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ABSTRACT
This paper addresses the problem of iterative decoding in
the presence of coloured noise. Although most of the
current literature deals with iterative decoding in additive
white Gaussian noise (AWGN), in many practical situa-
tions, the noise is correlated. This correlation is usually
due to the use of a linear equalizer to remove ISI. In this pa-
per, we first derive the optimum detector for coloured noise
and then extend the concept to iterative decoding. Simula-
tion results show that depending on the noise correlation,
performance improvement of the order of 5–11 dB can be
obtained by using the predictive iterative decoder.
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1 Introduction

Turbo decoding has been well studied under various kinds
of channel impairment like AWGN [1] and Rayleigh fading
[2]. Non-coherent turbo decoding in AWGN has also been
studied [3]. In this paper we propose the Predictive Iterative
Decoding (PID) algorithm for additive coloured Gaussian
noise (ACGN) channels. Maximum likelihood detection of
signals in coloured noise has been studied earlier in [4] and
independently in [5, 6].

The paper is organized as follows. In Section 2 we
derive the optimum detector for ACGN channels, which
can be efficiently implemented using the Viterbi algorithm
(VA). This detector is referred to as the predictive VA
[5, 6]. In Section 3 we derive the predictive iterative de-
coder (PID) for ACGN channels. In Section 4 we present
the simulation results. Finally, in Section 5 we present our
conclusions and scope for future work.

2 System Model

Assume that L symbols have been transmitted. The sym-
bols are taken from anM -ary alphabet. The received signal
can be written as [5]:

r̃ = S̃(i) + w̃ (1)

where r̃ is an L× 1 column vector of the received samples,
S̃(i) is an L× 1 vector of the ith possible symbol sequence

(0 ≤ i ≤ ML − 1) and w̃ is an L × 1 column vector of
correlated Gaussian noise samples. Throughout this paper,
we denote complex quantities by a tilde, e.g. x̃. Real quan-
tities are denoted without a tilde, e.g. x. Boldface letters
denote vectors or matrices.

The maximum likelihood (ML) detector maximizes
the joint conditional pdf:

max
j
p
(
r̃|S̃(j)

)
for 0 ≤ j ≤ML − 1 (2)

which is equivalent to:

max
j

1

(2π)L det
(
R̃
)

exp

[
−1

2

(
r̃− S̃(j)

)H (
R̃
)−1 (

r̃− S̃(j)
)]

(3)

where the covariance matrix, conditioned on the j th possi-
ble symbol sequence, is given by

R̃ =
1

2
E
[
w̃w̃H

]
. (4)

The diagonal elements of R̃ is a constant equal to σ2
w,

which is equal to the variance of coloured noise. Since R̃
is not a diagonal matrix, the maximization in (3) cannot be
implemented recursively using the Viterbi algorithm. How-
ever, if we perform a Cholesky factorization on R̃, we get
[7, 5, 6]:

(
R̃
)−1

= ÃHD−1Ã (5)

where Ã is an L× L lower triangular matrix given by:

Ã
∆
=




1 0 . . . 0
ã1, 1 1 . . . 0
...

...
...

...
ãL−1, L−1 ãL−1, L−2 . . . 1


 (6)

where ãk, p denotes the pth coefficient of the optimal kth-
order prediction filter. The L × L matrix D is a diagonal
matrix of the prediction error variance denoted by:

D
∆
=



σ2
e, 0 . . . 0

...
... 0

0 . . . σ2
e, L−1


 . (7)



Observe that σ2
e, j denotes the prediction error variance for

the optimal jth-order predictor (0 ≤ j ≤ L−1). Substitut-
ing (5) into (3) and noting that det R̃(j) is independent of
the symbol sequence j, we get:

max
j

exp

[
−1

2

(
r̃− S̃(j)

)H
ÃHD−1Ã

(
r̃− S̃(j)

)]
.

(8)
which is equivalent to:

max
j

L−1∏

k=0

exp


−1

2

∣∣∣z̃(j)
k
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2

σ2
e, k


 (9)

where the prediction error at time k for the jth symbol se-
quence, z̃(j)

k , is an element of z̃(j) and is given by:




z̃
(j)
0

z̃
(j)
1
...

z̃
(j)
L−1




∆
= z̃(j) = Ã

(
r̃− S̃(j)

)
. (10)

Note that the prediction error variance is given by:

σ2
e, k

∆
=

1

2
E
[
z̃

(j)
k

(
z̃

(j)
k

)∗]
. (11)

When w̃ consists of samples from a P th-order AR process,
then it is easy to see that a P th-order prediction filter is
sufficient to completely decorrelate the elements of w̃. In
this situation we have

σ2
e, k = σ2

e, P for k ≥ P. (12)

In practical situations, we would in any case use a finite
order prediction filter.

3 Predictive Iterative Decoding in Coloured
Noise

In this section we make use of the prediction filter approach
derived in Section 2, to arrive at the predictive iterative de-
coding of turbo codes in coloured noise. In this section all
variables are real-valued (note the absence of tilde), since
we are considering binary turbo codes. The concept is later
extended to QPSK turbo codes. We begin by stating some
assumptions and modifications over the conventional turbo
encoder, that are necessary, to handle coloured noise.

Firstly, we note that the interleaved version of the un-
coded (systematic) symbol sequence must also be transmit-
ted. If the interleaved version is not transmitted, the sec-
ond decoder would have to use the interleaved version of
the systematic bits, which would decorrelate the noise, and
hence the prediction filter in the second decoder would be
ineffective. The implication of the above discussion is that
the code-rate would now be 1/4 instead of 1/3. The block
diagram of the transmitter is shown in Figure 1.
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Figure 1. Block diagram of the transmitter.

The second important observation is that puncturing
may not be the best way to increase the code-rate or de-
crease the transmission bandwidth. We may have to resort
to M -ary turbo coding (instead of binary) [8, 9, 10, 11] to
reduce the transmission bandwidth. We later show that the
code-rate can be increased to 1/2 by using QPSK.

Thirdly, the decoder trellis must be modified to ac-
count for the additional memory due to the prediction filter.
In fact, the decoder trellis for binary turbo codes, becomes
a super-trellis containing N × 2P states, where P is the or-
der of the prediction filter and N is the number of states in
the encoder trellis.

Finally, we assume that the noise is wide sense sta-
tionary. Hence, the noise correlation is the same for the
systematic symbols and the parity symbols. In most prac-
tical situations, this is a reasonable assumption. Based on
the above discussion and on the derivation in Section 2, we
are now ready to derive the iterative decoding equations for
coloured noise. We also assume for simplicity that a P th-
order prediction filter completely decorrelates the noise.

Assume that a received block of 4L symbols needs to
be decoded. The block has L uncoded symbols, 2L par-
ity symbols and the interleaved version of the L uncoded
symbols. The first decoder computes the a posteriori prob-
abilities:

P (bk = +1|r1) and P (bk = −1|r1) (13)

for 0 ≤ k ≤ L − 1, where bk ∈ {±1} is the uncoded
symbol at the kth time instant and r1 is a 2 × L matrix
denoted by:

r1 =

[
rb, 0 . . . rb, L−1

rp1, 0 . . . rp1, L−1

]
. (14)

In the above equation, rb, k and rp1, k respectively denote
the received samples corresponding to the uncoded sym-



bol and the parity symbol emanating from the first encoder,
at time k. We assume that the noise autocorrelation has a
finite span, hence due to the frame structure shown in Fig-
ure 1, the noise affecting the data and the parity are uncor-
related. Now (for 0 ≤ k ≤ L− 1)

P (bk = +1|r1) =
p (r1|bk = +1)P (bk = +1)

p(r1)

P (bk = −1|r1) =
p (r1|bk = −1)P (bk = −1)

p(r1)
(15)

where p(·) denotes the probability density function and
P (bk = +1) denotes the a priori probability that bk = +1.
Noting that p(r) is a constant and can be ignored, the above
equation can be written as:

P (bk = +1|r1) = Sk+P (bk = +1)

P (bk = −1|r1) = Sk−P (bk = −1) (16)

where

Sk+ =
2L−1∑

j=1

p
(
r1|b(j)

k+

)
P

(j)

k̄

Sk− =
2L−1∑

j=1

p
(
r1|b(j)

k−

)
P

(j)

k̄
(17)

where the 1× L vectors

b
(j)
k+ =

[
b
(j)
1 . . . +1 . . . b

(j)
L

]

b
(j)
k− =

[
b
(j)
1 . . . −1 . . . b

(j)
L

]
(18)

are constrained such that the kth symbol is +1 or −1 re-
spectively, for all j. We wish to emphasize that all the el-
ements of b

(j)
k+ and b

(j)
k− are identical excepting for the kth

element. Assuming that the uncoded symbols occur inde-
pendently

P
(j)

k̄
=
L−1∏

i=0
i6=k

P
(
b
(j)
i

)
. (19)

Expanding the conditional pdf in (17) we get

Sk+ =
2L−1∑

j=1

L−1∏

i=0

γ
(j)
in, iγ

(j)
ex, i, k+P

(j)

k̄

Sk− =
2L−1∑

j=1

L−1∏

i=0

γ
(j)
in, iγ

(j)
ex, i, k−P

(j)

k̄
(20)

where γ
(j)
in, i denotes intrinsic information, γ(j)

ex, i, k+ and

γ
(j)
ex, i, k− denote extrinsic information and are calculated as

(from Section 2):

γ
(j)
in, i = exp


−

(
z

(j)
b, i

)2

2σ2
Q




γ
(j)
ex, i, k+ = exp


−

(
z

(j)
p1, i, k+

)2

2σ2
Q




γ
(j)
ex, i, k− = exp


−

(
z

(j)
p1, i, k−

)2

2σ2
Q


 (21)

where σ2
Q is the noise variance at the output of the opti-

mal Qth-order predictor, aQ, l is the lth coefficient of the
optimal Qth-order predictor and

Q = min(i, P )

z
(j)
b, i =

Q∑

l=0

aQ, l

(
rb, i−l − b(j)i−l

)

z
(j)
p1, i, k+ =

Q∑

l=0

aQ, l

(
rp1, i−l − p(j)

1, i−l, k+

)

z
(j)
p1, i, k− =

Q∑

l=0

aQ, l

(
rp1, i−l − p(j)

1, i−l, k−

)
. (22)

It is understood that when Sk+ is being computed, b(j)k is
set to +1 for all j. Likewise, when Sk− is being computed,
b
(j)
k is set to −1 for all j. The terms p(j)

1, i, k+ and p(j)
1, i, k−

are used to denote the parity sequence that is generated by
the first encoder when b(j)k is a +1 or a −1 respectively.

Finally, the a posteriori probabilities that are to be fed
as a priori probabilities to the second decoder, are com-
puted as Fk+ and Fk− as follows:

Fk+ = Sk+/(Sk+ + Sk−)

Fk− = Sk−/(Sk+ + Sk−). (23)

Note that Fk+ and Fk− are the normalized values of Sk+

and Sk− respectively, such that they satisfy the fundamen-
tal law of probability:

Fk+ + Fk− = 1. (24)

The equations for the second decoder are identical,
excepting that r2 is used instead of r1, where

r2 =

[
ra, 0 . . . ra, L−1

rp2, 0 . . . rp2, L−1

]
. (25)

It is clear that a straightforward computation of Sk+ and
Sk− as given in (20) would be prohibitively expensive. Let
us now turn our attention to the efficient computation of
Sk+ and Sk−.

Note that Sk+ and Sk− are nothing but a sum-of-
products (SOP) and can be efficiently computed by using
the trellis. However, we need to keep in mind that due
to the additional memory of the prediction filter, we can
no longer use the encoder trellis for optimal decoding (the
encoder trellis could still be used, but we expect this ap-
proach to be suboptimal). In fact, we need to construct a
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supertrellis. Let N denote the number of states in the en-
coder trellis. Then the number of supertrellis states would
beM = N×2P (and notN×4P , since the parity sequence
is dependent on the information sequence). The computa-
tion of a supertrellis state is shown in Figure 2. Given the
encoder state and the state of P1, the state of P2 (which
is nothing but the sequence of parity symbols correspond-
ing to the sequence of information symbols in P1) can be
uniquely found out. Thus, given a supertrellis state, we can
find out the encoder state, the state of P1 and the state of
P2.

Let Dn denote the set of states that diverge from state
n. For example

D0 = {0, 3} (26)

implies that states 0 and 3 can be reached from state 0. Sim-
ilarly, let Cn denote the set of states that converge to state n.
Let αi, n denote the forward SOP at time i (0 ≤ i ≤ L− 2)
at state n (0 ≤ n ≤M − 1). Then the forward SOP can be
recursively computed as follows:

α′i+1, n =
∑

m∈Cn

αi,mγin, i,m, nγex, i,m, nP (bi,m, n)

α0, n = 1/M for 0 ≤ n ≤M − 1

αi+1, n = α′i+1, n

/(M−1∑

n=0

α′i+1, n

)
(27)

where P (bi,m, n) denotes the a priori probability of the un-
coded symbol corresponding to the transition from super-
state m to superstate n, at time i and

γin, i,m, n = exp

[
− (zb, i,m, n)

2

2σ2
Q

]

γex, i,m, n = exp

[
− (zp, i,m, n)

2

2σ2
Q

]
(28)

where

zb, i,m, n =

Q∑

l=0

aQ, l (rb, i−l − bl,m, n)

zp, i,m, n =

Q∑

l=0

aQ, l (rp1, i−l − pl,m, n) . (29)

The term b0,m, n ∈ ±1 denotes the uncoded input symbol
corresponding to the transition from superstate m to super-
state n. Similarly, the term p0,m, n ∈ ±1 denotes the parity
symbol corresponding to the transition from superstate m
to superstate n. The other terms bl,m, n and pl,m, n, for
1 ≤ l ≤ Q, are “extracted” from superstatem. Thus, given
a superstate m and an input symbol b0,m, n, we obtain a
parity symbol p0,m, n and reach the next superstate n. The
normalization step in the last equation of (27) is done to
prevent numerical instabilities.

Similarly, let βi, n denote the backward SOP at time i
(1 ≤ i ≤ L − 1) at state n (0 ≤ n ≤ M − 1). Then the
recursion for the backward SOP can be written as:

β′i, n =
∑

m∈Dn

βi+1,mγin, i, n,mγex, i, n,mP (bi, n,m)

βL, n = 1/M for 1 ≤ n ≤M

βi, n = β′i, n
/(M−1∑

n=0

β′i, n

)
. (30)

Once again, the normalization step in the last equation of
(30) is done to prevent numerical instabilities.

Let ρ+(n) denote the state that is reached from state
n when the input symbol is +1. Similarly let ρ−(n) denote
the state that can be reached from state n when the input
symbol is −1. Then for 0 ≤ k ≤ L− 1 we have

Sk+ =

M−1∑

n=0

αk, nγex, k, n, ρ+(n)βk+1, ρ+(n)

Sk− =
M−1∑

n=0

αk, nγex, k, n, ρ−(n)βk+1, ρ−(n). (31)

Equations (27), (30) and (31) constitute the MAP recur-
sions for the first decoder. The MAP recursions for the
second decoder are similar.

4 Simulation Results

Figure 3 shows the simulation model used for comparing
the conventional iterative decoder with the predictive itera-
tive decoder (PID) in ACGN (additive coloured Gaussian
noise). All simulation results for the PID use the opti-
mum prediction filter for the given order. Note that in gen-
eral a finite-order predictor is suboptimum compared to the
infinite-order predictor. However, most of the performance
improvement is obtained by using a 1st or 2nd-order pre-
dictor. We first present the simulation results for BPSK and
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Figure 3. Simulation model for comparing the conventional
iterative decoder (CID) and the predictive iterative decoder
(PID).

then for QPSK. The framesize was taken to be 103 bits and
the simulations were carried out over 104 frames. The gen-
erator matrix for the encoder is given by:

G(D) =
[

1 1+D2+D3+D4

1+D+D4

]
(32)

Random interleaving was used.
For BPSK we considered two different noise power

spectral densities (psd). The first kind of psd is obtained by
passing AWGN through a 1st-order IIR filter given by:

wn = un
√

1− a2 + awn−1. (33)

In this case, it is easy to see that a 1st-order prediction filter
of the form zn = wn− awn−1 completely decorrelates the
noise and is the optimum predictor. The simulation results
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Figure 4. Simulation results for coloured noise obtained
from a 1st-order IIR filter with a = 0.9 and a = 0.6.

corresponding to the filter in (33) is shown in Figure 4. We
have defined the SNR as

SNR = 10 log10

(
1

σ2
w

)
dB. (34)

We see that there is 11 dB improvement in the PID over
the CID for ACGN channels for a = 0.9. For a = 0.6,
the improvement over the CID for ACGN is about 5 dB.
Thus we conclude that the improvement depends on the
noise correlation. However, the PID (using the 1st-order
prediction filter) requires a 32-state super-trellis compared
to the 16-state encoder trellis required by the CID.

The 2nd kind of psd is obtained by passing noise
through an FIR filter having an impulse response

hn =
n+ 1√

91
for 0 ≤ n ≤ 5. (35)

In this case the order of the prediction filter required
to completely decorrelate the noise is greater than unity.
However, we see from Figure 5 that the PID using a
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Figure 5. Simulation results for coloured noise obtained
from the FIR filter in (35).

1st-order prediction filter (32-state super-trellis) obtains
most of the performance improvement. The PID using a
2nd-order prediction filter (64-state super-trellis) is only
marginally better than the one using a 1st-order prediction
filter. We also notice that the PID performs better than the
CID by about 6 dB.

Next, we address the issue of improving the code-rate
to 1/2. This can be done by transmitting QPSK instead
of BPSK, that is, symbols bk and p1k in Figure 1 consti-
tute a QPSK symbol, ak and p2k constitute the other QPSK
symbol. Thus two QPSK symbols are transmitted in one
uncoded bit duration, hence the code-rate is 1/2. Though
we have not derived the PID for complex symbols in this
paper, we nevertheless present the simulation results. The
impulse response of the FIR filter used to generate coloured
noise was taken as:

h̃n =
1√

1300
[n+ 1 + j (12− n)] for 0 ≤ n ≤ 11.

(36)
The performance of the PID using a 1st-order predictor

and the CID is shown in Figure 6. We see that there is 10
dB improvement in performance. Increasing the predictor
order to two did not yield any noticeable improvement.



1.0e-06

1.0e-05

1.0e-04

1.0e-03

1.0e-02

1.0e-01

-12 -10 -8 -6 -4 -2 0

SE
R

SNR (dB)

12, 3

1-CID in ACGN (16 states)
2-1st-order PID in ACGN (32 states)
3-2nd-order PID in ACGN (64 states)

Figure 6. Simulation results for rate-1/2 (QPSK) turbo
codes in coloured noise obtained from the FIR filter in (36).

5 Conclusions and Future Work

ISI

channel
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Linear
PID

AWGN

encoder

from
symbols

Decoded
symbols

Figure 7. Block diagram of the proposed application of the
predictive iterative decoder.

An optimum detector for additive coloured Gaussian
noise (ACGN) channels was derived. This result was ex-
tended to iterative decoding to obtain the predictive iter-
ative decoder (PID) for ACGN channels. The PID for a
rate-1/4 turbo code (BPSK signalling) was derived. Fi-
nally simulation results were presented to demonstrate the
improvement of the PID over the conventional iterative de-
coder for binary and 4-ary turbo codes. In the future work
we would like to investigate whether there is any perfor-
mance degradation if the encoder trellis is used for decod-
ing instead of the supertrellis. We would also apply the
PID to decode symbols in ISI channels. This can be done
by using a linear equalizer in front of the PID as shown
in Figure 7. Since the noise at the linear equalizer output
is correlated, this seems to be an ideal application of the
PID. The present work seems to be a good alternative to
the turbo equalization techniques presented in [12] where
the MAP equalizer is embedded in the iterative decoder.
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