
Multivariate Procedures with R

Canonical Correlation Analysis
:::: 

Canonical Variables Analysis in R

Shalabh

Department of Mathematics and  Statistics

Indian Institute of Technology Kanpur

1



Canonical Correlation Analysis: Example 
[Chapter 12, Canonical variables and canonical correlations in An Introduction to 
Multivariate Statistical Analysis, TW Anderson, Wiley]

The head length and head breadth of two children are collected in a  

sample of 25 families. Let for  𝜶 = 𝟏, 𝟐, … , 𝟐𝟓,

𝒙𝟏𝜶: Head length of the first child in 𝜶𝒕𝒉 family,

𝒙𝟐𝜶: Head breadth of the first child in 𝜶𝒕𝒉 family,

𝒙𝟑𝜶: Head length of the second child in 𝜶𝒕𝒉 family, and

𝒙𝟒𝜶: Head breadth of the second child in 𝜶𝒕𝒉 family.

The aim is to investigate the relations between the measurements 

for the first child and for the second child. 

Thus   𝒙𝜶
(𝟏)

= (𝒙𝟏𝜶, 𝒙𝟐𝜶)’ and 𝒙𝜶
(𝟐)

= (𝒙𝟑𝜶, 𝒙𝟒𝜶)’.
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Canonical Correlation Analysis: Example

The sample data is summarized as sample mean vector and  sample 

covariance matrix as

ഥ𝒙 =

𝟏𝟖𝟓. 𝟕𝟐
𝟏𝟓𝟏. 𝟏𝟐
𝟏𝟖𝟑. 𝟖𝟒
𝟏𝟒𝟗. 𝟐𝟒

, 𝑺 =
𝟏

𝟐𝟒
𝑨 =

𝟗𝟓. 𝟐𝟗 𝟓𝟐. 𝟖𝟔
𝟓𝟐. 𝟖𝟔 𝟓𝟒. 𝟑𝟔

 
𝟔𝟗. 𝟔𝟔 𝟒𝟔. 𝟏𝟏
𝟓𝟏. 𝟑𝟏 𝟑𝟓. 𝟎𝟓

𝟔𝟗. 𝟔𝟔 𝟓𝟏. 𝟑𝟏 𝟏𝟎𝟎. 𝟖𝟏 𝟓𝟔. 𝟓𝟒
𝟒𝟔. 𝟏𝟏 𝟑𝟓. 𝟎𝟓 𝟓𝟔. 𝟓𝟒 𝟒𝟓. 𝟎𝟐

The correlation matrix (scaled data of covariance matrix) is 

𝑹 =

𝟏. 𝟎𝟎 𝟎. 𝟕𝟑
𝟎. 𝟕𝟑 𝟏. 𝟎𝟎

 
𝟎. 𝟕𝟏 𝟎. 𝟕𝟎
𝟎. 𝟔𝟗 𝟎. 𝟕𝟏

𝟎. 𝟕𝟏 𝟎. 𝟔𝟗 𝟏. 𝟎𝟎 𝟎. 𝟖𝟒
𝟎. 𝟕𝟎 𝟎. 𝟕𝟏 𝟎. 𝟖𝟒 𝟏. 𝟎𝟎

=
𝑹𝟏𝟏 𝑹𝟏𝟐

𝑹𝟐𝟏 𝑹𝟐𝟐
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Canonical Correlation Analysis: Example

The characteristics roots are obtained as 
෢

𝝆𝟏
∗ 𝟐 = 𝟎. 𝟔𝟐𝟐 ,

 
෢

𝝆𝟐
∗ 𝟐 = 𝟎. 𝟔𝟐𝟐, so that     ෢𝝆𝟏

∗ = 𝟎. 𝟕𝟖𝟗,  ෢𝝆𝟐
∗ = 𝟎. 𝟎𝟓𝟒. 

Then for

 ෢𝝆𝟏
∗ = 𝟎. 𝟕𝟖𝟗,      ෝ𝒂𝟏 =

𝟎. 𝟎𝟓𝟕
𝟎. 𝟎𝟕𝟏

,        ෡𝒃𝟏 =
𝟎. 𝟎𝟓𝟎
𝟎. 𝟎𝟖𝟎

;

෢𝝆𝟐
∗ = 𝟎. 𝟎𝟓𝟒,       ෝ𝒂𝟐 =

𝟎. 𝟏𝟒𝟎
−𝟎. 𝟏𝟖𝟕

,        ෡𝒃𝟐 =
𝟎. 𝟏𝟕𝟔

−𝟎. 𝟐𝟔𝟐
.

Since ෢𝝆𝟏
∗ = 𝟎. 𝟕𝟖𝟗 >  ෢𝝆𝟐

∗ = 𝟎. 𝟎𝟓𝟒. So we can confine our attention 

to the first canonical variates to study the relation between two 

head dimensions of first child and second child. The second 

canonical variates are weakly correlated. 
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Canonical Correlation Analysis: Example

෢𝝆𝟏
∗ = 𝟎. 𝟕𝟖𝟗,      ෝ𝒂𝟏 =

𝟎. 𝟎𝟓𝟕
𝟎. 𝟎𝟕𝟏

,        ෡𝒃𝟏 =
𝟎. 𝟎𝟓𝟎
𝟎. 𝟎𝟖𝟎

;

෢𝝆𝟐
∗ = 𝟎. 𝟎𝟓𝟒,       ෝ𝒂𝟐 =

𝟎. 𝟏𝟒𝟎
−𝟎. 𝟏𝟖𝟕

,        ෡𝒃𝟐 =
𝟎. 𝟏𝟕𝟔

−𝟎. 𝟐𝟔𝟐
.

The canonical variables are as follows: 

𝑼𝟏 = 𝟎. 𝟎𝟓𝟕𝑿𝟏 + 𝟎. 𝟎𝟕𝟏𝑿𝟐,       𝑽𝟏 = 𝟎. 𝟎𝟓𝟎𝑿𝟏 + 𝟎. 𝟎𝟖𝟎𝑿𝟐

𝑼𝟐 = 𝟎. 𝟏𝟒𝟎𝑿𝟏 − 𝟎. 𝟏𝟖𝟕𝑿𝟐,       𝑽𝟐 = 𝟎. 𝟏𝟕𝟔𝑿𝟏 − 𝟎. 𝟐𝟔𝟐𝑿𝟐

The first set of canonical variable s are as follows: 

𝑼𝟏 = 𝟎. 𝟎𝟓𝟕𝑿𝟏 + 𝟎. 𝟎𝟕𝟏𝑿𝟐,       𝑽𝟏 = 𝟎. 𝟎𝟓𝟎𝑿𝟏 + 𝟎. 𝟎𝟖𝟎𝑿𝟐
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Canonical Correlation Analysis in R:
Compute the canonical correlations between two data matrices.
Usage
cancor(x, y, xcenter = TRUE, ycenter = TRUE)

Arguments
x numeric matrix (n * p), containing the X coordinates.

y numeric matrix (n * q), containing the Y coordinates.

xcenter logical or numeric vector of length, describing any 
centering to be done on the x values before the analysis. If TRUE 
(default), subtract the column means. If FALSE, do not adjust the 
columns. Otherwise, a vector of values to be subtracted from the 
columns.

ycenter analogous to xcenter, but for the y values.
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Canonical Correlation Analysis in R:
Details
The canonical correlation analysis seeks linear combinations of the y 
variables which are well explained by linear combinations of the x 
variables. The relationship is symmetric as ‘well explained’ is 
measured by correlations.
Value
A list containing the following components:
cor correlations.

xcoef    estimated coefficients for the x variables.

ycoef    estimated coefficients for the y variables.

xcenter the values used to adjust the x variables.

ycenter the values used to adjust the x variables.
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Canonical Correlation Analysis in R: Intercountry Life-Cycle 
Savings Data
Intercountry Life-Cycle Savings Data
Data on the savings ratio 1960–1970.

Usage:    LifeCycleSavings

Format:  A data frame with 50 observations on 5 variables.

[,1] sr numeric aggregate personal savings

[,2] pop15 numeric % of population under 15

[,3] pop75 numeric % of population over 75

[,4] dpi numeric real per-capita disposable income

[,5] ddpi numeric % growth rate of dpi
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Canonical Correlation Analysis in R: Intercountry Life-Cycle 
Savings Data
Intercountry Life-Cycle Savings Data
Data on the savings ratio 1960–1970.

Details

Under the life-cycle savings hypothesis as developed by Franco Modigliani, the savings 

ratio (aggregate personal saving divided by disposable income) is explained by per-

capita disposable income, the percentage rate of change in per-capita disposable 

income, and two demographic variables: the percentage of population less than 15 

years old and the percentage of the population over 75 years old. The data are 

averaged over the decade 1960–1970 to remove the business cycle or other short-

term fluctuations.

The data were obtained from Belsley, Kuh and Welsch (1980). 
Belsley, D. A., Kuh. E. and Welsch, R. E. (1980) Regression Diagnostics. New York: 
Wiley.
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Canonical Correlation Analysis in R: Intercountry Life-Cycle 
Savings Data
Intercountry Life-Cycle Savings Data
Data on the savings ratio 1960–1970.

> LifeCycleSavings

                  sr pop15 pop75     dpi  ddpi

Australia      11.43 29.35  2.87 2329.68  2.87

Austria        12.07 23.32  4.41 1507.99  3.93

Belgium        13.17 23.80  4.43 2108.47  3.82

Bolivia         5.75 41.89  1.67  189.13  0.22

Brazil         12.88 42.19  0.83  728.47  4.56

Canada          8.79 31.72  2.85 2982.88  2.43

Chile           0.60 39.74  1.34  662.86  2.67

...  ... ...

...  ... ...
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Canonical Correlation Analysis in R: Intercountry Life-Cycle 
Savings Data
Intercountry Life-Cycle Savings Data
Data on the savings ratio 1960–1970.

> LifeCycleSavings
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Canonical Correlation Analysis in R: Intercountry Life-Cycle 
Savings Data

pop = LifeCycleSavings[, 2:3]

oec = LifeCycleSavings[, -(2:3)]

cancor(pop, oec)
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Canonical Correlation Analysis in R:
> cancor(pop, oec)

$cor

[1] 0.8247966 0.3652762

$xcoef

              [,1]        [,2]

pop15 -0.009110856 -0.03622206

pop75  0.048647514 -0.26031158

$ycoef

             [,1]          [,2]          [,3]

sr   0.0084710221  3.337936e-02 -5.157130e-03

dpi  0.0001307398 -7.588232e-05  4.543705e-06

ddpi 0.0041706000 -1.226790e-02  5.188324e-02

$xcenter

  pop15   pop75 

35.0896  2.2930 

$ycenter

       sr       dpi      ddpi 

   9.6710 1106.7584    3.7576 13



Canonical Correlation Analysis in R:
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Canonical Correlation Analysis in R:
> cancor(pop, oec)

$cor

[1] 0.8247966 0.3652762

The first canonical correlation = 0.825 is much greater than the second 

canonical correlation = 0.365.  So, we consider the first canonical 

correlation and the first canonical variates

$xcoef

              [,1]        [,2]

pop15 -0.009110856 -0.03622206

pop75  0.048647514 -0.26031158

First canonical variable 𝑼𝟏 = −𝟎. 𝟎𝟎𝟗 ∗ 𝐩𝐨𝐩𝟏𝟓 + 𝟎. 𝟎𝟒𝟗 ∗ 𝐩𝐨𝐩𝟕𝟓

Second canonical variable 𝑼𝟐 = −𝟎. 𝟎𝟑𝟔 ∗ 𝐩𝐨𝐩𝟏𝟓 − 𝟎. 𝟐𝟔𝟎 ∗ 𝐩𝐨𝐩𝟕𝟓 15



Canonical Correlation Analysis in R:
$ycoef

             [,1]          [,2]          [,3]

sr   0.0084710221  3.337936e-02 -5.157130e-03

dpi  0.0001307398 -7.588232e-05  4.543705e-06

ddpi 0.0041706000 -1.226790e-02  5.188324e-02

• First canonical variable

𝑽𝟏 = 𝟎. 𝟎𝟎𝟖 ∗ 𝐬𝐫 + 𝟎. 𝟎𝟎𝟎𝟏 ∗ 𝐝𝐩𝐢 + 𝟎. 𝟎𝟎𝟒 ∗ 𝐝𝐝𝐩𝐢

• Second canonical variable

𝑽𝟏 = 𝟎. 𝟎𝟎𝟑 ∗ 𝐬𝐫 − 𝟎. 𝟎𝟎𝟎𝟎𝟎𝟕 ∗ 𝐝𝐩𝐢 − 𝟎. 𝟎𝟎𝟏 ∗ 𝐝𝐝𝐩𝐢

• Third canonical variable

𝑽𝟏 = −𝟎. 𝟎𝟎𝟎𝟓 ∗ 𝐬𝐫 + 𝟎. 𝟎𝟎𝟎𝟎𝟎𝟎𝟒 ∗ 𝐝𝐩𝐢 + 𝟎. 𝟎𝟎𝟓 ∗ 𝐝𝐝𝐩𝐢

Since min(2,3) = 2, so ideally we need to consider only the first two 

canonical correlations. 16



Canonical Correlation Analysis in R:

$xcenter

  pop15   pop75 

35.0896  2.2930 

$xcenter gives the  values used to adjust the x variables.

xcenter logical or numeric vector of length, describing any 

centering to be done on the x values before the analysis. If TRUE 

(default), subtract the column means.  
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Canonical Correlation Analysis in R:

$ycenter

       sr       dpi      ddpi 

   9.6710 1106.7584    3.7576 

$ycenter gives the values used to adjust the y variables.

ycenter logical or numeric vector of length, describing any 

centering to be done on the y values before the analysis. If TRUE 

(default), subtract the column means.  
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Canonical Correlation Analysis in R: Using CCA package
The function performs Canonical Correlation Analysis to highlight 
correlations between two data matrices.  
Package CCA is required
install.packages("CCA")

library(CCA)

Usage
cc(X, Y)

Arguments
X numeric matrix (n * p), containing the X coordinates.

Y numeric matrix (n * q), containing the Y coordinates.

The canonical correlation analysis seeks linear combinations of the 'X' 
variables which are the most correlated with linear combinations of 
the 'Y' variables.
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Canonical Correlation Analysis in R: Using CCA package
Value:   A list containing the following components:

cor canonical correlations

names   a  list containing the names to be used for individuals and 
variables for graphical outputs

xcoef    estimated coefficients for the 'X' variables as returned by 
cancor()

ycoef    estimated coefficients for the 'Y' variables as returned by 
cancor()

scores  a list returned by the internal function comput() 
containing individuals and variables coordinates on the canonical 
variates basis.
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Canonical Correlation Analysis in R: Intercountry Life-Cycle 
Savings Data using CCA package

pop = LifeCycleSavings[, 2:3]

oec = LifeCycleSavings[, -(2:3)]

cc(pop, oec)
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Canonical Correlation Analysis in R: Intercountry Life-Cycle 
Savings Data using CCA package
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Canonical Correlation Analysis in R: Intercountry Life-Cycle 
Savings Data using CCA package
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Canonical Correlation Analysis in R: Intercountry Life-Cycle 
Savings Data using CCA package
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Canonical Correlation Analysis in R: Intercountry Life-Cycle 
Savings Data using CCA package
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