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The linear stability of gravity-driven flow of two superposed Newtonian liquid layers down a
deformable, inclined, wall is analyzed in order to examine the effect of wall deformability on the
interfacial instabilities in the system. There are three distinct interfacial modes in this composite
system, viz., gas-liquid �GL�, liquid-liquid �LL�, and liquid-solid �LS� modes. For a rigid-wall, the
GL interface becomes unstable above a critical Reynolds number, while the stability of the LL
interface depends on the relative placement of the liquid layers. When the more viscous liquid is
adjacent to rigid surface, the LL mode becomes unstable beyond a critical Reynolds number �Re�,
while it becomes unstable even at Re=0 when the less viscous liquid is next to rigid-wall. Our
asymptotic results show that solid deformability has a stabilizing effect on both GL and LL modes
in the low-wavenumber limit when the more viscous liquid layer is near the deformable wall.
Numerical results reveal that both the GL and LL interfacial instabilities can be suppressed for all
wavenumbers when the solid layer becomes sufficiently deformable. With further increase in solid
deformability, all three interfacial modes become unstable. However, the parameters characterizing
the solid �shear modulus, thickness, and solid viscosity� can be chosen such that the GL and LL
interfaces remain stable �which are otherwise unstable in flow down a rigid incline� at all
wavenumbers without the destabilization of LS interface. When the thickness of the top �less
viscous� liquid layer is greater, it is more difficult to obtain stable flow configuration by
manipulating the solid parameters. When the less viscous liquid is adjacent to the deformable
surface, solid deformability always has a destabilizing effect on LL interfacial mode, and it is not
possible to simultaneously stabilize both GL and LL interfaces for this configuration. © 2010
American Institute of Physics. �doi:10.1063/1.3480633�

I. INTRODUCTION

The flow of two or more immiscible liquid layers is en-
countered in a variety of settings including coextrusion of
polymers,1–5 coating processes,6 as well as in microfluidic
devices7 designed for the production of monodisperse emul-
sions. Multilayer flows are susceptible to instabilities at the
interface between the liquid layers or at the interface be-
tween the liquid and gas �i.e., free surface�. Such instabilities
are detrimental to product quality in coating processes where
uniform film thickness is of importance.6 On the other hand,
these instabilities may be exploited to increase rates of trans-
port or in the creation of drops and particles in microfluidic
devices which involve flow of two or more liquids. A key
feature in multilayer flows is the ability to manipulate �in-
duce or suppress� interfacial instabilities occurring at the
multiple interfaces. In this study, we evaluate the feasibility
of using a “passive” deformable solid coating to suppress or
enhance the free-surface and liquid-liquid interfacial insta-
bilities, by considering gravity-driven two-layer flow of two
Newtonian liquids with a free surface. The results of the
present study could be potentially relevant to microfluidic
devices used in the preparation of micron-sized drops and
particles,7 where the ability to control the interfacial instabil-

ity between the two fluids determines the size of the drops
formed. Since microfluidic devices are often fabricated using
polydimethyl siloxane based elastomers, the present study
suggests the strategy of tailoring the modulus of the elas-
tomer to achieve control over the interfacial instabilities. Be-
low, we briefly review the relevant literature on this subject
and motivate the context and importance of the present study.

Benjamin8 and Yih9 employed a long-wave asymptotic
analysis and showed that �Newtonian� liquid flow down an
inclined plane could become unstable above a critical Rey-
nolds number, which is zero for a vertically inclined plane.
Lin10 extended the results to disturbances of arbitrary wave-
lengths and demonstrated that long-wave disturbances are
the dominant mode of instability. The presence of another
liquid layer in the case of two-layer flow down an inclined
plane renders the flow unstable11–15 even at zero Reynolds
number when the less viscous fluid is adjacent to the inclined
wall. This instability arises due to the interaction between
free-surface and the liquid-liquid interfaces. Inertia has a sta-
bilizing effect on the liquid-liquid �LL� mode for long-waves
and destabilizing effect for finite and short-waves. However,
inertia is always destabilizing for the gas-liquid �GL� mode,
and the GL interface becomes unstable above a critical Rey-
nolds number. The LL interfacial mode can be completely
stabilized at sufficiently high Reynolds number, when the
interfacial tension increases beyond a critical value, but the
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GL mode becomes unstable. Thus, simultaneous stabilization
of both free-surface and LL interfacial modes is not possible
when the less viscous liquid is adjacent to the rigid-wall.
When the more viscous liquid is placed near the rigid in-
clined wall, the system is stable at zero Reynolds number
and inertia is destabilizing for both LL and GL interfacial
modes. Both GL and LL interfaces become unstable above a
critical Reynolds number and this critical Reynolds number
is zero for a rigid vertical plane.

While the above studies have employed the classical
temporal stability analysis, there has also been a lot of atten-
tion on the spatiotemporal formulation to capture the convec-
tive nature of the unstable modes.16–18 The spatiotemporal
approach to stability19 provides a more clearer picture of the
instability by distinguishing it as being either convective or
absolute. In this study, however, we are mainly interested in
obtaining neutral stability curves �in appropriate parameter
space� which depict parameter regimes where the interfacial
instabilities are fully suppressed. Neutral curves remain the
same regardless of whether the modes considered are tempo-
ral or spatial because the growth rate is by definition zero
along the neutral curve. Hence, we restrict ourselves to the
classical temporal analysis to obtain the neutral curves.
There have also been many studies20,21 which have studied
the nonlinear regime by using �lubricationlike� long-wave
theories to derive the evolution equation for the interfacial
deformations. As discussed in detail below, in the present
system, even finite-wavenumber modes can be the most un-
stable when the wall is deformable, and restriction to purely
long-waves does not yield the complete picture of the sys-
tem’s stability.

Previous studies have also explored the possibility of
controlling the interfacial instability in multilayer flows by
various methodologies. Lin et al.22–24 studied the effect of
in-plane horizontal oscillations on the free-surface instability
in single and two-layer flows using Floquet theory. They
showed that the onset of instability in this system can be
suppressed in certain parameter regimes by imparting oscil-
lations of appropriate amplitude and frequencies. They also
demonstrated that outside these windows of stability, it is
possible to even enhance the instability of liquid film. The
possibility of using deformable solid layer coating to ma-
nipulate and suppress interfacial instabilities has been ex-
plored for two-layer plane Couette flow25,26 and single-layer
free-surface flow27–29 of both Newtonian and viscoelastic liq-
uids. It was shown25,27 that the deformability of the solid
could lead to complete suppression of the interfacial insta-
bilities. Gkanis and Kumar30 analyzed the stability of
gravity-driven flow past a deformable neo-Hookean solid in
the creeping-flow limit �Re=0� and pointed out the impor-
tance of using a nonlinear constitutive model for the solid.
While many previous studies �including our earlier works,
e.g., Refs. 26 and 27� considered a simple linearized elastic
�i.e., Hookean� model for the deformable solid, it is, how-
ever, not valid for large deformations encountered in soft
solids. Although we are interested here only in linear stabil-
ity �wherein the fluctuations are deemed infinitesimal�, the
base-state of the solid has O�1� deformations. The crucial

coupling between the O�1� base-state and fluctuations was
neglected in the earlier works, and this leads to qualitatively
different predictions. Importantly, all these prior studies were
restricted to the case where the deformability of the solid
layer stabilized only one unstable interface, which could be a
liquid-liquid interface �Refs. 25 and 26� or a gas-liquid free
surface �Refs. 27–30�.

In this work, we focus on the question of whether the
presence of a deformable solid can simultaneously stabilize
two unstable interfaces �viz., a liquid-liquid interface and a
gas-liquid interface�. We also explore the parametric regimes
where the instability can be enhanced by manipulating the
properties of soft solid coating. There have been many stud-
ies �Refs. 2 and 3, for example� which have analyzed the
stability of two- and three-layer flows of polymeric �vis-
coelastic� fluids encountered in coextrusion operations. It is
nevertheless instructive to analyze the stability of two New-
tonian liquid layers for the following reason: it has been
shown using asymptotic analysis and numerical solutions
that26,29 that the �qualitative� effect of deformable layer on
the interfacial mode�s� is independent of whether the fluids
are Newtonian or viscoelastic. Hence, many of the qualita-
tive features of the present results are expected to carry over
to the case when both the fluids are viscoelastic. The rest of
this paper is structured as follows: after formulating the
problem in Sec. II, we discuss results from the low-
wavenumber asymptotic analysis in Sec. III A. Results from
the numerical solution for arbitrary wavenumbers are dis-
cussed in Sec. III C, and the salient conclusions of this work
are summarized in Sec. IV.

II. PROBLEM FORMULATION

A. Governing equations for fluid and solid

We consider the gravity-driven laminar flow of two su-
perposed Newtonian liquids flowing past an incompressible
and impermeable deformable solid �Fig. 1�. The solid �of
thickness HR, shear modulus E, and viscosity �s� is strongly

FIG. 1. Schematic diagram showing the configuration and �nondimensional�
coordinate system considered in this work: two Newtonian liquid films
flowing past an inclined plane lined with a viscoelastic neo-Hookean solid
layer.
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bonded to a rigid inclined plane at z�= �1+H�R which makes
an angle � with the horizontal. The top layer �liquid A of
viscosity �a� is in contact with a passive gas and occupies a
region 0�z���R in the unperturbed base-state. The bottom
layer �liquid B of viscosity �b� is adjacent to the deformable
solid layer and occupies a region �R�z��R in the unper-
turbed base-state. The densities ��� of two liquid layers are
assumed to be equal to the density of solid because the den-
sities of commonly used polymeric materials are, in general,
not very different from those of common liquids. Various
physical quantities are nondimensionalized by using the
following scales: R for lengths and displacements, V
=�gR2 sin � /2�b for velocities, and �bV /R for stresses and
pressure. The governing equations for the two liquid layers
are Navier–Stokes continuity and momentum equations,

� · v� = 0,

�1�

Re��tv
� + v� · �v�� = − �p� + �r

� � · T� +
2

sin �
ĝ ,

where v� and p� are the velocity and pressure fields in liquid
layer �=a ,b; �r

�=�r=�a /�b for liquid A ��=a� and �r
�=1

for liquid B ��=b�; T�=−p�I+�r
���v�+ ��v��T� is the total

stress tensor for liquid layer � �=a or b�, and Re=�VR /�b is
the Reynolds number based on the viscosity of fluid B.

The governing equations for the liquid layers are written
in terms of spatial �Eulerian� coordinates �x=x ,y ,z�. It is
possible to express the dynamical quantities and governing
equations in the solid also in a consistent Eulerian
fashion.39,46 Equivalently, following Ref. 31, we find it con-
venient to refer the governing equations for the solid in terms
of a reference �Lagrangian� configuration, where the inde-
pendent variables are the positions X= �X ,Y ,Z� of material
particles in the reference �i.e., unstressed solid� configura-
tion. Chokshi39 has shown that the Eulerian–Eulerian and
Eulerian–Lagrangian approaches are equivalent and yield the
same result for the eigenvalues. Thus, the spatial coordinates
�x ,y ,z� used for fluid motion is identical to the reference
coordinates �X ,Y ,Z� in the unstressed configuration for the
deformable solid. In the deformed state of the solid, the spa-
tial positions of the material particles are denoted in this
study by w�X�, where w= �wX ,wY ,wZ�, while X= �X ,Y ,Z�
denotes the position vector of the material particle in the
reference configuration. The deformable solid layer is mod-
eled as an incompressible neo-Hookean viscoelastic solid
and the mass and momentum conservation equations govern-
ing the dynamics of solid are given as32,33

det�F� = 1, Re� �2w

�t2 �
X

= �X · P +
2

sin �
ĝ . �2�

In the above equations, F is the deformation gradient tensor
defined as F=�Xw and P is the first Piola–Kirchhoff
stress tensor. The first Piola–Kirchhoff stress tensor is related
to Cauchy stress tensor by P=F−1 ·�. The Cauchy stress ten-
sor � for the neo-Hookean viscoelastic solid is split into an
elastic part, �e, and a dissipative part, �d �Refs. 34–37�
�=�e+�d,

�e = − p̂sI +
1

	
�F · FT�, �d = �r�L + LT� , �3�

where 	=�bV /ER is the nondimensional solid deformability
parameter. When 	→0, we obtain the limit of a rigid solid
layer; p̂s is the pressurelike function related to actual pres-

sure in the neo-Hookean solid as p̂s= ps+1 /	; L= Ḟ ·F−1 is
the spatial velocity gradient and �r=�s /�b is the ratio of
solid to liquid B viscosity. To simplify our calculations, we
assume a frequency-independent viscosity to describe the
dissipative effects in solid medium. The conditions at the GL
interface are kinematic condition for the evolution of the free
surface and tangential and normal stress balances. The tan-
gential stresses at the free surface are zero and normal stress
in the liquid A is balanced by the hydrostatic pressure in the
gas adjacent to it. At the LL and LS interfaces, the relevant
conditions are those of continuity of velocities and stresses.
At z=1+H, the deformable solid is strongly bonded to a
rigid surface and hence the boundary conditions are those of
no deformations.

In the base-state, the GL, LL, and LS interfaces remain
flat and unperturbed, and there is a steady unidirectional flow
in the two liquid layers in the x-direction. The solid is at rest
with a nonzero displacement in x-direction due to shear
stress exerted by liquid B at the LS interface. The nondimen-
sional velocity profile and pressure distribution in the two
liquid layers are given as

v̄x
a�z� = �1 + �2�1/�r − 1� −

z2

�r
�, p̄a�z� = �2 cot ��z ,

�4�

v̄x
b�z� = �1 − z2�, p̄b�z� = �2 cot ��z , �5�

where �r=�a /�b is the viscosity ratio, � is the mean posi-
tion of the LL interface �see Fig. 1�, and the overbar is used
to denote various base-state physical quantities. The defor-
mation and pressure fields for solid layer are given by

w̄X = X + 	��1 + H�2 − Z2�,
�6�

w̄Z = Z, p̄̂s =
1

	
+ �2 cot ��Z .

B. Linearized governing equations
and interface conditions

A standard temporal linear stability analysis is per-
formed in order to determine the stability of the present
three-layered configuration. The perturbations are con-
sidered to be two-dimensional �in the x and z directions�,
which are expanded in the form of Fourier modes,

f�= f̃�z�exp�ik�x−ct��, where f� is the perturbation to any
physical variable, k is the �real� wavenumber of perturba-

tions, c is the complex wave-speed, and f̃�z� is the complex
amplitude function of the disturbance. For the deformable
solid, x and z are replaced by X and Z, respectively. If
ci
0 �or ci�0�, flow will be unstable �or stable�. The lin-
earized stability equations for liquid layer ��=a ,b� are
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dṽz
�

dz
+ ikṽx

� = 0, �7�

Re�ik�v̄x
� − c�ṽx

� + �dzv̄x
��ṽz

�� = − ikp̃� + �r
�� d2

dz2 − k2�ṽx
�,

�8�

Re�ik�v̄x
� − c�ṽz

�� = −
dp̃�

dz
+ �r

�� d2

dz2 − k2�ṽz
�. �9�

The linearized equations for the neo-Hookean viscoelastic
solid are

dw̃Z

dZ
+ ikw̃X − �dw̄X

dZ
	ikw̃Z = 0, �10�

− ikp̃s + �2 cot ��ikw̃Z +
1

	
�− k2 +

d2

dZ2�w̃X − ikc�r

��− 2k2w̃X +
d2w̃X

dZ2 − �dw̄X

dZ
	�− k2w̃Z + 2ik

dw̃X

dZ
	�

− ikc�r�ik
dw̃Z

dZ
− �dw̄X

dZ
	2

k2w̃X − �d2w̄X

dZ2 	ikw̃X�
= − k2c2 Re w̃X,

�11�

�dw̄X

dZ
	ikp̃s − �2 cot ��ikw̃X −

dp̃s

dZ
+

1

	
�− k2 +

d2

dZ2�w̃Z

− ikc�r�− �dw̄X

dZ
	�− k2w̃X + 4ik

dw̃Z

dZ
	

− 2�dw̄X

dZ
	2

k2w̃Z� − ikc�r�− 2ik�d2w̄X

dZ2 	w̃Z

+ ik
dw̃X

dZ
+ 2

d2w̃Z

dZ2 − k2w̃Z� = − k2c2 Re w̃Z.

The interface conditions at the known unperturbed GL
interface position �z=0� are obtained by Taylor-expanding
�and linearizing� the fluid dynamical variables about the flat
interface in the base-state,

ik�v̄x
a�z = 0� − c�h̃ = ṽz

a�z = 0� , �12�

− 2h̃ + �r�dṽx
a

dz
+ ikṽz

a	 = 0, �13�

− p̃a − �2 cot ��h̃ + 2�r
dṽz

a

dz
− k2h̃ = 0, �14�

where =� /�bV is the nondimensional interfacial tension of
the GL interface, with � being the dimensional GL interfacial
tension. Similarly, the linearized kinematic and interfacial
conditions at the unperturbed LL interface �z=�� are given
by

ik�v̄x
a�z = �� − c�g̃ = ṽz

a�z = �� , �15�

ṽz
a = ṽz

b, �16�

ṽx
a + g̃�dzv̄x

a�z=� = ṽx
b + g̃�dzv̄x

b�z=�, �17�

�r�dzṽx
a + ikṽz

a� = �dzṽx
b + ikṽz

b� , �18�

− pã + 2�rdzṽz
a + 1k2g̃ = − pb̃ + 2dzṽz

b, �19�

where 1=�1 /�bV is the nondimensional liquid-liquid inter-
facial tension, with �1 being the dimensional LL interfacial
tension. While the Eulerian description is used for both liq-
uid layers, a Lagrangian framework is used here for the solid
layer. Thus, the treatment of interfacial conditions at per-
turbed LS interface is different compared to conditions at GL
or LL interface and is discussed in detail in Ref. 38. As
explained there, a Taylor series expansion is not required to
evaluate any solid variable on perturbed interface in the La-
grangian description of solid.39 Following the procedure out-
lined in Ref. 38, the linearized conditions at LS interface are

ṽz
b = − ikcw̃Z, �20�

ṽx
b + w̃Z�dzv̄x

b�z=1 = − ikcw̃X, �21�

1

	
�dw̄X

dZ
	dw̃Z

dZ
+ � 1

	
− ikc�r	�dw̃X

dZ
+ ikw̃Z	

−
1

	
�dw̄X

dZ
	2

ikw̃Z − k2c�r�dw̄X

dZ
	w̃X

= �dṽx
b

dz
+ ikṽz

b	 + w̃Z�dz
2v̄x

b� , �22�

− p̃s + 2� 1

	
− ikc�r	dw̃Z

dZ
+ w̃Z

dp̄b

dz
− 2k2c�r�dw̄X

dZ
	w̃Z

= − pb̃ + 2
dṽz

b

dz
+ k22w̃Z, �23�

where 2=�2 /�bV is the nondimensional liquid-solid inter-
facial tension, with �2 being the dimensional LS interfacial
tension. Finally, zero-displacement boundary conditions hold
at the rigid surface �z=1+H� are w̃Z=0, w̃X=0.

III. RESULTS

A. Long-wave asymptotic analysis

We summarize here the salient results from a long-wave
asymptotic analysis in order to elucidate the effect of a third
solid layer on the stability of gravity-driven flow of two liq-
uid layers down an inclined plane. We present only the re-
sults here, and the details of procedure can be found in ear-
lier works25,27 where the deformable solid layer was modeled
as a linear viscoelastic solid. For k�1, the complex wave-
speed is expanded in an asymptotic series in k: c=c�0�

+kc�1�+¯. The two roots for c�0� �corresponding to GL and
LL interfaces� are found to be real and the system is neutrally
stable at leading order; the roots are in exact agreement with
the two leading order wave-speeds found by Kao11 for a rigid
inclined plane. Thus, the presence of deformable solid layer
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does not affect the wave-speeds at the leading order. The root
that approaches the single-layer free surface wave-speed,9

when the two liquid layers are reduced to a single liquid
layer, corresponds to the free surface or GL mode cgl

�0�. The

other root corresponds to the LL interfacial mode cll
�0�. Be-

cause the system is neutrally stable at leading order, it is
necessary to solve for the first correction to wave-speed in
order to determine the stability of the system.

When �r and � are numerically specified, it is possible
to obtain an analytical expression for c�1�. We first consider
the case when the more viscous liquid is adjacent to the soft
solid layer ��r�1�. As a representative example of results in
the limit of low-wavenumbers, we consider �r=0.5 and
�=0.5; the leading order and first correction to wave-speed
for both GL and LL modes are given by

cgl
�0� = 2.425 39, �24�

cgl
�1� = i�0.904�Re� − 0.720�cot �� − 4.319�	H�� , �25�

cll
�0� = 0.824 609, �26�

cll
�1� = i�3.86 � 10−3�Re� − 3.011 � 10−2

��cot �� − 1.807 � 10−1�	H�� . �27�

The leading order wave-speeds are identical to the results of
Ref. 11 obtained for a rigid incline. However, the first cor-
rection is purely imaginary and has three contributions. For
both GL and LL modes, the first term proportional to Re is
destabilizing and the second term proportional to cot � is
stabilizing. These two contributions are exactly identical to
the long-wave results obtained for a rigid incline.11 The third
term, proportional to 	H in cgl

�1� and cll
�1�, represents the effect

of solid layer deformability on the GL and LL modes, re-
spectively. This term occurs with a negative sign implying
that the deformable solid layer has stabilizing effect on both
the modes. For 	→0 �the limit of rigid solid� or H=0 �the
absence of deformable solid�, each interfacial mode can be-
come unstable above a critical Re and for �=� /2, both in-
terfaces are unstable at any nonzero Reynolds number. For
appropriately chosen nonzero values of 	H, it is possible to
suppress the low-wavenumber GL and LL mode instabilities.
The above results �Eqs. �24�–�27�� are for �r=0.5, �=0.5.
We have verified that the qualitative nature of each term in
cgl

�1� and cll
�1� is independent of � and �r�1. This is illustrated

in Tables I and II in the Appendix, which summarize the
results for �r=0.5 and different values of � for GL and LL
modes.

We next consider the case when less viscous liquid is
adjacent to the deformable solid layer ��r
1�. For example,
when �r=2 and �=0.5, the leading order and first correction
to wave-speed for both the modes are

cgl
�0� = 1.809 02, �28�

cgl
�1� = i�0.406�Re� − 0.638�cot �� − 3.831�	H�� , �29�

cll
�0� = 0.690 983, �30�

cll
�1� = i�− 1.20 � 10−3�Re� + 1.36 � 10−2

��cot �� + 8.156 � 10−2�	H�� . �31�

The qualitative nature of different contributions in the ex-
pression of cgl

�1� remains same as in the case of �r�1: the
term proportional to Re is destabilizing, the term propor-
tional to cot � is stabilizing, and the soft solid contribution is
stabilizing. Therefore, for a given H, it is still possible to
stabilize the GL interface when 	 increases above a critical
value. On the other hand, the nature of contributions of dif-
ferent terms in cll

�1� changes when compared to the case when
�r�1. The contributions already present in a rigid surface
have opposite behavior, i.e., the term proportional to Re is
now stabilizing and the term proportional to cot � is destabi-
lizing. This result is consistent with previous studies11,13,14

for flow down a rigid incline �	→0�. The term proportional
to 	H is now destabilizing for the LL mode. In cgl

�1� and cll
�1�

�Eqs. �29� and �31��, the relative contributions of different
terms are such that it is not possible to simultaneously stabi-
lize both the interfaces. For example, if �r=2 , �=0.5, �
=� /2 then �	H��0.0147 Re for LL mode to remain stable
while �	H�
0.106 Re for stabilizing the GL mode low-k
perturbations. Hence, it is not possible to stabilize long-wave
perturbations for �r
1. However, these results indicate that
it may be possible to selectively destabilize the LL interface
and this may be exploited in microfluidic applications in-
volving the formation of uniformly sized drops via the inter-
facial instability. We have verified that the qualitative fea-
tures of above results hold for any value of �r
1 and is
independent of �, and the results are summarized in Tables
III and IV in the Appendix.

B. Mode identification

A comparison of eigenvalues obtained from zero
Reynolds number analysis and low wave-number asymptotic
analysis is used to identify GL, LL, and LS inter-
facial modes. The characteristic equation is quartic in com-
plex wave-speed c at Re=0. The four roots of the character-
istic equation are obtained using the symbolic package
MATHEMATICA, once we specify k , H , 	 , � ,  , 1 and
2. The two leading order wave-speeds, cgl

�0� and cll
�0�, ob-

tained from the low-k asymptotic analysis for flow past de-
formable solid are equal to the leading order wave-speeds for
GL and LL modes obtained by Kao11 for a rigid incline. In
the presence of deformable solid, at Re=0, but for k�1, the
real part of one of the four roots approaches the leading order
wave-speed cgl

�0� of low-k asymptotic solution. This root is
identified as the GL mode. Similarly, among the remaining
three roots, one root approaches the leading order wave-
speed cll

�0� of the low-k asymptotic solution for k�1. This
root is identified as the LL mode. Out of the remaining two
roots obtained from the Re=0 analysis, one root is highly
stable at low-k becomes unstable at high k when 	 increases
beyond a critical value. This behavior is typical of unstable
mode predicted first by Gkanis and Kumar31 for flow past a
neo-Hookean elastic solid. This root is designated as LS
mode in the present study. The fourth root was never ob-
served to have a positive growth rate for a wide range of
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parameters. Once identified in the above manner, each of
these interfacial modes is then continued to arbitrary Re and
k. A numerical shooting procedure is used to continue results
at Re=0 to finite Re. Further, at finite Reynolds number, the
characteristic equation is transcendental and admits multiple
solutions to c unlike the zero Re limit. �We discuss the iden-
tification and labeling of such unstable modes a little later.�
Thus, we also used a Chebyshev–Tau spectral method40,41

which does not require any initial guess and resolves the
entire eigenspectrum of the problem. By way of benchmark-
ing our numerical procedures, we have made extensive com-
parisons of the results obtained from our codes in the limit of
a rigid solid layer �	→0 and H→0� for which results are
reported in the earlier papers of Chen14 and Jiang et al.15 In
Fig. 2, we show one such comparison with Fig. 13 of Ref.
14, which demonstrates the correctness of our numerical
code.

C. Numerical results

As discussed in Sec. I, for a rigid incline, when �r�1,
both interfaces can become unstable above a critical Rey-
nolds number �which is zero when �=� /2�, while for
�r
1, it is not possible to simultaneously stabilize both the
modes at any Reynolds number. Hence, in the following sub-
sections, we discuss the cases of �r�1 and �r
1 separately.

1. More viscous liquid adjacent to deformable wall
„�r<1…

It was shown in Sec. III A that both GL and LL modes
can be stabilized for k�1 when 	 increases beyond a critical
value. From earlier works, it is also known that the solid
layer deformability has a destabilizing effect on gas-liquid
free surface28 and liquid-liquid interfacial mode25 for finite-k
perturbations when solid becomes sufficiently deformable.
Further, as discussed in Sec. III B, for flow past neo-
Hookean elastic solid, high-wavenumber perturbations be-

come unstable even in creeping-flow limit when 	
O�1�
and increases beyond a critical value.31,42,30,28 Since short-
wave perturbations are confined to the fluid-solid interface,
we expect a similar short-wave instability to exist for the
present configuration as well. Moreover, Gkanis and
Kumar42 and Gaurav and Shankar28 have shown, respec-
tively, for Poiseuille flow in a neo-Hookean deformable
channel and gravity-driven flow of single liquid film past a
neo-Hookean surface that the LS interface becomes unstable
for finite wavenumber perturbations with increase in solid
deformability.

For the present configuration, our numerical results show
that when 	 is sufficiently high, the LS mode becomes un-
stable for high-wavenumber perturbations even for Re=0.
However, the LS mode does not become unstable at finite k
for any value of 	 at Re=0. This result is at variance with
the earlier predictions of Gkanis and Kumar42 and Gaurav
and Shankar,28 and is a consequence of implementing modi-
fied stress continuity conditions in this study wherein Taylor-
expansion is not carried out for Lagrangian variables in the
solid layer.38 Thus, while stabilization of GL and LL modes
is achieved for long wavelength perturbations when 	 in-
creases beyond a particular value, with further increase in 	,
all three interfaces can become unstable. Consequently, it is
necessary to examine whether the suppression of low-k per-
turbations extends to finite-k as well. In addition, will there
be a sufficient window in the parameter 	 where stable flow
configuration can be achieved, i.e., all three interfaces remain
stable? We first present the results for flow down a vertical
plane ��=� /2� and when the thicknesses of two liquid layers
are equal ��=0.5�. We fix �r=0.5 for discussing the results
for �r�1.

We present the results in terms of neutral stability dia-
grams in 	−k plane, which distinguish stable and unstable
regions for the present three-layer system. Figure 3 shows
the neutral stability diagram in 	−k plane for Re=0.1 and
H=2 for all the three interfacial modes. For 	=0 �rigid-wall
limit�, both GL and LL interfaces are unstable. As 	 is in-
creased beyond the lower LL mode neutral curve, the LL
interface becomes stable for perturbations of arbitrary wave-
lengths. The GL interface still remains unstable for perturba-

0 1 2 3 4 5 6

Wavenumber, k
Chen

-0.04

-0.02

0

0.02

0.04

0.06

0.08

0.1
(G

ro
w

th
ra

te
) C

h
en

Re
Chen

= 0

Re
Chen

= 0.5

Re
Chen

= 1

Re
Chen

= 3

Re
Chen

= 4

FIG. 2. �Color online� Validation of our numerical procedure by comparison
with results of Ref. 14: Growth rate vs wavenumber curve for interfacial
mode at different values of Reynolds number for the parameters correspond-
ing to Fig. 13 of Ref. 14. The continuous lines represent data obtained from
our numerical code by setting 	 or H→0 and the various symbols represent
digitally scanned data from Fig. 13 of Ref. 14. Data for �r=0.4, �
=0.5, =0, 1=0, and �=0.2.

0.001 0.01 0.1 1 10 100

Wavenumber, k

0.0001

0.001

0.01

0.1

1

10

100

Γ
=

μ
V

/(
E

R
)

GL
LL
LS

Unstable GL and LL
Stable LS

Unstable GL, stable LL and LS

Stable GL, LL and LS

Unstable

FIG. 3. �Color online� Neutral stability diagram: 	 vs k for �r=0.5, �
=0.5, �=90° , H=2, Re=0.1, =1=2=0.1, and �r=0.

094103-6 Gaurav and V. Shankar Phys. Fluids 22, 094103 �2010�



tions with wavenumbers up to 0.8. The LS interface remains
stable for lower values of 	. With further increase in 	 above
the lower GL mode neutral curve, there is a transition from
unstable to stable perturbations of the GL mode. When 	 is
further increased, we encounter a set of three neutral curves
corresponding to GL, LL, and LS modes. When 	 is in-
creased above a particular neutral curve, the corresponding
interface becomes unstable due to the deformability of solid
layer. Importantly, there exists a region in 	 between the
lower GL mode neutral curve and upper GL or LL neutral
curves, where both GL and LL interfaces are stabilized due
to the deformability of solid layer without destabilizing the
LS interface. Thus, this figure shows that it is possible to
achieve a stable flow configuration by appropriately selecting
the solid deformability parameter 	. To ensure that there are
no unstable modes in the stable region shown in Fig. 3, we
used a spectral code to verify that all eigenvalues remain
stable within the stable gap of Fig. 3. Another feature worth
noting in Fig. 3 is the gap between the lower LL and GL
mode neutral curves. For values of 	 between the lower LL
and GL mode neutral curves, the GL interface remains un-
stable while the LL interface is stabilized due to solid de-
formability. Thus, it is possible to selectively destabilize the
GL mode while keeping all the other modes stable. The
growth rate and wavelength of the perturbations in the sys-
tem would then correspond to those for the GL mode. This
feature can be potentially employed in pattern formation ap-
plications, wherein patterns of a particular wavelength can be
“transferred” across all the three layers. This could also be
potentially exploited in microfluidic devices that are used to
form drops or particles of desired size. The drops are formed
by an instability of the interface, which can be manipulated
selectively by changing the deformability of the wall.

Figure 3 shows that for low-wavenumbers, there is a
transition from stable to unstable perturbations when 	 is
increased beyond the upper GL mode neutral curve. This is
at variance with the low-k asymptotic results, where the solid
layer contribution for GL mode �term proportional to 	H� in
Eq. �25� occurs with negative sign �Sec. III A�. The reason
for this difference is that in the long-wave asymptotic analy-
sis, we have assumed that 	
O�1� and c
O�1�. However,
for the upper GL mode neutral curve in Fig. 3, our numerical
results show that 	�1 /k and cr�1 /k0.5 for k�1. We find
that the continuation of the LS mode to low k also shows a
similar scaling behavior for 	 and cr for k�1. The low-k
solution and upper GL mode neutral curve �for low-
wavenumbers� represent two different classes of solutions of
the eigenvalue problem depending on the scaling of 	 and c
with k.

We further find that for a fixed k, 	�1 /Re for Re�1 for
neutral modes. This scaling implies that �V2 /E
1, indicat-
ing a balance of inertial stresses and elastic stresses in the
limit of low Re. Such modes are therefore dependent on the
presence of inertia in the fluid and solid, and hence are a
class of “inertial” LS modes,43,45,46 which are absent at
Re=0. As demonstrated below for the high-k instability, this
GL mode instability, in fact, merges with one of the inertial
modes described in Refs. 44–46. It is observed that the short-
wave LS mode �discussed above in Sec. III B� also continues

to low k for finite Reynolds number �see Fig. 3�. It shows
identical scaling behavior for 	 with k �for k�1� and Re �for
Re�1� as illustrated by inertial LS mode �or the extended
GL mode upper neutral curve in Fig. 3�. This is illustrated in
Fig. 4 which shows the neutral curves for the two types of
LS modes for different values of Reynolds number. For
Re=0.01, there exist two distinct neutral curves: a short-
wave LS mode which exists for high-wavenumbers and the
second neutral curve corresponds to the inertial LS mode
which exists for low and finite wavenumbers. As Re is in-
creased, these two neutral curves merge with each other even
at values as low as Re�0.03. There exist more neutral
curves corresponding to other inertial LS modes at suffi-
ciently higher values of 	, however, we focus our attention
only on those unstable modes which determine the stability
window for �r�1. Because of mode merging phenomena at
higher values of 	, the designation of modes as GL, LS, or
inertial LS depends on the characteristic asymptotic behavior
used to label a mode. The labeling of modes as GL, LL, or
LS is only for ease of discussion and all that is important
from a practical point of view is that it is not possible to
attain stable flow configuration above sufficiently higher val-
ues of 	. In this work, we use low-k asymptotic behavior
�	
O�1� and c
O�1�; refer Sec. III B� to label GL and LL
modes while LS mode is labeled using high-k behavior in the
creeping-flow limit. We find that the GL, LL, and LS modes
�based on the adopted nomenclature� are the only modes
which are relevant for determining the stable gap for �r�1.
We further find that increasing the surface tension has stabi-
lizing effect �data not shown� on each of the three upper
neutral curves. The size of the unstable region for LL mode
also decreases significantly with increase in surface tension
parameter.

Figures 5�a� and 5�b� depict the neutral stability diagram
for two different values of solid layer thickness. As evident
from the low-k results �refer Sec. III A�, the critical 	 re-
quired for stabilization of LL and GL interfaces increases
with decrease in solid thickness. However, decreasing solid
thickness has stabilizing effect on upper neutral curves. For
example, while the upper LL mode neutral curve is present
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for H=2, it vanishes for sufficiently thin solids �see Fig. 5�a�
for H=0.5�. The critical 	 above which the GL mode is
destabilized increases sufficiently when solid thickness is de-
creased from H=2 to H=0.5. As a result, the stable region
for H=0.5 is determined by lower GL and upper LS mode
neutral curves, while �in contrast� for H=2 the stable region
is determined by lower and upper GL mode neutral curves.
Figure 5 clearly illustrates that there is a wider region in 	
�from 	
O�0.01� to 	
O�1�� for H=0.5 as compared for
H=2 �from 	
O�0.01� to 	
O�0.1�� where all three inter-
faces remain stable. The results presented thus far pertain to
the case when the thickness of two liquid layers are equal,
i.e., �=0.5. Figures 6�a� and 6�b� show the neutral stability
diagram for two cases: when the upper less viscous liquid
occupies less space ��=0.3� and when upper liquid occupies
more space ��=0.7�. The neutral curves for these two cases
are qualitatively similar to the case when �=0.5; however,
increasing � to 0.7 significantly decreases the width of sta-
bility window where all three modes can be simultaneously

stabilized. On the other hand, the gap between lower GL and
LL mode neutral curves, where selective stabilization of LL
mode is achieved, increases with increase in �.

For �=� /2, the critical Reynolds number required for
destabilization of GL and LL interfaces is zero for a rigid
incline. However, for a nonvertical incline ���� /2�, the
critical Reynolds numbers for GL and LL modes are nonzero
and their values depend on fluid thickness ratio �. For ex-
ample, for �=� /4 and �=0.5, the critical Re for GL mode is
approximately 0.8 while the critical Re for LL mode is 7.79.
Figure 7 shows the neutral stability diagram for H=2,
�=� /4, �=0.5, and Re=1. The lower LL mode neutral
curve is absent because the LL mode instability is not present
in the first place for flow down a rigid inclined plane at
Re=1. The GL interface is unstable in the rigid limit
�	→0� for Re=1. As 	 is increased beyond the lower GL
mode neutral curve, there is a transition from unstable to
stable perturbations and a wide gap in terms of parameter 	
exists where all the modes remain stable. With further in-
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crease in 	, the GL, LL, and LS modes become unstable
�although the LL interface was stable in the rigid-wall limit�.
As for �=� /2 �Fig. 3�, the GL and LS short-wave modes
merge with inertial LS modes at finite Re for �=� /4 as well.
Figure 7 also shows several other inertial LS mode neutral
curves which become unstable for higher values of 	. For 	
values within the stability window, only GL mode perturba-
tions are being suppressed by solid layer deformability un-
like the vertical flow configuration where both GL and LL
modes are stabilized due to wall deformability. For
Re
O�10�, the low-k perturbations for both GL and LL
modes can still be suppressed when 	 increases beyond a
critical value. However, for such 	, finite wavenumber
modes are destabilized. Thus, a stable flow configuration
cannot be achieved at Reynolds number of O�10� or higher.

We next examine the effect of solid viscosity �r. For
k�1,27,29 the solid viscosity remains subdominant and hence
does not affect the stabilization of GL or LL modes at low-
wavenumbers. In Figs. 8 and 9, we examine the effect of
increasing �r on neutral stability curves presented in Fig. 7.

Figure 8 shows that the LS neutral curve, which remains a
single continuous curve for �r=0, splits into two branches at
�r values as low as 0.05. One of the branches which exists at
relatively low but finite wavenumbers corresponds to the in-
ertial LS mode while the second branch corresponds to the
short-wave LS mode. With further increase in �r, the two
branches form unstable “islands” and size of the unstable
regions vanish above a critical �r. The solid-fluid viscosity
ratio also has strong stabilizing effect on LL and other iner-
tial LS modes �which exist at relatively higher values of 	 in
Fig. 7, which cease to exist beyond a critical �r�. Figure 9
shows that increasing �r has virtually no effect on the lower
neutral curve, but has stabilizing effect on upper GL mode
neutral curve. However, the stabilizing effect of �r is more
prominent on upper LL and LS mode neutral curves: while
the upper GL mode neutral curve exists for �r as high as 1
�see Fig. 9�, the neutral curves for LL and LS modes vanish
for �r�0.13 and �r�0.001 �see Fig. 8�, respectively. Thus,
for �r above a critical value, the width of stability window is
determined by lower and upper GL mode neutral curves.
Figure 9 illustrates that the size of the stable region �in terms
of parameter 	� increases with increase in �r for �=0.5. A
survey of our other results �data not displayed here� for non-
zero solid-fluid viscosity ratio shows that increasing dissipa-
tion in solid can be used to increase the width of stability
window for ��0.5. For �
0.6 and larger, the area of the
LL mode neutral curve decreases with increase in �r, how-
ever, the stabilization for ��0.6 is not strong enough as
compared to �=0.5 �Fig. 8�.

It is useful at this point to provide some estimates for the
dimensional parameters in the system for which the pre-
dicted suppression of instability may be observed in experi-
ments. The Reynolds number Re based on the lower fluid
viscosity is proportional to �2gR3 /�b

2 and the solid deform-
ability parameter 	��gR /E. Figure 5 shows that for
�r=0.5, Re=0.1, �r=0, and �=� /2, 	
0.01 for suppres-
sion of both the GL and LL interfacial instabilities. If we
consider R
10−3 m, �
103 kg /m3, then the shear modu-
lus E
103 Pa in order for 	
0.01. For Re
0.1, we re-
quire �b
0.3 Pa s and �a
0.15 Pa s. Thus, the predicted
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suppression of instability of two-layer flows can be realized
in systems involving very viscous liquids flowing past highly
deformable soft solid materials.

2. Less viscous liquid adjacent to deformable wall
„�r>1…

For �r
1, the long-wave results �Table III� show that in
the low-k limit, the solid layer has a stabilizing effect on the
GL mode and destabilizing effect on the LL mode. Figure 10
shows the neutral stability diagram for �=� /2, �r=2 , �
=0.5, Re=0.1, H=2, =1=0.1, 2=0.1, and �r=0. In
the rigid-wall limit �	→0�, the LL mode remains stable
while GL mode is unstable due to inertia. As 	 is increased
above the LL mode neutral curve, the LL interface is desta-
bilized by the deformability of solid layer. With further in-
crease in 	, the GL mode fluctuations are suppressed by
deformable coating. Thus, for 	 values above lower GL
mode neutral curve, the GL and LS interfaces remain stable,
while LL interface can be selectively destabilized by the soft
solid layer. On further increasing 	, we encounter upper neu-
tral curves for GL and LS modes above which the corre-
sponding mode becomes unstable. The LL mode neutral
curve is now a single continuous curve with wavenumbers
lying above and left of the neutral curve being unstable. For
�r=2, there is no region in 	−k plane where all the modes

are stable for all wavenumbers. However, for k�1, there is a
wide region in 	 where the LL mode can be preferentially
destabilized while all other modes remain stable.

IV. CONCLUSIONS

We have examined the effect of solid layer deformability
on the stability of gravity-driven flow of two superposed
liquid layers down an inclined plane lined with a deformable
solid layer. We have shown that it is possible to completely
stabilize the GL and LL interfacial instabilities at low Rey-
nolds number by the deformability of the wall when �r�1.
In terms of the parameter 	 �i.e., shear modulus of the solid�,
the width of the stability window depends on the thickness of
solid layer, relative thickness of two liquid layers, interfacial
tension, and solid-fluid viscosity ratio. The effect of increas-
ing top liquid layer thickness ��� is found to reduce the
width of stability window, while increasing interfacial ten-
sion parameters � and 1� and solid-fluid viscosity ratio
��r� increases the stability gap. For a vertical plane, it was
shown that there exists a wide range of values of 	 where all
three interfaces �GL, LL, and LS� remain stable for all wave-
numbers. For small to moderate angles of inclination
���� /4�, the suppression of instability is valid only for
Re
O�1�. For �=� /4 and Re
O�1�, only the GL interface
becomes unstable for flow down a rigid inclined plane. Thus,
the stabilization achieved is effectively due to the suppres-
sion of the free surface instability. For the other configura-
tion, i.e., when less viscous liquid is adjacent to soft solid

TABLE I. LL mode results from long-wave analysis for �r=0.5 at different
values of �.

� cll
�0� cll

�1�

0.1 1.005 98 i�1.38�10−4 Re−6.80�10−4 cot �−4.08�10−3	H�
0.2 1.007 75 i�1.078�10−3 Re−5.328�10−3 cot �−3.197�10−2	H�
0.3 0.983 729 i�2.894�10−3 Re−1.527�10−2 cot �−9.161�10−2	H�
0.4 0.922 429 i�4.188�10−3 Re−2.562�10−2 cot �−1.537�10−1	H�
0.5 0.824 609 i�3.860�10−3 Re−3.011�10−2 cot �−1.807�10−1	H�
0.6 0.696 944 i�2.462�10−3 Re−2.73�10−2 cot �−1.638�10−1	H�
0.7 0.546 240 i�1.068�10−3 Re−1.957�10−2 cot �−1.174�10−1	H�
0.8 0.377 641 i�2.672�10−4 Re−1.043�10−2 cot �−6.241�10−2	H�
0.9 0.194 73 i�2.009�10−5 Re−2.984�10−3 cot �−1.791�10−2	H�

TABLE II. GL mode results from long-wave analysis for �r=0.5 at different
values of �.

� cgl
�0� cgl

�1�

0.1 2.004 02 i�0.536 Re−0.665 cot �−3.999	H�
0.2 2.032 250 i�0.554 Re−0.666 cot �−4.00	H�
0.3 2.106 270 i�0.606 Re−0.669 cot �−4.016	H�
0.4 2.237 570 i�0.714 Re−0684 cot �−4.102	H�
0.5 2.425 39 i�0.904 Re−0.720 cot �−4.319	H�
0.6 2.663 060 i�1.206 Re−0.783 cot �−4.700	H�
0.7 2.943 760 i�1.653 Re−0.877 cot �−5.254	H�
0.8 3.263 260 i�2.283 Re−0.997 cot �−5.985	H�
0.9 3.615 270 i�3.139 Re−1.149 cot �−6.998	H�

TABLE III. LL mode results from long-wave analysis for �r=2.0 at differ-
ent values of �.

� cll
�0� cll

�1�

0.1 0.981 965 i�−5.92�10−5 Re+3.10�10−4 cot �+1.86�10−3	H�
0.2 0.935 024 i�−3.54�10−4 Re+2.085�10−3 cot �+1.25�10−2	H�
0.3 0.867 690 i�−7.93�10−4 Re+5.52�10−3 cot �+3.31�10−2	H�
0.4 0.785 380 i�−1.13�10−3 Re+9.77�10−3 cot �+5.86�10−2	H�
0.5 0.690 983 i�−1.20�10−3 Re+1.36�10−2 cot �+8.156�10−2	H�
0.6 0.585 380 i�−9.87�10−4 Re+1.57�10−2 cot �+9.43�10−2	H�
0.7 0.467 690 i�−5.96�10−4 Re+1.50�10−2 cot �+9.03�10−2	H�
0.8 0.335 024 i�−2.20�10−4 Re+1.095�10−2 cot �+6.57�10−2	H�
0.9 0.181 965 i�−2.56�10−5 Re+4.35�10−3 cot �+2.61�10−2	H�

0.001 0.01 0.1 1 10

Wavenumber, k
0.0001

0.01

1

100

Γ
=

μ
V

/(
E

R
)

GL
LL
LS

Stable LL, LS and unstable GL

Unstable LL, GL and stable LS

Unstable LL, stable GL and LS

Unstable

FIG. 10. �Color online� Neutral stability diagram: 	 vs k for �r=2 , �
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layer ��r
1�, deformability of the wall has a destabilizing
effect on LL interfacial mode. The GL mode instability can
still be suppressed for perturbations of all wavelengths.
However, simultaneous stabilization of both the modes is not
possible when the less viscous liquid is near the soft solid
layer. The predicted phenomena were shown to be relevant in
the gravity-driven flow of viscous liquids �with viscosities

1 Pa s� past soft solid surfaces �with shear modulus

103–104 Pa�.
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APPENDIX: RESULTS FROM LONG-WAVE
ASYMPTOTIC ANALYSIS

In this appendix, we present the results obtained from
the long-wave analysis for both LL and GL modes in Tables
I–IV.
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