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The linear stability of plane Couette flow of a power-law fluid past a deformable solid is analyzed at
arbitrary Reynolds number (Re). For flow of a Newtonian fluid past a deformable solid, at high Re,
there are two different modes of instability: (i) “wall modes” (Γ ∝ Re−1/3) and (ii) “inviscid modes”
(Γ ∝ Re−1) where Γ =

Vµf

GR is the non-dimensional shear-rate in the fluid (V, µf , G, and R denote the
top-plate velocity, fluid viscosity, shear modulus of the solid, and fluid thickness, respectively). In this
work, we consider the power-law model for the fluid to elucidate the effect of shear-thickening/shear-
thinning behaviour on the modes of instability present in the flow, especially at moderate and high Re.
At high Re, our numerical results show that wall modes exhibit different scalings in Γ (

Vηf

GR , where ηf

is Newtonian-like constant viscosity) vs Re for different values of the power-law index (n), and the
scaling exponents are different from that for a Newtonian fluid. This drastic modification in the scaling
of wall modes is not observed in viscoelastic (modelled as upper-convected Maxwell or Oldroyd-B
fluids) plane Couette flow past a deformable solid. We show that the difference in scaling exponents
can be explained by postulating that the wall modes in a power-law fluid are determined by the actual
viscosity corresponding to the shear rate of the laminar flow denoted by ηapp. A non-dimensional shear

rate based on this viscosity Γapp =
Vηapp

GR can be defined, and we show that the postulate Γapp ∼ Re−1/3

(motivated by the wall-mode scaling in a Newtonian fluid) captures all the numerically observed
scalings for Γ vs Re for different values of n > 0.3, which is found to be Γ ∼ Re

−1
2n+1 . Further,

we numerically evaluated the wall layer thickness and this agreed with the theoretical scaling of
δ ∼ Re

−n
2n+1 . Interestingly, the theoretical and numerical prediction of wall modes is found to be valid

for power-law index, n ≥ 0.3. For n ≤ 0.3, there is a marked departure from the wall-mode scalings,
and our results show a scaling of Γ∼Re−1 corresponding to inviscid modes. The variation of the power-
law index (n) can stabilise/destabilise the inviscid mode when compared with Newtonian fluid, and
this result is observed only in the power-law model and is not seen in the flow of viscoelastic fluid past
deformable surfaces. Thus, the present study shows that the shear-rate dependence of viscosity has a
significant impact on both the qualitative and quantitative aspects of stability of non-Newtonian fluid
flow past deformable surfaces. Published by AIP Publishing. [http://dx.doi.org/10.1063/1.4995295]

I. INTRODUCTION

In addition to polymer solutions and melts, many biolog-
ical fluids such as blood, saliva, and synovial fluid are also
non-Newtonian in nature. Flow of such non-Newtonian flu-
ids past deformable solid surfaces is frequently encountered
in biological flows, where it is necessary to have an under-
standing of laminar or turbulent nature of the flow regime.
Technological applications such as microfluidic devices and
lab-on-chip applications often also involve fluid flow past a
deformable surface, especially when the devices are fabricated
using elastomers.1 Flow in such micro-scale devices occur in
dimensions in the range of microns to sub-millimeters. At such
small length scales, the flow tends to be laminar, and the trans-
port is often diffusion limited resulting in poor mixing. Several
strategies2–5 (both active and passive) have been suggested to
enhance mixing in microfluidic devices. These methods are

a)Author to whom correspondence should be addressed: vshankar@iitk.ac.in

associated with issues of high pressure drops, external moving
parts, and difficulties in scaling down. Flow past deformable
surfaces could be a potential alternative when compared with
other strategies because of less moving parts and ease of
fabrication.

Recent experiments of Kumaran and Bandaru6 showed
complete mixing of two streams in a turbulent flow in a channel
with deformable walls at Re≈ 226 in a 35 µm width chan-
nel. They also showed that the time required for mixing is
enhanced by several orders of magnitude when compared with
laminar flow. More recent experimental work of Srinivas and
Kumaran7 showed that the addition of small amounts of poly-
mer to the fluid decreases the critical Reynolds number in a
channel flow, which is qualitatively similar to the theoretical
predictions8 for a plane Couette flow. The Reynolds number
in biological flows ranges from 10�3 in capillaries to 6000 in
arteries. Hence, it is of importance to study the stability of
non-Newtonian fluid flow past deformable walls for a range
of Re from low to high. For a Newtonian fluid, there are two
different modes present at high Re and they are the wall mode
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instability that has a boundary layer thickness that scales as
O(Re�1/3) near the wall and the inviscid mode instability that
has a boundary layer thickness that scales as O(Re�1/2) near the
wall. In this thin wall layer, viscous forces are dominant. Ear-
lier work by Kumar and Shankar9 as well as by Chokshi et al.8

have focused on the role of viscoelasticity on the stability of
the flow at high Re, but the role of the shear-rate dependence of
viscosity in a non-Newtonian fluid on the stability has not been
adequately addressed in the literature, especially at finite and
high Re. In the present work, we therefore consider the stability
of plane Couette flow of the non-Newtonian power-law fluid
to examine the role of strain-rate dependent viscosity on the
instabilities in the flow past a deformable solid at arbitrary Re.

We briefly recapitulate the relevant previous work on the
flow of non-Newtonian fluids over rigid surfaces, followed
by a review of studies on flow past (of both Newtonian and
non-Newtonian fluids) deformable solid surfaces. For plane
Couette flow of a Newtonian fluid at high Re, Romanov10

showed that there are only wall modes that are stable and
form boundary layers on both rigid walls. In industrial appli-
cations, we often encounter the flow of non-Newtonian fluids
(polymeric melts, emulsions, and suspensions); however, not
much work has been done in the literature both theoretically
and experimentally. Waters11 examined the effect of shear-
thinning/shear-thickening on the stability results of stratified
fluids in plane Couette flow. Khomami and co-workers12,13

studied the interfacial stability of stratified power-law fluids
in a channel and showed that shear-thinning fluid affects the
stability, both for viscosity ratio less than and greater than
one. Nouar et al.14 studied the stratified flow of Carreau flu-
ids with perturbation in viscosity in a channel and showed
that it is possible to delay the transition. Their results differed
from the previous work15 of Chikkadi et al., who considered
the same problem with no perturbation in viscosity. Delaying
the transition has great significance especially in the trans-
portation of oils and polymeric solutions that reduces drag and
the cost of transportation. Transient growth studies of power-
law fluid in Couette flow have been carried out by Liu and
Liu,16,17 and they showed that shear-thinning has an effect
on the growth of external excitations both for 2D and 3D
perturbations. They also showed that the Couette flow of a
power-law fluid is also linearly stable just like the Newtonian
fluid but shear-thinning/shear-thickening behaviour can make
eigenvalues destabilise/stabilise when compared with eigen-
values of Newtonian fluid. An explanation of their results
was provided by considering an energy budget of the Orr-
Sommerfeld equation, and it was shown that there are two
terms, viscous stratification and perturbation in viscosity that
can stabilise/destabilise the flow. In plane Couette flow, there
is no viscous stratification and hence there is only perturbation
in viscosity that is the destabilising force, whereas in the case
of channel flow, viscous stratification stabilises the flow.14 Liu
and Liu18 considered the pipe flow of shear-thinning fluid mod-
elled as a Carreau fluid and studied both the response to exter-
nal excitations by observing the ε-pseudospectra and response
to initial condition. Energy growth function for azimuthal
wavenumber (m = 1) shows the largest amplification among
all non-axisymmetric cases, but the flow is still asymptotically
stable.

Fluid flow past deformable surfaces has garnered much
attention in the last two decades, and here, we briefly review
the previous works concerning wall modes and inviscid modes.
Theoretical work past a deformable solid by Kumaran19,20

showed that there are no unstable inviscid modes in plane Cou-
ette flow and in Hagen-Poiseuille flow subjected to axisym-
metric disturbances. Shankar and Kumaran21 analyzed the
stability wall modes past a deformable solid using both asymp-
totic (at high Re) and numerical methods. They found that
the critical Re for wall modes scales as Re∼ Σ3/4 in the limit
Re� 1, where Σ = ρGR2

η2 (ρ, G, and R, η are density, shear
modulus, fluid thickness, and viscosity, respectively). Chokshi
et al.8 performed linear stability analysis of plane Couette
flow using Oldroyd-B fluid, and they showed that the addi-
tion of polymer can destabilise the flow at high Re, but at
moderate Re, polymer addition stabilises the flow. They also
showed scalings for wall modes as Re ∼ Σ3/4 and for inviscid
modes Re ∼ Σ1/2 for both the Newtonian fluid and viscoelastic
fluid. Their numerical results showed that the inviscid modes
for a Newtonian fluid can become unstable in plane Couette
flow, which is in stark contrast to the results predicted by the-
ory.22 The first experimental verification of wall mode was
accomplished by Verma and Kumaran.23 They observed a wall
mode scaling of Re∼ Σ5/8, which deviates from theoretical
prediction of Re∼ Σ3/4, and they attributed this deviation to
the plug-like (non-parabolic velocity distribution) flow at the
centre due to deformation of the tube caused by the applied
pressure gradient. After consideration of the modification of
the base flow by the deformed tube, they were able to recon-
cile the wall mode scaling as Re ∼ Σ5/8 from theory to match
with that of experiments. However, there was still a mismatch
of critical Reynolds number between theory and experiments
by a factor of 10. In a subsequent work,24 they considered
diverging and converging sections due to deformation in soft
walls, and they were able to match pressure gradient with the-
ory within experimental errors (10%). The other independent
work of Neelamegam and Shankar25 found a different scaling
Re ∼ Σ3/2 but observed reduction in Reynolds number as low
as 500 in the tube flow similar to Verma and Kumaran.23 They
could not arrive at a conclusion on whether the observed scal-
ing is of wall mode or inviscid mode. The present state of the
literature is that only wall modes are verified by both theory
and experiments but inviscid modes are predicted by theory
but are not observed in experiments so far.

Recent experiments of Srinivas and Kumaran26 achieved a
turbulent-like state in a deformable channel for Reynolds num-
ber range 250–400 comparable to high-Re turbulence in rigid
channels. The above experiments are done with Newtonian
fluid, and to the best of our knowledge, there is less work done
on non-Newtonian fluids except for the recent work of Srini-
vas and Kumaran7 in which they showed that small addition of
polymer (dilute limit) having the mass fraction >1 decreased
the critical Reynolds number (∼30) considerably compared
with the Newtonian fluid. Similarly, on the theoretical side,
considerable amount of work has been done on the role of fluid
elasticity on the instabilities in flow past a soft solid medium.
Shankar and Kumar27 studied the effect of viscoelasticity of
the fluid on the stability of flow past a deformable solid in
the creeping-flow limit for the first time and showed that the
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unstable mode at finite Γ and Weissenberg number W = τRV/R
(where τR is the relaxation time of the polymer) reduces to the
stable Gorodtsov and Leonov (G-L) mode as a deformability
parameterΓ→ 0 in the rigid case. When the wall is deformable,
as one approaches the Newtonian fluid limit, the unstable mode
reduces to the results of Kumaran et al.22 as W → 0. The results
of this study were extended to high Re for the case of plane
Couette flow of upper convected Maxwell fluid by Kumar and
Shankar.9 In their work, authors showed two distinct insta-
bility mechanisms for ZRGL (Zero Reynolds Gorodtsov and
Leonov) modes and HFGL (High Frequency Gorodtsov and
Leonov) modes. The ZRGL modes when continued to high Re
show scaling of Γ ∝ Re−1/3 for a low Weissenberg number W,
which is similar to Newtonian fluid, whereas the HFGL mode
when continued to high Re shows scaling of Γ ∝ Re−1 for a
finite Weissenberg number W. The above-mentioned studies
on viscoelastic fluid have constant (shear-rate independent)
viscosity, but relatively less attention has been paid to the
role of shear-rate dependent viscosity on the stability of the
flow.

The role of shear-rate dependence on the stability of fluid
flow past a deformable surface was first addressed by Roberts
and Kumar,28 who carried out a stability analysis for a power-
law fluid in plane Couette flow, considering the creeping-flow
limit. They showed that for small values of solid thickness
H < 3, the critical shear-rate Γc decreases with the increase
in n, while for larger values of H > 3, Γc increases with n.
The work of Pourjafar et al.29 on the plane Poiseuille flow on
Mooney-Rivlin solid showed that the flow becomes unstable
in the creeping-flow limit, but the flow is stabilized compared
with a Newtonian fluid for shear-thinning fluids (n < 1), but is
destabilized for shear-thickening fluids (n > 1). They extended
these results30 to non-zero Re ∼ 10 but only for shear-thinning
fluids (with n < 1), and the flow is either stabilized or destabi-
lized with the decrease in n depending on the Reynolds number.
They further varied the ratio of the two Mooney-Rivlin elastic-
ity constants and examined the effect on the stability. However,
the authors did not provide any detailed scalings of the unsta-
ble mode (wall modes and/or inviscid modes) at high Re � 1.
Further, the linearized interface conditions used in their work
are slightly different from the interface conditions used in the
work of Gaurav and Shankar.31

The focus of the present work is on the role of shear-rate
dependence of the viscosity in a power-law fluid on the stability
of flow past deformable solid surfaces, especially at high Re,
with a goal to elucidate the physical origins of the scalings
exhibited by unstable modes at high-Re. The rest of this paper
is organised as follows: The formulation of the problem is
discussed in Sec. II. We discuss the linear stability analysis
for plane Couette flow of power-law fluid past a deformable
solid in Sec. III. This is followed (in Sec. IV) by a detailed
discussion on how shear-thinning/shear-thickening affects the
stability. The salient conclusions of this work are summarized
in Sec. V.

II. PROBLEM FORMULATION

The configuration of interest in this work is shown in
Fig. 1, in which a power-law fluid occupies the region

FIG. 1. Schematic representation of plane Couette flow of a power-law fluid
past a deformable solid in the non-dimensional coordinate system.

0 > z > R between the top rigid plate at z = R and a deformable
solid that occupies the region 0 < z < −HR. The deformable
solid is assumed to be perfectly bonded to the rigid plate at
z = �HR. The top rigid plate moves with velocity V and the
deformable solid is modelled as a neo-Hookean solid. The
non-dimensional scheme followed in this problem is the same
as that used by Roberts and Kumar.28 The stress tensor for
the power-law fluid in dimensional form (asterisk represents
dimensional quantities) is given by

T∗ = −p∗f I + m∗
(

1
2

II∗γ̇

) (n−1)
2

γ̇∗ , (1)

T∗ = −p∗f I + η∗appγ̇
∗ , (2)

γ̇∗ = ∇v∗ +
(
∇v∗

)T, II∗γ̇ = −
1
2

[
(
Tr γ̇∗

)2
−

(
Tr γ̇∗2

)
] .

(3)

Here γ̇ is the rate-of-strain tensor and II∗γ̇ is the second invariant
of rate-of-strain tensor. The power-law fluid has a shear-rate
dependent viscosity instead of a constant viscosity-like in the

case of Newtonian fluid. The term m∗
(

1
2 II∗γ̇

) (n−1)
2 in the stress

tensor is the (dimensional) apparent viscosity (η∗app) and is
dependent on the strain-rate of the fluid, where m∗ is the consis-
tency index in dimensional form. There is no obvious viscosity
scale in the power-law model, whereas in the Carreau model,
there is a well-defined zero-shear viscosity (viscosity in the
limit of zero shear-rate). For this reason, we define a quantity
ηf with dimensions of viscosity ηf ≡ m∗/m̂, where m̂ is chosen
in such a way that ηf has dimensions of viscosity. This implies
that m̂ has dimensions of Tn�1, and the magnitude of m̂ is fixed
in the following discussion. We consider the following scales
for nondimensionalizing the governing equations: lengths by
R, time by ηf /G, and pressure and stresses by G (both for the
solid and fluid). The non-dimensionalised governing equations
and constitutive relation are given by

∇ · v = 0 , (4)

Re
Γ

Dv
Dt
= −∇pf + ∇ · τ , (5)

τ = m̂

(
G
ηf

)n−1 (1
4

Tr γ̇2
) (n−1)

2

γ̇ = m

(
1
4

Tr γ̇2
) (n−1)

2

γ̇, (6)

where Γ=
Vηf

GR is the non-dimensional strain-rate in the fluid

and m = m̂
(

G
ηf

) (n−1)
is the non-dimensional consistency index.

In our analysis, we set the nondimensional quantity m = 1,
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which fixes m̂ =
(

m∗

G

) (1− 1
n )

unambiguously using the experi-
mentally evaluated values of m∗ and n.

The solid is modeled as a neo-Hookean solid using
Lagrangian three-state formulation similar to that of Chokshi
and Kumaran.32 Undeformed, pre-stressed (deformed base-
state), and perturbed states are important in the Lagrangian
three-state formulation for stability analysis, whereas Gkanis
and Kumar33 modeled the neo-Hookean solid using two-state
Lagrangian formulation in which only undeformed and per-
turbed states are important for stability analysis. Chokshi and
Kumaran32 showed in their work that two-state Lagrangian,
three-state Lagrangian, and Eulerian formulation stability
results of Couette flow agree with the creeping-flow limit. The
particle motion in the solid is given by

x (X, t) = X + u (X, t) , (7)

where X = (X1, X2, X3) is the reference position of a material
particle at time t = 0, x = (x1, x2, x3) is the current position of
particle at any time t, and u = (u1, u2, u3) is the displacement
vector of the particle. The deformation gradient tensor of solid
relating the reference position and current position is given as

det (F) = 1, F =
∂x
∂X

, (8)

where F is the Lagrangian deformation gradient tensor in the
solid. The Cauchy stress tensor for neo-Hookean elastic solid
is given by33,34

σ = −pgI + G F · FT . (9)

The non-dimensionalised momentum balance equation for
neo-Hookean solid is

Re
Γ

∂2u
∂t2
= ∇X · P, P = F−1 · σ, (10)

where P is the first Piola-Kirchhoff stress tensor. The base-state
velocity and deformation for the fluid and solid are

v = (Γz, 0, 0) , u = [µΓn (X3 + H) , 0, 0], (11)

where µ = m(1/2)
(n−1)

2 and m = m̂
(

G
ηf

) (n−1)
is set to 1 in our

analysis.

III. LINEAR STABILITY ANALYSIS

The stability of plane Couette flow of a power-law fluid is
studied by imposing infinitesimally small perturbations on the
base state, and the corresponding governing equations of fluid
and deformable solid are linearised. In this work, we consider
only two-dimensional perturbations that in the normal mode
form is given as

f ′ = f̃ (z) exp[ik(x − ct)], (12)

where f ′ is any dynamical quantity in the fluid and solid, f̃ (z)
is the amplitude, k is the wavenumber, and c is the wave speed,
which is a complex-valued quantity for temporal stability anal-
ysis. The linearised perturbation equations for power-law fluid
are

Dṽz + ik ṽx = 0 , (13)

−ikp̃f + µΓ(n−1)[(D2 − k2) + (n − 1)(ikD + D2)]ṽx +

µΓ(n−1)(n − 1)[ikD − k2]ṽz =
Re
Γ

[ik ṽx(Γz) − ikcṽx + Γṽz] ,

(14)

−Dp̃f + µΓ(n−1)[(n − 1)(D2 + ikD)]ṽx + µΓ(n−1)[ikD − k2]ṽz

=
Re
Γ

[ik(Γz − c)]ṽz. (15)

The relation between pre-stressed and current positions for the
material particle, after applying perturbations, is considered as
follows:

x (X, t) = x̄ (X) + u′ (x̄, t) . (16)

The deformation gradient tensor relating pre-stressed state and
current position is32

F =
∂x
∂x̄
·
∂x̄
∂X
= F′ · F. (17)

The incompressibility and momentum balance equations, after
imposing perturbations, are given as

det
(
F′

)
= 1,

Re
Γ

∂2u
∂t2
= ∇x̄ · P. (18)

The linearized equations for the solid in Lagrangian three-state
formulation are given by

Dũ3 + ikũ1 = 0 , (19)

−ikp̃g + (D2 − k2)ũ1 − k2
Γ

2nµ2ũ1 − 2ΓnikµDũ1

+
Re
Γ

k2c2ũ1 = 0 , (20)

−Dp̃g + (D2 − k2)ũ3 − k2
Γ

2nµ2ũ3 − 2ΓnikµDũ3

+
Re
Γ

k2c2ũ3 = 0, (21)

where D = d
dx̄3

.
At z = 0, i.e., at the fluid-solid interface, the linearised boundary
conditions are

ṽx + Γũ3 + ikc ũ1 = 0 , (22)

ṽz + ikc ũ3 = 0 , (23)

(Dũ1 + ikũ3) − µΓ(n−1)n(Dṽx + ik ṽz) = 0 , (24)

p̃g − 2Dũ3 + 2ikΓn ũ3 − p̃f + 2µΓ(n−1)Dṽz = 0. (25)

No-slip and no-penetration conditions are applied at top and
bottom rigid plates,

ṽz = 0, ṽx = 0 at z = 1 , (26)

ũ3 = 0, ũ1 = 0 at z = −H. (27)

The linearised differential equations for each medium together
with boundary conditions form an eigenvalue problem, which
is of the form

c2 A x + c B x + C x = 0. (28)

The eigenvalue problem (for c) is solved numerically using
the pseudospectral method.35 This numerical method has the
issue of producing spurious eigenvalues along with the genuine
eigenvalues. This is overcome by taking two different values
of the number of collocation points and by filtering out the
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genuine eigenvalues obtained from the two sets. The eigenval-
ues that are computed numerically provide information about
the stability of the system. If the imaginary part of wave speed
is ci < 0, then the flow is stable, if ci > 0, the flow is unsta-
ble, and for ci = 0, the flow is neutrally stable. The real part
of wave speed gives information about oscillatory nature of
eigenvalues, i.e., its phase speed. To get the results in the per-
tinent parametric regime, the respective unstable eigenmode
is tracked using shooting method.36

IV. RESULTS

Before discussing the results of present work, it is appro-
priate to recapitulate the results obtained in the earlier stud-
ies28 for power-law fluid past a neo-Hookean solid in the
creeping-flow limit. Roberts and Kumar28 showed that the
variation of minimum strain-rate (Γc) required to destabilise
the flow with thickness (H). This followed a non-monotonic
nature with change in power-law index n. Shear-thinning flu-
ids (n < 1) show stabilization, predicting higher Γc at low
H, but show destabilization predicting lower Γc at high H
when compared with a Newtonian fluid. Shear-thickening flu-
ids (n > 1) show the exact opposite behavior when compared
with shear-thinning fluids. The present work is an extension of
the earlier work28 to finite and high Re. In a power-law fluid, the

viscosity is not constant like in the case of a Newtonian fluid
and the viscosity (apparent viscosity) changes with strain-rate.
In Sec. III, we briefly mentioned the numerical method used
to solve the problem, and we show here that the convergence
of numerical (pseudospectral) method for different collocation
points N varies from 35 to 75 and points, N > 60 showed the
converged eigenvalue to the tenth decimal point as shown in
Fig. 2(a). Neutral stability curves Γ vs k for which the imag-
inary part of wave speed is zero (ci = 0) are plotted, which
gives information about the minimum strain-rate (Γc) required
to destabilise the flow as shown in Fig. 2(b). We first validated
our results with the earlier rigid surface results.16 To this end,
we reproduced the spectrum from the work of Liu and Liu16

for the case of n = 0.2 at Re = 1000, but they considered two
rigid plates moving in opposite directions. In order to facilitate
comparison of their spectrum with our case (where we con-
sidered bottom rigid plate to be stationary), we have shown
the comparison of the spectra between two plates moving in
opposite directions and only top-plate moving as shown in
Figs. 3(a) and 3(b). To benchmark our results with deformable
solid, we consider the same parameters as that of the rigid case
and obtain the rigid spectrum from deformable solid spectrum
in three different ways: first, making the shear modulus of
deformable solid very high, i.e., Γ → 0; second, reducing the
thickness of a deformable solid, H → 0; and third, by reducing

FIG. 2. (a) Convergence of the spec-
trum with different collocations points
N for the parameter set Re = 1000, H
= 10, n = 0.2, m = 1, and Γ = 0.5. (b)
Neutral stability curves in Γ-k plane for
different values of n for the parameter
set Re = 10 000, m = 1, and H = 10.

FIG. 3. (a) Comparison of rigid surface
spectrum obtained in this work with the
results of Liu and Liu16 for the param-
eter set Re = 1000, n = 0.2, and m = 1,
with top and bottom rigid plates moving
in opposite directions. (b) Limit of rigid
surface spectrum (only top-plate mov-
ing) as obtained from the deformable
solid spectrum for the parameter set Re
= 1000, n = 0.2, Γ = 1, and m = 1 at
different thicknesses H, for H � 1.
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TABLE I. Validation of the present results with the results of Roberts and
Kumar28 where Γc and kc are critical values for the instability obtained from
neutral stability curves. The results of Roberts and Kumar were obtained by
our numerical code.

Present results (Re = 1 × 10−4) Roberts and Kumar (Re = 0)

n H Γc kc Γc kc

n = 0.3 1 0.336 687 287 4.453 516 86 0.336 687 552 4.453 5168 6
n = 0.3 5 0.141 247 357 0.645 000 20 0.141 247 579 0.463 064 42
n = 0.3 10 0.040 240 947 0.249 334 86 0.040 240 935 0.249 334 86
n = 0.5 5 0.402 515 379 0.463 064 42 0.402 515 768 0.463 064 42
n = 0.5 10 0.130 526 550 0.209 756 75 0.130 526 431 0.209 756 75

together (Γ, H → 0). We choose thickness of the deformable
solid varying from H = 0.1 to 1 × 10−6 and we observe that at
H = 1×10−4, the deformable solid spectrum matches with that
of the rigid spectrum with only the top-plate moving as shown
in Fig. 3(b). To validate our results with that of Roberts and
Kumar,28 we compared our results obtained from our numer-
ical code at Re = 10�4 with those of Roberts and Kumar28 in
the creeping-flow limit and found good agreement as shown in
Table I. This validates our numerical results for a deformable
solid with the results of rigid surface and deformable solid in
the creeping-flow limit.

The main goal of the present work is to examine how
shear-thinning/shear-thickening affects the wall modes present
in the flow of a Newtonian fluid. First, we consider the case
of shear-thickening fluid and we track the finite-wave mode
present in the creeping-flow limit to high Re and compare this
with the results obtained for a Newtonian fluid. As the power-
law index n increases above one, our results show higher Γ [as
shown in Fig. 4(a)] for the flow as well as different scalings
compared with a Newtonian fluid. Results for n = 1.5 show a
scaling of Γ ∼ Re−0.25, and for n = 1.75, results show scaling of
Γ ∼ Re−0.22, which can be seen from Fig. 4(b). Similarly, shear-
thinning fluids also show different scalings for the wall modes.
For n = 0.8, results show scaling of Γ ∼ Re−0.38, and the results
of n = 0.5 show a scaling of Γ ∼ Re−0.5, which can be seen from
Fig. 4(d). This demonstrates that for different n values, Γ scales
differently with Re. Previous studies21 showed that for a New-
tonian fluid, the wall modes scale as Γ ∼ Re−1/3 at Re � 1,
and our numerical results for the case of n = 1 also confirm the
same scaling as shown in Fig. 4(b). To understand why differ-
ent scalings occur for different n values, motivated by the wall
mode scaling in a Newtonian fluid, we postulate the scaling
in a power-law fluid based on the apparent viscosity (ηapp),

which follows scaling Γapp ∼ Re−1/3, where Γapp =
Vηapp

GR ,
and the “apparent” viscosity is the actual viscosity of the fluid,
which changes with strain-rate, but it is important to note the

FIG. 4. Plane Couette flow past a
deformable solid: (a) non-dimensional
strain-rate (Γ) as a function of Reynolds
number (Re) for different values of
n > 1, and (b) the plot (a) is zoomed
in for high Re. (c) Γ as a function of
Reynolds number (Re) for different val-
ues of n < 1, and (d) the plot (c) is
zoomed in for high Re.
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difference that the strain-rate (Γ =
Vηf

GR ) definition based on
a constant Newtonian-like viscosity (ηf ). The viscous forces
are dominant in the boundary layer δ � 1 near the wall, sim-
ilar to that of a Newtonian fluid. The fluid domain is split into
inner and outer wall layers. The inner wall layer is of thick-
ness z = ξδ where viscous forces are dominant, and in the
outer layer, viscous forces are negligible at high Re. Based
on the inner layer, the base state velocity profile according to
the inner variable ξ can be written as U(z) = Γz = Γξδ. The
derivatives in the wall layer are transformed as dξ = δ−1dz.
Now, the continuity and momentum equations are rewritten in
terms of inner variable ξ. To estimate the scaling of boundary
layer thickness δ, the x-momentum equation is considered.

After rescaling Eq. (14), the viscous and inertial terms of
the equation are balanced in the wall layer to give

Γ
(n−1) 1

δ2
d2
ξ2 ṽz ∼ Re[ik ṽx(U −

c
Γ

) + ṽz]. (29)

The right-hand side term in Eq. (29) is of O(δ) (since U ∼ c
Γ

∼ δ), then Γ(n−1) ∼ Reδ3, and after rearranging, the scaling for
boundary layer thickness is given by

δ ∼

(
Γ(n−1)

Re

)1/3

. (30)

We postulate that scaling for the wall modes for a power law
fluid is obtained by balancing the viscous stresses in the wall
layer with elastic stress in the solid:

Vηapp

δR ∼ G, where ηapp is
the viscosity corresponding to the shear-rate in the base flow.
After substituting δ from Eq. (30) into the stress balance, we
obtain

Vηf m̂γ̇(n−1)

R
(
Γ(n−1)

Re

) (1/3)
∼ G, (31)

γ̇ηf

G
m̂γ̇(n−1) ∼ Γ(n−1)/3Re

−1
3

⇒ Γ
1+ 2(n−1)

3 ∼ Re
−1
3 (since Γ =

γ̇ηf

G
).

The final scaling that we obtain based on the shear-rate
dependent viscosity is given by

Γ ∼ Re
−1

2n+1 . (32)

The scaling obtained from numerics is next compared with
the above theoretical scaling. For the case of n = 1.5, from
theory, we predict Γ ∼ Re−1/4, and from numerics, we obtain
Γ ∼ Re−0.25.

For the other cases, scalings are given in Table II, and
it is clearly seen that numerical results agree well with the

TABLE II. Γ vs Reα for different values of power-law index n, for Re � 1.

Power-law index, n α (theory) α (numerics)

n = 1.75 −2/9 −0.22
n = 1.5 −1/4 −0.25
n = 1.0 −1/3 −0.33
n = 0.8 −5/13 −0.38
n = 0.5 −1/2 −0.50
n = 0.25 −2/3 −1.0
n = 0.2 −5/7 −1.0

theoretical prediction. The scaling derived for Γ from Eq. (32)
is substituted back into Eq. (30) and then the final scaling
obtained for boundary layer thickness is given by

δ ∼ Re
−n

2n+1 . (33)

Numerically evaluated boundary layer thickness when plot-
ted as a function of Re follows the theoretical boundary layer
scaling [Eq. (33)], which can be seen in Fig. 5. For the case
of n = 1, the eigenfunction is plotted as shown in Fig. 6(b),
and it shows that close to the fluid-solid interface, there is
a sharp variation in perturbed velocity and it becomes zero
at rigid surface indicating that the behaviour of eigenfunc-
tion is typical of wall modes, similar to the Newtonian results
of Shankar and Kumaran.21 Another characteristic feature of
wall mode is that cr

Γ
shows scaling, which is a function of Re,

and the same behaviour can be seen for both shear-thickening
and shear-thinning fluids having power-law index n > 0.3 in
Fig. 6(a).

A. Inviscid mode

For the case of n = 0.25, the plot of strain-rate (Γ) as a func-
tion of Reynolds number shows a scaling of Γ ∼ Re−1, which
deviates from wall modes scaling Γ ∼ Re−2/3 (as predicted by
theory) as can be seen in Fig. 7(a). Similarly for n = 0.2, results
show numerical scaling Γ ∼ Re−1, but from theoretical scal-
ing, it should be Γ ∼ Re−5/7. It is well known37 that for wall
modes, cr

Γ
→ 0, and for inviscid modes, cr

Γ
∼ O(1) for plane

channel flow. To understand this departure from wall mode for
n = 0.2 and 0.25, we have plotted cr/Γ vs Re, which does not
scale with Re, and it remains O(1) (inviscid mode behaviour)
as shown in Fig. 7(b); whereas, for wall modes, cr/Γ decreases
with Re as can be seen from Fig. 6(a). From this, we conclude
that scaling is indeed an inviscid mode scaling. The question
then arises regarding the existence of the wall mode instabil-
ity for cases n = 0.2 and 0.25. From the previous work, it is

FIG. 5. Comparison of numerically evaluated boundary layer thickness with
that of theory for different values of n as a function of Re.
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FIG. 6. (a) Scaling of cr/Γ with Re
for different shear-thickening fluids. (b)
Eigenfunction is plotted to show bound-
ary layer formation near the wall for
n = 1.

FIG. 7. (a) Non-dimensional strain-
rate as a function of Reynolds number
(Re) for values of n = 0.2 and n = 0.25.
(b) Scaling of cr/Γ with Re for n = 0.2
and n = 0.25.

known that the inviscid mode is the most unstable one com-
pared with the wall mode at high Re, so one might expect that
the wall mode should be present at a higher Γ value, but we
did not observe any unstable wall mode. Instead, we observe
multiple inviscid modes with scaling Γ ∼ Re−1. By careful
observation, we found that the finite-wave mode present in the
creeping-flow limit, when continued to high Re, transforms to
the inviscid mode for n ≤ 0.3, but the same finite-wave mode
transforms to the wall mode for n > 0.3. Therefore, it is con-
cluded that there is no wall mode instability for n ≤ 0.3, and
because of this reason, scalings do not follow the predictions
from the wall mode theory.

Similar features are reflected in the creeping-flow results
of Roberts and Kumar28 in which critical strain-rate (Γc) was
plotted as a function of non-dimensional thickness, H, and
they showed a very distinct behaviour for power-law index
values n > 0.5 and n < 0.5. For n > 0.5 at low H, shear-thinning
fluid stabilises the flow, and at high H, it destabilises the flow
when compared with the Newtonian fluid. Similarly, shear-
thickening fluids show an exact opposite behaviour from that
of shear-thinning fluids. This behaviour of finite-wave mode
in the creeping-flow limit, when extended to high Re, shows
wall-mode scaling in our results. Roberts and Kumar28 also
showed in their results that when the value of n is changed
from 0.5 to 0.3, the critical strain-rate shows always destabili-
sation when compared with the Newtonian fluid, and when that

finite-wave mode is tracked to high Re, it exhibits inviscid-
mode scaling.

Eigenfunctions are plotted to demonstrate the boundary
layer structure near the wall at high Reynolds number. In the
previous work,21 for wall modes, it was shown that a sharp
variation in both the stream-wise and normal velocity eigen-
functions is observed near the fluid-solid interface as shown
in Fig. 6(b), but the velocity eigenfunction decays quickly to
zero in the bulk and is zero all the way up to the top rigid wall.
Compared with the Newtonian case, for shear-thickening flu-
ids, the boundary layer thickness near the wall decreases and
for shear thinning fluids, boundary layer thickness near the
wall increases as shown in Figs. 8(a)–8(d). For the case of
n ≤ 0.3, the eigenfunction does not show a sharp variation
of velocity near the interface and the structure of the eigen-
function is very different from the wall mode eigenfunction
[Figs. 8(d) and 9(a)], which further lends support to the hypoth-
esis that the unstable mode is an inviscid mode. Inviscid mode
instability, which is present in the Newtonian fluid8 is pre-
dicted at high Re. Hence Chokshi and Kumaran8 argued that
the viscoelastic nature of the fluid (UCM, Oldroyd-B) does not
affect the inviscid mode present in the Newtonian fluid. But we
observed that the shear-rate dependent viscosity of a power-
law fluid does affect the inviscid mode instability present in
the Newtonian fluid. Shear-thinning/shear-thickening nature
of power-law fluid can stabilise/destabilise the inviscid mode
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FIG. 8. Eigenfunctions are plotted to
show boundary layer formation near
the wall for shear-thickening and shear-
thinning fluids for the parameters H
= 10, k = 0.5, m = 1, and Re = 105 for
(a) n = 1.75, (b) n = 1.5, (c) n = 0.5, and
(d) n = 0.3.

FIG. 9. Eigenfunctions are plotted to
show boundary layer formation near the
wall for shear-thinning fluids for the
parameters H = 10, k = 0.5, m = 1, and
Re = 105 for (a) n = 0.2 and (b) non-
dimensional strain-rate as a function of
Re for the parameters H = 10, m = 1, and
k = 1.5.

when compared with the Newtonian fluid, which can be seen
in Fig. 9(b).

V. CONCLUSIONS

Linear stability analysis is carried out for plane Cou-
ette flow of a power-law fluid past a deformable (neo-
Hookean) solid at arbitrary Re to analyse the effect of shear-
thinning/shear-thickening on the two modes of instability (wall
mode and inviscid mode) present in the Newtonian fluid.
At high Re, the unstable wall modes in a power law fluid

show different scalings (in the pertinent parametric space
of Γ vs Re) compared with the Newtonian case, with dif-
ferent scaling exponents for different values of power-law
index (n). Based on the understanding of wall modes in a
Newtonian fluid, wherein viscous stresses in the wall layer
and solid elastic stresses are balanced to arrive at the scal-
ing, we proposed a theoretical scaling for power-law fluid,
which is based on the actual viscosity (ηapp) of the fluid (at
the shear rate corresponding to the laminar flow), and not on
the Newtonian-like constant viscosity (ηf ). We show that a bal-
ance of the viscous stresses in the wall layer based on the actual
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(shear-rate-dependent) viscosity with the solid elastic stresses
yields the numerically observed scaling of Γ∼Re

−1
2n+1 . The

numerically evaluated boundary layer thickness δ for wall
modes agrees with the theoretically expected scaling δ
∼ Re

−n
2n+1 for wall modes when n > 0.3. However, in the numer-

ical results, we observed a deviation from wall mode scaling
for n < 0.3, wherein our results indicate that Γ ∝ Re−1, and
cr
Γ
∼ O(1) (as opposed to cr

Γ
∼ Re−1/3 for wall modes), which

is a characteristic exhibited by inviscid modes. The structure
of eigenfunctions also supports this inference: for n > 0.3,
the value of the power-law index (n) decreases as the bound-
ary layer thickness near the wall increases. For n < 0.3, the
eigenfunctions do not show sharp variations near the wall rein-
forcing the conclusion that the unstable modes are inviscid
modes for n < 0.3. The power-law index n affects the stability
of inviscid modes indicating that a change in the value of n can
stabilize/destabilize the inviscid modes. For shear-thinning flu-
ids (n < 1), results show higher Γ values for instability whereas
the results of shear-thickening fluids (n > 1) show lower Γ val-
ues for instability, which is opposite to the behaviour observed
for wall modes. The power-law model overpredicts viscosity
at low and high strain-rates, and hence, more accurate models
like the Carreau model can be employed to determine the sta-
bility of non-Newtonian fluids past deformable solids, but the
results are likely to remain qualitatively similar to the results
predicted by the power-law model in this study. The present
study thus shows that shear-rate dependence of the viscosity
has a marked effect on the stability characteristics of plane
Couette flow past a deformable solid. Further, for n < 0.3, the
only mode that is predicted is the inviscid instability, which is a
more powerful destabilizing mechanism, and this prediction is
therefore relevant to the flow of many commonly encountered
shear-thinning fluids, which typically have n < 0.25.
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