Chapter 8
Canonical Correlations And Canonical Variables

Dimensionality Reduction with Canonical Variables

In many practical applications, the investigator may have two large sets of variables and
wishes to study the interrelationships among them. If the two sets are very large, the
experimenter may wish to consider only a few linear combinations of each set. Then
the experimenter would like to study those linear combinations which are most highly

correlated.

Consider two sets of variables with a joint distribution and analyze the correlations
between the variables of one set and those of the other set. Find a new coordinate system
in the space of each set of variables in such a way that the new coordinate system displays

the system of correlations unambiguously.

We find the linear combinations of variables in each set that have the maximum

correlation. These combinations are the first coordinates in the new system.

Then consider the second linear combination in each set, and choose the one that
maximises the correlation between the two. This procedure continues until the two new
coordinate systems are fully specified. When the observations are taken on a large number
of correlated variables, how can we reduce the number of variables without sacrificing

too much information?

When the variables are considered as belonging to a single set, principal component

analysis is used to reduce dimensionality.

When the variables naturally fall into two sets, canonical correlation analysis is used

to reduce dimensionality.

The canonical correlation analysis facilitates the study of interrelationships among
the sets of multiple dependent variables and multiple independent variables. Note that
the multiple linear regression analysis predicts a single dependent variable from a set of

multiple independent variables.
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Canonical correlation simultaneously predicts multiple dependent variables from mul-
tiple independent variables. This is the difference between multiple linear regression and

canonical correlation analysis.

The appropriate data for canonical correlation analysis is the two sets of variables.
Assume that each set can be given some theoretical meaning, at least to the extent that
one set could be defined as the independent variables and the other set as the dependent
variables. Once this distinction has been made, the canonical correlation can address a

wide range of objectives, e.g.,

1. Determining whether the two sets of variables are independent of one another or
determining the magnitude of the relationships that may exist between the two

sets.

2. Deriving a set of weights for each set of dependent and independent variables so
that the linear combinations of each set are maximally correlated. Additional linear
functions that maximize the remaining correlation are independent of preceding

set(s) of linear combinations.

3. Explaining the nature of whatever relationships exist between the sets of dependent
and independent variables, generally by measuring the relative contribution of each

variable to the canonical function (relationships) that are extracted.
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Definition

x@
Let X = |~ o where p x 1 vector X is subdivided into p; x 1 vector X; and py x 1
X

~

vector Xy such that p; + py = p. The r** pair of canonical variates is the pair of linear
combinations

U, =o' x®

/

and V, ="' Xx®

with Var(U,) = 1, Var(V,) = 1 and (U,,V,) are uncorrelated with the first (r — 1)
pairs of canonical variates and having maximum correlation. The correlation is the r'*

canonical correlation.

Canonical Correlation and Variates in the Population

Suppose X = (X1, Xs,...,X,)" is a p x 1 random vector with E(X) = 0 and positive

~

Xo
components vectors, respectively. For convenience, assume p; < po. Partition X similarly

definite covariance matrix . Partition X = such that X; and X, are p; and ps
in p; rows and and p; columns as

Y X
Yo Yoo

Y=

Finding First Pair of Canonical Variates

Consider two arbitrary linear combinations as follows:

U=a'X"Y of the components of XV,

V =~'X® of the components of X®.

Now, we find the linear functions with the highest correlation. Since the correlation of
a multiple of U and a multiple of V' is the same as the correlation of U and V (i.e.,
Cor(kU,kV) = Cor(U,V), k is a scalar), so we can make an arbitrary normalization of

o and 7.

Multivariate Analysis | Chapter 8 : Canonical Correlations | Shalabh, IIT Kanpur 3



Therefore we need to find @ and 7 to be such that Var(U) = 1 and Var(V) =1, ie,,

1=EU?) = EBE(@XVXxWa) 1 (1)

—= g/E:L
1=E(V?*) =E(yX®X®'y) =5y (2)

()

Here

The correlation coefficient between U and V is

_ E(UV)-E(UE(V)  EUV)-0
Cor(U, V) = @) Var ) = N = E(UV).

Algebraically, find ¢ and ~y to maximize (3), the correlation coefficient E(UV') subject
to (1) and (2), i.e., @/311a = 1 and 7'Xosy = 1.

Let

| >

U = Q/Zlg:)/ — (Q/Engé - 1) - g(:}/zﬂj - 1)

where A and p are the Lagrangian multipliers. Differentiating U with respect to a and

v, and equating to zero, we get

ov
a—a = 2121 — /\EHQ[ =0 (4)
ov
5 Yipq — pEpy =0 (5)

Premultiply (4) by a and postmultiply (5) by 7, we get

Q/Elz")/ — )\Q/Ellg =0= glzlg’y = A

V@ — 1y Ty = 0= 7'Sha = 4,
respectively. Then using o/¥11a0 = 1 and 7390y = 1, we get

A= n = 06/212"}/.

~
~
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We can write (4) and (5) jointly in matrix notations as

—A¥11 Yoo
Yor  —A¥p

R

~0 (6)

)

To have a nontrivial solution (which is necessary for a solution satisfying (1) and (2)),

we need to have

_)\le 212 _ 0’ (7)
221 _AEQQ
. —AXn Y . . .
ie., is a nonsingular matrix.
Z]2]. 222

Note that (7) is a polynomial of degree p and has p roots, say, Ay > Ao > ... > A,

It remains to show that (7) is a polynomial of degree p. First, we see from the equation
Q/Elzj - )\Q/an =0
that A = @'S1y7 = Cor(U, V) where U = o XMV = 3’2((2) and @ and v satisfy (6).
Since we want the maximum correlation, we take
A=\ =\ (say).

Let a solution of (6) for A = A; = A1) be oV yM) and let U; = o' XD 1} = 41" X
Then U; and V; are the normalized linear combinations of X and X®), respectively

with maximum correlation.

Before proceeding, we first show that (7) is a polynomial of degree p. Consider a

Laplace expansion by minors of the first p; columns. One term is
| = ABu| - [ = ABgo| = (=P [S1] - [Daa.

The other terms in the expansion are of lower degree in A because one or more rows
of each minor in the first p; columns do not contain A. Since X is positive definite, so
|211] - |292] # 0. This shows that (7) is a polynomial equation of degree p and has p

roots, say Ay > A > ... > A,
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Before deriving the second pair of canonical variates, we can derive a single matrix

equation for ¢ and «y for the equations related to the first pair of canonical variates.

Consider the following (4) and (5) equations:

o+ 127 =0

and 2219[ — )\222’)/ = 0.
Premultiplying (4) by A and (5) by X5, we get,

)\2le = )\221194

Yo Do = Ny
Substitute (9) into (8) and we get

21222_2122194 = )\221194

or (21222_21221 - )\2211)Qé = 0. (10)
The quantities A}, A3, ..., A2 satisfy
|21222_21221 - /\2211| = 0

and oM, a@ .. o) satisfy (8) for A2 = A2 A\2,..., A2, respectively.

Similar equation is obtained for v, 4@ .. 42 when p? = uf, p3, ..., 2 are sub-
stituted with

(Z X 2 — MQEzz)] =0
which is obtained by premultiplying (4) by ¥ and (5) by x, i.e.,
po = 37 Ny
Yo = “22223

which gives (32,3 X1 — p239)y = 0.
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Finding Second Pair of Canonical Variates

Consider finding a second linear combination of X, say
UQ = O/X(l)

and a second linear combination of X?) say
Ve =~'X®

such that all U, and V5 are uncorrelated with the first pair of canonical variates U;
and V7, and have second largest correlation between U, and V5. This will yield, say,
Uy = a®@' XM and V, = v X @ with the correlation coefficient Ay = A\ which is the

second maximum characteristic root of (7).

The detailed steps of derivation of such a result are explained in the following when

the (r + 1) pair of canonical variates is obtained.

Finding (r + 1) Pair of Canonical Variates

Continuing with the procedure, at r'* step, the following linear combinations are ob-

tained:

(U, = a(l)’X(1)7 Vi = ’y(l)/X@)),

(Uy = @' XM v, = 7(2)/X(2)),

(Ur — a(r),X(l), V., = 7(T)’X(2))
with the corresponding correlation coefficients AV = A, A® = X, ..., A) = \, where
A1, A2, ..., A, are the characteristic roots of (7).

We ask for a linear combination of variables in X", say U,,; = o/ X and a linear

(2

combination of variables in X ), say Vi =+ X ) that among all linear combinations

uncorrelated with (Uy, V1), (Ua, Vo), ..., (U,, V) have maximum correlation.

Next, we determine the conditions under which U,,; and V,.,; are uncorrelated with

Uand Vi, 1 =1,2,...,7.
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The condition that U,,; be uncorrelated with U; = g(i)/)N((l), 1=1,2,...,ris
0= E(UpaU;) = B(/ XWXV o) = o/531,01 (11)
Using (4), i.e., 2123 = A\Xq;q, we have
E(Up1V;) = o'S17" = Aa'5110% = 0.
The condition that V., is uncorrelated with V; = 3(”/2{(2), i=1,2,...,ris
0=FEWV,1Vi) = E(jlzf(2)2((2),j(i)) = 3/2223(i) (12)
The condition that V,,; is uncorrelated with U; = o®' XMW i =1,2, ... ris
0=E\V,1U;) = E(]/Z((Q)X(l)lg(i)) = 3//221g(i)
Now we find the (r + 1) pair of canonical variates as follows:

Maximize E(U,41V,41) by choosing o and « to satisfy the following conditions, as

obtained by (1), (2), (11) and (12) for i =1,2,...,r,
oYpna=1, ¥Epy=1, Q/Eug(i) =0 and 7’2227@ =0,
respectively.

Consider the Lagrangian function
\ r ' r '
Uy = Q/212:Y - 5(@’21194 —-1) - 5(3/222] - 1)+ Z_; (51'@/21194(1) + ;92'3/222](2)
where A, pt,01,09,...,0,,01,05,...,0, are Lagrangian multipliers. Differentiating W,

partially with respect to @ and v and equating them to zero, we get

OV, 4, - (0

ov, - i

8—;1 = X1 — pdiny + 291222;7( ) =0. (14)
R i=1

Premultiplying (13) by o)’ we get

Qé(j)lzlzj _ )\Qé(j)/EnQé + Z 5ig(j)'zug(i) =0

i=1
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in which the first term is zero due to /' Eglg(j) = 0 and the second term is zero due to
o’¥110Y) = 0. In the third term, all the terms o¥)'¥,0) = 0 where i # j = 1,2,...,7r

and the j" term o9)'%,0) = 1. So we finally get §; = 0.

Similarly, premultiplying (14) by v, we get
:y(j)’zmg _ ,u;y(j)/Ezz’J + Z ‘9[](]’)/2223(1‘) =0
i=1
in which the first and second terms are zero due to V(j)lzmgé = 0 and 7'y = 0,

respectively. In the third term 70 Sy07® = 0 for i # j and 79 8y = 1. So we
finally get 6; = 0.

So we observe that the obtained equations (13) and (14) are simply the equations
(4) and (5) or alternatively (6).

We therefore take the (r + 1) largest A;, say A1) such that there is a solution to

—AXn Yo
221 _)\222

R

=0

)

satisfying o'Y11a =1, ¥ S9py = 1, /S0 = 0 and 4/S9y® = 0 fori = 1,2,...,r. Let

this solution be o™ and 4"+ and let U,,; = o' XM and V,,; = 4+ X @),

We continue with this procedure step by step as long as the successive solution can

be found which satisfies the condition

_)\211 E12
221 _)\222

Q

=0

)

with Q/Ellg = 1, ’}//222’}/ = 1, Q/Eng(i) = O, ’}/2227(” =0fori= 1, 2, Lo, T

The next question that arises is how long we can continue? The answer is that we

can continue for p; steps (p; < p2), and now we show this.
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Number of Canonical Variables

Let m be the number of steps for which we can continue with the procedure. Let

A= (oW a? . M)

Dy = (30,4@, 40,

and A = diag( AP, \@ . M),
The conditions o/Y11a = 1 and o/Y1;0® = 0 can be summarized as A'Y; A = 1.

Since rank(X11) = p; and rank(I,,) = m, we have m < p;.

Now we show that m < p; leads to a contradiction by showing that in this case,

there is another vector satisfying the condition.
Since A’Y; is of order m X p;, so there exists a p; X (p; — m) matrix E with

rank(F) = p; — m such that A’Y;E= 0. Similarly there is a py X (py — m) matrix F'

with TCLTL/{Z(F) = P2 — M such that F1222F =0. AISO, we have F1221E = AA/ZHE =0

and A/212F = AF/EQQF =0.

Since rank(E) = p; —m, so E'¥11 E is nonsingular if m < p; and similarly F'¥ooF'
is nonsingular.

Thus, there is at least one root of

—0E'YE E'YsF
F'YogE —0F %0 F

because |E'S1 E| - [F'E90 F| # 0.

From the preceding algebra, we see that there exist vectors ¢ and b such that

E’ZHFL) = (SE/EllEg
F'ZglEg = 5F/222FL9.

Let Ea = g and Fb = h.
Now we show that d,¢ and h form a new solution A™+1) o™+ and ~m+  Let
Y1 ¥12h = k. Since A'S 1k = A'S15Fb = 0, so k is orthogonal to the rows of A’Y;; and
10

Multivariate Analysis | Chapter 8 : Canonical Correlations | Shalabh, IIT Kanpur



therefore is a linear combination of columns of E, say Ec. Thus ¥i3h = Y11k can be

written as
ElgFL) = EHEE.
Multiplying by E’ on the left, we get

E'leFQ = E'EHEQ.

Since E'¥11 F is nonsingular, comparing E'Y5Fb = 0E'Y1Ea and EXp,Fb =
E'>11 Ec shows that ¢ = da and therefore k = (5g. Thus Y19h = 5211g.

In a similar fashion, we show that ¥9;9 = dXa0h.

Therefore § = A1) g = o™+ and h = 4™V is another solution. But this is

contrary to the assumption that A(™, o™ and (™ was the last possible solution.

Thus m = p;.

Compilation of Conditions and Handling Remaining Variables

The conditions on A’s, @’s and 7’s can be summarized as

AL A=1
A2 = A = diag(\D, N AP

F/lxggrl - [

where A = (oW, 0@, ... a®)) and T} = (v, 7@ ... 4P)). We are now left with

(p2 — p1) variables in X®). So for them, the I' matrix is constructed as follows:

Let
Iy = ('Y(p1+1)7 ,Y(PH-?)’ o 73(1172))

~ ~

be a ps X (p2 — p1) matrix satisfying

F/2222rl == 0

FIQEQQFQ == [
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Any I'y can be multiplied on the right hand by an arbitrary (pa—p1) X (p2 —p1) orthogonal
matrix. Such a matrix can be formed one column at a time as follows:

141 is a vector orthogonal to YsoI'; and normalized so P11 Sopy @14l = 1. ~#142)

~

is a vector orthogonal to ¥g(I'y  v®+Y) and normalized so 412 LyyP142) = 1 and

so forth.
Let
=y, Ty)
be a square matrix and is nonsingular since ["¥go[" = .

Counsider the determinant

A0
—A¥11 X2 [|A 0 0
0 I
0 I
A A 0
=l A =X 0
0 0 =X
- A
:(_/\)m—pl
A =)

(= NP2 P — M|| — M — A(=AI)7MA|
(=M A2T — A2
(=\)p2P H |/\2 _ )\(i)2|' (15)

, , _|mAZ X
Except for a constant factor, this polynomial (15) is )
Yor —AXg
—AXn X _
Thus the roots of =0 1in (7) and (15) are the same.
Y1 Al

These roots are

A= £2D =12 ... ,pm

A =0 (of multiplicity ps — p1).
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Thus
()\1, )\2, ce 7/\p1> - ()\1, )\2, cee ,)\p,O,O7 cee ,0, _>\p17 _)‘pzu ey —)\1>
The set {\#2}, i =1,2,...,p; is the set {\;},i =1,2,...,p1, we only need to show that
A is nonnegative (and therefore is one of the \;,i = 1,2,...,p1).
It is clarified as follows:
Recall that Aj, \a, ..., A\, are obtained through equations (4) and (5) given by

—AXna+ E1227 =0
and

Eglg — )\2223/ = 0.
Now, let A = £A® and corresponding to A = A\()), we can obtain o(¥) and :y(i). It should
satisfy (4) and (5), i.e., if A = A®) | them

)\(i)zng(i) = 27®
and

10 ® = A5y
Then (4) and (5) can be rewritten as

SoyW = _)\(i)zn(_g(i))
and
o (—a®) = —ADF,y @,

Thus if (A, o, 4@) is a solution, so (=A%), —a, ) is also a solution. If A*) < 0 then
A >0 and =A@ > A®_ Since AV is the maximum, we must have A\® > —\® and
therefore A\() > 0. Further, the correlation coefficient is o/¥157. So if (A, o 4@) is a
solution, then A®¥ = a®'%,7@ . Since A» >0, so o' L197® > 0. If (=2, —a® @)
is a solution, then —\®) = (—a¥)'2 157", So sign is irrelevant in the sense that it can

change oV into —a/®.
We observe that

2123,(0 — —A(T)En(—g(r))

Z21(—94(7“)) = —/\(”2223(”,
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thus if A", o™ and (") is a solution, then =\, —a") and (") is also a solution. If (")
were negative, then —A(" > 0 and =\ > A" But since A" was to be the maximum,
we must have AW > —\(") and therefore AV > 0. Since set {\¥} is the same as {)\;},

i=1,2,...,p1, we must have A\() = )\,.

Let

U= (U,U,,...,U,) =AXY
V(l) = (V17V27 .- '7Vpl)/ = F/l‘Z((Z)u
V(Q) = (‘/;;71-%17 ‘/;72-"-27 sy ‘/;72)/ = FIQAZ((Q)

The components of U are the set of canonical variates and components of (V)12

are the other set of canonical variates. Then we have
U A 0

E V(l) (Ulv(l)/V(Q)/) - E 0 Fll

V) 0 T

11 Z21

12 E22 0 F1 FQ

AXOXD A AXOXAT A XOXAT,
=L |IXxC )X M) A MxX®xC 'y XA x®
1“/2)((2))((1)’/1 F’QX(Q)X@)Tl 1“/2)((2))((2)

A,EHA A’212F1 Alzlgrg
= FllzglA Fllzggrl F3222F2
[50 A TS0l [h¥aly

I, A 0
=|A I, O
0 O IPQ*M

where A = diag(A, A, ..., Ap,).
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Example

Suppose X is a 12-component vector, i.e., p = 12. It is partitioned into 5 and 7 component
vectors X and X® respectively. Thus p; = 5,p; = 7 and the number of canonical

correlations is min(py, p2) = min(5,7) = 5.

Standardize the variables and find the characteristic roots. Let their values are
A1 = 0.55, A = 0.23, A3 = 0.12, Ay = 0.06 and A5 = 0.04 with Ay > Aa > A3 > Ay > ;.
Corresponding to each \;, find the respective characteristic vectors & and iy Then U; =
AW XM and V; = %i),%(@) (i =1,2,3,4,5) give pairs of canonical variables (U;, V;) and
canonical correlation A;. Note that if \; < 0 then it is difficult to decide. That is why
we consider the positive square root of A?. Choose the number of canonical variables by
adding up correlations to have the maximum contribution. For example, the first two

(0.55+0.23) - .
D EET03310 121006004 — 78% of correlation whereas the first

(0.55+0.2340.12)
0.55-+0.23+0.12+0.0640.04

canonical variates contribute

three canonical variates contribute = 90% of correlation.

Estimation of Canonical Correlations and Canonical Variables

Let X1, Xo, ..., Xy be a sample from N,(y, ). Partition X = (2(0(51)/ 2(&2))’ where 2(&1)
and )N(S?) have p; and p, components, respectively. The maximum likelihood estimator
of ¥ is

S i

~ A

221 E22

1 (2@ -2 e - 20y 2 e - 0@ - 2@y
NADE, @ - 2@ - g0y S8 - 1) - 1)

™M
I

The maximum likelihood estimates of the matrix of canonical correlations A and the
canonical variates are based on 3. The matrices A, A and I'; are uniquely defined if we
assume that the canonical correlations are different and that the first nonzero element of

each column of A is positive.

The indeterminacy in I'y allows multiplication on right by a (p2 — p1) X (p2 — p1)

orthogonal matrix. This indeterminacy can be removed by various types of requirements,
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e.g., a submatrix formed by the lower (p; — p;) rows is upper or lower triangular with

positive diagonal elements.
The maximum likelihood estimates of A1, Az, ..., A, are the characteristic roots of
“ASn Sp
. . |=0
Yo1  —AY
and j™ column of A and Ty satisfy

()

|
P
<
M»
™
o
[4SN

j(j)'imj(j) =1, 7=12,....m

and T, satisfies

When the restrictions on I'y are made, then fl, [ and A are uniquely defined.

Determining the Number of Useful Canonical Variables

Now we would like to develop a hypothesis test to determine the number of useful canon-
ical variables. Similar results were developed in the case of principal components based
on the test of Hy : ¥;; = 0. For a p component random vector X = (X, Xo, ..., X;) was
partitioned into k subvectors of p1,ps,...,pr components. Further, the ¥ and A were

suitably partitioned as

Yo Yoo ... X Aoy Agp ... A
5 _ .21 ?2 .2k A= 21 A2 2k
Yt Y2 oo Xk At Ak oo A
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The likelihood ratio test statistic was derived as
Al
k N
Hizl |Au| 2

Now, in the case of canonical variables, there are two sets of variables X; and X,

having p; and ps components, respectively, with p; < p,. Then the likelihood ratio test

| Al >
A= (12
(|A11HA22|

= | — A A Ayt Aoy |2

p1

statistic becomes

N4

= [[a-rz.
i=1
[Note and recall that the second equation is the same as that obtained earlier for A3, A2, . . ., /\12) )

for finding out the canonical correlation]

Thus Hy for testing of hypothesis for the canonical correlations pi, p, ..., pp, given
by
Ho:pr=p2=...=pp

is equivalent to testing

HO . 212 =0.
If Hy: p1 = p2=... = pp is accepted, then it clearly indicates that there are no useful
canonical variables.
If Hy: p1 = p2 = ... = pp, = 0 is rejected, then it is possible that p; > py = p3 =

= pp, = 0 which indicates that only first canonical variable is useful. This process of

testing is continued further.

In practice, the following hypothesis is tested to test the sequence of the null hy-
pothesis:
Hy:pryr =pry2=...=pp, =0; k=0,1,...,p—1

. The null hypothesis Hy : p1 = p2 = ... = pp, = 0 can be tested using

p1

A =JJa =),

=1
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The statistic

_ | Al _ |R|
|An] - [Aa|  [Rul - [ Rao

A

follows Wilks Lambda distribution, denoted as A(py, pa,n — 1 — po) and the decision rule

is to reject Hy at € level of significance if A < A..

Alternatively, we can use F approximation as follows

b LA
A}/t df

which follows F-distribution F'(dfy,df;) under Hy where

dfi = pip2
dfgzwt—p—IQPQ +1
_pitp2t3

2
[ pii—4
pi+p3—5
The decision rule is to reject Hy if F' > F. at ¢ level of significance.

This test of asymptotic level € has the decision rule to reject Hy if

[ p1+p2+1
J— n_—

5 :| log A1 > Cp1p2 (5)

where C),,,(¢) is the upper €% point on x* with p;p, degrees of freedom at e level of

significance.

In terms of canonical correlations,
A=A = H(l - 7“3)

If one or more 77 is large, then A; is small.

Similarly, we can define As, A3, ... to test other canonical correlations as
p1
A= [ =)
i=k+1
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If the parameters exceed the range of critical values for Wilks A, we can use x?2

approximation given as

= {n_w} A,
2
which follows x?2 , under Hy.

Fujikoshi (1974) showed that the likelihood ratio test of Hj rejects Hj for small

values of the statistic

A= [ a=r).

1=k+1

[Fujikoshi, Y. (1974), The likelihood ratio tests for the dimensionality of regression coef-
ficients, Journal of Multivariate Analysis, 4, 327-340. |

The asymptotic distribution of Ay as n — oo is
2
—nIn Ak~ X, k) ab)

when Hj, is true. An improvement over the statistic is

[ p1tp2+1

:| In Ak

Further improvement, when Hj, is true, the asymptotic distribution is

k
1
Ly—— [ ok p1+p2+ ZA In A,
and
2
L ™~ X(py k) (1)
Also

E(Ly) = (pr — k)(p2 — k) + O(n™?)

Some other multivariate tests are Pillai’s test, Lawley-Hotelling statistic and Roy’s

largest root statistic.
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1. Pillai’s Test

The Pillai’s test for the significance of canonical correlation is conducted by

S

Ve = Z 2,

i=1
The upper percentage points of V) are available in Tables with s = min(py, pa), m =

s(IJp2 —p1| —1) and N = 3(n — p, — p1 — 2). This can also be approximated by F test.

2. Lawley-Hotelling Statistic

The Lawley-Hotelling statistic for testing the canonical correlations is

s

2
U<5>=Zl_%r2.

i=1 i

The upper percentage points for l’j—iU (5) are available in tables with vy = po, vy =

n —py — 1.

Some results on Distributions of Canonical Correlations

, Y Yo A Ap
Theorem 1: Let X ~ N,(p,X) and X = (X3, Xp), ¥ = A=
Y1 Yoo Ag Agy
where X; and X® are p; and p; components column vectors. Let 72,72, ... ,Tgl are the

sample canonical correlation coefficients which are the characteristic roots of A} Ajp A5y Agy

and A ~ W, 4,,(X,n), n > p; + pa. Then the joint density function of r2, 73, ... r2 is

p p?/2 Iz
1 — 2\n/2 F (E 2 @P2 RQ) . ) X 2
H( pz) 2471 27 2; 2) y F(%) F(n_glm)l—‘(%)
71'10%/2 ) F(%) ﬁ |:(T2>P2*P1*1 (1 o )n*m*m*l]
M) TERIrE) "
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where pf, p3,. .., p2, are the characteristic roots of X711 31555, $a1, P? = diag(p3, p3, - . ., p2,
and R* = diag(r,r3,... ). The Hypergeometric function is
(a))k .. (ap) 2*
Fal)a27"'7a ;b17627"‘7b yR) = P C 0,
p q( P1 P2 ) % (bl)kj(bpg)k k!

where (a)y =ala+1)...(a+k—1).

Corollary 1.1: When P = 0, the joint density of {,73,... 7> for0 <72 <...<r} <1

is
7Tp%/2F %) 2 [ pa—p1—1 n—pp—p1—1 -
= (i (S ke (GRS
rpre e L [ =

In general, the marginal distribution of a single canonical correlation, or of any
subset of the sample canonical correlations, can be obtained from this result. However,

the integrals involved are not particularly tractable.

Theorem 2: An asymptotic representation for large n of the joint density function of

2

r?.r2 ...,r2 when the population canonical correlation coefficient satisfy

p1
O:ppzzppzflz...:pk+l<pk<.”<p2<p1<1
is
k 1 |
o TL (- rop 5 ()50 =
=1
k 7’2— 2 % k p1 1
XH( 2 _ JQ) H H (T’Z —rj)i
i<i \P 77 =1 =kl
p1 9\ P2=P1=1 g\ n—P2—p1-1 p1 , )
<A [(Ti) Fmm }'H(Tz‘—m)
- k41
1<)
where,
T(25%)ms k R
KQZKI _ nz _ _ [<l—p?)2pl 2 :|
F(Ple)P( ;)22 k)F(P22k) ]]1:

) )

(ﬂ D2 P1
0= () ()
! b M) 2 2
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Corollary 2.1: Under the conditions of Theorem 1, the asymptotic conditional density

2

function for large n of r7, 77 5,..., 72 [i.e., the square of smallest (p; — k) sample

p1
correlation coefficients] given the k largest coefficients 72, r2, ... r? is
k D 1 b p2—p1—1 n—pg—p1—1 P
KIT IT =% I (o™ 5 a =)= | T]07 =)
i=1 j=k+1 i=k+1 k+1
1<)
where K is a constant.
Note that this asymptotic conditional density function does not depend on p?, p3, . . . , p3,
the nonzero population correlation coefficient, so that r#,r3,... r? are asymptotically
sufficient for p?, p3,. .., p.

Corollary 2.2: Assuming the conditions of Theorem 1 hold, and put
2 _ 2

Vil = pi) ’;l) Li=1,2,... .k

2pi(1 = p7)

T :m“?» ,i=k+1,k+2,...,p1.

xT; —

Then the limiting joint density function of x,zs,..., 7, asn — 0o is
(1K) 1 NP1
ﬁ¢( ) T2 exp [_5 j=k+1Lj Pl PP =L P ( )
xi . . €T. . xX: €T
(P1=Fk)(p2—k) _ —k H J H ¢ 77
L S ) 1 ey L o
i<j

where ¢(-) denotes the standard normal density function.
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