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Abstract

The linear stability of two-layer plane Couette flow of FENE-P fluids past a deformable solid layer is analyzed in order to examine the effect of
solid deformability on the interfacial instability due to elasticity and viscosity stratification at the two-fluid interface. The solid layer is modeled
using both linear viscoelastic and neo-Hookean constitutive equations. The limiting case of two-layer flow of upper-convected Maxwell (UCM)
fluids is used as a starting point, and results for the FENE-P case are obtained by numerically continuing the UCM results for the interfacial
mode to finite values of the chain extensibility parameter. For the case of two-layer plane Couette flow past a rigid solid surface, our results show
that the finite extensibility of the polymer chain significantly alters the neutral stability boundaries of the interfacial instability. In particular, the
two-layer Couette flow of FENE-P fluids is found to be unstable in a larger range of nondimensional parameters when compared to two-layer flow
of UCM fluids. The presence of the deformable solid layer is shown to completely suppress the interfacial instability in most of the parameter
regimes where the interfacial mode is unstable, while it could have a completely destabilizing effect in other parameter regimes even when the
interfacial mode is stable in rigid channels. When compared with two-layer UCM flow, the two-layer FENE-P case is found in general to require
solid layers with relatively lower shear modulii in order to suppress the interfacial instability. The results from the linear elastic solid model are
compared with those obtained using the (more rigorous) neo-Hookean model for the solid, and good agreement is found between the two models for
neutral stability curves pertaining to the two-fluid interfacial mode. The present study thus provides an important extension of the earlier analysis
of two-layer UCM flow [V. Shankar, Stability of two-layer viscoelastic plane Couette flow past a deformable solid layer: implications of fluid
viscosity stratification, J. Non-Newtonian Fluid Mech. 125 (2005) 143–158] to more accurate constitutive models for the fluid and solid layers,
and reaffirms the central conclusion of instability suppression in two-layer flows of viscoelastic fluids by soft elastomeric coatings in more realistic
settings.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction

Two-layer and multi-layer flows of viscoelastic liquids are
known to be prone to interfacial instabilities [1–13] driven by
elasticity and viscosity contrasts between the different liquids,
and these instabilities often arise during polymer processing op-
erations such as co-extrusion of polymer melts. Such instabili-
ties during melt processing have an adverse impact on the quality
(e.g. mechanical and/or optical properties) of the final product,
and a clear knowledge of when this instability occurs and how
it can be controlled is critical in the design of these operations.

∗ Corresponding author. Tel.: +91 512 259 7377; fax: +91 512 259 0104.
E-mail address: vshankar@iitk.ac.in (V. Shankar).
URL: http://www.iitk.ac.in/che/vs.htm.

Recently, the possibility of suppressing such interfacial instabil-
ities in viscoelastic liquids using soft elastomeric solid coatings
was explored by Shankar [14,15]. These studies used the upper-
convected Maxwell (UCM) model [16,17] to describe the fluid
rheology, and the linear viscoelastic model [18] to describe the
solid deformation. Using these relatively simple rheological de-
scriptions for the fluid and solid layers, these studies have shown
that it is possible to suppress the interfacial instability driven by
elasticity and viscosity stratification under appropriate condi-
tions, when the solid layer becomes sufficiently deformable. In
a slightly different context, a recent experimental study by Ku-
likov and Hornung [19] has shown that rubber coatings can be
used to suppress melt fracture, which is a surface defect that oc-
curs even in single-layer processing of molten polymers. If the
predicted suppression of interfacial instabilities by deformable
elastomeric coatings is to be similarly realized in experiments, it

0377-0257/$ – see front matter © 2006 Elsevier B.V. All rights reserved.
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Nomenclature

b square of non-dimensional maximum extensibil-
ity

c complex wave-speed (= cr + ici)
G shear modulus of the solid
H nondimensional thickness of the solid
k wavenumber
R dimensional total thickness of the two fluids
V dimensional velocity of the top plate
Wα Weissenberg number of fluid α (= λαV/R)

Greek letters
β nondimensional thickness of fluid 2
(1 − β) nondimensional thickness of fluid 1
Γ nondimensional elasticity parameter of solid

(= Vμb0/GR)
ηr ratio of solid to fluid B zero-shear viscosity

(= ηw/μb0)
ηw viscosity of the solid layer
λα relaxation time of fluid α

μa0 zero-shear viscosity of fluid A
μb0 zero-shear viscosity of fluid B
μr ratio of zero-shear fluid viscosities (= μa0/μb0)
Σ nondimensional fluid–fluid interfacial tension

(= γ∗/μb0V )

is necessary to extend the previous studies to more accurate con-
stitutive models, both for the fluid and solid layers. The objective
of the present work is to carry out such a study by considering the
finitely extensible nonlinear elastic-Peterlin (FENE-P) model
[16,17] for the viscoelastic liquids, and the neo-Hookean model
[20,21] for the deformable solid layer. The FENE-P model ac-
curately captures the shear-rate dependence of shear viscosity
as well as the first normal stress difference of polymeric liq-
uids [22], while the neo-Hookean model is a generalization of
Hooke’s law of elasticity to finite deformations in the solid. The
main question the present study sets out to address is whether the
predicted suppression of the interfacial instability using simple
rheological models remains true for these more accurate consti-
tutive relations for the fluid and the solid layers. In the remainder
of this section, relevant literature in related areas is briefly re-
viewed in order to place the present work in perspective.

Renardy [1] and Chen [2] first predicted the interfacial insta-
bility due to elasticity stratification in two-layer plane Couette
flow of UCM fluids, respectively, in the short-wave and long-
wave limits. They identified the discontinuity in the first normal
stress difference in the base state as the primary driving force
for the interfacial instability, which could happen in the absence
of any viscosity difference between the two fluids, and even in
the absence of fluid inertia (i.e. creeping-flow limit). Su and
Khomami [3,4] predicted a similar purely elastic interfacial in-
stability for plane Poiseuille flow, and also demonstrated using
a pseudospectral method that the interfacial instability occurs

for disturbances with arbitrary wavelengths. These early studies
employed simple rheological equations for the viscoelastic liq-
uids such as the UCM and Oldroyd-B models, and demonstrated
how the instability is controlled by the viscosity ratio, elastic-
ity ratio and the ratio of layer thickness of the two viscoelastic
liquids. For the special case of matched fluid viscosities in the
two UCM fluids, these studies show that the interface is unstable
(stable) in the long-wave limit when the thickness of the more
elastic fluid is smaller (larger) than that of the less elastic fluid.

A series of experimental studies has been carried out by Wil-
son and Khomami [5–8] who provided experimental evidence
for the purely elastic interfacial instability in viscoelastic liquids.
Ganpule and Khomami [11] have used more realistic constitutive
models in order to achieve quantitative agreement with the exper-
imental results. They have employed (i) a modified Oldroyd-B
model wherein the shear-rate dependence of first normal stress
and the viscosity was incorporated in the classical Oldroyd-B
model, which is then equivalent to the White–Metzner model;
(ii) a modified Phan–Thien–Tanner model with one relaxation
time to accurately capture the steady-shear properties; and (iii) a
Giesekus model with both single mode relaxation and multiple
mode relaxation. They concluded that the multimode Giesekus
model can quantitatively describe the interfacial instability in
terms of both neutral stability curves as well as growth rates.
They also presented a detailed and rigorous energy budget of
the disturbance energies, and provided a mechanistic insight for
the interfacial instability. More recently, Valette et al. [13] have
carried out experimental and theoretical studies for two-layer
plane Poiseuille flow of polyethylene and polystyrene melts,
and showed that the White–Metzner constitutive relation is able
to account for the spatial amplification rate measured form ex-
periments. The White–Metzner model is a generalization of the
UCM/Oldroyd-B class of models which phenomenologically in-
corporates a shear-rate-dependent relaxation time (i.e. first nor-
mal stress difference), and a shear-rate-dependent viscosity of
the Carreau–Yasuda type. In this study, we describe the vis-
coelastic liquids using the FENE-P model, which describes a
polymer chain as a dumbell of two beads (which act as centers
of hydrodynamic resistance) connected by an entropic spring,
which has finite extensibility. Albeit being more complicated,
the FENE-P constitutive relation has a rigorous molecular ba-
sis, and has been extensively used to correlate experimental data
for various dynamical properties of polymer solutions such as
shear and extensional viscosities, transients and normal stress
differences [23].

The effect of a deformable solid layer coating on the two-fluid
interfacial instability due to elasticity and/or viscosity stratifi-
cation was recently analyzed [14,15]. These studies employed
the UCM model for the viscoelastic liquids and the linear vis-
coelastic model for the deformable solid. It was shown using
long-wave asymptotic analysis and a numerical method that,
under appropriate conditions, the two-fluid interfacial instabil-
ity can be completely suppressed at all wavenumbers when the
solid layer becomes sufficiently deformable. Under conditions
when the two-fluid mode is stable, it was shown that the solid
layer could even destabilize the interfacial mode. However, these
studies have employed relatively simple descriptions for the con-
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stitutive nature of the fluids and the solid. The UCM model has
the limitation that the viscosity and the first normal stress are in-
dependent of the shear rate which are overcome in the FENE-P
constitutive relation. Since the interfacial instability in viscoelas-
tic liquids is critically dependent on normal stress difference, one
may expect the results obtained from the FENE-P model to be
significantly different owing to the shear-rate dependent nor-
mal stress difference. Furthermore, the linear viscoelastic solid
model employed in the previous studies [14,15] is strictly valid
only when the nondimensional strain in the solid is small com-
pared to one. In a recent series of papers, Gkanis and Kumar [24–
26] employed the neo-Hookean model for the deformable solid
and showed that there could be significant differences between
the predictions of the two models, especially in the presence of
another interface in addition to the liquid–solid interface, similar
to one encountered in the present study. The neo-Hookean solid
is a rigorous generalization of the Hookean elastic solid to finite
deformations [20,21], and exhibits a first normal stress differ-
ence under simple shear deformation. Gkanis and Kumar [24]
showed that for Newtonian fluid flow (which does not posses any
normal stress difference under simple shear) past a neo-Hookean
solid, this additional normal stress difference in the solid gives
rise to an interfacial instability at high wavenumbers, much akin
to the two-fluid instability in viscoelastic liquids. In view of
these recent findings by Gkanis and Kumar, it is of interest here
to critically evaluate and extend the previous results [14,15] ob-
tained using the linear elastic model to the neo-Hookean case
in order to verify whether there are qualitative differences in
the prediction of instability suppression, or if the differences are
merely quantitative.

The rest of the paper is organized as follows: the fundamental
governing equations for the FENE-P fluids and the deformable
solid are outlined in Section 2.1, and the base-state velocity and
stress profiles are given in Section 2.2. The linearized govern-
ing equations and boundary conditions for the stability problem
are discussed in Section 2.3, while the numerical methodology
used for solving the stability problem is outlined in Section 3.
In Section 4.1, we provide new results for the stability of two-
layer flow of FENE-P fluids in rigid channels, and demonstrate
how the neutral stability boundaries are significantly altered. The
results discussed in this part of the paper augment the current
literature on instability due to elasticity stratification for two-
layer viscoelastic flows in rigid channels. Section 4.2 discusses
the comparison of results obtained from UCM and FENE-P flu-
ids for the effect of the deformable solid layer on the interfacial
mode. The comparison between results from the neo-Hookean
solid model and linear elastic solid are provided in Section 4.3.
The salient conclusions of the present study are summarized in
Section 5.

2. Problem formulation

2.1. Governing equations

The system under consideration (see Fig. 1) consists of a de-
formable solid of thickness HR, shear modulus G, fixed onto a
rigid surface at z∗ = −HR, a layer of viscoelastic fluid (fluid

Fig. 1. Schematic diagram showing the configuration and (nondimensional) co-
ordinate system considered in Section 2. Two FENE-P fluids with zero-shear
viscosities μa0 and μb0, and with relaxation times λa and λb flowing past a
deformable solid layer.

B) of thickness βR in the region 0 < z∗ < βR with zero-shear
viscosity μb0, relaxation time λb, and another viscoelastic fluid
layer (fluid A) of thickness (1 − β)R in the region βR < z∗ < R

with zero-shear viscosity μa0, relaxation time λa. The two vis-
coelastic fluids are modeled in this work using the FENE-P
model (see, for example, [16,17,22,27]), details of which are
presented below. The densities of the two fluids are assumed to
be the same (ρa = ρb = ρ), in order to exclusively focus on the
instability of the two-fluid interface due to elasticity and vis-
cosity stratification. In what follows, we indicate dimensional
variables with a superscript ∗, and nondimensional variables
without any superscript. Fluid A is bounded at z∗ = R by a rigid
wall which moves at a constant velocity V in the x-direction
relative to the deformable solid layer. The following scales are
used for nondimensionalising various physical quantities in this
work: R for lengths and displacements, V for velocities, R/V

for time, and μb0V/R for stresses and pressure. H, therefore, is
the nondimensional thickness of the solid layer, while (1 − β)
and β are respectively the nondimensional thickness of fluids
A and B.

2.1.1. FENE-P fluids
The constitutive model used in this work for describing the

two viscoelastic liquids is the FENE-P dumbell model, in which
a polymer molecule is represented by a dumbell consisting of
two beads which act as the source of hydrodynamic resistance,
connected by a finitely extensible ‘spring’ which represents the
entropic elasticity of a single polymer molecule [16,17,22]. For
simplicity, we assume no solvent contribution to the stress in
the polymeric liquid, thereby restricting our attention to poly-
mer melts. The solvent contribution to the stress tensor, even if
included, will weaken the first normal stress difference in the
fluid, which is the primary driving force for the interfacial in-
stability. In the FENE-P model, the viscoelastic stress (extra
stress tensor) τα in the polymeric liquid is given in terms of the
polymer chain conformation tensor c as

τα = μα
r
fα(Q)cα − I

Wα

, (1)
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where c is the nondimensional conformation tensor characteriz-
ing the average second moment of the end-to-end vector Q of the
polymer molecule, and c reduces to the identity tensor I at equi-
librium. The superscript α represents fluid labels a and b. Here,
the ratio of the zero-shear viscosities in the two fluids is denoted
by μa

r = μa0/μb0 ≡ μr for α = a, and μb
r = μb0/μb0 = 1 for

α = b. The Weissenberg number in fluid α, Wα ≡ λαV/R, de-
notes the dimensionless relaxation time in fluid α. The dimen-
sional group used for nondimensionalising the conformation
tensor is kBT/Hspring, where Hspring is the spring constant of
the dumbbell, kB the Boltzmann constant and T is the absolute
temperature. The term fα(Q) is the Peterlin function, given by

fα = bα − 3

bα − trace(cα)
, (2)

where bα is the square of the nondimensional maximum ex-
tensibility of the dumbbell, and clearly trace(c) ≤ b. The quan-
tity b has also been nondimensionalized using kBT/Hspring. The
parameter b, then, denotes the finite extensibility of the chain,
and it typically ranges between 10 and 100 [17], and the limit
b → ∞ represents the limit of an infinitely extensible chain
where the FENE-P constitutive relation reduces to the upper-
convected Maxwell (UCM) model.

The time-evolution of the conformation tensor cα is governed
by

∂tcα + vα · (∇cα) − [cα · (∇vα) + (∇vα)T · cα]

= −
(

fαcα − I
Wα

)
. (3)

Under simple shear flow, the FENE-P model predicts a shear-rate
dependent viscosity μ and a shear-rate dependent first normal
stress difference. The nondimensional equations governing the
dynamics of the two fluids are respectively the continuity and
momentum conservation equations:

∇ · vα = 0, Re[∂t + vα · ∇]vα = ∇ · Tα. (4)

Here, vα is the velocity field in fluid α, and Tα = −pαI + τα

the total stress tensor in fluid α which is a sum of an isotropic
pressure contribution and the extra-stress tensor τα. In the above
equation, Re = ρVR/μb0 is the Reynolds number based on the
zero-shear viscosity of fluid B. No-slip boundary conditions are
appropriate for fluid A at z = 1:

va
x = 1, va

z = 0, (5)

while the boundary conditions at the interface between the two
FENE-P fluids A and B and the interface between the fluid B
and the solid layer are the continuity of velocity and stresses. At
the interface between the two fluids z = g(x), we therefore have

va = vb, Tb · n = Ta · n + nκΣ, (6)

where κ is the mean curvature of the fluid–fluid interface, n
the unit vector to the two-fluid interface pointing into fluid A,
and Σ ≡ γ∗/(μb0V ) is the nondimensional interfacial tension
of the liquid–liquid interface. The interface conditions are sup-
plemented by the kinematic condition for the evolution of the
interfacial position g(x).

2.1.2. Linear viscoelastic solid
In this study, the deformable solid layer is modeled using both

a simple linear viscoelastic solid model [14,15,28] and the neo-
Hookean solid model [24–26]. While most of the earlier studies
in the area of fluid flow past deformable solid surfaces had em-
ployed the linear viscoelastic solid model, in a recent series of
papers, Gkanis and Kumar [24–26] have pointed out the im-
portance of using the neo-Hookean solid model to describe the
solid deformation. The linear viscoelastic solid model is readily
amenable to mathematical analysis and also allows for incorpo-
ration of viscous dissipative effects in the solid in a relatively
simple way. However, it has the drawback that, strictly speak-
ing, it is valid only in the limit of small strains in the deformable
solid. The neo-Hookean solid, which is a generalization of the
linear elastic solid to large (i.e. finite) deformations, has been
used to describe the behaviour of model elastomers [21], and
it successfully overcomes the limitations of the linear elastic
solid model. In this study, we use both these models with the
objective of evaluating the predictions of the two models in the
context of the effect of solid deformability on the interfacial
instability.

In the linear viscoelastic solid, the dynamics of the solid layer
is described by a displacement field u, which represents the
displacement of the material points in the medium from their
steady-state positions. The velocity field in the solid layer is
v = ∂tu. In an incompressible linear viscoelastic solid, the dis-
placement field satisfies the continuity equation:

∇ · u = 0. (7)

The momentum conservation equation in the solid is given by

Re ∂2
t u = ∇ · �, (8)

where � = −pgI + σ is the total stress tensor which is given
by a sum of the isotropic pressure and the deviatoric stress σ.
Without loss of generality, it is assumed here that the density of
the solid is equal to the density of the two fluids. The deviatoric
stress tensor σ is given by a sum of elastic and viscous stresses
in the solid layer:

σ =
(

1

Γ
+ ηr∂t

)
(∇u + (∇u)T), (9)

where Γ = Vμb0/(GR) is the nondimensional quantity charac-
terizing the elasticity of the solid layer and ηr = ηw/μb0 is the
ratio of solid viscosity and zero-shear viscosity of fluid B. More
precisely, 1/Γ is the estimated ratio of elastic stresses in the
solid layer to viscous stresses in fluid B. As we will show be-
low, the strain in the solid in the base state is also proportional
to Γ , and one would expect the linear viscoelastic model to be
accurate if Γ � 1 in the problem of interest. In the earlier study
by one of the authors [15] for two-layer flow of UCM fluids, it
was indeed found that the Γ required for stabilizing the inter-
facial instability is significantly lesser than unity. We arrive at
a similar conclusion later in our discussion for FENE-P fluids,
thereby justifying use of the linear viscoelastic model for the
present purposes.

The solid layer is assumed to be fixed to a rigid surface
at z = −H , and the boundary condition for the displacement
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field there is u = 0. The boundary conditions at the fluid B–
solid interface z = h(x) are the continuity of velocities and
stresses at this interface, and these conditions are presented
in the context of the neo-Hookean solid in the following
subsection.

2.1.3. Neo-Hookean solid
In the neo-Hookean solid model [20,21,24], the fundamental

quantity describing the deformation is the deformation tensor F,
which is defined as

F = ∇Xw. (10)

Here, and in the following discussion for the neo-Hookean solid,
X represents the position vector in the reference configuration,
and w = w(X, t) is the position vector in the current configu-
ration. We adopt the convention similar to one used by Gkanis
and Kumar [24], and let X = (X, Y, Z) when we describe the
solid deformation, and ∇X is the gradient operator in terms of
the reference coordinates. This reference coordinate system co-
incides with the Cartesian (x, y, z) coordinate system used to
describe the variation of dynamical quantities in the fluid. With-
out loss of generality, we consider the case of the neo-Hookean
model in the zero-inertia limit, and since the densities of the
fluids and the deformable solid are comparable, this would im-
ply that we must consider the dynamics of the two fluids also
in the zero-inertia/creeping-flow limit. Under these conditions,
the equations describing the deformation in the neo-Hookean
solid are given as follows. The mass conservation equation for
an incompressible neo-Hookean solid is given by [20]:

det(F) = 1 (11)

and the momentum conservation equation is given by

∇X · P = 0, (12)

where P is the first Piola-Kirchhoff stress tensor [20], which
is related to the Cauchy stress tensor σ through the equation
P = F−1 · σ. The neo-Hookean constitutive relation prescribes
the Cauchy stress tensor as

σ = −pgI + 1

Γ
F · FT. (13)

The boundary condition for the neo-Hookean solid at the bot-
tom rigid surface at z = −H is the zero displacement condition
given by w = X. At the interface z = h(x) between fluid B and
the deformable solid layer, we have the velocity continuity con-
dition:

v = ∂tu, for linear viscoelastic solid, (14)

v = ∂tw, for neo-Hookean solid, (15)

and the stress balance at the fluid B–solid interface is given by

n · σ = n · τ. (16)

The interfacial tension at the liquid–solid interface is neglected
in this study.

2.2. Base state

2.2.1. FENE-P fluids
The steady, unidirectional, x-independent base state, whose

stability is under discussion, is obtained by solving the momen-
tum equations in fluids A and B. We look for a steady solution in
which the fluid–fluid interface is flat and uniform, and the unit
normal to this interface is given by n = (0, 0, 1), and the unit
tangent vector to this interface is t = (1, 0, 0).

We first outline the key steps in deriving the base state velocity
profiles in the two FENE-P fluids. The x-momentum equation
simplifies under the above assumptions to

dzτ̄
α
xz = 0, (17)

where dz = d/dz, and this yields τ̄α
xz = constant independent of

z in each fluid. From the expression for the stress tensor for
FENE-P fluids (1), we obtain

τ̄α
xz = μα

r f̄ αc̄α
xz

Wα

, τ̄α
xx = μα

r
f̄ αc̄α

xx − 1

Wα

,

τ̄α
zz = μα

r
f̄ αc̄α

zz − 1

Wα

, (18)

where

f̄ α = bα − 3

bα − (c̄α
xx + c̄α

yy + c̄α
zz)

. (19)

Using the evolution equation (3) for the conformation tensor c,
we obtain under the base-state flow assumptions:

c̄α
xz = Wαc̄α

zz

f̄ α
dzv̄

α
x, 2c̄α

xz dzv̄
α
x = f̄ αc̄α

xx − 1

Wα

,

c̄α
zz = c̄α

yy = 1

f̄ α
. (20)

By substituting Eq. (20) in Eq. (18), we obtain

τ̄α
xz = μα

r c̄α
zz dzv̄

α
x . (21)

Substituting this in Eq. (17), and postulating that c̄α
zz is indepen-

dent of z (as will be demonstrated a little later that), we obtain
linear velocity profiles in both the FENE-P fluids:

v̄a
x = B1z + B2, v̄b

x = D1z + D2. (22)

The conditions to be used to solve for the constants are the no-slip
conditions at z = 1, v̄a

x = 1 and at z = 0, v̄b
x = 0; and continuity

conditions v̄a
x = v̄b

x and τ̄a
xz = τ̄b

xz at the unperturbed interface
z = β. After solving for the constants, we obtain

v̄a
x = z + β((μr/f̄r) − 1)

1 + β((μr/f̄r) − 1)
, v̄a

z = 0, (23)

τ̄a
xx = 2μrWac̄

a
zzc̄

a
zz

[1 + β((μr/f̄r) − 1)]2
, τ̄a

zz = 0,

τ̄a
xz = τ̄a

zx = μrc̄
a
zz

1 + β((μr/f̄r) − 1)
, (24)

v̄b
x = μrz

f̄r[1 + β((μr/f̄r) − 1)]
, v̄b

z = 0, (25)
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τ̄b
xx = 2Wb(μrc̄

a
zz)2

[1 + β((μr/f̄r) − 1)]2
, τ̄b

zz = 0, τ̄b
xz = τ̄a

xz.

(26)

In the above equations, f̄r ≡ f̄ a/f̄ b, and these are computed
as discussed below. Note that the nonzero first normal stress
difference τ̄(α)

xx − τ̄(α)
zz (α = a, b) is different in the two fluids,

and it is discontinuous across the two-fluid interface.
The determination of the velocity and stress profiles in the

fluids involves the knowledge of f̄ a and f̄ b, which in turn
depend on the components c̄α

zz, c̄α
xx and c̄α

xz of the conformation
tensor in the two fluids. These are obtained from the evolution
equations for the conformation tensor in the base state, which
are coupled nonlinear set of equations. We solve them using
a Newton–Raphson iteration scheme to obtain the base state
components of the conformation tensor in the two fluids. The
coupled set of equations for c̄α

ij are independent of the normal co-
ordinate z, and so the components themselves are z-independent
quantities.

The velocity profile in the two FENE-P fluids is linear in z,
and there is a first normal stress difference in the two fluids which
vanishes only when Wα = 0. The first normal stress difference
is a shear-rate-dependent quantity in a FENE-P fluid. In the case
of FENE-P fluids with matched zero-shear viscosities μr = 1,
but with different Wa and Wb (i.e. different relaxation times),
there will still be a discontinuity in the gradient of the velocity
at the interface. This is in contrast to the two-layer UCM case,
because for FENE-P fluids with identical zero-shear viscosities,
but different relaxation times, the shear thinning is different in
the two fluids leading to different effective viscosities at higher
shear rates. Mathematically, this can been seen from Eqs. (23)
and (25), where even if μr = 1, f̄r 	= 1 for Wa 	= Wb and so there
will be a slope discontinuity in the base-state velocity profile at
the interface. The shear-rate dependent viscosity is obtained by
dividing the shear stress with the actual shear rate, and the ratio
of shear-rate dependent viscosity to the zero-shear viscosity is
simply given by τ̄xz.

2.2.2. Deformable solid layer
We next discuss the base state displacement and stresses in

both the linear viscoelastic and the neo-Hookean model.
The solid layer is at rest in this steady base state, but there is

a nonzero unidirectional displacement ūx due to the fluid shear
stresses at the interface:

ūx = Γ (z + H)

f̄ b
dzv̄

b
x, ūz = 0, σ̄xx = 0, σ̄zz = 0,

(27)

σ̄xz = σ̄zx = dzv̄
b
x

f̄ b
. (28)

Note that the tangential displacement in the base state is a func-
tion of Wα through the terms dzv̄

b
x and f̄ b in the above equation.

In the linear viscoelastic solid layer, the first normal stress dif-
ference is identically zero.

In the neo-Hookean solid, the base state quantities are ob-
tained as follows

w̄X = X + Γ (Z + H)

f̄ b
dzv̄

b
x, w̄Z = Z,

C1 ≡ dzw̄X = Γ

f̄ b
dzv̄

b
x. (29)

The components of the Cauchy stress tensor in the base state of
the neo-Hookean solid are given by

σ̄XX = −p̄g + 1 + C2
1

Γ
, σ̄YY = σ̄ZZ = −p̄g + 1

Γ
,

σ̄XZ = σ̄ZX = C1

Γ
. (30)

Here, C1 is the tangential displacement gradient in the solid,
and this depends on Wα. The neo-Hookean solid exhibits a
first normal stress difference under simple shear, and σ̄XX −
σ̄ZZ = C2

1/Γ in the solid. All the base flow quantities above
are denoted with an overbar in the preceding and ensuing
discussions.

2.3. Linear stability analysis

A temporal stability analysis is employed to determine the
stability of small perturbations to the above base state. Small,
two-dimensional perturbations (denoted by primed quantities)
are introduced to all dynamical quantities about their base
state values, e.g. vα

i = v̄α
i + vα′

i . The perturbation quantities are
expanded in terms of Fourier modes in the x-direction, and with
an exponential time dependence: vα′

i = ṽα′
i (z) exp[ik(x − ct)].

Here k is the wavenumber, c is the wavespeed, and ṽα
i (z) are

eigenfunctions which are determined below from the linearized
governing equations and boundary conditions. The complex
wavespeed c = cr + ici, and when ci > 0, the base state is
temporally unstable.

2.3.1. FENE-P fluids
Upon substituting the above form for the perturbations in

the governing equations for the two fluids (4) we obtain the
following linearized equations for the two fluids, where α = a,
b:

dzṽ
α
z + ikṽα

x = 0, (31)

−ikp̃α + ikτ̃α
xx + dzτ̃

α
xz = Re[ik(v̄α

x − c)ṽα
x + dzv̄

α
x ṽα

z ], (32)

−dzp̃
α + dzτ̃

α
zz + ikτ̃α

xz = Re[ik(v̄α
x − c)]ṽα

z . (33)

The constitutive relation and the evolution equation for the con-
formation tensor are similarly linearized for the two FENE-P
fluids. For example, the quantity fα = f̄ α + fα′

is linearized
as

f̄ α + fα′ = bα − 3

bα − c̄α
xx − 2c̄α

zz

+ (bα − 3)(cα′
xx + 2cα′

zz)

(bα − c̄α
xx − 2c̄α

zz)2 . (34)
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The linearized evolution equations for the various components
of the conformation tensor c are given by[

ikWα(v̄α
x − c) + c̄α

xx

(bα − 3)(c̄α
zz)2 + 1

c̄α
zz

]
c̃α
xx

= 2Wα[dzv̄
α
x c̃α

xz + c̄α
xzdzṽ

α
x + ikc̄α

xxṽ
α
x ] −

(
2c̃α

zzc̄
α
xx

(bα − 3)(c̄α
zz)2

)
,

(35)

[
ikWα(v̄α

x − c) + 2

(bα − 3)c̄α
zz

+ 1

c̄α
zz

]
c̃α
zz

= 2ikWαc̄α
xzṽ

α
z + 2Wαc̄α

zzdzṽ
α
z −

(
c̃α
xx

(bα − 3)c̄α
zz

)
, (36)

[
ikWα(v̄α

x − c) + 1

c̄α
zz

]
c̃α
xz = ikWαc̄α

xxṽ
α
z + Wαc̄α

zzdzṽ
α
x

+ Wαdzv̄
α
x c̃α

zz −
(

c̃α
xx + 2c̃α

zz

(bα − 3)(c̄α
zz)2

)
c̄α
xz. (37)

The linearized equations for the stress components in the FENE-
P fluids are

τ̃α
xx = μα

r

Wα

[
(c̃α

xx + 2c̃α
zz)c̄α

xx

(bα − 3)c̄α
zzc̄

α
zz

+ c̃α
xx

c̄α
zz

]
, (38)

τ̃α
zz = μα

r

Wα

[
(c̃α

xx + 2c̃α
zz)

(bα − 3)c̄α
zz

+ c̃α
zz

c̄α
zz

]
, (39)

τ̃α
xz = μα

r

Wα

[
(c̃α

xx + 2c̃α
zz)c̄α

xz

(bα − 3)c̄α
zzc̄

α
zz

+ c̃α
xz

c̄α
zz

]
. (40)

A single fourth-order differential equation for ṽα
z can be obtained

from Eqs. (31)–(33) to give

k(d2
z + k2)τ̃α

xz + ik2dz(τ̃α
xx − τ̃α

zz)

+ Re k(v̄α
x − c)(d2

z − k2)ṽα
z = 0, (41)

where the various Fourier components of the linearized stresses
must be obtained from Eqs. (38)–(40), and the components of
the conformation tensor are obtained from Eqs. (35)–(37).

The linearized boundary conditions at the unperturbed inter-
face position z = β between the two FENE-P fluids A and B
are obtained by Taylor-expanding about the perturbed interface
[1,2]:

ṽa
z = ṽb

z, (42)

ṽa
x + [dzv̄

a
x]z=β g̃ = ṽb

x + [dzv̄
b
x]z=β g̃, (43)

−p̃a + τ̃a
zz − Σk2g̃ = −p̃b + τ̃b

zz (44)

τ̃a
xz − ikτ̄a

xxg̃ = τ̃b
xz − ikτ̄b

xxg̃, (45)

where g̃ is the Fourier expansion coefficient for the interface
position g = g̃ exp[ik(x − ct)], and Σ = γ∗/(μb0V ) is the
nondimensional interfacial tension between fluids A and B. The
tangential stress condition (Eq. (45)) has additional terms due to
the jump in the first normal stress difference across the two-fluid
interface in the base state. These additional terms are respon-
sible for the purely elastic interfacial instability in two-layer

flows of viscoelastic fluids. The linearized kinematic condition
at z = β between the two viscoelastic fluids is given by

ik[v̄a
x(z = β) − c]g̃ = ṽa

z[z = β]. (46)

The boundary conditions at z = 1 are simply

ṽa
z = 0, ṽa

x = 0. (47)

2.3.2. Linear viscoelastic solid
The governing equations for the displacement field in the

linear viscoelastic solid layer can be expressed in terms of ũi(z)
in a similar manner to give

dzũz + ikũx = 0, (48)

−ikp̃g +
(

1

Γ
− ikcηr

)
(d2

z − k2)ũx = −Re k2c2ũx, (49)

−dzp̃g +
(

1

Γ
− ikcηr

)
(d2

z − k2)ũz = −Re k2c2ũz. (50)

These equations can be reduced to a single fourth-order differ-
ential equation for ũz:

(1 − ikcηrΓ )(d2
z − k2)2ũz + Re k2c2Γ (d2

z − k2)ũz = 0. (51)

The linearized boundary conditions at the unperturbed interface
position z = 0 between FENE-P fluid B and the solid layer are
given by [14,28]:

ṽb
z = (−ikc)ũz, (52)

ṽb
x + [dzv̄

b
x]z=0ũz = (−ikc)ũx, (53)

−p̃b + τ̃b
zz = −p̃g + 2

(
1

Γ
− ikcηr

)
dzũz, (54)

τ̃b
xz − ikτ̄b

xxũz =
(

1

Γ
− ikcηr

)
(dzũx + ikũz). (55)

Here, the second term in the left side of Eqs. (53) and (55) rep-
resent nontrivial contributions that arise as a result of the Taylor
expansion of the mean flow quantities about the unperturbed
fluid–solid interface. The boundary conditions for the displace-
ment field at z = −H are

ũz = 0, ũx = 0. (56)

2.3.3. Neo-Hookean solid
The governing equations of the neo-Hookean solid are simi-

larly linearized about the base state (see [24] for more details),
and we obtain the following linearized stability equations in the
limit of zero inertia in the solid:

dZw̃Z + ikw̃X − C1ikw̃Z = 0 (57)

−ikp̃g + 1

Γ
(d2

Z − k2)w̃X = 0, (58)

ikC1p̃g + 1

Γ
(d2

Z − k2)w̃Z − dZp̃g = 0, (59)

where C1 ≡ dzw̄x = (Γ/f̄ b) dzv̄
b
x is the deformation gradient at

base state in the neo-Hookean solid. As first pointed out by Gka-
nis and Kumar [24], these linearized equations show that the
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term involving C1 represents additional coupling (when com-
pared with the linear viscoelastic solid model) between the base
state deformation gradient and the horizontal gradients in the
vertical displacement (Eq. (57)) and another additional coupling
between the base state deformation gradient and pressure pertur-
bation in the solid (Eq. 59). These additional couplings arise due
to the nonlinearity of the governing equations in a neo-Hookean
solid. These equations can be reduced to a single fourth-order
differential equation for w̃Z:

(ikC1 − dZ)(d2
Z − k2)

(
C1 + i

k
dZ

)
w̃Z + ik(d2

Z − k2)w̃Z = 0.

(60)

The linearized interface conditions at the unperturbed fluid B
– deformable solid interface z = 0 are obtained for the neo-
Hookean model as

ṽb
z = −ikcw̃Z, (61)

ṽb
x + [dzv̄

b
x]z=0w̃Z = (−ikc)w̃X, (62)

τ̃b
xz − ikτ̄b

xxw̃Z = 1

Γ
[dZw̃X + (C1dZ + ik(1 − C2

1))w̃Z], (63)

−p̃b + τ̃b
zz = −p̃g + 2

Γ
dZw̃Z. (64)

Differential equations (31)–(33) for the two fluids and (48)–
(50) for the solid layer along with interface and boundary con-
ditions (Eqs. (52)–(56) for the linear viscoelastic solid, and
Eqs. (61)–(64) for the neo-Hookean solid) completely specify
the stability problem for the three-layer configuration of inter-
est in this study. The complex wavespeed c is a function of
Wα, μr, Γ, k, H, β, Σ, ηr, b

α, and Re.

3. Numerical method

For arbitrary values of k and μr and Re, there are no closed
form solutions to the governing FENE-P stability equations, and
so a numerical method must be used to solve the stability prob-
lem in general, which is described briefly here. A numerical inte-
grator [29] combined with a Newton–Raphson iteration scheme
are respectively used to solve the fourth-order ordinary differ-
ential equations in each layer and to solve for the eigenvalue. It
is well known (see, for example, [30]) that this method is not
guaranteed to capture all the eigenvalues of the problem, as this
requires a good initial guess to converge to the desired solu-
tion. Consequently, a spectral method is often used to compute
the eigenvalues of the stability problem in viscoelastic fluids
(see, for example, the recent work of Arora and Khomami [27]).
However, in this study, our primary interest is in tracking the
two-fluid interfacial mode for FENE-P fluids, which becomes
unstable in a rigid channel due to elasticity and viscosity strati-
fication, and how this mode is affected by the deformable solid
layer. This interfacial mode is accessible by a low-wavenumber
asymptotic analysis for UCM fluids, and we numerically con-
tinue the UCM low-wavenumber results to FENE-P fluids for
arbitrary wavenumbers by using the numerical procedure de-
scribed below. In other words, since our interest is mainly in

the understanding of the suppression or enhancement of the
two-fluid interfacial mode, the shooting method suffices for the
present purposes.

A fourth-order Runge–Kutta integrator with adaptive step
size control is used to obtain numerical representations of the
linearly independent solutions to the fourth-order differential
equations. For fluid A, there are two linearly independent solu-
tions consistent with the two boundary conditions at z = 1, and
these are obtained by numerically integrating the fourth-order
stability equation from z = 1 to z = β. The velocity field ṽa

z in
fluid A is then obtained as a linear combination of these two lin-
early independent solutions. For fluid B, which is bounded by
fluid A and the solid layer on either side, we obtain four linearly
independent solutions by numerically integrating from z = β to
z = 0. For the solid layer, we obtain two linearly independent
solutions consistent with the boundary conditions at z = −H by
numerically integrating from z = −H to z = 0. Thus, there are
eight coefficients multiplying the linearly independent solutions
(two in fluid A, four in fluid B, and two in the solid layer) in the
three layers. The numerical solutions obtained in this manner are
substituted in the eight interface conditions at z = 0 and z = β

(Eqs. (42)–(55)) and a 8 × 8 characteristic matrix is obtained.
The determinant of the characteristic matrix is set to zero to ob-
tain the characteristic equation, which is solved using a Newton–
Raphson iteration scheme to obtain the complex wavespeed. It
is well recognized that this shooting procedure needs a good
initial guess in order to converge to the desired eigenvalue (the
two-fluid interfacial mode in the present work). We take the
initial guess from the previous study by Shankar [15], where
a low-k asymptotic analysis was carried out for two-layer flow
of UCM fluids past a linear viscoelastic solid. That asymptotic
analysis yields an analytical expression for the wavespeed of the
two-fluid interfacial mode, as a perturbation series in k for the
case of two-layer flow of UCM fluids past a linear viscoelastic
solid. In this study, we use the previous analytical expression as
a starting point in the limit b � 1 and k � 1, and numerically
continue those results to the case of FENE-P fluids b ∼ O(100)
and for finite values of k.

We have validated our numerical procedure and computer
code by comparing our results for the special case of a single
FENE-P Couette flow in a rigid channel with the recent results of
Arora and Khomami [27], who have reported numerical results
obtained using a spectral method. We compared the results from
our numerical procedure for the special case of Γ = 0, μr = 1,
ba = bb, and Wa = Wb and for arbitrary values of the fluid thick-
ness parameter β (i.e. 0 ≤ β ≤ 1). In this special limiting case,
our two-layer configuration reduces to that of a single layer plane
Couette flow of an FENE-P fluid in a rigid channel. It must be
noted that Arora and Khomami report eigenvalues for FENE-
P fluid in the presence of solvent viscosity, and our numerical
code is developed in general to account for solvent contribu-
tion as well. Under these conditions, our numerical code was
able to successfully capture the Gorodtsov–Leonov modes in an
FENE-P fluid reported in Figs. 1 and 2 of Arora and Khomami
[27]. In addition, in the limit of b � 1 and k � 1, our numerical
procedure was able to reproduce the low-wavenumber asymp-
totic results for two-layer UCM plane Couette flow past a linear
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viscoelastic solid [15]. For the neo-Hookean solid case, our re-
sults were validated with the results reported in Shankar [14]
and Gkanis and Kumar [24] under appropriate conditions.

4. Results

We now present the results obtained from the numerical
method outlined above for the interfacial mode in two-layer
plane Couette flow of viscoelastic fluids. The discussion of the
results will be divided into three parts: first, we demonstrate
how finite extensibility of the polymer chain affects the neutral
stability diagrams significantly in the case of two-layer flow of
FENE-P fluids in a rigid channel; secondly, we turn to the results
obtained for the case of FENE-P flow past a linear viscoelastic
solid, in order to examine how the finite extensibility of the poly-
mer chain affects the predictions using the UCM model reported
in the earlier study [15]; finally, we discuss the predictions ob-
tained using the neo-Hookean solid model, and examine whether
the use of the neo-Hookean model results in significant devia-
tions when compared to the linear elastic solid model vis-á-vis
the two-fluid interfacial mode. Before proceeding to discuss the
results, it is pertinent here to point out that for the case of two-
layer flow of viscoelastic fluids past a deformable solid layer, in
addition to the two-fluid interfacial mode, there is also the pos-
sibility of the fluid–solid interface becoming unstable [15,28].
This is a finite-wavenumber instability which occurs when the
nondimensional parameter Γ exceeds a critical value for a fixed
Weissenberg number. In the earlier study of two-layer UCM flow
past a deformable solid layer [15], it was found that the critical
Γ required for this instability is typically three to four orders
of magnitude higher than the values of Γ required for suppres-
sion or enhancement of the two-fluid interfacial mode. A similar
conclusion is arrived in this study for FENE-P fluids a little later
(see Fig. 17). For this reason, we focus our efforts here mainly
on the two-fluid interfacial mode and study the effect of solid
deformability on this mode.

4.1. Two-layer flow of FENE-P fluids in a rigid channel

It is first useful to recall that for two-layer Couette flow
of UCM fluids with equal viscosities, Chen [2] showed using
a long-wave asymptotic analysis that the two-fluid interfacial
mode is unstable when the more elastic fluid is of smaller thick-
ness. In terms of the nomenclature of the present study, this trans-
lates to: for μr = 1, instability occurs when β < 1/2, Wb > Wa,
and β > 1/2, Wa > Wb; the two-layer system is stable otherwise
according to the UCM model. For the special case of μr = 1 and
β = 1/2, the UCM results show that the system is neutrally sta-
ble for arbitrary values of Wa and Wb. We first examine the effect
of finite extensibility parameter b on this result for two-layer
Couette flow of FENE-P fluids. In all the results that follow, we
set the finite extensibility parameter b = 100 for both the FENE-
P fluids. For the rest of this discussion of two-layer FENE-P flow
in a rigid channel, we further set k = 0.01 in order to stay in the
long-wave limit, and Re = 1 without loss of generality. We have
verified that the results obtained for Re = 1 are quite close to
the creeping-flow limit of Re = 0.

Fig. 2. Effect of increase in Wa on the stability of the two-fluid interfacial mode
for FENE-P fluids in a rigid channel: β = 0.5, μr = 1, Re = 1, Σ = 0, and
k = 0.01, for two different values of Wb/Wa. For these parameters, the two-
layer UCM Couette flow is always stable.

In general, we expect the two-layer FENE-P results to ap-
proach the two-layer UCM results for small values of Wa and
Wb. The implications of finite extensibility such as shear-rate
dependence of viscosity and first normal stress difference will
start affecting the stability only at finite values of Wa and Wb.
We first consider the case of β = 1/2 and the ratio of zero-shear
viscosities μr = 1. In Fig. 2 we examine the effect of increasing
Wa on ci (the imaginary part of wavespeed, proportional to the
growth rate) for two fixed values of Wb/Wa. Our results show
that upon increase of Wa, the two-fluid mode in FENE-P flu-
ids does become unstable after a critical value of Wa, and this
critical value is smaller for larger values of Wb/Wa. This shows
that even in the simplest configuration of equal fluid thickness
and with identical zero shear viscosities, the shear-rate depen-
dence of the viscosity and normal stress difference qualitatively
alters the stability behaviour in FENE-P fluids as Wa and Wb
are increased. This result can be understood by noting that in
the FENE-P case, it is only the zero-shear viscosities that are
equal in both the fluids; since Wa and Wb are different, at finite
Weissenberg numbers, the actual (i.e. shear-rate dependent) vis-
cosities will be different. The earlier asymptotic analysis [15]
for UCM two-layer flow shows that for unequal viscosities in
the two fluids, even if β = 1/2 the flow is unstable at appro-
priate values of Weissenberg number. The two-layer result for
FENE-P fluids with equal zero-shear viscosities but different
Weissenberg numbers can thus be understood in light of this
UCM result for unequal viscosities.

Fig. 3 shows the neutral stability curve (continuous line in
the figure) demarcating stable and unstable zones for β = 1/2
and μr = 1 in the Wa versus Wb/Wa = (λb/λa) plane. This
shows that the critical value of Wa required for destabilizing the
two-fluid interface decreases with increase in Wb/Wa. Another
feature to be noted in this figure is the presence of an ‘isolated
neutral line’ when Wb/Wa = 1. For β = 1/2 and for μr = 1,
when Wb = Wa, the two layers become identical in all respects
and reduce to the limit of a single layer. In this limit, the two-fluid
interfacial mode reduces into an isolated neutral mode which nei-
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Fig. 3. Neutral stability diagram in the Wa vs. Wb/Wa = λb/λa plane for two-
layer FENE-P flow in a rigid channel with β = 0.5 and μr = 1, Re = 1, Σ =
0, and k = 0.01. The continuous line shows the transition between stable and
unstable modes in the FENE-P case, and the broken line is an ‘isolated neutral
line’ where the growth rate becomes zero, but there is no transition between
stable and unstable modes. The two-layer UCM case is always stable.

ther grows nor decays. Whether one is in the stable or unstable
zone of the stability boundary in Fig. 3, the growth rate (i.e. ci)
will become zero at Wb/Wa = 1. Thus, the isolated neutral line
does not signify a transition from stable to unstable modes (or
vice versa), but merely shows that ci will become zero in that line.

Fig. 4 shows the effect of decreasing the thickness parameter
β to 0.4, but with equal zero-shear viscosities μr = 1. Here, for
the UCM case, when one plots Wa versus Wb/Wa, the region to
the left of the neutral stability curve (a vertical line at Wb/Wa =
1) is stable, and the region to the right of the neutral curve is
unstable (i.e. more elastic fluid occupying smaller thickness).
However, for the case of FENE-P fluids, the stability boundaries
are significantly different: there is a zone of instability for the
FENE-P case when it is stable for the UCM case, and there
is a region of stability in the FENE-P case when it is unstable

Fig. 4. Neutral stability diagram for two-layer FENE-P flow in a rigid channel
in the Wa–(Wb/Wa) plane for μr = 1, β = 0.4, Re = 1, Σ = 0, k = 0.01. The
continuous line indicates the transition from stable to unstable modes (and vice
versa) for FENE-P fluid, and the dotted line indicates the transition for both
FENE-P and UCM fluids.

Fig. 5. Neutral stability diagram for two-layer FENE-P flow in a rigid channel
in the Wa–(Wb/Wa) plane for μr = 1, β = 0.6, Re = 1, Σ = 0, k = 0.01. The
continuous line indicates the transition from stable to unstable modes (and vice
versa) for FENE-P fluid, and the dotted line indicates the transition for both
FENE-P and UCM fluids.

in the UCM case. Here, the dotted line with Wb/Wa = 1 is a
neutral line for both FENE-P and UCM fluids, and unlike the
β = 1/2 case discussed above, it indeed represents a crossover
from stable to unstable modes. As mentioned before, all these
results are in the low-wavenumber limit, with k = 0.01 set in
the numerical study. For β = 0.4 and Wb/Wa > 1, the UCM
case is unstable, while in a band of Wa the FENE-P case is
stable as shown in Fig. 4. It is of interest to ask if this stable
behaviour of the FENE-P fluids is only in the low-k limit or
whether this extends to finite values of k. We chose a point Wa =
8 and Wb = 16 and computed the ci versus k curve for the two-
layer FENE-P case. ci values are always negative, thus indicating
that the stability of the two-fluid mode at low values of k indeed
continues to finite wavenumbers in the FENE-P fluid.

Fig. 5 shows the neutral stability diagram for β = 0.6 and
μr = 1. For the UCM case, the system is unstable when

Fig. 6. Neutral stability diagram for two-layer FENE-P flow in a rigid channel
in the (Wb/Wa)–β plane for μr = 1, Wa = 6, Re = 1, k = 0.01. The continuous
line indicates the transition from stable to unstable modes for FENE-P fluid, the
dash-dotted line indicates the transition for both FENE-P and UCM fluids, and
the dashed line indicates the transition only for UCM fluids.
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Fig. 7. Neutral stability diagram for two-layer FENE-P flow in a rigid channel in
the (Wb/Wa)–β plane for μr = 1, Wa = 20, Re = 1, k = 0.01. The continuous
line indicates the transition from stable to unstable modes for FENE-P fluid, the
dash-dotted line indicates the transition for both FENE-P and UCM fluids, and
the dashed line indicates the transition only for UCM fluids.

Wb/Wa < 1 and is stable when Wb/Wa > 1. For this case too,
as for β = 0.4, the FENE-P fluids have significantly different
stability boundaries compared to the UCM case, with new sta-
ble and unstable regions appearing for FENE-P fluids in the
Wa–(Wb/Wa) plane. Figs. 3–5, respectively, for β = 0.5, 0.4
and 0.6 further illustrate how the stability boundaries change
qualitatively for small changes in the thickness parameter β for
FENE-P fluids.

In Fig. 6, we show the stability boundaries in the (Wb/Wa)–β

plane for μr = 1. For the simple case of two-layer UCM flow
without any viscosity contrast (i.e. μr = 1), the stable and
unstable regions separate into four quadrants as shown in
Fig. 6. For UCM fluids, the stable and unstable quadrants are
independent of the individual values of Wa or Wb. However,
for two-layer FENE-P flow, as shown in Figs. 6 and 7, the

Fig. 8. Effect of variation in the ratio of zero-shear viscosities μr on the neutral
stability diagram for two-layer FENE-P flow in a rigid channel in the Wa–
(Wb/Wa) plane for μr = 1.05, β = 0.4, Re = 1, k = 0.01. The continuous line
indicates the transition from stable to unstable modes for FENE-P fluid, and the
dotted line indicates the transition for UCM fluids.

Fig. 9. Effect of variation in the ratio of zero-shear viscosities μr on the neutral
stability diagram for two-layer FENE-P flow in a rigid channel in the Wa–
(Wb/Wa) plane for μr = 0.95, β = 0.4, Re = 1, k = 0.01. The continuous line
indicates the transition from stable to unstable modes for FENE-P fluid, and the
dotted line indicates the transition for UCM fluids.

stable and unstable regions in the (λb/λa)–β plane are actually
a function of Wa, thus showing how the shear-rate (i.e. Wa)
dependence of the viscosity and normal stress difference affects
the neutral stability boundaries.

We next examine the effect of changing the ratio of zero-
shear viscosities μr on the neutral stability diagram. Figs. 8 and
9 demonstrate how drastically the stability boundaries change
for FENE-P fluids as μr is changed to 1.05 and 0.95, respectively,
when compared to the μr = 1 case shown in Fig. 4. In marked
contrast, the UCM stability boundary is virtually unaffected by
such small changes in μr. Further decrease of μr to 0.5 showed
that the neutral curve is qualitatively similar to μr = 0.95 but
zone of instability of the FENE-P case is extended further com-
pared to the UCM case. Fig. 10 shows the change in stability
boundaries as μr is increased to 4. Here again, the FENE-P fluid
has a larger zone of instability compared to the UCM fluid. By

Fig. 10. Neutral stability diagram for two-layer FENE-P flow in a rigid channel
in the Wa–(Wb/Wa) plane for μr = 4.0, β = 0.4, Re = 1, k = 0.01. The con-
tinuous line indicates the transition from stable to unstable modes for FENE-P
fluid, and the dotted line indicates the transition for UCM fluid.
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Fig. 11. Neutral stability diagram for two-layer FENE-P flow in a rigid channel
in the Wa–(Wb/Wa) plane for μr = 2.0, β = 0.2, Re = 1, k = 0.01. The con-
tinuous line indicates the transition from stable to unstable modes for FENE-P
fluid, and the dotted line indicates the transition for UCM fluid. This figure
shows that the FENE-P case is stable in a larger parametric zone than the UCM
fluid.

contrast, for μr = 2 and β = 0.2 (Fig. 11), the FENE-P fluid is
stable in a larger parametric range when compared to the UCM
fluid. For μr 	= 1, this is one of the very few instances when
the two-layer FENE-P flow is more stable compared to the two-
layer UCM flow. In general, however, the opposite is found to
be the case.

Before proceeding to discuss the effect of the deformable
solid layer, it is useful to summarize the key conclusions from
our results for two-layer Couette flow of FENE-P fluids in a rigid
channel. Our numerical results demonstrate that the stability
boundaries are significantly altered in the FENE-P case when
compared to the UCM case, and that the stability boundaries
are a sensitive function of the viscosity ratio μr. To the best
of our knowledge, we are not aware of prior work in this area
presenting such detailed numerical results for two-layer flow of
FENE-P fluids. In the previous work by Ganpule and Khomami
[11], a modified Phan–Thien–Tanner (MPTT) model was used
to study the two-layer pressure-driven plane Poiseuille flow in
a rigid channel, and two sets of neutral curves were presented
in the (Wb/Wa)–β plane. However, the data presented were for
Wa = 0.1, which is on the lower side in order to observe any
significant departure from the UCM results, and this was indeed
the case in their results.

While our motivation for computing these neutral stability
curves is to examine the effect of a deformable solid layer coat-
ing on the two-layer instability, the above results for two-layer
FENE-P flow in rigid channels could as such be of utility, espe-
cially in the comparison of experimental observations with the-
oretical predictions of two-layer interfacial instability in poly-
meric liquids.

4.2. Results from the linear viscoelastic solid model

We now turn to examine the effect of a soft deformable solid
layer coating on the two-layer instability in FENE-P fluids. In

Fig. 12. Effect of solid layer deformability on the two-fluid interfacial mode in
FENE-P fluids: variation of imaginary part of wavespeed ci with wavenumber
k. Data for μr = 0.8, β = 0.4, Wa = 6, Wb = 5.4, Re = 1, Σ = 0.2, H = 1,
ηr = 0.1.

this section, we discuss the results obtained using a linear vis-
coelastic model for the solid layer. The earlier work of Shankar
[15] has carried out a study for two-layer UCM plane Couette
flow past a linear viscoelastic solid, and it was shown using
both low wavenumber asymptotic analysis and numerical com-
putations that the two-layer instability could be completely sup-
pressed or triggered by the deformable solid layer. In the present
discussion for two-layer plane Couette flow of FENE-P fluids,
we wish to address the following questions:

• Will the stabilizing nature of the solid layer on the two-layer
instability predicted for UCM fluids remain so in two-layer
FENE-P flow?

• What will be the consequence of using the FENE-P model
on the shear modulus of deformable solid the required for
suppression of the instability?

• The two-layer FENE-P flow was shown to have a larger zone
of instability compared to two-layer UCM flow; will the solid
layer still have a stabilizing effect for these ‘new’ unstable
regions present only for FENE-P fluids?

The numerical results for FENE-P fluid are obtained by us-
ing the low-wavenumber asymptotic results [15] as a starting
point, and by numerically continuing the extensibility parameter
b from very large values (UCM fluid) tob = 100 (FENE-P fluid).
Fig. 12 shows the variation of ci with k for the two-fluid interfa-
cial mode with specified values of Wa = 6, Wb = 5.4, μr = 0.8,
β = 0.4, Re = 1, Σ = 0.2, H = 1, ηr = 0.1. The limit of a rigid
channel is obtained by setting Γ = 0 (elastic stresses in the solid
layer very large compared to viscous stresses in the two fluids),
and the figure shows (dashed line) that the two-layer interfa-
cial mode is unstable from k � 1 to k ∼ O(1). In our ensuing
discussion, we have used nominal values of the interfacial ten-
sion parameter Σ between the two fluids, and for viscosity ratio
ηr between the fluid B and the linear viscoelastic solid layer.
The continuous line in Fig. 12 shows the effect of increase in
solid layer deformability parameter Γ from zero (rigid wall) to
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Fig. 13. Neutral stability curve in the Γ –k plane for the FENE-P two-fluid inter-
facial mode in the presence of the deformable solid layer showing suppression of
interfacial instability at all wavenumbers. Data for μr = 0.8, β = 0.4, Wa = 6,
Wb = 5.4, Re = 1, Σ = 0.2, H = 1, ηr = 0.1.

0.6, and the interfacial instability is completely suppressed at all
wavenumbers. At higher wavenumbers (k > 5), it is seen that the
two curves corresponding to rigid solid layer and soft solid layer
coincide with each other, indicating that for these short wave-
length fluctuations, the disturbance velocities are more confined
near the two-fluid interface and the deformability of the solid
layer has no effect on such short wavelength fluctuations. It is
useful to present the results in terms of a neutral stability diagram
in the Γ –k plane where the stable and unstable regions will be
demarcated; such a plot for the above set of parameters is shown
in Fig. 13. For Γ → 0, the deformable solid layer approaches
the rigid limit, and so one expects the two-layer instability to be
present. As Γ is increased beyond a critical value as given by
the neutral curve, the two-layer instability is suppressed at all
wavenumbers. A similar prediction for a different set of param-
eters for the FENE-P fluids is shown in Fig. 14. We have verified
for a wide range of parameters that when the two-layer mode is

Fig. 14. Neutral stability curve in the Γ –k plane for the FENE-P two-fluid inter-
facial mode in the presence of the deformable solid layer showing suppression of
interfacial instability at all wavenumbers. Data for μr = 0.2, β = 0.4, Wa = 6,
Wb = 4.8, Re = 1, Σ = 0, H = 1, ηr = 0.5.

Fig. 15. Destabilization of the two-fluid interfacial mode in FENE-P fluids by the
deformable solid layer. Data for μr = 0.5, β = 0.8, Wa = 3, Wb = 2.4, Re = 1,
Σ = 0.4, H = 0.6, ηr = 0.1.

unstable in FENE-P fluids, the deformable solid layer tends to
have a stabilizing effect on the instability leading to complete
suppression at all wavenumbers. Thus, the central conclusion of
the earlier analysis for two-layer UCM flow concerning the sup-
pression of interfacial instability carries over to the more realistic
FENE-P model as well. This is one of the main conclusions of
the present study.

Fig. 15 shows the opposite effect, viz., destabilization of the
two-fluid interface in FENE-P fluids by the deformable solid
layer, when the interfacial mode is completely stable in flow
past a rigid surface. Here again, the solid layer destabilizes the
two-fluid mode for k → 0 to k ∼ O(1), but the two curves corre-
sponding to a rigid solid and deformable solid merge with each
other for k > 3 for the same reason outlined above for short
wavelength fluctuations. The neutral stability curve character-
izing the parameter Γ required for destabilizing the two-fluid
interface is shown in Fig. 16.

The discussion thus far has demonstrated that the deformable
solid layer has a stabilizing effect when the two-fluid mode is un-

Fig. 16. Neutral stability curve in the Γ –k plane for the destabilization of FENE-
P two-fluid interfacial mode by the deformable solid layer. Data for μr = 0.5,
β = 0.8, Wa = 3, Wb = 2.4, Re = 1, Σ = 0.4, H = 0.6, ηr = 0.1.
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Fig. 17. Neutral stability curve in the Γ –k plane for both the two-fluid interfacial
mode (“mode 1”) and the fluid-solid mode (“mode 2”) in FENE-P fluids. Result
illustrating the wide gap between the two neutral curves. Data for μr = 0.5,
β = 0.4, Wa = 1, Wb = 2, Re = 1, Σ = 0.25, H = 0.7, ηr = 0.6.

stable, and it has a destabilizing effect when the two-fluid mode
is stable in rigid channels. In the previous study of Shankar
and Kumar [28], it was shown that the interface between an
UCM fluid could also become unstable when the parameter Γ

increases beyond a critical value. If two-layer viscoelastic flows
are to be suppressed by soft solid layer coatings, it must be
ensured that the fluid–solid interfacial instability is not readily
excited due to the deformability of the solid. Using the result
reported for the fluid–solid interfacial instability in the case of
UCM two-layer flow [15] as a starting guess, we have numeri-
cally continued the neutral curve for the fluid B–solid interfacial
instability to FENE-P fluids. The neutral stability curve for the
fluid B–solid interfacial instability for FENE-P fluids is shown
in Fig. 17, along with the neutral curve for the two-fluid interfa-
cial mode. This result shows that there is a wide gap of Γ values
in which both the modes are stable, and the two neutral curves
are separated by Γ values varying by three to four orders of mag-
nitude. Thus, it can be safely concluded that the suppression of
the two-fluid interfacial mode by the deformable solid layer can
be achieved without exciting the fluid B–solid interfacial mode.

In Fig. 18, we compare the neutral curves obtained for both
UCM and FENE-P two-layer flows in the presence of the de-
formable solid layer. In this figure, we also illustrate the effect
of nonzero interfacial tension of the two-fluid interface on the
neutral curve, which suppresses any high-k instability of the
two-layer flow. For the parameter values chosen, it was found
that two-layer FENE-P flow in a rigid channel has larger growth
rates than that for UCM flow. Consequently, one would expect
the solid deformability parameter Γ required for suppressing
the instability to be larger for the FENE-P model. This is indeed
found to be the case in Fig. 18. In contrast to this behaviour, in
Fig. 19, we find that the Γ required for suppressing the instabil-
ity is smaller for FENE-P case compared to the UCM case, even
though the two-fluid mode for FENE-P fluids has a larger growth
rate compared to UCM fluids as shown in Fig. 20. This behaviour
can be understood from the fact that the stabilizing contribution
from the deformable solid layer is not just a function of Γ , but

Fig. 18. Neutral stability curve in the Γ –k plane for the two-fluid interfacial
mode obtained for both FENE-P and UCM fluids. Data for μr = 0.2, β = 0.4,
Wa = 1.8, Wb = 4, Re = 1, H = 1, ηr = 0.

also the viscosity ratio of the two fluids, and thickness ratio.
This was found to be the case in the earlier asymptotic analysis
of UCM two-layer flow. Thus, although the destabilizing contri-
bution from the two-fluid instability is larger for FENE-P fluids
in Fig. 20, the stabilizing contribution from the deformable solid
layer is also larger compared to UCM, thus resulting in a smaller
Γ value required for suppressing the two-layer instability.

4.3. Results from the neo-Hookean solid model

We now turn to the comparison of the results obtained from
the neo-Hookean solid model with that of linear elastic solid
model. In a recent study, Gkanis and Kumar [26] have shown
that for the case of flow down an inclined plane at zero Reynolds
number, the results from neo-Hookean model differed qualita-
tively from that of linear elastic model. The linear elastic model
is strictly valid when the base-state strain is small compared
to 1. In the present problem the strain in the base-state in the

Fig. 19. Neutral stability curve showing that the Γ required for suppression of
the two-fluid instability in FENE-P fluids is lower than that for UCM fluids,
even though FENE-P is more unstable than UCM for this configuration. Data
for μr = 4, β = 0.4, Wa = 2, Wb = 0.8, Re = 1, H = 1.315, Σ = 0.1, ηr = 0.
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Fig. 20. ci vs. k curve showing that the two-fluid mode in FENE-P fluids is more
unstable in rigid channels than UCM fluids. Data for μr = 4, β = 0.4, Wa = 2,
Wb = 0.8, Re = 1, Σ = 0.

solid layer is proportional to Γ (Section 2.2), and in the results
presented above, the numerical value of Γ required for insta-
bility suppression is indeed small compared to 1. Consequently,
we might expect the linear elastic solid model to be accurate
in so far as the prediction of the neutral curve for the two-fluid
mode is concerned. In addition, it can be readily verified that
the extra terms that appear in the linearized neo-Hookean solid
equations and boundary conditions (see Section 2.3.3) do not
make a contribution in the limit of small k, and the linearized
neo-Hookean equations become identical to the stability equa-
tions for the linear elastic solid model as k � 1. Thus, at low k,
the earlier asymptotic predictions for two-layer UCM flow past
a linear elastic solid will remain valid even for the neo-Hookean
case. Since the two-fluid interfacial instability is essentially a
low-k instability, one might further expect the extra terms in
the neo-Hookean equations not to affect the results significantly
even at finite values of k. We verify this below by comparing
the results obtained from the linear elastic model and the neo-
Hookean model for the solid layer. Since Re does not play a very

Fig. 21. Comparison of ci vs. k curves for results obtained for stabilization of
two-fluid mode in FENE-P fluids using both linear elastic and neo-Hookean
solid models. Data for μr = 2, β = 0.8, Wa = 5, Wb = 6, Re = 0, H = 0.4,
Σ = 0.1.

Fig. 22. Comparison of neutral stability curves for results obtained for sup-
pression of two-fluid mode in FENE-P fluids using both linear elastic and neo-
Hookean solid models. Data for μr = 2, β = 0.8, Wa = 5, Wb = 6, Re = 0,
Σ = 0.1.

significant role in the instability due to elasticity stratification,
we have set Re = 0 in the following comparisons.

In Fig. 21, we show the ci versus k curves for two-layer FENE-
P flow past both linear elastic and neo-Hookean solids for a given
set of parameters. This shows that the ci versus k curves for both
the models merge with each other for small values of k, and there
is a small deviation at finite values of k. Importantly, however,
both the linear elastic model and the neo-Hookean model both
predict the suppression of the instability at all wavenumbers. In
Fig. 22, we show the neutral stability curves in Γ –k plane for
both linear elastic and neo-Hookean models, at three different
values of solid thickness H. This comparison shows that as H
increases from 0.2 to 1, the critical Γ required for suppression
decreases, and agreement between the two solid models gets
progressively better. At H = 1, the difference between the two
curves is indistinguishable. We have verified that similar trend
continues for a variety of other parameter regimes as well. Thus,
our numerical results reveal that for the purposes of prediction
of suppression of two-layer instability, the linear elastic solid
model proves adequate.

5. Conclusions

A numerical study of the interfacial instability in two-layer
plane Couette flow of FENE-P fluids past a deformable solid
layer was carried out with the objective of extending the previ-
ous analysis [15] for UCM fluids to more realistic models for the
viscoelastic fluids and the deformable solid. For two-layer plane
Couette flow of FENE-P fluids past rigid surfaces, the present
study provides new results for the neutral stability curves demar-
cating stable and unstable regions for the two-fluid interfacial
instability driven by elasticity and viscosity stratification. Our
results show that the stability boundaries are significantly al-
tered for two-layer flow of FENE-P fluids when compared to
those for UCM fluids. Also, the stability boundaries were sensi-
tively dependent on the ratio of zero-shear viscosities of the two
fluids. In general, we find the two-layer flow of FENE-P fluids
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to be unstable in a larger range of parameters compared to the
UCM model. This modification in the neutral stability curves is
mainly a consequence of the shear-rate dependent first normal
stress difference and shear-rate dependent viscosity, which alter
the driving force for the interfacial instability. These results for
two-layer plane Couette flow FENE-P fluids in rigid channels
could be of utility in future comparisons of experimental obser-
vations involving polymeric liquids with theoretical predictions.

The effect of solid layer deformability on the interfacial in-
stability in FENE-P fluids is studied in detail using both the
linear viscoelastic and neo-Hookean models for the solid, and it
is shown in general that when the two-fluid mode is unstable in
rigid channels, the deformability of the solid layer could com-
pletely suppress the interfacial instability at all wavenumbers.
Results were also presented wherein the solid layer has a desta-
bilizing effect on the interfacial mode, when it is stable in flow
past rigid surfaces. Another general trend that emerges is that the
shear modulus required for suppressing the interfacial instability
is generally smaller for FENE-P fluids when compared to UCM
fluids, although there were few parameter ranges where the op-
posite is true. Results obtained using a linear elastic model for
the deformable solid were compared with those obtained from a
more rigorous neo-Hookean solid, and results from both models
agreed very well for the two-fluid interfacial mode. In conclu-
sion, the present study augments the earlier predictions [15] for
two-layer flow of UCM fluids past a linear elastic solid, by ex-
tending them to more realistic FENE-P model for the fluids and
neo-Hookean model for the solid. We have demonstrated that
the main conclusion of suppression of interfacial instability by
a deformable solid layer remains unaffected by the use of more
accurate models for the fluid and the solid.
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