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ABSTRACT

In this work, the motion of a Nonlinear Inverted Pendulum (NIP) on deformable terrain

due to foot contact forces is used for energy analysis and footstep placement. In order to

include the linear and rotational motions of the NIP, the mass moment of inertia of the body

is also considered in the Center of Mass (CoM) model. The terrain deformation is modeled

using a spring-damper contact model, and based on the rigid body dynamics of the NIP, its

motion is generated. The energy analysis of the system provides the regions of possible

foot placement. Based on the loss of potential energy due to ground deformation, the limits

of terrain stiffness are also obtained for walking on uneven deformable terrain.

∗Address all correspondence to this author.
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1 INTRODUCTION

The locomotion of bipedal robots is classified into active and passive walking. In active walking,

the motion is actively controlled by actuators with constraints such as Zero Moment Point (ZMP) [1]

for stable biped gait. ZMP is used in simplified or reduced dynamics models such as Linear

Inverted Pendulum Model (LIPM) [2], in which the Center of Mass (CoM) motion is constrained in

a plane to generate stable gait on 3D flat terrain [3]. There have been significant contributions on

biped walking over stairs [4], inclined slope [5], and uneven terrain [6], and the simplicity of LIPM

has driven many control strategies for robot walking on 3D terrain [7]. LIPM is also extended to

account the leg movements by considering the body inertia of the robot for a momentum based

controller design [8] and push recovery [9]. On the other hand, passive walkers generate motion

based on gravity, inertia and system’s energy which includes kinetic and potential energy exchange

[10]. The Nonlinear Inverted Pendulum (NIP) model is used to simplify the biped dynamics by

considering fixed distance between center of mass and center of pressure [11]. The leg transition

generates impact forces, hence footstep planning is crucial for energy optimal walking in passive

walkers [12]. The foot placement position at which the kinetic energy vanishes at an unstable

equilibrium of the inverted pendulum is called capture point [13]. The capture point of LIPM is

extended for passive walking of NIP on hard uneven terrain [14].

The unstructured outdoor terrains such as grass, sand and soft clay may not provide suffi-

cient forces to support the robot motion generated by LIPM or NIP model [15]. Such cases are

addressed by modifying the controller based on small ground deformation [16, 17]. The floating-

base dynamics of biped is also used to consider the ground deformation in contact dynamics [18],

however, a predefined reference trajectory for walking gait on hard terrain is considered. Passive

dynamic walking generates a human-like gait, and for energy-efficient walking on different types

of terrains, the passive walker is more robust to disturbances due to the terrain than active walking

models such as LIPM [19]. For walking on deformable terrain, the existing passive walkers focus

on linear motion of the center of mass with fixed contact point [20]. The CoM model can be ex-

tended to a rigid body with mass moment of inertia for rotational motion due to foot contact forces

acting at the moving contact point.
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In this work, we propose a footstep planning based on the terrain properties. The contact

forces provided by the foot-terrain interaction can be used in rigid body dynamics to consider the

ground deformation as well [21]. For this work, NIP model is used with contact forces to analyze

the energy regions for foot placement. The salient contributions of this work are as follows: 1.)

Biped gait generation using linear and rotational motions of NIP considering foot contact forces on

deformable terrain, 2.) Identification of the energy regions for footstep planning using the terrain

properties and deformation of ground, and 3.) Terrain stiffness limits for walking forward on an

uneven terrain.

The rest of the paper is organized as follows: The simplified dynamics of the robot, contact

model and expressions for system’s energies are presented in Section 2. In Section 3, the stance

leg transition with kinematics and energy is shown. The energy regions such as capture curve

and equal local energy curve are generated in Section 4. The results of the effect of ground

deformation and variation of the energy region with the known terrain properties are presented in

Section 5. Finally, the conclusions are given in Section 6.

2 SYSTEM MODELING AND DYNAMICS

As shown in Fig. 1, the biped is modeled as NIP of mass m and mass moment of inertia about

y-axis passing through CoM Iyy. The fixed distance of CoM from the contact point is L. The pen-

dulum has linear and rotational motions due to the planer contact forces Fx and Fz, gravitational

acceleration g and system’s energy E. The coordinates of the CoM in terms of position of the foot

contact point (x, z) and orientation of the pendulum θ, are given by

xc
zc

 =

x
z

+ L

cos θ
sin θ

 . (1)
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Fig. 1. NIP with ground deformation δn and δt in normal and tangential direction, respectively

The linear velocity of CoM by differentiation of Eq. (1) is obtained as

ẋc
żc

 =

ẋ
ż

+ Lθ̇

− sin θ

cos θ

 . (2)

Similarly, the CoM accelerations can be written as

ẍc
z̈c

 =

ẍ
z̈

+ Lθ̈

− sin θ

cos θ

− Lθ̇2

cos θ
sin θ

 . (3)

Given the foot contact forces Fx and Fz, the equations of motion are written as

mẍc = Fx, (4)

mz̈c = Fz −mg, (5)

Iyy θ̈ = FxL sin θ − FzL cos θ. (6)
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Fig. 2. Spring-damper contact model with terrain stiffness denoted by kn in normal direction, kt in tangential direction, and damping

is denoted by cn in normal direction and ct in tangential direction

Substituting the expression of accelerations of CoM, we obtain the equations of motion as


m 0 −mL sin θ

0 m mL cos θ

−mL sin θ mL cos θ Iyy +mL2



ẍ

z̈

θ̈

 =


Fx +mLθ̇2 cos θ

Fz −mg +mLθ̇2 sin θ

−mgL cos θ

 . (7)

Considering the contact forces, the motion of the pendulum is obtained.

2.1 Contact Modeling

The foot-terrain interaction is modeled using a spring and a damper as shown in Fig. 2.

Considering the displacement and relative velocity of the contact point on pendulum with respect

to ground in normal direction δn and δ̇n, respectively, the normal contact force Fz is given by

Fz =


−knδn − cnδ̇n, δn < 0 & δ̇n < 0,

−knδn, δn < 0 & δ̇n ≥ 0,

0, δn ≥ 0.

(8)

The displacement and relative velocity of the contact point in tangential direction are δt and δ̇t,
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respectively. The tangential force Fx is given by

Fx =


−ktδt − ctδ̇t, |Fx| < µFz,

±µFz, |Fx| ≥ µFz.

(9)

Here, µ is the coefficient of friction, which is assumed to be sufficiently high for No-slip condition.

The work done due to the contact forces in the contact time interval T is

Wc =

∫ T

0
(Fxδ̇t + Fz δ̇n)dt. (10)

The system’s energy loss during sinking of the contact point to reduce the contact point velocity to

zero is

Ec =

(
m2g2

2kn

)
+

1

2
kn

(
mg

kn

)2

. (11)

Here, the first term denotes the energy loss due to damping element, and the second term is the

energy stored in spring element due to ground deformation, derivation of the individual terms is

given in Appendix-A. Also, the post-impact energy loss due to tangential contact forces is consid-

ered negligible compared to the normal contact forces.

2.2 System’s energy with ground deformation

The expression of energy derived in terms of contact point velocities is shown in Appendix-B.

During leg transition, the pre-impact contact point velocities are assumed to be negligible. Hence,

by neglecting the contact point velocity, we can write the energy of the pendulum in pure rotation

JMR-22-1110, Gora 6
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Fig. 3. Leg transition shown with both configurations i.e., pre-impact and post-impact which are denoted by (-) and (+) in the super-

script

about the foot contact point as

E =
1

2
(Iyy +mL2)θ̇2 +mg(z + L sin θ). (12)

3 LEG TRANSITION FOR WALKING

The leg transition can be considered either with continuous contact or instantaneous contact

with impact. For simulating the motion, continuous contact will be considered. For foot placement

planning, discrete impact event will be analyzed. The pre-impact and post-impact configurations

for leg transition are shown in Fig. 3. The pre-impact terms are denoted with ‘-’ and post-impact

terms are denoted with ‘+’ in the superscript. From Fig. 3, the relative position of contact point is

given as

∆x = L cos θ− − L cos θ+, (13)

∆z = L sin θ− − L sin θ+. (14)
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Solving for θ− and θ+, we get

θ+ = atan2(∆z,∆x)− atan2(sinα, cosα− 1), (15)

θ− = θ+ + α, (16)

where,

α = atan2(±
√
4L2(∆x2 +∆z2)− (∆x4 +∆z4)− 2∆x2∆z2, 2L2 − (∆x2 +∆z2)). (17)

Next, the two cases for support leg transition are considered to obtain the post-impact energy.

3.1 CASE-I: Energy conservation during stance foot exchange

Considering continuous contact between two configurations with energy conservation, i.e.,

E+ = E−, and substituting the expressions of energy as

mg(z + L sin θ−) +
1

2
Iyy(θ̇

+)2 +
1

2
m(Lθ̇−)2 = E−. (18)

The angular velocity from Eq. (18) can be obtained as follows

θ̇+ =

√
2E− − 2mg(z + L sin θ−)− (mL2)(θ̇−)2

Iyy
. (19)

3.2 CASE-II: Energy lost in impact during stance foot exchange

The conservation of angular momentum about the contact point [22] gives

(Iyy +mL2)θ̇+ = (Iyy +mL2 cosα)θ̇−. (20)
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The post-impact angular velocity is written as

θ̇+ = θ̇− cosϕ, (21)

where,

cosϕ =
Iyy +mL2 cosα

Iyy +mL2
(22)

The energy loss during the change of stance leg includes potential energy loss due to ground

deformation and loss of kinetic energy due to impact and is given by

E− − E+ =
m2g2

kn
+

1

2
(Iyy +mL2)(θ̇−)2 sin2 ϕ, (23)

where,

E− =
1

2
(Iyy +mL2)(θ̇−)2 +mg(z + L sin θ−). (24)

The post-impact energy is given by

E+ = mg(z + L sin θ−) + (E− −mg(z + L sin θ−)) cos2 ϕ− m2g2

kn
. (25)

4 ENERGY ANALYSIS WITH DIFFERENT TERRAINS

The foot placement depends on the system’s energy and can be planned based on the pre-

impact energy configurations.

JMR-22-1110, Gora 9
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4.1 Curve of capture

The capture point [13] is the foot placement position on which the robot motion is completely

stopped. This foot placement position depends on the system’s energy. To obtain the capture

point, the post-impact energy must be equivalent to the maximum potential energy, i.e., E+ =

Pmax. By substituting the expression of energies, the relation between pre-impact energy and foot

placement position is given as

E− cos2 ϕ− m2g2

kn
+mg(z + L sin θ−) sin2 ϕ = mg(z +∆z + L− mg

kn
). (26)

For a given value of ∆x and ∆z, the energy before impact can be obtained as

E− = mg(z + L sin θ−) +
mg(∆z + L(1− sin θ−))

cos2 ϕ
. (27)

Using Eq. (27), the curve of capture is obtained over the reachable workspace of the NIP and

shown in Fig. 4. For the given value of E−, capture curve can be obtained by checking the energy

condition in Eq. (27) for capture point (∆xcp,∆z) and fitting a polynomial such as

∆xcp = fcp(E
−,∆z). (28)

The pre-impact energy must be greater than the maximum potential energy for walking forward,

i.e., E− > mgL (for z = 0,∆z = 0, θ− = 90◦) as in Eq. (27). An example of capture curve

for NIP having system’s energy E− = 1.2mgL, with reference ground frame attached to the foot

placement position (0, 0) is shown in Fig. 5. The uneven terrain profile shown in Fig. 5 is obtained

using MATLAB inbuilt function ‘rand’, which generates uniformly distributed random numbers.
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Fig. 4. Capture curve for NIP (m=1kg, L=1m, Iyy=0.33kgm2) on deformable terrain (kn=7105.63N/m,

kt=5886.93N/m and ζ=0.6) [23]

Fig. 5. Curve of capture and curve of equal local energy for system’s energy E− = 1.2mgL, normal stiffness

kn=7105.63N/m, and damping ratio ζ = 0.6

4.2 Curve of equal local energy

The foot placement before the capture point may increase or decrease the local energy of the

system, and there is also location of foot placement at which the local energy is conserved [14].

The foot placement location at which the loss of system’s energy is equal to the difference of
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Fig. 6. Equal local energy curve for NIP (m=1kg, L=1m, Iyy=0.33kgm2) on deformable terrain (kn=7105.63N/m,

kt=5886.93N/m and ζ=0.6)

potential energy due to change of contact states is given by

m2g2

kn
+

1

2
(Iyy +mL2)(θ̇−)2 sin2 ϕ = −mg(∆z − mg

kn
). (29)

By writing the above equation in terms of pre-impact energy, we get

(E− −mg(z + L sin θ−)) sin2 ϕ = −mg(∆z). (30)

The pre-impact energy for a predefined foot placement is given by

E− = mg(z + L sin θ−)− mg∆z

sin2 ϕ
. (31)

Using Eq. (31), the curve of equal local energy is shown in Fig. 6.

JMR-22-1110, Gora 12



Journal of Mechanisms and Robotics

0 0.5 1 1.5 2

X (m)

-2

-1.5

-1

-0.5

0

0.5

Z
 (

m
)

Curve of capture

Curve of equal energy

k
n
=4.9x10

4
 N/m

k
n
=235.7 N/m

Fig. 7. Energy regions for variation of stiffness

4.3 Variation of terrain parameters

The effect of terrain properties on the energy regions is obtained by varying the stiffness and

damping parameters [23] in the contact model. As the contact model parameters depend on the

contact area, so the stiffness of the terrain is obtained for a flat rectangular foot of size 100mm

× 60mm [5]. For zero rotation of the foot, the center of pressure remains at the center of the

foot, which can be assumed equivalent to a point contact. The energy regions of terrain stiffness

kn=4.95× 104N/m and kn=235.7N/m for capture and equal local energy are shown in Fig. 7.

4.4 Limitation of terrain stiffness

For continuous walking on uneven deformable terrain, the kinetic energy of the system and

ground deformation are related by the terrain stiffness. The curve of capture shifts downward with

the increase in ground deformation, which means there exist a limitation on the terrain stiffness

based on the system’s energy. Let the capture point at ∆x = 0 is at ∆z0, then we can write

Fz

kn
< ∆z0. (32)
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The terrain stiffness can be given as

kn >
Fz

∆z0
, (33)

where, the normal contact force Fz from Eq. (7) is given as

Fz = mg +mz̈ +mLθ̈ cos θ −mLθ̇2 sin θ. (34)

Here, the minimum terrain stiffness depends on the weight, energy and dynamics of the system.

5 RESULTS

In the simulation, NIP (m=1 kg, L=1m, Iyy=0.33 kgm2) with contact forces obtained from spring-

damper contact model on deformable terrain (kn=7105.63N/m, kt=5886.93N/m, and damping ratio

in normal and tangential direction ζn=ζt=0.6) is considered. The motion of NIP is obtained based

on the foot placement position. The step length can be adjusted in the energy regions based on

the terrain height.

5.1 Foot placement on capture curve.

The intersection of the capture curve and uneven terrain is the capture point, which is the

location of foot placement to stop the pendulum motion. In Fig. 8, the CoM trajectory for foot

placement on the capture point is shown. The variation of kinetic and potential energy of the

system is shown in Fig. 9. The kinetic energy becomes approximately zero at the maximum

potential energy of the system, which is unstable equilibrium of the pendulum.

5.2 Walking with equal local energy

The foot placement on equal local energy curve maintains the same walking speed by gain of

kinetic energy from loss of potential energy. The multistep simulation of NIP for foot placement

JMR-22-1110, Gora 14
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Fig. 8. Foot placement at capture point on uneven terrain based on energy regions
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Fig. 9. Kinetic and potential energy change for foot placement at capture point on uneven terrain

at the equal local energy curve is shown in Fig. 10. Fig. 11 shows the variation of kinetic and

potential energy. The energy curves are based on the impact formulation and the simulation

considers the continuous contact with general motion of the NIP, hence the kinetic energy deviates

from reference kinetic energy based on the numerical accuracy of simulation. This difference from

the reference kinetic energy line is also denoted at points A and B in Fig. 11.
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Fig. 10. Foot placement for equal local energy on uneven terrain based on energy regions
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Fig. 11. Kinetic and potential energy change for foot placement at equal local energy curve on uneven terrain

5.3 Effect of variation of energy region with terrain stiffness

The foot placement on the capture point and motion of NIP on hard (kn =49 564.9N/m) and

deformable (kn =7105.63N/m) terrain are shown in Figs. 12 and 13, respectively. The capture

curves are obtained without consideration of ground deformation, and the figures show the differ-

ence in the walking pattern on hard and deformable terrain. In Fig. 12, walking on hard terrain

matches the energy region, whereas walking on deformable terrain by foot placement using the

same energy curve has significant difference in motion as shown in Fig. 13. This implies that

the energy curves obtained without considering the ground deformation will deviate the pendulum
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Fig. 12. Foot placement position on uneven hard terrain based on energy region obtained without ground deformation

Fig. 13. Foot placement position on uneven deformable terrain based on energy region obtained without ground deformation

motion from the desired motion, and the difference will increase with decrease in terrain stiffness.

The consideration of ground deformation shifts the curve based on the terrain properties. This

also limits the terrain stiffness as defined in Eq. (33).
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Fig. 14. Comparison of NIP models with variation in mass moment of inertia for walking on flat hard terrain (kn=4.95×104N/m)

5.4 Effect of body inertia on NIP model

The NIP model can be compared with the existing models by reducing the mass moment of

inertia. For CoM model (Iyy =0 kgm2, ẍ = z̈ =0m/s2) [14], Eq. (7) is solved for θ̈, Fx and Fz.

The orientation of the pendulum for step length 0.75m on flat hard terrain with variation of mass

moment of inertia is shown in Fig. 14. It is evident from Fig. 14 that as the mass moment of inertia

reduces, the NIP model converges to the CoM model.

6 CONCLUSION

In this work, the center of mass model is extended for linear and rotational motion of NIP with

the foot contact forces acting at the moving foot-terrain contact point. The NIP with mass moment

of inertia can generate biped gait on different types of terrain without constraining the foot contact

forces. Based on the system’s energy and leg transition with impact, the foot placement planning

on uneven deformable terrain is presented. The rigid body dynamics of NIP with spring-damper

contact model is used for trajectory generation. The results show that the energy regions vary with

the terrain deformation and that passive walking has limitation that depends on terrain stiffness.

The limitation and variation of terrain stiffness have also been obtained. In future work, the 3D NIP

motion trajectory generated for known terrain parameters will be implemented on a biped robot

having 12 degrees of freedom (DOFs).
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APPENDIX A: ENERGY LOSS IN DAMPING

The deformation of the terrain increases the contact forces and reduces the contact point

velocity. In case of negligible contact point velocities, the rotation of the pendulum is about the

contact point. The deformation of the terrain or displacement of the contact point to support the

weight of the NIP is

δn = −mg

kn
. (35)

The potential energy loss due to terrain deformation is given by

Ec = mg

(
mg

kn

)
⇒ Ec =

m2g2

kn
. (36)

The energy stored in spring element can be written as

Espring =
1

2
kn

(
mg

kn

)2

⇒ Espring =
m2g2

2kn
. (37)

Then, the energy loss in damping is

Edamping = Ec − Espring ⇒ Edamping =
m2g2

2kn
. (38)

APPENDIX B: ENERGY OF THE NONLINEAR INVERTED PENDULUM

The energy of the system (excluding the spring-damper element of contact model) is given by

E =
1

2
mv2com +

1

2
Iyy θ̇

2 +mg(z + L sin θ). (39)
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The system’s energy in terms of contact point parameters is obtained by substituting the velocities

of center of mass from Eq. (2) in Eq. (39), as

E =
1

2
m((ẋ− Lθ̇ sin θ)2 + (ż + Lθ̇ cos θ)2) +

1

2
Iyy θ̇

2 +mg(z + L sin θ). (40)

JMR-22-1110, Gora 23



Journal of Mechanisms and Robotics

LIST OF FIGURES

1 NIP with ground deformation δn and δt in normal and tangential direction, respectively 4

2 Spring-damper contact model with terrain stiffness denoted by kn in normal direc-

tion, kt in tangential direction, and damping is denoted by cn in normal direction and

ct in tangential direction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

3 Leg transition shown with both configurations i.e., pre-impact and post-impact which

are denoted by (-) and (+) in the superscript . . . . . . . . . . . . . . . . . . . . . . . 7

4 Capture curve for NIP (m=1 kg, L=1m, Iyy=0.33 kg m2) on deformable terrain (kn=7105.63N/m,

kt=5886.93N/m and ζ=0.6) [23] . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

5 Curve of capture and curve of equal local energy for system’s energy E− = 1.2mgL,

normal stiffness kn=7105.63N/m, and damping ratio ζ = 0.6 . . . . . . . . . . . . . . 11

6 Equal local energy curve for NIP (m=1 kg, L=1m, Iyy=0.33 kg m2) on deformable

terrain (kn=7105.63N/m, kt=5886.93N/m and ζ=0.6) . . . . . . . . . . . . . . . . . . 12

7 Energy regions for variation of stiffness . . . . . . . . . . . . . . . . . . . . . . . . . 13

8 Foot placement at capture point on uneven terrain based on energy regions . . . . . 15

9 Kinetic and potential energy change for foot placement at capture point on uneven

terrain . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

10 Foot placement for equal local energy on uneven terrain based on energy regions . 16

11 Kinetic and potential energy change for foot placement at equal local energy curve

on uneven terrain . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

12 Foot placement position on uneven hard terrain based on energy region obtained

without ground deformation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

13 Foot placement position on uneven deformable terrain based on energy region ob-

tained without ground deformation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

14 Comparison of NIP models with variation in mass moment of inertia for walking on

flat hard terrain (kn=4.95× 104N/m) . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

JMR-22-1110, Gora 24


