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ABSTRACT
This paper presents the optimal gait generation of an 8 Degrees of
Freedom (DOF) biped robot on deformable terrain. The deformation
of the terrain causes the foot and terrain contact point to move
during gait, and hence we have used the floating base representation
for the dynamics formulation.

The foot-terrain interaction is modelled using a spring-damper
model with friction constraints. The contact points acceleration
changes the contact constraint resulting in change in correspond-
ing base acceleration. Hence the contact point accelerations are
obtained such that the difference of the actual and desired base
acceleration is minimized. The base acceleration is obtained using
contact forces due to foot contact with the terrain and the contact
point acceleration. The corresponding joint torques are obtained
using equations of motion of the biped. The variation of the hip
trajectory with the coefficient of friction of the terrain and deforma-
tion of the terrain has been analysed. The variation of the required
coefficient of friction and center of pressure are also analyzed in
this paper. The results show that the error in the hip trajectory be-
tween the desired and actual trajectory, depends on the coefficient
of friction and deformation of the terrain. The results are useful in
determining the terrain conditions on which the robot can walk
stably.
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• Computer systems organization → Robotics; Robotic auton-
omy; Robotic components.
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1 INTRODUCTION
Legged locomotion is one of the active areas of research in robotics.
The aspects of dynamic balancing [6, 12, 14, 22], gait generation
[2, 8, 11, 18], and control [7, 15, 21] have significant contributions
in walking of legged robots. The Zero Moment Point (ZMP) [22],
which is the point at which the moment of gravity and inertia forces
is zero, is widely used for stable walking on flat hard terrain with
sufficient friction. The concentrated mass model such as Center of
Mass (COM)-ZMP Model is used for motion control [11]. Using Lin-
ear Inverted Pendulum Mode [9], the robot dynamics is linearized
for control [8] and stabilization [14]. Virtual ZMP and contact plane
is used in virtual slope method [18] for walking on stairs. Nonlinear
Inverted Pendulum (NIP) walking over uneven terrain is demon-
strated using foot placement method, based on the total energy of
the system [2]. In [6], stability criterion is presented for the contact
forces acting due to foot contact with the environment. Contact
Wrench Cone [1] conditions are demonstrated for contact stability.
Trajectory generation using genetic algorithm and energy optimal
walking [20] is achieved by the correction of deformation of the sole
of the foot. In [24], the compliant contact model approach is shown
for stable walking on soft ground with small deformation. The foot-
soil interaction model and parameter estimation with experimental
setup using cylindrical foot of quadruped robot is presented in [3].

On the other hand, the floating-base model dynamics and control
of the legged robots has also been explored by many researchers
[10, 13, 19]. In [13], a general framework for dynamics using virtual
joints and the operation space control for different contact states is
proposed. Inverse dynamics control independent of external con-
straint forces is achieved in [10]. In [19], dynamics formulation
using Decoupled Natural Orthogonal Complement (DeNOC) matri-
ces and model-based controller is presented. An Inverse dynamics
controller for optimized contact force distribution is proposed in
[16]. Soft Terrain Adaptation and Compliance Estimation (STANCE)
[4] is developed for whole body control and terrain compliance
estimation and implemented on a quadruped robot walking over
different types of terrain. The effect of contact forces obtained by
foot-terrain interaction model on floating-base model and the analy-
sis of variation of terrain parameters for biped robot is not reported
in the literature and is the main objective of this paper.

2 KINEMATICS OF 8-DOF BIPED ROBOT
The biped robot can be represented as fixed-base or floating-base
model. In fixed-base representation, the contact point is considered
as fixed reference frame, and the change of contact points also
requires the change of model representation. The floating-base
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model is a general representation of any multi-body system moving
freely. Themoving reference frame has 6 Degrees of Freedom (DOF),
three rotational and three translational, and can incorporate the
changing contact states. On deformable terrain, the contact point is
also having acceleration, and floating-base model is used to provide
the 6 degrees of freedom to the contact points. The base reference
frame is attached to the center of mass of hip link, which moves
freely with respect to the inertial frame as shown in Fig. 1. The
generalized joint coordinates can be written as,

𝒒 =

[
𝒒0
𝒒𝜃

]
. (1)

Here, 𝒒0 ∈ 𝑹6×1 is the vector of position and orientation of base
reference frame in inertial frame represented by virtual degrees
of freedom, denoted by (𝑥0, 𝑦0, 𝑧0) and (𝜃𝑥0, 𝜃𝑦0, 𝜃𝑧0), respectively.
𝒒𝜃 ∈ 𝑹𝑛×1 is the vector of actuated joint coordinates of the robot.
The angular and linear velocities of the stance leg and swing leg
ankle is given by [

¤𝒐𝑠𝑡
¤𝒐𝑠𝑤

]
= 𝑱 0 ¤𝒒0 + 𝑱𝜃 ¤𝒒𝜃 , (2)

where, 𝑱 0 =

[
𝑱 0𝑠𝑡
𝑱 0𝑠𝑤

]
∈ 𝑹12×6, and 𝑱𝜃 =

[
𝑱𝜃𝑠𝑡
𝑱𝜃𝑠𝑤

]
∈ 𝑹12×𝑛 , are the

corresponding jacobian matrices.

Figure 1: Floating base representation

2.1 Trajectory generation
The position of stance leg ankle, 𝒐𝑠𝑡 given the position of hip link
center (𝑥0, 𝑦0, 𝑧0) is written as

𝒐𝑠𝑡 =


𝑥0
𝑦0
𝑧0

 −

𝐻𝑥

𝐻𝑦

𝐻𝑧

 . (3)

Here, (𝐻𝑥 , 𝐻𝑦, 𝐻𝑧) is the position of the hip link center with respect
to stance leg ankle. The trajectory of hip center with respect to
stance ankle [17] in the X direction, 𝐻𝑥 is given as

𝐻𝑥 = 𝑎0 + 𝑎1𝑡 + 𝑎2𝑡
2 + 𝑎3𝑡

3 . (4)

The sinusoidal trajectory is used for hip center with respect to
stance ankle in the Z direction, 𝐻𝑧 with average hip height 𝐻𝑧0 ,
amplitude 𝑎𝐻𝑧

and step time 𝑡𝑐 as

𝐻𝑧 = 𝐻𝑧0 − 𝑎𝐻𝑧
sin(2𝜋𝑡/𝑡𝑐 ). (5)

The position of hip center with respect to stance ankle in Y direction,
𝐻𝑦 is obtained using the tilt angle of the robot in coronal plane.
The cubic polynomial trajectory for the tilt angle, 𝜃𝑡𝑖𝑙𝑡 is

𝜃𝑡𝑖𝑙𝑡 = 𝑏0 + 𝑏1𝑡 + 𝑏2𝑡2 + 𝑏3𝑡3 . (6)

Spline trajectories are used in X and Z directions for the swing leg
as

𝑥𝑠𝑤 = 𝑐0 + 𝑐1𝑡 + 𝑐2𝑡2 + 𝑐3𝑡3, (7)

𝑧𝑠𝑤 = 𝑑0 + 𝑑1𝑡 + 𝑑2𝑡2 + 𝑑3𝑡3 . (8)
The constants 𝑎𝑖 , 𝑏𝑖 , 𝑐𝑖 and 𝑑𝑖 are obtained given the initial and final
positions and velocities of the robot. The corresponding joint angles
for the given trajectories are obtained using inverse kinematics [17].

3 DYNAMICS OF FLOATING-BASE ROBOT
The equations of motion of the floating-base robot are written as[

𝑰 0 𝑰 0𝜃
𝑰𝑇0𝜃 𝑰𝜃

] [
¥𝒒0
¥𝒒𝜃

]
+
[
𝒄0
𝒄𝜃

]
=

[
0
𝝉𝜃

]
+
[
𝑱𝑇𝑐0
𝑱𝑇𝑐𝜃

]
𝒘𝑐 , (9)

where, 𝑰 0 ∈ 𝑹6×6 and 𝑰𝜃 ∈ 𝑹𝑛×𝑛 are inertia matrices of the hip link
and legs, respectively, 𝑰 0𝜃 ∈ 𝑹6×𝑛 is the coupling inertia matrix,
𝒄0 ∈ 𝑹6×1 and 𝒄𝜃 ∈ 𝑹𝑛×1 are the position and velocity dependent
nonlinear terms associated with the hip link and legs, respectively,
𝝉𝜃 ∈ 𝑹𝑛×1 is the vector of joint torques, 𝑱 𝑐0 ∈ 𝑹6𝑐×6 and 𝑱 𝑐𝜃 ∈
𝑹6𝑐×𝑛 are jacobian matrices for the hip link and legs, respectively,
𝒘𝑐 =

[
𝒘𝑇𝑠𝑡 𝒘𝑇𝑠𝑤

]𝑇 ∈ 𝑹12×1 is the wrench vector of moments and
forces acting at the stance and swing leg ankles due to contact
forces and jacobian matrices are also obtained according to the
contact states.

3.1 Floating-base Dynamics
The equations of motion of the floating base is written from Eq. (9)
as

𝑰 0 ¥𝒒0 + 𝑰 0𝜃 ¥𝒒𝜃 + 𝒄0 = 𝑱𝑇𝑐0𝒘𝑐 . (10)
The external force on the robot is due to the contact of the legs with
the environment [10]. Considering the compliant contact having
angular and linear acceleration of contact leg ankle denoted by
¥𝒐𝑐 =

[
¥𝒐𝑇𝑠𝑡 ¥𝒐𝑇𝑠𝑤

]𝑇 ∈ 𝑹12×1, the contact constraint using Eq. (2) is
given as

𝑱 𝑐0 ¥𝒒0 + ¤𝑱 𝑐0 ¤𝒒0 + 𝑱 𝑐𝜃 ¥𝒒𝜽 + ¤𝑱 𝑐𝜃 ¤𝒒𝜽 = ¥𝒐𝑐 . (11)
By combining Eqs. (10) and (11), we obtain[

𝑰 0
𝑱 𝑐0

]
¥𝒒0 +

[
𝑰 0𝜃
𝑱 𝑐𝜃

]
¥𝒒𝜃 +

[
𝒄0

¤𝑱 𝑐0 ¤𝒒0 + ¤𝑱 𝑐𝜃 ¤𝒒𝜃

]
=

[
𝑱𝑇𝑐0𝒘𝑐

¥𝒐𝑐

]
. (12)

In inverse dynamics, the acceleration of base frame and the joint
torques are obtained for a desired trajectory. The floating base
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acceleration and required contact wrench is obtained by solving
the equation given as[

𝑰 0 −𝑱𝑇𝑐0
𝑱 𝑐0 0

] [
¥𝒒0
𝒘𝑐

]
=

[
−𝑰 0𝜃 ¥𝒒𝜃 − 𝒄0

¥𝒐𝑐 − 𝑱 𝑐𝜃 ¥𝒒𝜃 − ¤𝑱 𝑐0 ¤𝒒0 − ¤𝑱 𝑐𝜃 ¤𝒒𝜃

]
. (13)

Next, the joint torques are obtained by,

𝝉𝜃 = 𝑰𝑇0𝜃 ¥𝒒0 + 𝑰𝜃 ¥𝒒𝜃 + 𝒄𝜃 − 𝑱𝑇𝑐𝜃𝒘𝑐 . (14)

In inverse dynamics problem, the required contact force obtained
from Eq. (13) should be inside the contact wrench cone, but the
actual contact forces exerted on robot due to contact are always
inside the contact wrench cone. So, the stable gait can be generated
given the actual contact forces. Using the motion of the floating-
base obtained for a desired trajectory from Eq. (10) in Eq. (11), we
get

¥𝒐𝑐 = 𝑱 𝑐0 𝑰
−1
0 (𝑱𝑇𝑐0𝒘𝑐−𝑰 0𝜃 ¥𝒒𝜃𝑑𝑒𝑠𝑖𝑟𝑒𝑑 −𝒄0)+ ¤𝑱 𝑐0 ¤𝒒0+𝑱 𝑐𝜃 ¥𝒒𝜃𝑑𝑒𝑠𝑖𝑟𝑒𝑑 + ¤𝑱 𝑐𝜃 ¤𝒒𝜽 .

(15)
Next, the optimal joint accelerations are obtained using the above
equation and the desired floating-base acceleration with the joint
constraints as

¥𝒒𝜽 = 𝑱 +𝑐𝜃 ( ¥𝒐𝑐 − 𝑱 𝑐0 ¥𝒒0𝑑𝑒𝑠𝑖𝑟𝑒𝑑 − ¤𝑱 𝑐0 ¤𝒒0 − ¤𝑱 𝑐𝜃 ¤𝒒𝜽 ) . (16)

Finally, the base motion is obtained using Eq. (10) and correspond-
ing joint torques are obtained using Eq. (14).

3.2 Foot-terrain Interaction Model
The external contact forces obtained from foot-terrain interaction
model will generate a stable gait trajectory. The contact force at
any contact point can be written as

𝒇𝑐 =


𝑓𝑥
𝑓𝑦
𝑓𝑛

 . (17)

Here, the contact force component, 𝑓𝑛 is obtained by summation
of the contact forces of normal contact model, i.e., 𝑓𝑛 =

∑
𝑓𝑛𝑖 .

Considering the spring-damper contact model [5] with stiffness
𝑘𝑛 , and damping coefficient 𝑐𝑛 , at the contact point (𝑥𝑖 , 𝑦𝑖 , 𝑧𝑖 ), the
normal contact force 𝑓𝑛𝑖 is given by

𝒇𝑛𝑖 =

{
𝑘𝑛𝑧𝑖 + 𝑐𝑛 ¤𝑧𝑖 , 𝑧𝑖 < 0,
0, 𝑧𝑖 ≥ 0.

(18)

The Center of Pressure (CoP) for the flat rectangular foot is obtained
by

𝑥𝐶𝑜𝑃 =

∑
𝑓𝑛𝑖𝑥𝑖

𝑓𝑛
,

𝑦𝐶𝑜𝑃 =

∑
𝑓𝑛𝑖𝑦𝑖

𝑓𝑛
.

(19)

The tangential spring-damper model with stiffness 𝑘𝑡 , and damping
coefficient 𝑐𝑡 , gives,

𝒇 𝑡 =

{
𝑘𝑡𝛿𝑡 + 𝑐𝑡 ¤𝛿𝑡 , |𝒇 𝑡 | ≤ 𝜇𝑓𝑛,

±𝜇𝒇𝑛, |𝒇 𝑡 | > 𝜇𝑓𝑛 .
(20)

The required coefficient of friction from tangential contact model is

𝜇𝑟𝑒𝑞 =
𝑓𝑡

𝑓𝑛
. (21)

4 RESULTS AND DISCUSSION
Biped robot with 8-DOF is used for inverse dynamics. The design
parameters of the robot [17] and terrain parameters [23] for the
simulation are shown in Table 1. The inverse dynamics simulation
time is 3.201 seconds for the motion time 1 second with time inter-
val 0.0067 seconds in MATLAB using Intel core i5-4460 3.20GHz
processor. The inverse dynamics results are obtained starting with
left leg as stance leg, which stays in contact with the terrain, and
right leg as swing leg, which moves forward by the distance called
step length. In following step, the right leg becomes stance leg and
left leg becomes swing leg. The desired hip trajectory is obtained
using Eq. (3), where the stance leg ankle position in vertical direc-
tion is modified based on the ground deformation. The joint angles
are obtained using inverse kinematics.

Table 1: Parameters for robot simulation

Total mass𝑚 0.9516 kg
Thigh length 𝐿1 111 mm
Shank length 𝐿2 111 mm

Lower-trunk length 𝐿ℎ 42.5 mm
Height of ankle from grounded foot 𝐿𝑎ℎ 32 mm

Foot size 60 mm x 60 mm
Step length 120 mm

Normal spring constant 𝑘𝑛 10 kN/m
Tangential spring constant 𝑘𝑡 1 kN/m
Normal damping coefficient 𝑐𝑛 50 N-s/m

Tangential damping coefficient 𝑐𝑡 50 N-s/m
Friction coefficient 0.5

Step time 1.5 s
Number of steps 2

Maximum tilt angle 8𝑜
Maximum height of swing leg 30 mm

Amplitude of hip sinusoidal trajectory 5 mm
Initial position of floating base hip link (in m) (0, 0, 0.2207)
Initial joint angles of stance leg 𝜃1−4 (in rad) 0.8789, 1.0684, -0.3812, 0
Final joint angles of stance leg 𝜃1−4 (in rad) 1.1943, 1.0684 -0.7209, 0
Initial joint angles of swing leg 𝜃5−8 (in rad) 1.1943, 1.0684, -0.6965, 0
Final joint angles of swing leg 𝜃5−8 (in rad) 0.8789, 1.0684, -0.4055, 0

The simulation of walking gait generated for two steps is shown
in Fig. 2. The trajectories of hip link center, stance and swing leg
ankles are also shown. The motion of stance leg foot due to defor-
mation of the terrain is also evident in the figure.
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Figure 2: Multi-step simulation of the Biped on deformable
terrain

The flat rectangular feet with four contact points at the edges
is considered, and the contact forces are obtained using contact
model. The reaction forces and moments at the ankle are obtained
by the summation of forces at the contact edges and the summation
of moments about ankle. The reaction forces and moments acting
at the ankle in reference frame attached at the foot are shown in
Fig. 3.
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Figure 3: Reaction forces and moments at ankles of left leg
and right leg

The center of pressure of normal reaction force acting on the
stance leg and swing leg is obtained using Eq. (19) and shown in
Fig. 4. The center of pressure of total reaction force on the robot is
also shown, which coincides with CoP of the stance leg in single
support phase.

Figure 4: Center of pressure

In Fig. 5, the required coefficient of friction, i.e., the ratio of
tangential force to the normal force for the stance leg and swing leg
is shown over the period of time. In this case, the required friction
coefficient reaches coefficient of friction of the terrain only when
the normal reaction force reduces to zero.
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Time (s)
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0.6

f t /
 f
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Figure 5: Required Coefficient of friction

The ankle trajectories, i.e., the position, velocity and acceleration
of the stance leg and swing leg are shown in Fig. 6. The motion
of stance leg ankle in Z direction changes the normal component,
and in the plane of terrain changes the tangential component of
the reaction force.
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Figure 6: Ankle trajectories of the left and right leg

The desired and actual trajectory of the center of hip link are
shown in Fig. 7. The hip trajectory in Z-direction is corrected based
on the deformation of the terrain. The variation in trajectory is
due to the rotation of the foot and deformation of the terrain in
tangential direction as the coefficient of friction is sufficient for the
robot motion.
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Figure 7: Desired and actual hip trajectory

In Fig. 8, the joint torques obtained for the stance leg and swing
leg are shown. The joint torque profiles have the symmetry of leg
phases and are useful to generate cyclic trajectory for walking.
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Figure 8: Joint torques of left (𝝉1−4)and right (𝝉5−8) leg

Stable walking gait is also generated for 𝑘𝑛 = 100𝑘𝑁 /𝑚, 𝑘𝑡 =

10𝑘𝑁 /𝑚, 𝑐𝑛 = 𝑐𝑡 = 100𝑁𝑠/𝑚, and 𝜇 = 0.2. The variation of center
of pressure due to change of foot position and orientation, and
the required coefficient of friction are shown in Fig. 9 and 10, re-
spectively. The fluctuations of required coefficient of friction in the
figure shows the sensitivity of the contact model.

Figure 9: Center of pressure for
𝒌𝒏 = 100𝒌𝑵/𝒎, 𝒌𝒕 = 10𝒌𝑵/𝒎, 𝒄𝒏 = 100𝑵𝒔/𝒎, 𝒄𝒕 = 100𝑵𝒔/𝒎,
and 𝝁 = 0.2
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Figure 10: Required coefficient of friction for
𝒌𝒏 = 100𝒌𝑵/𝒎, 𝒌𝒕 = 10𝒌𝑵/𝒎, 𝒄𝒏 = 100𝑵𝒔/𝒎, 𝒄𝒕 = 100𝑵𝒔/𝒎,
and 𝝁 = 0.2

5 CONCLUSION
In this paper, the dynamics formulation and optimal trajectory
generation of an 8 DOF biped robot on deformable terrain is pre-
sented. The motion of floating base due to contact forces obtained
from normal and tangential contact model and contact point ac-
celeration were found. The error in trajectory of hip link center
due to deformation of the terrain and coefficient of friction is also
presented. The ankle motion, variation of center of pressure and
required coefficient of friction of the stance leg and swing leg was
analysed. The results show the effect of the coefficient of friction on
the hip trajectory. Also, the minimum friction required for walking
with different terrain parameters was obtained for the 8 DOF biped
robot.
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