Chapter 7
Principal Component Analysis

Problem of Dimensionality Reduction

In any enquiry into a problem, if we want to proceed scientifically, we often have a large
number of variables. It is desired to know how many variables should be included or
discarded. When planning an experiment, the experimenter usually tries to incorporate
many variables to safeguard against potential gaps in knowledge before the experiment
begins. Increasing the variables has its own consequences. For example, in any medical
study, there can be many symptoms of the disease. Suppose each symptom is represented
by a variable. Suppose there are p = 10 variables presented in a vector X of order p x 1.

Then the

e mean vector has 10 elements,

« covariance matrix has 10? elements,

o number of unique variance and covariance terms are ’% = 55,
o number of unique covariance terms are @ —p =45 and

o number of unique variances is p = 10.
Suppose five more variables are increased, so now p = 15. Then the

o mean vector has 15 elements,
« covariance matrix has 152 elements,

« number of unique variance and covariance terms are 157“6 = 120,

o number of unique covariance terms are ’@ —p =120 — 15 =105 and

o number of unique variance terms is p = 15.
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The situation becomes more complicated when more variables are added. Handling a
large number of variables makes it more difficult to draw clear inferences and handle so

many means, variances and covariances.

A possible way out to handle such a situation is to consider a normalized linear
combination of the random variables such that the total variance (structure) is not lost,
i.e., the total variance remains the same. These normalized linear combinations are
known as principal components. Here, ‘normalised’” means that the sum of the squares

of the coefficients is 1.

The principal components are the normalized linear combinations of random vari-

ables that have some special properties in terms of variances.

In effect, transforming the original vector variable into the vector of principal com-
ponents amounts to a rotation of the coordinate axes into a new coordinate system with
inherent statistical properties. In practice, the total variation is accounted for by only a

few principal components.

Such a methodology helps reduce the number of variables by discarding linear com-
binations with lower variances and retaining those with higher variances. Such linear
combinations are obtained by principal component analysis. So, principal component
analysis is a method for reducing the dimensionality of the data without affecting the
total variation. For example, if there are ten variables, then it may be possible that only,

say, four variables are sufficient and contribute to a large part of the variance.

Principal components also address multicollinearity in multiple linear regression

through principal component regression.

In practice, interpreting principal components can be difficult, but the operations on
them are simple. For example, the interpretation of » %, a;x; may be difficult for the
variables x1, xo,...,x, and scalars ay,as,...,a,. Suppose X is a p X 1 random vector
with covariance matrix as >, which is a positive definite symmetric matrix. Without
loss of generality, assume that the mean of X is 0. We can assume that the variables
are measured from their respective means. Since we are more concerned about the

structure of ¥, so the actual distribution of X is irrelevant unless otherwise stated. If
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X is distributed as multivariate normal, then more meaning can be given to principal
components, and calculations become simpler. The distribution of X is needed for testing

of hypotheses related to principal components.

Result 1: Let A\j, Ay, ..., A, be p distinct characteristic roots of p X p matrix ¥, obtained

by solving

X=X =0
where \; > 0 for all i« = 1,2,...,p. Corresponding to each )\;, there is a characteristic
vector as

(X —Al)z; = 0.

Let p = 2, then A\; and A, are distinct characteristic roots and associated characteristic
vectors are 1 and zo, then z; and x5 are orthogonal. This is seen as follows:
(A — )\1])@1 =0= A%’l = )\1@1
(A — )\2[)%'2 =0= Agz = )\2%2
or  (zyAz1) = Aa(zom)'

/ /
or  TyAr = Myl
which using Az; = Az gives

MZHT1 = Aoy
or (A1 —A2)zozy =0

or  zhry =0as A\ # A\

This example will help in understanding the derivation of principal components.
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Formulation of the Problem of Principal Components

Suppose a p x 1 random vector X is having a mean vector ) and covariance matrix .
Let o be a p x 1 column vector such that o’a = 1 and we call it as a normalized vector.

The variance of a linear function, say, o’ X of X, Xs,..., X, is
Var(d'X) = o/Ya.

We aim to find the linear function o/ X such that the variance of ¢/ X is maximum and we
consider only normalized vector, so ¢/a = 1. So we maximize o/>q such that o/a = 1.

If we could find such ¢, then ¢/ X will be the principal component.

Analysis

Let Y7 = o} X is to be obtained given o7 = 1 such that ¢/>q; is maximum.

Consider the Lagrangian function
¢1 = 1o — Mahen — 1)

where A\ is a Lagrangian multiplier. The vector of partial derivatives is set to 0, i.e.,

0
agl

= (X = AM)a1 =0, (1)

i.e., oy is the characteristic vector corresponding to the characteristic root A. The re-

spective characteristic equation is

X=X =0
which is a polynomial in A of degree p and therefore has p roots Aj, Aa,..., A,.
From (1), we get
Yo = g (2)
or  a1¥a; = @i = A
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as oja; = 1.
Since Var(a) X) = o/ ¥aq, so

Var(

o
2
I

> >

or Var(Yy)

First Principal Component

Our requirement for Y7 = o/ X to be a principal component is that the variance of Y;,
ie., Var(Y1) = o/¥a; = A should be maximum. Since A is one of the characteristic roots
out of A\j, Aa, ..., Ay, so we select the A having the maximum value. Let )\ is maximum

at A\ and we denote it as
)\(1) == /\1.

Let oY be the characteristic vector corresponding to A;. which is obtained as a normal-

ized solution of
(X = Apl)e=0.

Let the solution is attained at oy = ™. So Y} = ™' X is the first principal component,

which is a normalized function of X, Xs,..., X, having the maximum variance.

Second Principal Component

Now we find the second principal component such that its linear function is normalized,

has maximum variance and is uncorrelated with the first principal component.

Let Y5 = a4 X be the normalized linear function and we find Y5 such that

(i) the variance of Y5 is maximum under the normalized constraint asas = 1 and

(ii) Y3 is uncorrelated with the first principal component Y;, or equivalently Y7 and Y5

are orthogonal.
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First, we analyze the condition required for the lack of correlation as follows: We

want
E(ayX - Y1) =0
Then
E(ayX - Y1) = E(05X - X'a)

= a5y %otV

= Q/Q(/\la(l)) (using (2), Xa; = M)

= Mi(aha) (3)
So

= Aoy =0.

Since A; # 0 as A; is the variance of first principal component, so aba™) = 0, i.e., oy and

o) are orthogonal.
So we consider the following Lagrangian function for maximization:
2 = ahTas — A(ahas — 1) — 2u(@rSa V)
where A\ and p, are the Lagrangian multipliers.

The vector of partial derivatives is set to 0 as follows:

0
992 = 2% — 2 ay — 2 XaM) =0
8@2
or Yas — Ay — mBa =0 (4)

or o' Sas — AaW gy — eV’ Sa = 0
or O—O—M1A1:O
Since A; # 0, so up = 0. Substituting g1 = 0 in (4), we get

Yas — Aae =0

or (X—A)ay=0,
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i.e., as should satisfy (X — AI)as = 0 which means that as is the characteristic vector

corresponding to the characteristic root of [ — AI| = 0.
Let Az be the second largest root out of Aj, Ag,..., Ay, So we denote Ay = Ag.

Let oy be the characteristic root corresponding to Ay which satisfies

(E — )\(Q)I)gg = 0,

and satisfying F (a5 X Y1) = 0. We denote such as as o'® and the corresponding function

as a linear combination of X, Xs,..., X, is
Y, = 9(2)’2(
with variance A9, i.e., Var(Ys) = A2y = Aa. This is the second principal component and

is uncorrelated with the first principal component Y7, having the second largest variance

A2.

(r + 1) Principal Component

The procedure is continued. At the (r+1)™ step, we want to find ¢ in ¢/ X such that o/ X
has the maximum variance of all normalized linear combinations which are uncorrelated

with first r principal components Y7, Ys,...,Y,.

Suppose the value of o at (r + 1) step is @,+1. The condition for o/, to be

uncorrelated with first V;’s, 1 =1,2,...,r is

0= Ela}, X -Y)) = Ela, X - X'a®)

= Q/rﬂzg(i) (5)
= )‘(i)g;ﬂrlg(i)v 1 =1,2, T
Since Ay # 0, so Qz;ﬂg(i) =0,1=1,2,...,r is the condition for Y, ; to be uncorrelated

with Y1, Y5, ..., Y.
Now consider the following Lagrangian function for maximization

s

/ / / i

Gro1 = Q1 D1 — M@ Q1 — 1) = 2 § Mi9r+129()
i=1
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where A, i1, o, . . ., p, are the Lagrangian multiplier.

The vector of partial derivatives is set to 0 as follows.

a¢r+1

8Qér+1

= 2801 — 2May1 — 2 iZa® =0 (6)

i=1
Let A1 be the (r + 1)™ maximum of A, Aa, ..., A, denoted as Ay11) = A1, such that

Q-+ satisfies
(X - )\(r+1))gr+1 =0

with o, ;a,41 = 1 and lack of correlation condition, like (3), are satisfied. Let this vector

be o™V and the corresponding linear combination be

Yo = QZ(TH)X-

~

If \py1y = 0 and Ay = 0 (j # r + 1), then o¥'Sa*) = 0 does not imply that

g(j)/g(r+1) — O

However A"+ can be replaced by a linear combination of o+ and o)’s with

A¢) = 0, so that the new "V is orthogonal to all o\, (j =1,2,...,7).

Continuing with (6), we have

22X 41 — 2AQp 41 — 2 Z,uiEg(i) =0

i=1

or aV'Sa, =AW e =) eV Ta? = 0.

i=1
Now using
N ifi=j
0 ifitj=12...r
we further simplify
0 S, 1 — Ao 4y
— 0P S0® 4 0@ Sa® 44 eV S0 4 4 e Sa®) = 0

or 0—0—pjAg) =0.
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Since A\(jy #0,s0 u; =0, 7 =1,2,...,7. Thus o must satisfy
(E - )‘I)Q‘er =0

and therefore A must satisfy | — A\I| = 0.

How Many Principal Components be Constructed?

The next question is: what value of r can we continue to use to create such principal
components? The answer is that we can continue up to r = p, which is the number of
variables in X, i.e., if there are p random variables in the random vector, then p principal

components can be constructed. We prove this result as follows:

Suppose the procedure is carried on until at the (m + 1) stage one cannot find a
vector ¢ satisfying o’a = 1, (¥ — Al)a = 0 and condition for independence (as in (5)).

m)

Either m = p or m < p since Qz(l), g(Q), . ,Qz( must be linearly independent.

Since X is a positive definite matrix, it has p characteristic roots. Now we show that

m < p condition leads to a contradiction.

If m < p, then there exist a (p —m) vectors, say €m+1, €m+2, - - -, €p such that
oV'e; =0, e =4y

where

Using the following lemma
Lemma 1: Let A be n x m (n > m) matrix such that A’A = I,,,, then there exist an

n X (n —m) matrix B such that (A B) is orthogonal,

3)

we find that, a® is orthogonal to a(!); o is orthogonal to o) and a(®; and so on, i.e.,

all the characteristic vectors are orthogonal to every preceding characteristic vector.

/

Let £ = (ems1,mans---,6,) with a@'e; =0, i =1,2,...,m; j =m+1,...,p.
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Consider the roots |[E'XE — 61| = 0 and a corresponding characteristic vector ¢, so

(E'SE — 60)c = 0. (7)

We have

p
=Xy Y ¢

j=m+1

=0 (since oV'e; = 0)

which implies that o(¥ is orthogonal to X Ec for all i = 1,2,...,m and therefore ¥ Ec is
a vector in the space spanned by ep,11, €m+2, - - ., €p and can be written as Eg where g is

(p — m) component vector. Since o' e;c; and a'e; are 0, so they belong to the same

space. Thus
YFEc=Eyg
or E'YSEc=F'Eqg
Thus
g =10
or YEc=0Ec (from (7))
or (X —6I)Ec=0.
Then (Ec¢)' X is uncorrelated with o9’ X, j = 1,2, ..., m. and thus leads to a new o™+,

Since this implies m < p, we must have m = p.

So now we have characteristic roots A1), A2y, ..., A(p) with corresponding character-

istic vectors oV, a®, ... o respectively.
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Computation of Characteristic Roots and Characteristic Vectors

Now we compile the characteristic roots and characteristic vectors as follows:
Let A= (oW, a@ ..., a®)and A = diag(A1), A\@), - - -» Ap))- The equation o) =
Aa™ can be written in matrix form as
YA =AA
or A'YA=AA\N=A.

We have oo =1 and o'a®) = 0 if r # s and this can be summarized as A’A = I.

Based on this, the following theorem describes the result.

Theorem 2: Let the p-component random vector X have F(X) =0 and E(XX') =%
is a positive definite symmetric matrix. Then there exists an orthogonal linear trans-
formation Y = A’X such that the covariance matrix of Y (which consists of vectors of

principal components) is

M0 0 ... 0

/ 0 A 0 ... 0
E(YY')=A=

0 0 0 ... X

where \y > Ao > ... > A\, > 0 are the characteristic roots of |¥ — AI| = 0. The
rt column of A, i.e., o) satisfies (X — A1) = 0. The 7" component of Y, i.e.,
Y, = o™ X has maximum variance of all normalized linear combination uncorrelated

with Y1,Y,, ..., Y, 1.
It follows that
P
try = Z Var(X;)
i=1

=tr ANA
=tr NAA
=tr A

p
-3
=1
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and |X| = |A] = []}_, \i. Note that ¢rY is the total variance in the population, which is
nothing but the total variance of principal components. Thus, the total variance of the

original observations equals the total variance of the new principal components.

For example, suppose there are five variables, and we want to reduce the dimension-
ality, i.e., reduce the dimension from five. So we determine the characteristic roots of its

covariance matrix. Suppose

A1 = 0.60 = Var(Y;) where Y; = g(l)é(
Ay = 0.20 = Var(Y;) where Y5 = g(2)/2(

(Y1)

(Y2)

A3 = 0.10 = Var(Y;) where Y3 = g(?’)/)N(

Ay = 0.06 = Var(Yy) where YV, = o' X
(¥5)

As = 0.04 = Var(Ys) where Y; = g(5)lz(.

We observe that \; = 60%, Ao = 20%, A3 = 10%, Ay = 6% and \s = 4% of the total
variance (327, ;) as 100%.

The variation captured by Y; and Y3 is (60 +20)% = 80% of the total variation. The
variation captured by Y, Y5 and Y3 is (60 420+ 10)% = 90% of the total variation. The
variation captured by the first four principal components Y7, Y5, Y3 and Y} is (60 + 20 +
10 +6)% = 96%.

The first three principal components account for 90% of the total variation, reducing
the dimension from five to three. Similarly, the first four principal components take care
of 96% of the total variation, so the dimension is reduced to four from five. This is how

the dimensionality reduction is achieved.

Recall the following
Theorem 3: (Spectral Decomposition Theorem) Any symmetric matrix A of order
p X p can be written as A = TAT" = Y | AiY@) Yy Where A = diag(Ar, As, ..., Ap) is a
diagonal matrix of characteristic roots of A and I' = (:y(l), V@) ,:y(p)) is an orthogonal

matrix of standardized characteristic vectors v(;)’s.

Using the spectral decomposition theorem, we can express the symmetric matrix >
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as

¥ =TAIY

— MaWa® £ 2a@a@ 4 A a® o

where T' is an orthogonal matrix. Note that A\;a(Ma()" is the contribution to ¥ from
the first principal component, )\QQz(Q)Qz(Q)/ is the contribution to ¥ from the second prin-
cipal component, lastly )\pg(p)g(p)/ is the contribution to ¥ from the last p** principal

component and ), is the maximum variance contributed by the i** principal component.

Usually, the values of \; become generally small after a few \;’s and ¥ can be ap-
proximated by the first few \;’s. For example, suppose the values of \;’s become very

small after three \;’s (i = 1,2,3) other \;’s (i =4,5,...,p) become negligible. So

’

SRR WIS SN NG WS O INC

3
and tr ¥ = Z)‘i'

i=1
Case When More than One )\;,’s Are the Same

If A\y1 = Ag2=...= Ap;m = A then Rank(X — AI) = p — m. The corresponding char-
acteristic vector (41,49, ..,Qrim) is uniquely determined except for multiplication

from the right by an orthogonal matrix using the following result:

Result 4: Given any symmetric matrix B, there exists an orthogonal matrix C' such

that C'"BC = D = diag(dy,ds, . ..,d,). If B is positive definite, then d; > 0; If B is
positive semi definite, then d; > 0 for all : = 1,2, ..., p,

Using Result 4, we find an orthogonal matrix P by writing P'YXP = A = diag(Aq), A2),-- -, Ap))-
Now find P. The columns of P are independent and not identical for the corresponding

A’s, but their variances are the same. So we get the corresponding values of a’s from the

columns of P. Also

|P'SP| = [P[S]|P] = [E]|[PP] =[]
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Maximum Likelihood Estimates of the Principal Components

and their Variances

Now we estimate the characteristic vectors and characteristic roots using maximum like-

lihood estimation.

Theorem 5: Let z1,29,...,25 be N(> p) observations from N,(u,Y) where ¥ is a
matrix with p different characteristic roots. Then a set of maximum likelihood estimates

of A1, Ao, ..., Ay and o @ . o) consists of the roots \; > Ay > ... > X, of
12— M| =0
and a set of corresponding vectors aM,a®, ... a® satisfying
(X = \Da? =0
with a®'a® = 1 where 5 is the maximum likelihood estimate of .

Proof: When the roots of |¥ — AI| = 0 are different, each o(¥ is uniquely defined except
that Qz(i) can be replaced by —Qz(i). If we require that the first nonzero component of
) > 0, then o is uniquely defined and y, A and A is a single valued function of y and
3.

By the invariance property of maximum likelihood estimation, the set of maximum
likelihood estimates of u, A and A is the same function of 4 and 3. This function is

defined by

with the corresponding restriction that the first nonzero component of ¢) must be pos-
itive.
It can be shown that if || # 0, the probability is 1 that the roots of

A

S —kI| =0
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are different, because the condition on 3 for the roots to have multiplicities higher than

1 determines a region in the space of S of dimensionality less than @.

Since

ATA=A
So Y =AAA

p
= 3 nalg
=1

By the same algebra, we can show
A p ~ . .
3= Z Xia® @',
i=1

Replacing o by —a® clearly does not change 327 \;a®a®’. Since the likelihood
function depends only on 3, the maximum of the likelihood function is attained by

taking any set of solutions of (X — A\;J)a® = 0 and a®'a® = 1.

Overcoming the Problem of Units of Variables

When different variables X, Xs,..., X, in the random vector X have different units of
measurement, then it is sometimes difficult to interpret the principal components. To
overcome this issue, one can use a correlation matrix rather than a covariance matrix.

This is explained in the following.

Suppose Y; is the i*" principal component and X, is the k" variable from the original
data set. The correlation coefficient between Y; and X, is

Cov(Y;, Xk)
VVar(Y;)\/Var(Xy) '
Since V; = a/X = an Xy +apXo+. ..+ a;pX,, Xip = [, X where 1 occurs at the k™ place
in [} =(0,0,...,0,1,0,...,0), so

p(}/;v Xk) =

Cov(Y;, Xy) = Cov(@; X, [, X) = [ Xa.
As obtained in (2), we can obtain at i** step, Ya; = A\, and then

COU(Y;,Xk) = )\iwlngéi = \iQp,.
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So

(Vi Xp) = Qi A :aik\/)\_i
’ \/)\_i\/akzk \ Okk

or P X Q.

Since the correlation coefficient is independent of units of measurement, the problem

is overcome when the variables have different units.

Thus when each X; in X has the same units of measurement, we use X matrix
and when X;’s have different units of measurements, we use the matrix of correlation

coefficients to perform the principal component analysis.

Here oy, is the weight assigned to the k" variable X} in X in the principal component

aW'x.

Another way to deal with variables having different units of measurement is to con-

sider the standardized variables as

x — mean of z

~ standard deviation of x

and the observations are standardized. Now work with standardized variables instead

of X1, Xs,...,X,. In such a case, the covariance matrix of X becomes the correlation
matrix as
L pi2 p13s - pip
par 1 pas .. poy
R = ,
Por Pp2 Pp3 - L
whereas
011 012 013 ... O1p
021 022 023 ... O
M=
Op1 Op2 Op3 ... Opp
R =AXA
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where A = diag (A=, ..., <L),

Find the characteristic roots, say ¢, and characteristic vector ¢ from
IR —0I| =0
and (R —d;1)g =0.
Here, we proceed exactly as with A and a to obtain the principal components.

In general, there is no relationship between the two sets of vectors and roots of X

and R. So it is not necessary to get the same inferences from > and R matrices.

The obvious results in the case of R matrix are as follows:

o Characteristic roots: 01y = d2) = ... = d¢) = 0.

o Characteristic vectors: ¢V, ¢®, ..., ¢ corresponding to d(1),0(2); - - -, O(p), TESPEC-
tively.
« i Principal component: P, = ¢’z where z = (21, 29, ..., 2,) is the p x 1 vector of

standardized variables.
. VCM”(Pi) = 5(1‘),2' =1,2,...,p.

. f:l Var(F;) = Z?:l op) =p = Zf:l 0;.

The decision on the extent of dimensionality reduction is taken on the same lines as in

the case of 2.

Some Large Sample Properties

Suppose X ~ N, (11, X) and for X, the characteristic roots are A\; > Ay > ... > A, > 0 and

the corresponding characteristic vectors are ™™, a? ... o respectively. The sample
covariance matrix is S with characteristic roots 5\1 > 5\2 > ... 2 5\,) with corresponding
characteristic vectors g(l), g(z), cey g(p), respectively.
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Let

We have the following results:

1. Then in the limiting normal distribution, the sets d;,ds,...,d, and g1,92,..., 9,

are independent. Further, dy,ds,...,d, are mutually independent.

2. The limiting distribution of d; is N(0,2A%).

3. The asymptotic covariance matrix of g1, g2, . .., g, in the limiting distribution are

Vv <4>_i& (k) o (k"
k=1 """

i

VR
Cov(gi, ;) = — mgmg() , EF
i j

4. For a single ordered root j\i, the distribution of ), is approximately normal with

. 202 . . . . o
mean \; and variance —*. Since \; is a consistent estimate of \;, the limiting

b : Vi(Ai—\)
distribution of *=7Z-=== ~ N(0,1).

A two tailed test of Hy: A = A\ has (asymptotic) acceptance region

—Lie/2 < \/; )\? < Ze/2

when value of N(0,1) beyond Z(¢) is §. This interval can be inverted to give a

confidence interval for \; with confidence 1 — ¢ as follows:

L_MSL.
1+,/22; 1-/27,

The confidence coefficient should be taken large enough so \/%Zg < 1. Alterna-
tively, one can use the limiting distribution of \/n(log A; — log A;) is N(0, 2).
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5. a is approximately normally distributed with mean o¥ and (singular) covariance

matrix with

Var(gV) = = 0
02 = A
Tt
- DY VI
Cov(a?,a) = —g(Ai_—ij)zQz(”g“) (i #4).

Principal Component Regression

The principal component regression in multiple linear regression model y = X3 + € is
useful when the independent variables or regressors X, X, ..., X, are not independent

and consequently multicollinearity problem is present in the data.

Let T be a p x p orthogonal matrix whose columns are the characteristic vectors

associated with A1, Ag,..., A, of X’ X. So the model
y=Xpf+e

is written as

e

where Z = XT and @ = T'8. Note that T"X'XT = Z'Z = A = diag(A, Aay ..o Ap)

where A is a diagonal matrix of characteristic roots of X’X.

Columns of Z now define a new set of orthogonal regressors Z = (21, 23, . . ., 2,) which

are based on principal components. The ordinary least squares estimator of ¢ is
6= (22" 2y = A2y
and covariance matrix of & is

Var(a) = o*(2'2)" = A1,
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If \; =0, it indicates a perfect linear relationship between the original regressors. So
if one or more \;’s are close to zero, it indicates the presence of multicollinearity in the

data. Thus

Var(f) = Var(Td) = TA™'T'o?

~

and so

bS]
~

<

2
J

Var(B) = o® Z )\—

Jj=1

To obtain the principal component regression estimator of 3, obtain Ay > Ay >
A@) > ... > Ap) > 0. Suppose the last k& \’s are extremely small. Then remove the
principal components corresponding to these k£ A’s and apply the ordinary least squares

estimation to the remaining components as follows:

Qpe = Ba
where by = by = ... =bp =1 b,_p11 =bp_p12=... =b, =0. Then
a,.=(@w.a® a0, 0).
Since
a=Tp

?pc =T
Xy
=N
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Test of Hypothesis for the Last Few roots to be Zero

So far, we have decided the number of principal components to retain by observing the
smaller values of the \;’s. Now we develop a test of hypothesis to test whether the last
k characteristic roots, out of p characteristic roots, are zero or not, i.e., the last k£ values

of \;’s are zero or not.
The null hypothesis is

Hy: All characteristic roots are equal (not necessarily zero),
i.e., all the principal components have the same variance. This null hypothesis is equiv-

alent to say that

IS — M| =0

or X =1

Thus the null hypothesis becomes Hy : ¥ = 021.

We use the likelihood ratio test to test Hy : ¥ = 0?I. We can also test the hypothesis
about the characteristic vector ¥, say is equal to a or not, given a, by the likelihood

ratio test.

Now we further develop likelihood-ratio tests for testing covariance matrices. This
will also serve as a test of the number of principal components to retain. So, essentially,
we will cover two topics together:

(i) Testing of hypothesis for the equality of covariance matrices and

(ii) testing the hypothesis for the number of principal components to be retained.
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Testing Equality of Several Covariance Matrices

Suppose we have g samples from a multivariate normal distribution with different mean

vectors and different covariance matrices as
219 ~ Np(u(g),Eg), a=1,2,...,N; g=12,...,¢q
The null hypothesis to be tested is

H()ZEl:Eg:...:E

q
Let

zq: N, = N,
g=1

Ng
(g))

s
Q
I
i\g
—~
1S
@
ZH|
S
N—
—~~
1S
ZH

A=A,
g=1

Now we develop the likelihood ratio test. The likelihood function is

N,
1 — _
L= | | ’N; exp | 3 E (g((lg) — H(g))/ggl(ggg) — H(g))
g:l g a=1

The sample spaces are

Q0 : {Each ¥, is positive definite and /J(g) is any vector}

w:{S =%, =... =%, and 49 is any vector.}
The maximum likelihood estimates of ;19 and %, under Q and w are as follows:
Under Q : 419 = 79, i]gg =1 A,.

Under w : g9 = 79, 3, = %.

Note that when »; =Yy = ... =3, = X, then
1 q
e e[ L Y 0y - 39
( ) |E|7 g=1 a=1
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has to be maximized with respect to > which gives Y= %.

Next we find the L under w and ). as follows:

Under w,

g=1 (2W)T|iw|7g 2 a=1
1 1 q Ng .
— g ew [—— 33 (- g 9YE (o) - M]
(2m) 72 | X, |2 p it
il
- = exp |———| -
(2m) 7 |8, |2 2
Under €2,
q 1 1 Ng )
Lo = H Nop & Mg P | T Z(fof) — 298 {29 — z9))
g=1 (271->T|2g9|T a=1

1 | - 7
en¥ T, (S0l o [_522@&9) — 29S8 —gc(g))]
g=1 g% _

1 N
== Np 7 N Ng eXp (_TP) .
2r)% |1y 180l 7

The likelihood ratio criterion is
N N,
ngl |Zgﬂ|79
PoMks
M, 147  N%
= N . Ngv -
AF T, N

1=

[Recall that a similar algebra was used in deriving Hotelling’s T statistic.]

The critical region is

where A(e) is defined so that

PN < M) =e.
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Testing the Independence of Sets of Variables

Now we develop a likelihood ratio test for testing the independence of sets of variates.

Let X ~ N,(u,X). Partition the p x 1 vector X into g subvectors Xi, X, ..., X,

having pi,pe,...,p, components, respectively. Denote X and partition p, and X as
follows:
2( 1 H1 Y11 Y2 ... 21(;
X2 2 221 222 Ce 22
e BV ol B )
Xq Hq Y g .. Xy

with p; +p2 + ... + py = p. The null hypothesis is

Hy: X1, Xo,..., X, are independent,
i.e., f(X) can be partitioned into the densities of X1, Xs,..., X,.

So Hy can be expressed as

Hy : Np(‘z(“fv E) = ;‘1:1 Npi(‘z(i|givzii)'
If X1, Xo, ..., X, are independent subvectors then E[(X; — p;)(X; — ;)] = Xi; = 0.

Conversely, if E[(X; — u:)(X; — ;)] = £ = 0, then

i1 0 0
s _ 0 X9 0
0 0 . Xgg
The likelihood ratio test statistic is
MaxL(p, )

Under €2,

1 N
MaxL(u, X)) = N exp <——p>
wE (27) 72 |Xqg|N/2

where S = %A = % Zgzl(gfa —)(za — ).
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Under Hy,

=1
SO
q
MaxL(p, 2) = ]1 maxLi(pis, i)
- 1 Np;
- E(QW) S (_ 2 )

1 (%)
= > ~ exXxp |\ ———
(2m) % TIL, | Sl V2 2

1
where S = & S0 (Zai — 31) (Tai — )

We partition A and 3q on the lines of X,

All A12 e Alq 211 212 e Elq
A _ A.Zl A.QQ ce A.Qq , iQ _ 221 222 e E.Qq
Ag Ap ... Ay Ya S oo X

Then we see that

Thus
B ?E%XL(Ha ) B |iQ|N/2 B | AN/
— I?QXL(H’ ¥) 7, oM N “ Ag/g‘
The critical region for A is
A < Ae)

where \(€) is a constant such that

PA< Ae)] =€
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Please note that it remains to show that such a number can be found. Let
|A|
[T [Aal

Then A = V2 is a monotonic increasing function of V. The critical region A < A(€) can

V=

be written equivalently as V' < V(e).

The distribution of V' under Hj is the distribution of V5, Vs, ..., V, where V5, V3, ...V,
are independently distributed with V; distributed as Wilks Lambda distribution with pa-
rameters p; (dimension), p; (p; components of conditioning vector) and n — p; (degree of

freedom), and this is denoted as A(p;, pi,n — P;)-

The Sphericity Test

Now we test the hypothesis that a covariance matrix is proportional to a given matrix.

This is also the sphericity test.

The null hypothesis is
Hy,: ¥ =0%]
where o2 is not specified. This test can be given an algebraic interpretation in terms of

characteristic roots of X, i.e., the roots of
|X — ol] = 0.

The null hypothesis is true if and only if all the characteristic roots of |¥ — ¢I| = 0 are
equal. Suppose the characteristic roots are ¢y, ¢a, ..., ¢,. [Please note that the symbol
¢ is used to denote the characteristic root in place of the earlier used symbol \ as the

likelihood ratio test statistic is denoted by A.]

Another way to say the same statement is that the arithmetic mean of characteristic
roots @1, @2, ..., ¢, is the same as the geometric mean of ¢1, ¢, ..., ¢, i.e.,
1
R 2
i\ try -
(%) ()

The Hy : ¥ = 02] can be expressed in a more general framework as

H: ¥ =27,
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where W is specified and observations yi, ya, ..., yn ~ Np(7, V)

be transformed to Hy : ¥ = 021 as follows:

Let C be a matrix such that

CU,C' =1
and let

To = ClYa,

p=Cy,

Y = CU(C,

. Such a hypothesis can

Further, let 27 ~ N,(pu*,¥*),a =1,2,...,N. Then H can be written as

H:Y =o0°]

where H is a combination of the hypotheses:

H, : ¥* is a diagonal matrix or the components of X are independent.

and

H,: The diagonal elements of ¥* are equal given that the components of X are

independent.

Now we use the following lemma:

Lemma 6: Let

y~ f(0),0 €,
H,:0e€Q,CQ,
Hy,:0e€Q,CQ, given 0€,,

and Hy, :0 €y given 0 € (.

Further, let A\, A\, and A, are the likelihood ratio test criterion for testing H,, H, and

H,;, respectively are uniquely defined for y, then

Aab = A Ap -
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Using this lemma, the likelihood ratio test statistic (LRT'S) for H can be written as
LRTS X for H = (LRTS /\1 for H1> X (LRTS )\2 for HQ)

The LRTS for H, : ¥ = 0?1 is

|A‘N/2
M= = Il
i=1 Qi
N — — [27]
where A =30 (za = T)(@a — )" = ((a;5)) and ryj = ==,
To get the LRT'S for Hy, we use the results from the testing Hy : £, =Yy = ... =3,

as follows:

Consider i"" component of z, and o observations from i* population. Here p, N and

pN are g, Ny and N, respectively from earlier notations.

Thus

]ig:1 [25:1(%0 - jz‘)Q
3 (@i — )2 /0] %

p N/2

i=1 Qi

(trA/p)™

The LRT'S for H is

A2 A\
N = Al - A .
(trA/p)=  \IrA/p

Np
P 1/p| 2 1/p Np
[Note that A resembles with {Hl—l—qﬁ‘} = [‘El / } f = 1]

L) tr/p

If ¢1, o, ..., ép are the characteristic roots of |S — <51'| = 0, where S = %, then

the likelihood ratio test criterion is

Np

71
)\* — ?:1 gbZA/p

(%)
Np

B Geometric mean of gZA>1, Q/;Q, e gzgp > 2

Arithmetic mean of él, b, gzgp
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Now consider
H: VU = g%V, given y ~ N(v, V).

In the transformed variables {z,+}, the criterion is

|A*|% (tTA*>]\;:[)
p

where

vy =Cc O = (o),

thus

B
4] = |'—'| — By, |

and

trA =trCBC' = trBC'C = trBY;".

Finally, we have the following theorem:

Theorem 7: Given yi,ya,...,Yn ~ Ny(7, V), the likelihood ratio test criterion for H :

U = 020, where U, is specified and o2 is not specified is

|BU; 2

R EE—
trBu; ! 2
p

It is to be noted that the maximum likelihood estimator of o2 under H, is

trBUGT  trA

p(N—1) p(N-1)

then
By,
2 ™ Xp(N-1)

o
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Testing the Equality of Characteristic Roots

Let zo ~ Np(p,2), a0 =1,2,...,N(N > p). Suppose that we want to test that the last

(p — k) principal components have the same variances. So the null hypothesis is
HO:)\k+1 :>\k+2:'--:)\p-
We use the likelihood ratio test. The likelihood function is given by

L(p, %) = .

1
e | S N - s e - )]
O en)FEpe 2 : :

max L(p, %) = max L(%)

Note that the covariance matrix of the principal components is a diagonal matrix,

as the principal components are independent.

Next, to maximize L(p, X) under Hp : Ajpy1 = M2 = ... = A, = A, first we find the
maximum likelihood estimators of A which turn out to be the arithmetic mean of the
sample characteristic roots j\kﬂ, 5\k+2, cee Sxp, as \ = %’:/\ = \. Also

1S0] = [diag(Ar, Mg, s Ay A A, A
- 5\1 5\2 .. 5\k<)\)pik
) k
=T
i=1
Thus
1 N
max L(u, ¥) = e — exp (__p) .
o~ (2m) = VR [, M7 2
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So the likelihood ratio test statistic A\* is obtained as

maxp, Ly, X)

maxgq L(p, X)

(e
5\”*’“1_[?:1 A

P 3.
i=k+1 Ai

N p—k
Z?:Iﬁ% Ai
p—k

Now, the test criterion is to reject Hy if A\* < c.

N4

Also, \* is equivalent to

g = (p— k)N = 1) log (—A> SN Y A

p—k
and asymptotically

g~ X% D) _y) -
Testing the Hypothesis About the Sum of the Smallest Charac-

teristic Roots

Suppose we want to know whether the last (p —m) principal components may be ignored
or not, or whether the first m principal components furnish a good approximation to X.
This could be done if the sum of the variances of the last principal components is less

than some specified amount, say ~.

Consider the hypothesis

Hoi)\m+1—|—)\m+2+...+)\p2’}/

H, :)\m+1+)\m+2+-~~+)\p<’7
where v is specified.

If the characteristic roots of ¥ are different, it follows from large sample results that

N0 A — S \;) has a limiting distribution N (0,2 > A2).

i=m+1 i=m+1 7 i=m+1
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Now estimate the variance consistently by 25 * )\f. The large sample rejection

i=m-+1

region at significance level € is

Xp: 5\ <’y— \/222 m+1

; Z
% 2¢€;
n
i=m-+1 \/_

where Zs. is the upper significance point on normal distribution for € level of significance.

The investigator may alternatively want an upper confidence interval for A

= m+1

with at least approximate confidence level 1 — €. It is given by

\/2
i)“<i5‘i+ Elnn A 'z

- 2e€-
n
i=m+1 i=m+1 \/_

If the right-hand side is sufficiently small (in particular, less than ), the investigator
has confidence that the sum of the variances of the smallest (p—m) principal components

is so small that they can be neglected.

Choice of Number of Principal Components
How to address and decide that the first & principal components account for a certain
percentage of the total variance, which is parsimonious yet fairly accurate.

Using the spectral decomposition theorem, the symmetric matrix > is expressed as
2 =MooV 4 Xa@a® 4 A aPa®’

we write as
p
=3 g
i=1
As successive components are extracted from ¥J,, the matrices can be formed by retaining

first » components as

¥, = Z )\ig(")g(l)
i=1

Now 3, is compared with ¥, to determine how well the matrix X is being generated

by a small number of variates, i.e., principal components. Unless rank(X) < p, some
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variance will always remain unexplained if fewer than p principal components are taken

to describe the system.

How to decide the first k principal components that account for a certain percentage
of the total variance, so as to avoid serious loss of information. So first we need to know
or test whether all p principal components should be retained, i.e., the original X’s are
just as good as Y’s (principal component) for the purpose of representations, i.e., — Are

X’s independent (or uncorrelated) can be tested using

2p+11
—-N (1 - ) log [R| ~ xi<p;1>

6N

where R is the correlation matrix.
If

Hy : X'’s are independent, and all characteristic roots are equal,

then

5]

2p* +p+2
- |:N - —} og (tTT—sy,] ~ Xi(p;l)'

6p(N — 1)

Suppose that the first k characteristic roots are large and account for most of the variance.
Do the remaining roots differ significantly among themselves? Or are the remaining roots

and their associated characteristic vector distinguishable?
This can be formulated as

H0:>\k+1:)\k+2:~--:)\p

and

M = (oz(k“) B2

—k
(p))_l g(k+1) + g(k+2) + - _|_ g(p) p
p—k

= (a* D . o2 Py ~L(g)pk

k+1) . (k+2)

,Qz( ,...,a(p).

~

which is the (p—k)*" power of ratio of arithmetic mean and geometric mean of o

Then

2
—InM ~ X (p—k—1)(p—k+2)
2
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is a crude approximation and

ZQ\

k
1 2 1
2 IN—-k—-1-= k)+14 — ——— | In M.
\ [ s{oo-m1es k} > a(]_a)]n
(k)

The term a2 SF > can be dropped if oV, a® ... a® are large compared to a.

=1 a(]) a)

In practice, we should proceed sequentially.

Test Hy: Ay = Ay = ... = A, that all \’s are equal.
If rejected, then test Hy: Ao = A3 = ... = A, (e, last (p — 1) N’s) otherwise stop.
If rejected, then test Hy : \3 = \y = = ), and so on.
If Hy: A1 = Apyo = = )\, is accepted then stop.

Thus, (p — k) is the number by which the dimensionality can be reduced.

Principal Component Analysis for Image Processing

Principal component analysis helps represent high-dimensional image data using a smaller
number of uncorrelated variables, viz., principal components, while preserving most of

the information (variance) contained in the original images.

The following is the basic idea behind this job. An image consists of a large number
of pixels. For example, a grayscale image of size 100 x 100 contains 10,000 pixel values,
which can be treated as a 10,000-dimensional vector. Processing such high-dimensional

data directly can be computationally expensive.

Principal component analysis transforms the original correlated pixel variables into

a new set of orthogonal variables (principal components) such that:

1. The first principal component captures the maximum possible variance in the data.

2. The second principal component captures the maximum remaining variance subject

to being orthogonal to the first.

3. Subsequent components capture progressively smaller amounts of variance.

Often, only the first few components are needed to represent the image effectively.

The following steps are followed:
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Suppose we have (N) images each of size (m x n).

Step 1: Convert Images into Vectors. Each image is reshaped into a vector

of length (p = m x n).
Step 2: Compute the mean image. Subtract the mean from each image.

Step 3: Form the Covariance Matrix

Step 4: Compute Eigenvalues and Eigenvectors. The eigenvectors repre-

sent principal directions, and eigenvalues represent amount of variance

explained.

Step 5: Choose the first (k) eigenvectors corresponding to the largest eigen-

values.

Step 6: Project Images onto the reduced space. This gives a compressed

representation of the image.

Example: Suppose we have 100 grayscale face images of size 64 x 64. Each image is

a vector of length 4096. PCA is applied to these vectors. Suppose, after PCA, only

50 principal components may capture over 90% of the variance. Thus, each face can

be represented using 50 numbers instead of 4096 pixels. These principal components

resemble ghost-like face images, called Eigenfaces.

The advantages of principal component analysis in image processing are 1. Dimen-

sionality reduction.

2. Noise reduction: Minor components often correspond to noise and can be removed.

3. Efficient storage and transmission: Images can be stored using fewer coefficients.

4. Feature extraction: Principal component analysis extracts important image pat-

terns automatically.
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