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Recap

Law of Total Expectation

E[X] = E[E[X | Y]]

Marks of 6 students: 10,20,30,40,50.

Section split:
Section 1 has 2 students: marks 10,20
Interpretation: overall average = weighted average of group averages  Section 2has 3 students: marks 30,4050

Law of Total Variance

Var(X) = E[Var(X | ¥)] + Var(E[X | Y])

Interpretation: total sproad =(average spread within sections] +(spread of section averagas)

Covariance controls contour shape

1207 (clreutar) Disgonal T (axis asgned) Off-diagonal I (rotated)

Random vector and mean vector

Random vector. Let

i
x=|% (each X; is a random variable)
Ko
Mean / expectation vector.
E[X,]
Elx] = | B
E[X,].

Linearity (component-wise). For fixed matrices/vectors and randam vectors X, Z:
F[X+ 7] = X + 7]

E[AX + 5] = AEX] + b

Cross entropy: Numerical example

Numerical example.
Let
p =08, 0.2], q; = [0.75, 0.25], q; = [04, 0.6].
Cross entropy with q,:
H(p,q,) = —(0.810g(0.75) + 0.2 log(0.25))
~ —(0.8(—0.288) + 0.2(—1.386))

= 0.51
Cross entropy with g, :

H(p.q;) = 0.84

Hp.q:) < H(p.q2)

Conclusion: g, matches p better than g, .hence it has lower cross entropy.

Gaussian random vector: pdf

Arandom vector X € IR" is Gaussian (multivariate normal) with mean p and covariance I if

(%) = s oXP (-ix-wz - u))‘

= E[X]
= Cov(X)

Key fact: Gaussian is completely characterized by (, ).




Why study Linear Algebra for ML?

Hidden

28 x28 Image > Flatten to Vector x

|
> |H| =

T
28x28 Image e [x,, xz...x784]

: d o . :
Datavector:x € R Learning involves repeatedly applying transformations:
« onedatapoint with d features y = o(Wx + b).

Dataset matrix: X € R™*¢ Matrix multiplication (Linear Transformtions)
* rows=samples

* columns = features
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Matrix multiplication (Linear Transformtions)
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Dataset matrix: X € R**4
* rows=samples
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Lecture Content

* Length (Norm)

* Inner Product

* Linear Independence
 Orthogonality

» Span

 Basis

» Matrix multiplication as Linear Combination




Vectors

Example
X2
. “ X = [5] € R?
We work mostly with V = R%. 6
A vector:
X1
X = [ i | e Re,
Xq >
X1
Linear Combination Example

. 1 0
Given the vectors x4, ..., X . any vector X; = [2] Xy = [5

X=2XX;+3XX,

k
X=Zaixi, a; eER
i=1

is their linear combination. =2X [;] +3x [g]

- [129]

(Informally) A vector space is a set of vectors where linear combinations of
vectors stay within the set.

v



Span: Definition

ForS = {x4, ..., X;} .the spanis defined as the set of all possible linear combinations

K
span(S) = Zai X;: a; ER?.

i=1

Geometric meaning:

« Whatisspan ! ?ItisaIinethroughoriginwithslopel.
2 2

S e [(1)],)(2 - [‘1’] Then span{x,, x,} is the entire R? (Why?)




Example

Letx, = (1,0,)7 x, = (0,1,1)7 .
Checkifz = (1,1,2)7 lies in span{xy, X,}.

Are there a,b € Rthat satisfyax, + bx, = z?

1 0 a 1
1 1 a+b 2

Soa=1,b=1anda+ b =2 matches. Hence z € span{x4,Xx,}.




Linear Independence

A set of vectorsis linearly independent if no vector in the set can be written as a linear combination
of the others.

Vectors xy, ..., Xy, are linearly independent iff
X+ t+qX,=0=>a, =--=q,=0.

Otherwise, dependent.
Interpretation: dependence =redundancy in representation.

Example:
INR?, letx; = (1,2)7 x, = (2,4)7 . Are x4, X, independent?




Example:

Are these three vectors in R? independent?

0= =) w=0)

Clearly,
v, and v, independent.
v4 and v; independent.
v, and v; independent.

So every pairamong {v;, v,, v3} is linearly independent.
However, the Three Together are Dependent because:
V3 =S V1 -+ V2.
Equivalently,
1'V1+1'V2+(_1)'V3 =O,
and not all coefficients are zero.
Key takeaway:

Pairwise independence # independence of the whole set.

|
|
|
What is the size of the largest independent set in R? ?




Basis and Dimension

A set {by, ...,b,,} is a basis of a vector space U if:
1. U =Span({by,..,b,}
2. itislinearly independent

Then every x € U has a unique representation
m

X=Zcibi.

i=1
The vector [x]g = (cy, ..., ) | are the coordinates in basis B.

Related facts:
Dimension of a vector space, dim(U) = number of vectors in any basis

Let U be any finite-dimensional vector space with dim(U) = m, Then

* Anylinearly independent set with exactly m vectors is a basis.

* Any set with fewer than m vectors is not a basis (it does not span U).
* Nolinearly independent set can have more than m vectors.




Why unique basis coordinates?
Given a basis, prove that the coordinates are unique for any vector.

Proof Outline: Assume there exist two representations:
m m

x=zcibi' X=Zaibi

i=1 i=1

Then equating them gives Y1, (¢; — a;)b; = 0.
Since, the vectors are linearly independent, this implies¢; —a; = 0, Vi.

In other words, ¢; = a;, Viimplying a unique representation.




Coordinates of a vector will depend on Basis

What will be the coordinates of the vectorx = (2,2)T using the standard basis € = {(1,0)T,(0,1)"}?

2,2)T=2x1,0T+2x (0,17
So[x]¢ = (2,2)".

Changing the Basis:
Letb, = (1,1)Tand b, = (1,—1)T (B = {b,, b,} is another basis of R?)

Representx = (2,2)"T asx = ¢;b; + c;b,:

Cl(lll) + C2(11 _1) = (Cl + Cy C1 — CZ) = (21 2)
Solve:

ci+cy =2, ¢1—c=2=> ¢1=2,¢c,=0.
So [x]z = (2,0)T.

Remark:

* The coordinates of the vector will depend on the choice of basis
e Careful choice of basis leads to compact representations

Lo
©_& & o w




Inner Product: Definition

In R%, standard inner product (dot product):

\
\

‘ 8 = arccos(z-y /1z11y1)

da
xy) =xTy = xy; = Ixllyll cos(®)
i=1

Length: |[|x|| = /Z?xiz

XTy

lIxIl 1yl

Angle: cos @ =

Other Inner products:
Weight each component differently:

X, y)w = Z w; x;y;  (weights are positive)
i

Weight every pair differently:

(x,y)4 =xTAy = Z A;jx;y; (A is symmetric positive definite)
ij




Example: Dot Product and Cosine Similarity

Letx =(1,2)T y = (2,1D".
X'y=1-242-1=4,

Ix]l, =12 +22 =5, |lyll, =22 + 12 = 5.

X'y = i 0 =~ 36.9°
=—-> 6 = 369"
IxI[{lyll 5

Cosine Similarity: cosf =

Interpretation:
high cosine similarity
= vectors point in similar directions(common in word embeddings)




Orthogonal Vectors

< X1,X2 > =

A set of vectors {X4, X5, ... X, } are orthogonal if their pair-wise inner
products is zero:

<Xi'xi>: X;rX]':O, fOI"l:/:]
Related Facts:
A zero vector is orthogonal to any vector since x'0=Y;0 X x; =0

Is there any relation between Orthogonality and Linear Independence?
For any set of non-zero vectors,

Orthogonal vectors = Linearly Independent
Linearly Independent # Orthogonal vectors

Prove this!

X{ X,

AT

cos 6 =

=0 =90

0




Examples

Example1: x = (1,0)T, y = (0,1)T Orthogonal and hence
Example 2: x = (1,1)7, y = (1, 0)T Linearly independent but NOT orthogonal

Example 3: Letx = (1,2,1)T andy = (2,-1,0)".
xTy=1-242-(-1)+1-0=2-2+0=0.
SOXLly.




Orthonormal Basis

A set of vectors is orthonormal if it is orthogonal and each vector has unit norm.

Orthonormal Basis: An orthonormal basis is a basis whose vectors are orthonormal.

Important Fact:
In an orthonormal basis, coordinates are just inner products.

If{by, ...,bg} is an orthonormal basis for R% , then any vector x € R¢

can be expressed as:
X = Z <Xx,b; > b;

i




Example

Represent x = (i) € R? using the basis

Method 1: General Method (Solve Linear Equations) X=C Vi+CVp
3\_ G\, 1
(1) - \/5(1) + \/g(_1) '
Equating components gives
cp+c cp—¢C
1t _g 1-%_ 4
V2 V2

Solving these equations gives the coordinates.




Example Contd.

Represent x = (i) € R? using the basis

= fom 200, wet(Y)

Verify Orthonormality: Indeed, || v, lI=Il v, = 1and v{ v, = 0.

Method 1: Using Inner product method X=cCcVi+CyVp

c, = (x,vy) = %(3 +1) = 2V2,

1
¢, = (X, V) 25(3_ 1) = V2.

[x]p = (2 22).

Hence




Norms: Definition and Examples

A norm ||-|| satisfies:

« Non-negative: Ix]| = 0,

« Zerolength only for the zero vector: ||| =0 < x =0,

 Scaling property: llax|| = |alllxIl,

 Triangle inequality Ix +yll < [Ix]l + [lyll.
Examples:

Ixil, = /zxz Ixlly = > il Il = maxix]
i {

Letx = (3,—4,12)7.
Ixll, = /3% + (—4)% + 122 = 13.
Ix[l; = 13] + [—4] + [12] = 19,
|x]lec = max{3,4,12} = 12.

Intuition (Helpful to prevent Over fitting):
L2: encourages small energy

L1: encourages sparsity;

Loo: controls worst-case coordinate.




Matrix Multiplication

A=

2 4
2 3‘, x—[xz].
3 7
Matrix-vector multiplication produces

2x1 + 4x,
Ax = le + 3x2 r
3x1 + 7x,

Row view (component-wise):
Each entry of Ax is a dot product of arow of A with x.

Key question:
Is there a more geometric way to understand this operation?




Matrix Multiplication

2 4
Column view: Write the columns of A = |2 3‘ as
3 7
2 4
3 7
Then
2xq + 4x,
Ax = 2X1 + 3X2 = x1Vy + X3V,
3x1 + 7x,

x provides the coordinates
columns of A provide the directions
Ax is alinear combination of columns

This is the a useful viewpoint in ML.




Thank You
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