2pry/a11a22
A - )8 Y22 V
SRR e R R e R e A

-3
1 CI,11:|

e
2[Rl (5)0 () 2(1-p*) of

1 a PT+/011G22
22:| ex |: :| v/ A110A92

2= | [

X exp [—

a11_ a22 (1 - T ) &

~ S AT (BT (5] 1)eX {_;2)62_1%1} o {_ﬁ%ﬂ

(o]
ry/a11a22 “1
X E Pryandz Vanaz — (The last exponent is expressed as summation)
~ o109( 1— o

2n|z|n(/i\;‘rrz > (%50 Z H e (W”

Now f fO fO CLH, aso, r)dandagg.

Note that

& %_ alq n+ o nta
/0 aqq exp (—m) da’ll =T < 5 ) [20’%(1 — p2)] 2
® nta_y a99 . n—+ « 2 o\ Rt
[ e (g g e =1 (M) b -
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Substituting these integrals, we get

(1-12)%" - (pr)®
f(r) = 20 /al(2)T (n )|§]|n/2Z [0?05‘(1—/}2)a0‘!}

% [(F (” ‘5 @ ) gntagntagntba(] p2)n+a]

(L) ofob(1 =) < {(F(’ﬁ—“))Q(pT)W%?US(l A
2 L ()T (* ) (0703 — pPofad)/? 2 o105 (1~ )l

T S )]

a=0

Now we simplify it using the duplication formula

o (1) - V2L

Using m = ”T_l in duplication formula, we get

() () () )

and using it in f(r), we get

1) = (1— ?’1/1(;(2 fQi;ﬁZ”‘Q i (227!‘)“ (F (n JQr a))z
- TR A S B (1))

a=0
Here n = N —1 and —1 < r < 1. This is the PDF of the simple correlation coefficient,
also known as Karl Pearson’s correlation coefficient, r. For n = 1, the density reduces to

Zero.

The main characteristic of f(r) is that the only function of p which can be estimated
unbiasedly is sin”! p, i.e.,

E[sin™'r] =sin~! p.

Also, E(r) # p. The large sample approximation of the mean and variance of r is

Byms- =5 o (L)

Var(r)%ﬂ%—O(l).

n n?2
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1+r

1= This is because convergence to normality is

For r, we transform r to z = %log

more rapid in z transformation.

Fisher (1915) gave the following form of density of r:

n—3

(1-p)E(1—r)"7 [ d! {cos—%—x)}

fr) =

w(n —2)! dzn1 1_ 2

a:pr]

[Fisher, R. A. (1915), Freuency distribution of the values of the correlation coefficient in
samples from an indefinitely large population, Biometrika, 10, 507-521.]

Hotelling (1953) recommended the following form:

n—1 T'(n) g\ o\ n=3 il 11 1 1+pr
g 1— 2 1— 2 1— n+2F —_ J—
f(?") /_271' F(n—l—%)( p) ( T) ( pr) 2727n+ 27 2
where

= I'(a+37) Lo+j5) T() o
Ma) T0) Tl+tj) Ji

F(a,b;c,x) =
§=0
is the Hypergeometric function.

[Hotelling, Harold (1953). New light on the correlation coefficient and its transforms
(with discussion), Journal of the Royal Statistical Society B, 15, 193-232.]

The cumulative density function of r, Plr < r*] = F[r*|N, p|] has been tabulated
by David (1938) for p = 0.1,0.2,...,0.9, N = 3,4,...,25,50,100,200,400. and r* =
~1.-0.95,...,0,0.5,...,1.

[David. F. N. (1938). Tables of the Ordinates and Probability Integral of the Distribution
of the Correlation Coefficient in Small Samples, Cambridge University, Cambridge.]

Such tables are used for testing the hypotheses related to p Hy : p = po and the
decision rules for various alternative hypotheses are as follows:
(i) For Hy : p > po,
Reject Hy if r > r* such that 1 — F(r*|N, po) = a.
(ii) For Hy : p < po,
Reject Hy if r < r*™*, F(r**|N, py) = a.
(iii) For Hy : p # po,
Reject Hy if either > r* or r < r** [1 — F(r*|N, po)] + F(r**|N, py) = «.

For computations, N > 10, |p| < 0.8, the test is nearly unbiased.
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David (1938) also computed confidence region for p, say fi(p) and fa(p), such that

Plfi(p) <7 < fa(p)lp] =1 =
Here fi(p) and f(p) are monotonically increasing functions of p and are chosen so
* Q *3k
L= F("IN, p) = 5 = F(r"|N, p).

If p = f7'(r) is inverse of r = f;(p),i = 1,2, then the inequality fi(p) is equivalent to
p < fit(r) and r < fo(p) is equivalent to f, '(r) < p. Thus

Plfi(p) <7 < fa2lp)lpl =1 -«

can be written as

Plfy'(r)<p< fi'(n]=1-a.

Distribution of Sample Correlation Coefficient when Population

Correlation Coefficient is Zero (p = 0)

We derive now the probability distribution of the sample correlation coefficient from a
bivariate normal distribution when the population correlation coefficient is zero. The

PDF of r is

o= Ut 5 e (p () ]
vl

a=0

s o o ()5 2 (25
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o=

)
T3

A COR
)

S ey e (e () )]

_ 2y 252 P(%) . .
=(1-—r F("T_l 1"(%) (using /7 =T (1/2))
yons (W) o
=(1—r%)z N ORE=) (using n =N — 1)
(1= N
e

_ T(@)I'(b)
Bla.b) = 5250
Thus we have
1 N—4
f(T‘pZO):m(l—TQ)Q, —1<r<1

which is a symmetric distribution.

Asymptotic Distribution of a Sample Correlation Coefficient and

Fisher’s z

As the sample size increases, the sample correlation coefficient tends to follow a normal
distribution. The distribution of Fisher’s z, which is a function of the sample correlation
coefficient, has a variance approximately independent of the population correlation, and
Fisher’s z tends to normality faster.
If
Aij(n)
Aa(n)A;(n)

is the sample correlation coefficient of a sample of size N = (n+ 1 from bivariate normal

r(n) =

i 7 J,

distribution with correlation p, then

V() —p)  VN(r(n) = p)
(1—=p?) (1—=p?)
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has the limiting distribution N (0, 1).

The Fisher’s z is

== log =tanh™'r
1—7r

where
exp(2) — exp(—2)
exp(z) + exp(—=z)

is the correlation coeflficient from a bivariate normal distribution with correlation coefli-

r =tanhz =

cient p.

Let

1

£=log 2
1)

then y/n(z — &) has a limiting normal distribution with mean 0 and variance 1.
It can be shown that to a closer approximation

v

2n

8

_

4n?

Distribution of the Set of Correlation Coefficients for a Diagonal

Population Matrix

We now find the density of the set of sample correlation coefficients r;;, (i < j =
1,2,...,p) given pi; = 0 for all i« # j. In such a case, ¥ = diag(o11,09,...,0)

and || =[[_, 0u-

We begin with W,(X,n) with diagonal ¥ as follows.

|A|" 5 exp(—itrs—tA)
f(A) = np p—1 n—i 2 p(p—1) n
27 [[in Do) X

-1 .
= exp(—5 2.7, 52)

— 2% sz?:_(]l F(%)ﬂ_% P_l 0_%7

ij=1,2,....p.
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Next, we use the transformations

Qi = Tij4/QiiQj N 7’éj

Qi = Qij
and we have
8% \/_
= V4iljj
arij

dai; _ 1ij [ay

8aii 2 (077} ’

The Jacobian of the transformation is

‘J’ _ (9(@11,(122, ceey Qpp, A12, 0o, A1p, A23, - - ., A2p, - - - 7ap—1,p>
(a1, a2,y Appy T12, -+, T1p, 23, -+ T2py -+ -5 Tp1p)
1 jagz AU S 1 T

1 0 0 3 au?"lg 3 a1 0
00 --- 1 0 0
O 0 ---0 A/ A11022 0
0 0 -0 0 0
P p—1

— 2

-1l
i=1
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Substituting a;; = r;;\/aia;; for i # j in |A|, we get

@11 Q2 -+ Al

Q21 Q22 -+ Azp
Al =

apr Ap2 -+ App

a1 T124/Q11Q22 T134/A11A33 " Tipy/A110pp
T124/ 011022 22 7234/ Q22033

Tipy/Q11Gpp  Tp24/A220pp T e App

I rig 7m3 -+ T1p
P
H ro1 1 1oz -- Ty
= a/“’ . . . . .
Tpt Tp2 Tp3 - 1

p
= |R| ] @
i=1
where R is the matrix of correlation coefficients r;.

The joint density of a1, agg, ..., ap, and r;; is now

f(an, cee 7app7rij) = f(A)U|
|A| exp( b ) d

= —— H
- n
p 5 p(p 1) _
H —104T H 2 1=1

' - ) Pt
B |R|n o (Hf:1 au)n e exp(—— 11‘0:1 Z_Z) Hf:l i’
- n — .
P oln ™ [ D)
E_ ..
= |R|n i ﬁ 222 eXp(_%a_Z)
e ?L‘?:_o (%5 ) Wit 2205-

Our aim is to find f(r;;) which can be derived as a marginal density from f(a1, ...

Thus

f(rij) = / / Ce / f(au, a22, ..., Qpp, Tij)dandagg R dapp
0 0 0

n— p 1 P %_1 1(1
:/ / / | | H ( 2 ") dalldQQQ...
0 0 0

Sl

) _
I T i 2207

s Qpps Tij) -

day,
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Let %” = u; and we solve the integral using Gamma function fooo

Also % ~ x*(n). Then

2 exp (—u;)du; =T <g) 2%05

" texp @ dr = T'(n).

f(?” ) |R|n p—1 /oo/oo /Ooﬁ{ag_le b 1a”>da }
ij) = [ ii Xpl—5— it
J 1;:1 O'Z% .9 zpﬂp(z 1) Hp 1 (Tf) 0 0 0 3 Oii
R Tle () .oz 4
~ T 3 9% - peol) rrp— Lp(n= H[F <§>.220“]
i=1 % 42 [T <T) i=1
n— 1 n n
|R| g 2 2 ( i= IF(§)> ( f—l Uzi)
¥ I T (T o)
As [P, (%) in numerator is independent of 4, so [[7_, T'(2) = [[*2, T(2). Then

npl

pl)
|

R

ffé L'(%)

f(riz) =
) T(25)

n—p-1 p—1 n
R ( I'(3) )
p(p4 ) ];10: F( > ) J

is the PDF of f(r;;) when p;; =0fori#j=1,2,...,p.

Some particular cases:

1. For p=2

For p = 2,

r12

— i) = (1 -

(1

21
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and thus

2. For N =2

For N = 2, the distribution f(r;;) becomes useless because of the factor I'(252) and

since n = 1.

3. For N =4 For N =4, we have

1) = =
RGN L
S rra) o Vw12

which is a rectangular distribution.

Estimation of Partial Correlation Coefficient

The partial correlation coefficient measures the correlation between two variables after

removing the linear effects of other variables.

Suppose among three variables X, X5, and X3, the correlation between X; and X,
is partly due to Xj3. So if we want to see the effect of X; and X5 on each other after
eliminating the linear effect of X3, we use the concept of the partial correlation coefficient.
The correlation coefficient between X; and X, after eliminating the linear effect of X3 is
called the partial correlation coefficient and is usually denoted as r15.3 and defined as

- . 12 — 713723
12.3 =
\/(1 - 7”%3)\/(1 —733)

where 7;; is the simple correlation coefficient between X; and X, ¢,j = 1,2, 3. The range

of rig3is =1 < rpp3 < 1.
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Estimation of Partial Correlation Coefficient in Multivariate Set-

up

Let X ~ N,(i, ¥) and X is partitioned as X = (XM, X®)" where X and X® are (¢ x
1) and (p — q) x 1 vectors as XV = (X, Xp, ..., X,) and X® = (X 11, Xyi2,.--, X))
Y1 Yo

The parameters p and X are suitably partitioned as u = (), u®) and ¥ = ,
N T Y1 Vo

respectively. The conditional distribution of X given z(® is
No[u® + B(z® — p?), %1, ]

where B = 2122521 and 211.2 = 211 — 2122521221.

The partial correlation coefficient between X; and X; holding X i1, X¢12,..., X,
fixed is

P . Oij.q+l..p
ij.q+l.p =

V/Tiig+1..p\/Ojjq+1..p
where 0441, is the (4,7)™ element of ¥119,7 # 5 =1,2,...,q.

The next question is how to estimate p;jq11.,7 We use the following result to find

the estimate.

Result: If él, ég, e ém are the maximum likelihood estimators of 61, 6,, ..., 0,,, respec-

~ A~

tively, then gbl(él, 92, e ,ém), (;52(91, Oy, ..., Om), - - - ,qu(él, Oy, . .. ,0,,) are the maximum
likelihood estimators of ¢1(0y,...,60,), d2(61,...,0m), .. dm(01,...,0n), respectively, if

the transformation from 6y, 0,,...,0,, to ¢1, P, ..., ¢, are unique.

First we note the one-to-one correspondence between ¥ and (X1 2, B, ¥92) as follows:

ITEEDITH N _1 , 1

Iy = is known, then Y115 = 311 — 2122055 291 is known and B = Y1935,
Yigr Yo

is also known. On the other hand, if a5, B and X1 5 are known, then ¥ is known as we

can find X5 = BY9s and find X1 = Xq12 + BXos B,

The maximum likelihood estimate of 32 = £ where A = SN (20 —Z)(z0—Z) which

can be partitioned using z, = (g&l), g:((f))’, a=1,2,...,N as
[An A
Az Ag
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where

N
Ay = Z(xff) O ORI ON;
a=1
N
A22 = Z(:L-&Z) — i'(Q))(.Z'@) _ ‘T(Z))/
a=1
N
A12 = Z(g&l) _ Nj(l))(g;((f) _ 53(2))’
a=1
N
Ao = 30 7l Y
a=1
1 N
T=5> 2a=@Y, 2
a=1

Using the one-to-one correspondence between ¥ and (3119, B, ¥g2) along with the

result, we obtain the maximum likelihood estimates as follows:

ﬂ(l) — @(1)’ ﬂ(2) _ @(2) 7
o An ~ Aqo B Ago o Ag
Y = — Yig = — Yigg = —— Yoy = —
11 N 12 N 22 N 21 N
and then obtain
B = ApAy)
A 1
Y12 = N(AH - A12A521A21)-

The maximum likelihood estimator of the partial correlation coefficient

Oijg+1..p . .
Pijg+l.p = i1£j=1,...,q
V/Oiiq+1.p\/0jjqt+1..p

is obtained as

Oijg+l1..p Qj5.g41...p

VOiigt1.p\ Ojjgitep  VGiigtl.pv/@jjgrip

Pij.q+1..p =

where 6411, and a;j411.., are the (i, 7)" element of 119 and Aqg o, respectively. This

result can be formulated in the following theorem:
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Theorem 1: Let x1,29,...,2x5 be a sample of size N from NP(H, ¥)). The maximum
likelihood estimator of pijq+41..p, Which is the partial correlation between the ith and
g variables of the first ¢ components conditional on the last (p — ¢) components of
To (a=1,2,...,n) is given by

Qij.q+1..p
V Qiig+1...p7/jjg+1..p

Pijq+l.p =

where Qij.g+1..p is the (i,j)th element of All.? = All — A12A2_21A21.

Note that p;jq+1.p is the sample partial correlation coefficient between X; and X

having taken account of Xgi1, Xg49,..., X, as fixed.
Note that
N
Az = (@D - 30) - BE@? - 2P - 2V) - BE® - z?))
a=1

— Ay — BA,B'

and [g&l) -z — E(g&m — @) is the residual of g&l) from its regression on z® and 1.

The partial correlations are the simple correlations between these residuals.

In order to find the distribution of the sample correlation coefficient, we use the

Wishart distribution and note the following:

(i) Yu'’s, « = 1,2,..., N are independent,

(i) E(Y) =0,

(iii) Var(Ya) = %,

(iv) SN VLY ~ W (2, n).

Hence, if we can construct a variable whose covariance matrix is ;9 and if they are
independently distributed, then we can derive a suitable Wishart distribution, and from
there we can derive the distribution of the sample correlation coefficient, which will

equivalently be the distribution of the sample partial correlation coefficient. Hence, we

first consider the following theorem:
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Theorem 2: If Y7,Y5,...,Y, are independently distributed, if Y, = (Ya(l), Ya@))’ has the
density f(ya) and if f( |Y S)), for « = 1,2,...,n is the conditional distribu-

tion of XOS given XOE ) = y& ), then in the conditional distribution of Y(Q), 2/2(2), e ,Xn(z)

2)

given Y Y(l) = (1) Y(l) = gl), e ,Y(l) y , the random vectors Y Y'2(2), cee n( are

~

independent and the density of Y ( |Y (1))

Proof: Let f; (y&l)) be the marginal density of yoﬁl). AsY,’s (a=1,...,n) are indepen-
dently distributed, then the joint marginal density of Y(l) Y(l) "D g -, fl(yg)).

The conditional density of 2/1(2), 2/2(2)7- Y( ) given Y( ) = (1) Y( yél), e ,lﬁgl) =

ys is

= ﬁ FP ).

Finding the Distribution of Partial Correlation Coefficient

So now we have found the random vectors Y1, |= 2(51)@&2) — E()N(él)\gg)) , (a0 =
1,2,...,N) say whose covariance matrix is 31 o and sample covariance matrix is A1 =

A1 — A1 AT Agy. We also have established that A;; 5 is distributed as ng:_ll_(p_q) Yio. Yio.,

where Y) o, are independent, each according to N, (0, X1 2).

Also, it follows that if Y5 = 0, the A is distributed as ZN 1= (= Q)Ylgawwa
and A A7 Aoy is distributed as Z N (p—q) Y1.2.Y7 5, Where Y15, are independent, each
according to N, (0, X11.2).

Now it follows that the distribution of partial correlation coefficient r;; 441, , based
on N observations is the same as an ordinary correlation coefficient based on N — (p — q)

observations with a population correlation coefficient p;; 441, p-

So the same steps that were followed in deriving the distribution of the ordinary
correlation coefficient can be followed to find the distribution of the sample partial cor-

relation coefficient, by replacing N by N — (p — ¢q) and ¥ by X1 ».
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Multiple Correlation Coefficient

Consider a (px1) random vector X with variables X7, Xs,..., X, as X = (X3, Xo, ..., X})".

Partition X such that one partition has only one variable X; and all other variables

X
Xs, X3,...,X, in another subvector Xy = (X3, X3,...,X,). Then X = "] and
Xo
partition X accordingly as
Y — o1 gzl)
gay Y

where Var(X,) = 011, Var(Xs) = Xg is of order (p—1) x (p—1) and Cov(X1, Xz) = gq)
is (p — 1) x 1 vector. Based on this setup, we define the multiple correlation coefficient

as follows:

Definition: The multiple correlation coefficient between X; and X», X3, ..., X, denoted
by Ria3 p, is the maximum correlation between X; and any linear function o/ X, =

OéQXQ +OC3X3 +...+ Oépo of XQ,Xg, e ,Xp.

Using this definition, we write
Cov(X1,d' X5)
max
o /Var(Xy)y/Var(¢'X,)

/
Q@ g(1)
= max = .
& 3011\ Q 22296

We state the Cauchy-Schwarz inequality, which is used in finding this expression.

Ryio3.p=

Cauchy Schwarz inequality: For any two column vectors x and y of real elements,

) (50)

The equality being attained when and only when Az + py = 0 for real scalars A and .

" 2
or (Z Izyz> <

=1

VR
I 3
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Note that

dowy 'S 50 ")
VO @' Yna  \/o1/a' Y
u'v —
= gy (vherey =Ea and v = £, 1)
nu'u
w'u 1/2 v 1/2
< (W) ") (using Cauchy Schwarz inequality)

(94'22294)1/2<QE1)2521Q(1))1/2

(011 - @/ gpr) /2

_ 1/2
_ QE1)E2219(1)
011

with equality holds when

AS35 e+ 3oy =0

or
a= —%Ez?zlga)
or
a o< 35, 001).
Thus / ot 12
R _ Qo) _ (L7220
1.23...p (0_11 . Q/E22g)1/2 o1 .

Now we define the multiple correlation in a general setup. Partition

X® Yy X
2( _ % ’ E _ 11 12
X® Yo1 g

where X = (X, Xy, ..., X,) and X@ = (X, 11, Xp10,..., X,)".

Let X; be a variable in X with 4 = 1,2,...,¢. The multiple correlation coeffi-
cient between X; and the variables in X® (i.e., Xg+1, Xgt2, ..., X,) is the maximum

correlation between X; and any linear function o/ X ) denoted as Rigt1,.. p-

Based on the earlier arguments, it follows that the maximizing value of « is

a=3500
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where g(;) is the it" row of ¥y, and hence

/ -1
n - Q(i)zm g@)
Oii
or equivalently
Rg 04 — Ojig+l..p
t.q+1,....p —
Oii
where ;411 is the (i,4)™ element, or the i diagonal element of Xj;5 = ¥y; —

2122521221. Then using 0119 = 011 — 921)2521g(1)7 we get
921)2521g(1) =011 — 011.2-

For the sake of convenience, we omit the subscripts and consider the case of multiple

correlation coefficient between X; and Xy = (X», X3,...,X,). The population multiple

correlation coefficient is denoted by R.

_ 1/2
R= gél)zmlg(l) / _ <B/E2QB>1/2
011 011

o1l 0
where > = BRI and B = Z;;Q(l).
a) Y92
Next, we define the multiple correlation coefficient based on a sample z1, zo, ..., zn, (N >
p). Then
LA 1
Y= N N;(ga — ) (20 — )
A At
_ [ Cw

aa) 399
/
()
a(1) Az

B 222_21(}(1).
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The sample multiple correlation coefficient is given as

R:

To find the maximum likelihood estimator of the population multiple correlation
coefficient, we note that there is a one-to-one transformation between (R, g1y, Xo2) and

Y. This is seen as follows:

_ 1/2
. on g _ o -1y
Given X = M|, we can find R = <~—<1> Uii“”) :
gy X2

/
011 Q(l)

Given R, o) and Yg, we can find ¥ = . Note that g(;) and Y5, are known,

ga) Y92
. ol Sitlon
so o1 is found as oy = N“)R#.

Thus R is the maximum likelihood estimator of R.

Distribution of the Sample Multiple Correlation Coefficient when
the Population Multiple Correlation Coefficient is Zero

The sample multiple correlation coefficient is

o 921)145219(1)’
aii
SO 1—R2=1-— g/(1)1427219(1) _ an — QI(I)A2721£L(1) _ Cl11.2’
an ary ai

R? {1y Az 0
d th = )
an en 1_ R2 0114

We know from earlier derived results from Wishart distribution that Ayq o ~ W, (X112, n—
p+ q). Substituting p = 1 in Wishart distribution, we get the y*-distribution, so a5 ~

X?n—p—l—q)' Then, with ¢ = 1, we have 112 ~ X2(n—p+1) where o115 = 013 _921)25219(1)'
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Next, we use the following theorem:

Ay A
Theorem 3: If A ~ W,(X,n). Further, A and ¥ are partitioned as A = e
Ay Ag
X X2 " e . . 1
and ¥ = , then the conditional distribution of A;5 given Ay is N (212355 Aog, 211 2@
o1 oo

Agy) where ® is the Kronecker product.

Using this result in our case, the conditional distribution of a(;) given Aj; is

fla)|Az2) ~ N(QE1)22_21A22, o11.242)

and thus,
—1
9/(1)1422 a) ~ 32
O11.2 Pl

Now we use the following theorem from Wishart distribution that Ao ~ Wi(o11.2,n —
p + q) and is independent of Ay and Ajy, we conclude that ay o is independent of a)

and AQQ.

Thus we find that

R? n—p +1 2921)A§21Q(1)/011.2 n—p +1
1—-R? p—1 a11.2/011.2 p—1
N X;%A/(P - 1)
Xo—pi1/(n—p+1)

~Lp_1n—pt+1 OT prl,Nfzr
Thus % . % follows an F-distribution with (p — 1) and (N — p) degrees of freedom.

Next, we find the probability density function of R using the F-distribution.

The probability density function of Y ~ F,_4 y_, is

) = et (=) T (e )
D58 \N = N=p
where y = ";ﬁrl T 32%2 in our case. So

N—p R?
p—1 T—p "~ e
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Let

Then

p—1 @ B 2R n 2R3
N-—p)l|dR| |[1-R? (1-— R2)?

2R - R?
- (1-R?) 1 - R2

2R
(1— R

The Jacobian of transformation is

1= (5=1) oy

and the density function of R is

9(R) = fy ()|

N—-1
-1 N- 2 177 2
N—-p p—-1 1—-R? (1 — R2)?
or (X=1) R \T ! R \"* R
T neEhr(Xe) \1 - Rr2 e (1 — R2)2
L (55H)0(552) ( )
_ p=1__N-—-1
_ 2l (Tl) Rp—3+1( 1 ) e
rErEE T\
o (N=L .
= p_1< QN)_p RF}(1-R)F, 0<R<1
D(E)(552)

where n=N — 1.

In particular,

E(R2>:J]§—11
o 2(N-p)lp—1)
VGT(R>_(N2—1)(N—1)'
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Alternative Approach to Find Distribution of Simple Correlation

Coefficient when Population Correlation is Zero

Consider a bivariate normal population fx, x,(z1,%2) ~ N2(0,0,0%, 03,0) where E(X;) =

0, E(X3) =0, Var(X,) = 0%, Var(X,) = 2 and population correlation coefficient p = 0.

A sample of size n on X = (X3, X3)" is drawn and the observations are x1, s, . . ., Zp.
The sample correlation coefficient is

= > i1 (@1 — Z1) (22 — 2o) ‘
V2 (@1 = 21)2/ 300 (w2 — T)?

Consider an orthogonal linear transformation ¥ = CX where C' is an orthogonal

matrix such that CC’' = 1.

Choose Cy,, = \/Lﬁ and then

1
Y1 = %(9511 + X1+ X)) = N

Since Y'Y = X'X, so in this case,

3
3

X'X =) =) (@ —7) + 2]
a=1 a=1
= (#10 — 1) + 0}
a=1
= (@1a—2)* + 4}
a=1
and
YY =) yi=> v +u
i=1 =2
or,
dDvi-vi=) v
=1 =2

: n 2 __ n 2
Since Y ;- y; = > i Tia, SO We get

n

ny = Z(xla — )%
i=2

a=1
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Also,

E(:%) = ZciaE(mla) =0

E(yf) = Z O?aE(x?a> + Z Z CiaCja’E(xla:ﬁla’)
a=1

i#]
= 0‘%
as E(x10210) = 0 and Y " C% = 1 due to orthogonal matrix. Since y; is a linear

combination of normally distributed random variables, so y; is also normally distributed.

Hence ys,ys, . . ., Yy, are independent and y; ~ N(0,0%), i =2,3,...,n.

Consequently

Do Vi ~y2
O'% n—1-
Note that Y " Coa =0, > 1, C3, =1and >."_, C5,C1o = 0 due to orthogonal matrix

C.

Now consider

n
Y2 = E CoaT1a
a=1

— - (I2a - CZ’2) -
Z Ve @ — )2
Y1 (P20 — T2) (210 — T1)

Ve (@ — 12)?

=T Z(Ila — 51)2
a=1
=7 > v
i=2
Hence
=Y w-vp=0-r")) (11— )
i=3 i=2 a=2
Further,
ZZL:?, y? _(1 - 7’2) 22:1(1‘1& ) N X2
0_% o‘% (n—2)»
Y5 1) ami (T — 1) 9
2 = 2 ~ X1
o oy
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ZTL yz y2 .
and ==+ and -3 are independent.
1 1

Thus r? is distributed as the ratio of x? and (x? + x2_,) random variables,

2 Xi
X3+ Xo—2
which is distributed as Beta (3, %52). So
2 1 2\—% 2\ 22 2
f(r):ﬁ(r)Q(l—r)2; OST’ Sl
B(3,%5%)
Since dr® = 2rdr, hence |J| = % is the Jacobian of transformation and so

f(r) = f(r*)]J]

1 2\n=4
W(l—r> 2, —1<r<l1
flr) = ¢ 265
0 otherwise.

Distribution of Sample Multiple Correlation Coefficient when

the Population Multiple Correlation Coefficient is Not Zero

Let X = (X1,Xs,...,X,) be a px 1 vector from multivariate normal distribution
. s Xy H1
Ny(p, X). with E(X) = p and Cov(X) = X. Partition X = = , and
i h Xo h H2
011 QEU . o :
Y= where X7 is univariate and X5 is of order (p—1) x 1. Also E(X;) = p,

ga) Y
E(X3) = p2, Var(Xy) = o11, Cov(X2) = Ypp which is of order (p — 1) x (p —1) and g

is of order (p — 1) x 1. The population multiple correlation coefficient is

Ao QE1)2521Q(1)

011

1S nonzero.

The distribution of sample multiple correlation coefficient between X; and Xs, de-

noted by R, is

2\ P=3 9\ n=p—1 =9\ nnp—l
1— 1— Pl ATNLIY
(R - R (552

RzRQ), 0<R:’<1
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where n = N — 1, the generalized Hypergeometric function is given by

= (a1)k(ag)y - (ap)r 2"
F,(a1,as,...,a;b1,b9,...,0452) = i
p q( 1, 42 py Y1, U2 q ) %(h)ﬂ%)k"'(bq)k k!

and the Pochhammer symbol is (a)y = a(a+1)...(a+k —1).

Proof: Since X ~ N,(u,Y), the maximum likelihood estimators of y and ¥ are 1 =7

and 3 = 4 respectively. Also, A ~ W,(Z,n). As X = (X1,X), so partition A

N

accordingly as

A | o
Q) Ag
Then
R _ QE1)A§219(1)7
an
12— a1 — QE1)A5219(1) _ G
an an
R afyy Az aq)
1— R? are

aii.2 2 _ o -1
and o~ Xept where 0119 = 011 g(1)222 aq)-

Using the result

B AH A12 211 E12 ol . .
IfA~W,(E,n), A= and ¥ = , then the conditional distri-

Agl A22 E21 E22
bution of Ay given Ay is N (21222_21A22, Y110 ® Ag)” where ® denotes the Kronecker

product operator, we can derive that
f(@(l)/A22> ~ Np71(9E1)22721A22, o11.2422)

and / .
a A a
C)“t22 &(1)
——— ~ X, (0),
011.2

i.e., x? distribution with (p — 1) degrees of freedom and noncentrality parameter

921)22_21142222_21&1)
011.2 .

Hence the conditional density on Ass or equivalently § is

n-—p+l R* X;-1(0)/(p—1)

A .
p=1 1-R X ,/(n=p+1)
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i.e., noncentral F-distribution with p—1 and (n —p+ 1) degrees of freedom and noncen-
trality parameter , which is defined using the following result:
Result: Let Z; ~ Xil(é), Aoy ~ Xfm, and Z; and Z5 are independent. Then

_ Zl/nl
Zz/nz

follows a noncentral F' distribution with noncentrality parameter §, denoted as F,, ,,,(9),

and its density is given by

exp (_é) 1 ot ng N 2n2 - F<m;n2) Gy .

NE
—
—~
3|3
© |=
N
NE

; 1
2 272 "1+ npp+1

p— _ p—1
o —1 20 52 r(n 257 (2 1 \2
exp (——) Fy (ﬁp 2( p+1 > 'F(p—l (27>lp+1) [ ( pH) — for 2> 0.

Now convert Z to R? using

n—p+1 R?

7 — .
p—1 1—R?
] = dzZ | (n—p+1 1
CldRr2| O\ p-1 (1 - R?)3

and the conditional density of R? given § is

npl

s =exp (5 ) ohi (5255 ) F(gﬁ() () (1 )

2

for 0 < R? < 1.

To obtain the unconditional density function of R?, first obtain the joint density
function of R? and § by multiplying f(R?|§) by the PDF of §. Then, in the next step,
obtain the marginal density of R? by integrating out other variables. So, first we find
the PDF of ¢ as follows:
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PDF of ¢:
Here Ayy ~ W (Xa,n). So using the result that “if A ~ W,(X,n) and M is an m X p

nonsingular matrix then M’AM ~ W(MXM’ n)”, it implies that as ¢/,, X5, is a vector,
g gy~22

SO

g21)2521A222521Q(1) ~ W(ggl)EQ’;g(l), n).

Substituting M = Y'(= 921)2521) as a (1 x m) vector, we have Y'AY ~ W(Y'YY,n).

This is further expressed as
y'ay
ysy ©

Thus . .
921)222 A2 () 9
(S22 2() !

v

If we define
0

R ayEna
1 — RQ 011.2 ’

then . .

B 0(1)S22 A22¥i 0 (1)

5 = = Ov.

011.2

Now we consider the first step and obtain the joint density of R? and v by multiplying
f(R?|v) by 6 = Ov where v ~ x2, as follows:

- (29
2

Next the density f(R?) is obtained as marginal density from f(R? v) as

F(RY) = /O R, v)do.

First, we solve the integral as follows:
o=t e (<)o (-3) ()" o (350 ) a ()
g [ (gue0) () (325 ) a ()
[ oo (o) () o (3 ) a3
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Substituting u = m and using 6 = % gives d (g) = (1— R?*)du and 2= “TRQ. Also
@ = “T{?Q. Continuing the integral, we have
1 [ - 1 _ _
G ==+ / exp(—u)[u(l — R*)]2 ' 1 Fy <E, p—,uR2R2) (1 — R*)du
I'(3) Jo 2" 2
p

1—R%»% [ n —1 _
:%/ exp(—u)u2 "t F (g, T,uRzRQ) du.
2 0

2
Using the Hypergeometric function

n p_l 52 D2 o - (% k (R2R2u)k
1F1 (E,T;RRU)— Z p—1 [

where

Thus, the integral G is expressed as

00 0 k
— DY v
G = /0 e “u < A k‘!) du.
k=0

The k' term of this integral G is

—u,, 2+k—1
L€

(R ——du

PR 1) (B k- 1)
nmy 1) (2 k—1)  (RZRDF /m
(p—l)(p—1+1)...(1’%1+k_1) k! F(§+k)

B B (R*R?*)  (n

k=1, Wl_(f%l) 1! F<§+1>

B 35+ (RPR?)’ /n

k=2 W EhEL v 2 F<2+2>

- __ 5B+ 1DG+2Y  (RR)
k=3, W3*<p%1)(p%1+1)(1%1+2) 3! F(2 3>
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and so on, where

+
—_
N—
I
/N
RS

+
w
~
I

Thus

W0+W1+W2+W3+"'

o (n 5 R*R* n 5(5+1) ny/n (R2R?)?
_F(§) Mg e T ey e 5(5“) 2!
(%) () (5 +1) -
L sG+NE+Y  n <Q+1 <§+2> (R*R?)°
() + (g +2)2 12 0 /A2 3!

So we have a general result

/ exp(—2t)t* ' JF, (a1, a9, ... ay;b1,ba, ... by; kt)dt
0

=T(a)z™® p1F (a1, a, ..., ap; by, by, ... by k2™t) for p <gq.

Finally,
(1— R?):> /OO n_y n p—1 9 =9
= _ ) 2 R
G F(%) i exp(—u)uz " 1 F 5 3 JuRR” ) du
n nnp-—1
— 1_ 2 F -~ 2 D2
( R>22 1(2,2, 5 ,RR)
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Moments of R?> when R? # 0

The g"* moment of R? when R? # 0 is

, > D(mr g I'(2+k
Bl0-RY] = ;Ck <P(“—p“)g) 'F(g(+k:+)g)

2

("5) n
_ g D2 L . D2
- (g)g (1 R)g 2F1 (97972+97R>

where

In particular,

() =1~ (P (- Rom (11 g+ 1R
=+ (]%1) (1- R+ <n32> R2(1—R2)+0(%)
Var(1?) - %u R (2 o)
oo ]
- Ll Ry [2@_1>+4RQ{4<p—1>Zi<Z—p+1>H +O(%)_

Thus R? is a biased estimator of R?. In fact, E(R?) > R? so R? overestimates R2.

An unbiased estimator of R? is

1) =1 (2 ) - e (110 - )

n—p+1

:R?—(”—_Q) (- R - 2n —2)(0 - B )+o(i>.

n—p+1 n—p+1)(n—p+3 n?

Note that t(R?) < 0 for R? near zero.
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