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Manipulation of instabilities in core-annular flows using
a deformable solid layer

Gaurava) and V. Shankarb)

Department of Chemical Engineering, Indian Institute of Technology, Kanpur 208 016, India

(Received 28 August 2012; accepted 20 December 2012; published online 29 January 2013)

The stability of core-annular flow (CAF) of two immiscible fluids surrounded by a
soft, deformable solid layer is analyzed to examine the role of solid deformability on
the interfacial instabilities in the CAF, using both low-wavenumber asymptotic anal-
ysis and numerical solutions by considering axisymmetric perturbations. For CAF in
a rigid tube, two qualitatively distinct mechanisms due to capillary forces and vis-
cosity stratification destabilize the interface between the two fluids. We show using
a low-wavenumber analysis that the deformability of the solid layer has a stabilizing
effect when the more viscous liquid is in the annular region, while it is destabilizing
when the less viscous fluid is in the annular region. When the more viscous fluid is in
the annulus, our numerical results demonstrate that by tuning the shear modulus of
the solid layer, it is possible to maintain a stable core-annular flow (otherwise unstable
in a rigid tube), where perturbations with all wavelengths are stable. For the same
configuration, when the radius of the core fluid becomes small, we also find that it is
possible to restrict the length scale of the instability to a small band of wavelengths.
When the less viscous fluid is in the annulus, we show that the CAF (otherwise
stable in a rigid tube) could be destabilized by solid deformability. Both these pre-
dictions, viz., suppression or enhancement of instability of the liquid-liquid interface
by wall deformability could be potentially exploited in microfluidic drop forma-
tion applications that seek to control and manipulate the instability of the interface.
C© 2013 American Institute of Physics. [http://dx.doi.org/10.1063/1.4788712]

I. INTRODUCTION

Core-annular flows (CAF) are concentric flows of two immiscible fluids in a cylindrical ge-
ometry, with one cylindrical fluid layer flowing in the center of the tube and the other fluid in the
surrounding annular region. Such flows have been studied extensively1, 2 in the context of lubricated
pipe-lining, wherein the more viscous oil forms the core and the less viscous (and much thinner)
water layer in the annulus, leading to lower pressure drops during transportation. Core-annular flows
are also important in the context of liquid lining flows in lung airways,3–5 where if the surface
tension is sufficiently strong, the interface becomes unstable causing the liquid to block the air pas-
sage. Recently, core-annular flows are extensively investigated in the context of microfluidic devices
involved in the controlled formation and manipulation of tiny mono-disperse droplets of volumes
in the nanoliter regime.6–9 Mono-disperse nanoliter-sized droplets are used in the preparation of
double-emulsions,10 colloidal nanoparticles of uniform size, and in micro-scale chemical synthesis
within the droplets.11 An important aspect in all these applications is the issue of stability of the
core-annular flow, and its possible manipulation and control. In lubricated pipe-lining, for example,
it is desired to prevent instabilities and maintain the core-annular nature of the flow in the pipeline.
In contrast, in microfluidic droplet generation, the instability driven by capillarity is responsible for
the creation of drops from a jet, and it would be desirable to have control on the onset instability, for
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FIG. 1. Schematic diagram of the core-annular flow configuration and nondimensional coordinate system studied in this
paper.

example, by initiating the breakup of the jet at a specific position in the channel. Previous studies
have examined the role of geometric confinement,12 or the presence of interfacial surfactants13–16

on the suppression or enhancement of the capillary instability. In the present study, we study the
role of a soft, deformable solid layer coating (surrounding the annular fluid layer; Figure 1), on
the instability of the interface in a core-annular flow. This configuration is particularly relevant to
microfluidics, where the silicone elastomer poly(dimethylsiloxane) (PDMS) is often used as the
material in the soft-lithographic fabrication of sub-millimeter sized channels.17 In this paper, we
demonstrate using asymptotic analysis and numerical solutions that the deformability of the soft
solid layer has a profound influence on the capillary instability in a core-annular flow. This result
suggests that it is possible to manipulate the formation of droplets by delaying the onset of instability
or by enhancing it by tuning the shear modulus of the PDMS elastomer. In the remainder of the
Introduction, we briefly review relevant earlier work, and motivate the context for the present study.

A quiescent fluid cylinder surrounded by another fluid is unstable because axisymmetric per-
turbations to the interface with wavelengths larger than its perimeter tend to decrease its interfacial
area (and consequently, the interfacial energy) at constant volume. This phenomenon was addressed
by Rayleigh18, 19 who treated the liquid as inviscid, and this instability is referred to as the capillary
instability. This phenomenon is also observed in the uniform flow of a liquid jet surrounded by gas,
since one could transform this system to a quiescent fluid state by using a Galilean transformation
using a moving frame of reference. The interfacial tension acts to enhance azimuthal curvature,
while stabilizing the curvature in the axial direction of the jet. The unstable mode with the largest
growth rate has a wavelength little larger than the perimeter of the jet. Tomotika20 generalized this
problem by treating the liquid jet to be viscous and surrounded by a different viscous liquid of infi-
nite expanse. In this configuration, the maximum growth rate occurs for perturbations with infinitely
large wavelengths when the viscosity of one of the liquids is negligible compared to the other. When
the viscosity ratio of the two liquids is finite (i.e., neither zero nor infinity), the maximum growth
rate occurs at finite wavelengths. This destabilizing nature of capillary forces on a cylindrical thread
is present regardless of whether the fluid thread is quiescent, or is flowing in a core-annular configu-
ration surrounded by another immiscible liquid inside a tube. However, the core-annular flow of two
immiscible fluids with different viscosities is also characterized by a discontinuity of the base flow
(radial) velocity gradients at the interface. This discontinuity leads to an instability due to “viscosity
stratification” first predicted for planar two-layer flows by Yih.21 Thus, in the CAF of two immiscible
liquids, there are two qualitatively different mechanisms of destabilization, one due to the capillary
stresses, and the other due to viscosity stratification. Hickox22 analyzed the problem of stability of
CAF, and found that when the more viscous fluid is in the annular region, the viscosity stratification
is also destabilizing, when the annular fluid thickness is much smaller than the core fluid thickness.
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When the core-fluid thickness is very small compared to the annular fluid, the viscosity stratification
could be stabilizing. However, the destabilizing capillary forces are much stronger, and hence it is
very unlikely to observe a stable CAF when the core fluid is less viscous than the annular fluid.

Joseph and co-workers1, 2, 23 have carried out extensive studies in this area, and showed that when
the more viscous fluid is in the core, and if the annular fluid thickness is small, then the viscosity
stratification is stabilizing, while capillary effects are always destabilizing. At sufficiently large
Reynolds number, they showed using long-wave analysis and numerical solutions that it is possible
for the stabilizing nature of the viscosity stratification to overcome the destabilizing capillary forces,
leading to a stable CAF configuration. A majority of the stability analyses have focused on the
stability of CAF to axisymmetric (no θ -dependence) disturbances. A few studies24–26 have also
addressed the issue of non-axisymmetric disturbances, and concluded that non-axisymmetric modes
are important if the core fluid is more viscous and of much less radius compared to the annular
thickness. However, if the destabilization due to capillary forces is dominant (compared to the
contribution from viscosity stratification), the most unstable modes are found to be axisymmetric.
With lubricated pipe-lining as the primary goal, most papers in the literature have tended to focus on
axisymmetric disturbances, and on the case where the annular fluid is very less viscous and very thin
compared to the core fluid. A comprehensive review of the work related to lubricated pipe-lining
and stability of core-annular flows can be found in the monograph by Joseph and Renardy1 and the
review paper by Joseph et al.2 Halpern and Grotberg4, 5 analyzed the problem of the stability of an
annular liquid layer that is coated inside a flexible tube (with the core region being filled with air), as
a model for closure of small airways of the lungs. The flexible tube is modelled as a thin membrane
with tension and bending forces, that deforms only in the normal direction. However, the annular
liquid layer was stationary in their analysis, in contrast to the studies in core-annular flow. They
studied the role of the wall flexibility on the capillary instability, but the flexible membrane itself
was free to deflect and collapse. This situation is different from the microfluidic context, where the
deformable solid is of finite thickness and is typically bonded to another rigid substrate.

A number of studies have also analyzed the effect of surfactants at the interface on the capillary
instability in a core-annular flow.13–15 It might be expected that the addition of surfactants will
decrease the interfacial tension, and hence mitigate the capillarity-induced destabilization. While
this intuitive expectation holds for quiescent fluids to some extent,27 the presence of a core-annular
flow leads to a nonzero interfacial velocity, which gives rise to a new Marangoni-like destabilization
of the interface. Very recently, Bassom et al.16 studied the stability of a core-annular flow that
surrounds a cylindrical solid rod, and showed that the presence of interfacial surfactants can stabilize
the flow even at zero Reynolds number, by tuning the shear rate of the base flow at the liquid-liquid
interface. They used asymptotic analysis when either one of the two fluids is thin compared to the
total thickness of the two fluids, and showed that for a thin inner layer the flow is stabilized if the
inner liquid is more viscous. The role of miscibility of the two fluids was examined by Selvam
et al.28 who showed that the finite nature of the “interfacial” zone leads to stabilization. However,
the diffusion of the miscible species between the two phases leads to destabilization.

Recently, there has been also a lot of interest in determining the conditions under which the
instability of a core-annular flow would be convective or absolute. If the instability is absolute,
then the core fluid immediately breaks up into drops after ejecting from the nozzle. In contrast,
if the instability is convective, then a more continuous fluid thread would persist along the flow
geometry. Utada et al.7, 8 carried out experiments to identify the flow regimes under which the two
different regimes would exist in a core-annular flow. Ajdari and co-workers9, 29 have carried out
experiments and a lubrication-theory based analysis to characterize convective and absolute nature
of the instability in a microfluidic core-annular flow. Humphry et al.12 showed that instabilities in the
flow of two immiscible fluids in a rectangular microfluidic channel can be suppressed by geometric
confinement. By making the channel width comparable to the channel height, they showed that the
interfacial instabilities can be suppressed and the jet remains stable. They also showed that changing
the nature of confinement along the flow direction could result in drop formation at a desired location
in the geometry.

In the present study, we propose and evaluate a different strategy for manipulation of instabilities
in a core-annular flow, by examining the effect of a soft, deformable solid coating that surrounds the
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annular liquid layer on the interfacial instability. When there is fluid flow adjacent to a soft solid layer,
the dynamics of the fluid is coupled to the deformation in the solid, and this elastohydrodynamic
coupling is known to lead to the instability of the interface between the fluid and the soft solid.30–33 In
our earlier work, we have addressed the problem of planar two-layer flows past a soft solid layer,34–38

and have shown that when the solid layer is sufficiently deformable, the interfacial instability due to
viscosity stratification (the so-called “Yih mode”21) can be completely suppressed at all wavelengths,
without triggering the instability at the interface between the liquid and the gel. In the present study,
we generalize those studies to the case of a core-annular flow, where, in addition to the viscosity-
stratification induced instability there is also the capillary instability due to the cylindrical nature
of the core fluid flow. The destabilizing nature of the capillary instability is dominant even in
the presence of the flow. Hence, it is of interest to examine whether the stabilizing nature of the
deformable solid layer is present even in core-annular flows. If the deformable solid coating is able
to alter the stability characteristics, by either suppressing the instability in a core-annular flow or
by enhancing it, this could be potentially exploited in microfluidic devices that are fabricated using
PDMS. For example, one could imagine making a PDMS device with a spatially varying (along
the flow direction) elastic modulus (for example, by varying the cross-linking in the gel), to have
control on the location of the onset of the instability. However, at the same time, care must be taken
to ensure that flow-induced instabilities in a deformable tube39, 40 are not excited when the solid
layer is made deformable. We address both these issues in our following analysis, by using both
asymptotic methods and numerical solutions.

The rest of the paper is structured as follows: In Sec. II, we formulate the problem and provide
the equations governing the fluid flow and the wall deformation in Sec. II A. In Sec. II C, we
formulate the linearized equations and boundary conditions that govern the stability of the system.
In Sec. III, we discuss the results from a long-wave asymptotic analysis to show the effect of the solid
layer on the stability of the core-annular flow. Section IV provides a discussion of the numerical
results obtained at arbitrary wavenumbers. Section V provides the key conclusions of the present
work.

II. PROBLEM FORMULATION

The system consists of two concentric, immiscible, incompressible Newtonian liquids flowing
axisymmetrically in a core-annular arrangement in a deformable tube of inner radius R2 and outer
radius (1 + H)R2 as shown in Figure 1. At the outer surface, the deformable solid layer is assumed
to be perfectly bonded to a rigid tube. The deformable solid medium is modeled as impermeable and
incompressible neo-Hookean viscoelastic solid41–43 of density ρ, shear modulus G, and viscosity
ηs. The core-liquid (liquid A with viscosity μa) occupies a region 0 ≤ r* ≤ R1 and the annular
liquid (liquid B with viscosity μb) occupies a region R1 ≤ r* ≤ R2 in the unperturbed base state.
The densities of deformable solid wall medium and both liquids are assumed to be identical and are
denoted by ρ. Various physical quantities are nondimensionalized at the outset by using following

scales: R2 for lengths and deformations, center-line velocity V = P∗( R2
1 (μb−μa )+R2

2μa

4μaμb

)
for velocities,

and μb V
R2

for pressure and stresses. The dimensional pressure gradient driving the steady base flow
of both the liquids is given by P∗ez = −∇∗ p∗.

A. Governing equations

The non-dimensional equations governing the two liquid layers are the Navier-Stokes continuity
and momentum equations

∇ · vα = 0, (1)

Reα[∂t vα + vα · ∇vα] = −∇ pα + μα
r ∇ · Tα. (2)

Here, vα and pα are the velocity and pressure fields in liquid α = a, b; μα
r = μr = μa/μb for liquid

A (α = a) and μα
r = 1 for liquid B (α = b); Tα = μα

r [∇vα + (∇vα)T ] is the Cauchy stress tensor
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for liquid α (=a or b) and Re = ρV R2

μb
is the Reynolds number based on the viscosity of the annular

liquid B.
The governing equations for the liquid layers above are written in terms of spatial (Eulerian)

coordinates (x = r, θ , z), while it is convenient (following the earlier work of Gkanis and Kumar32)
to refer the governing equations for the solid in terms of a reference (Lagrangian) configuration,
where the independent variables are the spatial positions X = (R, �, Z) of material particles in the
reference (i.e., unstressed) configuration. Thus, the spatial (r, θ , z) coordinate system used for fluid
motion is identical to the reference coordinates (R, �, Z) in the unstressed configuration for the
deformable solid. In the deformed state of the solid, the spatial positions of the material particles are
denoted by w(X), where w = (wR, w�,wZ ). The deformable solid is modeled as an incompressible
neo-Hookean viscoelastic solid and the mass and momentum conservation equations governing the
dynamics of solid are given as44, 45

det(F) = 1, (3)

Re

[
∂2w

∂t2

]
X

= ∇X · P, (4)

where the subscript X on a partial derivative implies that the derivative is taken with the material
particle position being kept constant (i.e., Lagrangian derivative), and X is the Lagrangian position
of a material particle in the unstressed configuration. In the above equations, F is the deformation
gradient tensor defined as F = ∇Xw and P is the first Piola-Kirchhoff stress tensor. The first equation
(3) is an expression of incompressibility of the solid, while the second equation (5) is the Cauchy
momentum equation for a solid.44 The first Piola-Kirchhoff stress tensor is related to Cauchy stress
tensor by P = F−1 · σ . The Cauchy stress tensor for neo-Hookean viscoelastic solid is split into an
elastic part, σ e, and a dissipative part, σ d

41–43

σ = σ e + σ d, (5)

σ e = −psI + 1

�
F · FT , σ d = ηr (L + LT ), (6)

where ps is the pressure-like function related to actual pressure, p̂s , in the neo-Hookean solid as
ps = p̂s + 1

�
, L = Ḟ · F−1 is the spatial velocity gradient, overdots represent material time deriva-

tives, and ηr = ηs/μb is the ratio of solid to annular fluid viscosity. Here, � = μbV/G R2 is the ratio
of viscous shear stresses in liquid B to elastic stresses in the solid medium. The parameter � is a
measure of deformability of the solid medium and � → 0, in the limit of a rigid solid.

B. Base state

The laminar base velocity profiles in the core and annular liquid layers consist of unidirectional
flow in z-direction driven by a uniform pressure gradient. In the base-state, the liquid-liquid (LL)
and liquid-solid (LS) interfaces are perfectly axisymmetric and cylindrical, and are located at non-
dimensional mean radii r = a(=R1/R2) and r = 1, respectively. The overbar in the following equations
denote various base-state quantities. The non-dimensional base velocity profiles in the two liquid
layers are

va
z = 1 − r2

μr + a2(1 − μr)
for 0 ≤ r ≤ a, (7)

vb
z = μr(1 − r2)

μr + a2(1 − μr)
for a ≤ r ≤ 1. (8)

The deformable solid wall of the tube is at rest in this steady state with a nonzero displacement in
z-direction due to shear stress exerted by liquid B at the LS interface. The deformation and pressure
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fields in the solid wall (1 ≤ r ≤ 1 + H) are given as

wZ = Z + �P

4

[
(1 + H )2 − R2

]
, wR = R, (9)

ps = pb(z) + �P2

4
(R2 − 1) − 	1. (10)

In the above equations, 	1 = γ1/μbV is the non-dimensional interfacial tension at LS interface
with γ 1 being the dimensional LS interfacial tension, and P = 4μr

μr+a2(1−μr)
= −∇ pα is the non-

dimensional pressure gradient. The neo-Hookean solid also exhibits a jump in first normal stress
difference in base state: σ R R − σ Z Z = −�P2 R2

4 which gives rise to a high wavenumber instability at
the LS interface.32

C. Linearized governing equations and interface conditions

A standard temporal linear stability analysis is performed in order to determine the stability of
pressure-driven core-annular flow in a deformable neo-Hookean viscoelastic tube. Only axisymmet-
ric disturbances are considered in the present study, as they are usually the most dangerous modes
for core-annular flow in a rigid tube.22, 23 As pointed out in the Introduction, Hu and Patankar25 show
that when the capillary destabilizing forces are dominant compared to viscosity-stratification, then
the unstable modes are axisymmetric. The perturbed quantities are expressed using the standard
normal mode decomposition as

(vr
′, wR

′) = (iṽα
r (r ), iw̃R(R)) exp[ik(z − ct)]

for normal velocity and normal displacement fluctuations and f ′ = f̃ (r ) exp[ik(z − ct)] for fluc-
tuations to all other dynamical variables. Here, f̃ (r ) is the complex amplitude function of the
disturbance, k is the stream-wise wavenumber of perturbations, and c = cr + ici is the complex
wavespeed. For the deformable solid wall, r and z are replaced by R and Z. If ci > 0 (or ci < 0),
flow will be unstable (or stable). The linearized governing equations for the core and annular liquid
layers, with dr ≡ d/dr, are

dr ṽ
α
r + 1

r
ṽα

r + kṽα
z = 0, (11)

iRe[kṽα
z (vα

z − c) + ṽα
r drv

α
z ] = −ik p̃ + μα

r (d2
r + 1

r
dr − k2)ṽα

z , (12)

− k Re(vα
z − c)ṽα

r = −dr p̃ + iμα
r (d2

r + 1

r
dr − 1

r2
− k2)ṽα

r , (13)

and the governing stability equations for deformable wall of the tube are

dRw̃R + 1

R
w̃R + kw̃Z + �Pr

2
ikw̃R = 0, (14)

−k2c2 Re w̃Z = −
(

P2

2
k�Rw̃R − iPdRw̃R − iP

w̃R

R

)
− ik p̃s

+
(

1

�
− ikcηr

)(
d2

R + 1

R
dR − k2

)
w̃Z

− ik2cηr�P

(
i − k�P R2

4
+ iR dR

)
w̃Z , (15)
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−k2c2 Re w̃R = −P

(
k�P R

2
w̃Z + k�R

2
p̃s − idRw̃Z

)
+ idR p̃s

+
(

1

�
− ikcηr

) (
d2

R + 1

R
dR − 1

R2
− k2

)
w̃R

+k2cηr�P R

(
dR + 1

R
+ ik�P R

4

)
w̃R . (16)

The conditions at perturbed liquid-liquid interface (denoted by r = a + η(z, t)) are continuity of
velocities and stresses along with the kinematic condition for the evolution of LL interface. A Taylor
expansion about the unperturbed LL interface is used to express the dynamical variables at perturbed
LL interface in terms of quantities at unperturbed LL interface. The linearized kinematic, velocity
and stress conditions at r = a are

η̃k(va
z (r = a) − c) = ṽa

r (r = a), (17)

ṽa
r = ṽb

r , (18)

ṽa
z + η̃ drv

a
z = ṽb

z + η̃ drv
b
z , (19)

μr(dr ṽ
a
z − kṽa

r ) = (dr ṽ
b
z − kṽb

r ), (20)

− p̃a + 2i μr dr ṽ
a
r = − p̃b + 2i dr ṽ

b
r + η̃	

a2
(1 − k2a2). (21)

Here, 	 = γ /μbV is the non-dimensional LL interfacial tension with γ being the dimensional
surface tension at LL interface. While the Eulerian description is used for both core and annular
liquids, a Lagrangian framework is used to express the dynamical variables of the deformable solid
wall. Thus, the treatment of interfacial conditions at perturbed LS interface is different as compared
to conditions at LL interface, and is discussed in detail in Gaurav and Shankar.46 As explained
in our earlier work, Taylor-series expansion is not required to evaluate any solid variable on the
perturbed interface in the Lagrangian description of solid. The conditions at liquid-solid interface
are continuity of velocities and stresses in annular liquid B and the deformable wall of the tube.
Following the procedure described in Ref. 46, the linearized conditions at unperturbed LS interface
(r = 1 or R = 1) are

ṽb
r = −ikcw̃R, (22)

ṽb
z + iw̃R drv

b
z = −ikcw̃Z , (23)

(dr ṽ
b
z − kṽb

r ) =
(

1

�
− ikcηr

)
(dRw̃Z − kw̃R)

+ �P2

4
kw̃R − iP

2
dRw̃R

− k2cηr�P

2
w̃Z − iw̃R(d2

r v
b
z ), (24)

− p̃b + 2i dr ṽ
b
r = − p̃s + 2i

(
1

�
− ikcηr

)
dRw̃R

ik2cηr�Pw̃R + i	1w̃R(1 − k2). (25)

The velocities and pressure are finite at the center of the tube (r = 0) and finally, the boundary
conditions at rigid surface (r = 1 + H) are no deformation conditions

w̃R = 0, w̃Z = 0. (26)
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This completes the description of linearized governing equations and interfacial conditions. The
stability of the composite system is determined by solving Eqs. (11)–(26) for eigenvalue c as
a function of k, Re, �, H, ηr, μr, a, 	, and 	1. A pseudo-spectral collocation method47–49 and a
numerical shooting procedure50 are used to numerically evaluate the eigenvalues and neutral stability
boundaries. The details of implementation of pseudo-spectral methods to two-phase flows was given
by Boomkamp et al.51 Results from our computer codes were bench-marked with the earlier results
of Hickox22 and Preziosi et al.23 for CAF in a rigid tube, and very good agreement was found with
earlier results.

III. LONG-WAVE ASYMPTOTIC ANALYSIS

In a rigid tube, the interface between core and annular liquids is susceptible to long-wave
capillary instability for nonzero values of interfacial tension. Further, depending on the viscosity
ratio and the ratio of core to tube radius, the liquid-liquid interface could also become unstable for
long-wave disturbances due to viscosity contrast across the interface.22, 23 The long-wave instability
of core and annular liquid interface will be referred here as the LL mode interfacial instability.
We have performed a long-wave (or, low wavenumber k � 1) asymptotic analysis to examine the
effect of deformability of the tube wall on the LL interface which could undergo an instability due
to capillary forces and/or viscosity contrast. The details of the calculation are quite similar to the
earlier works by Yih,21 Hickox,22 and Preziosi et al.23 for rigid surfaces, and to our earlier works on
the role of wall deformability on planar two-layer flows.34, 35 Here, we provide a brief outline of the
qualitatively new features of the analysis.

For k � 1, the complex wavespeed is expanded in an asymptotic series in k: c = c(0) + kc(1)

+ · · · . The velocity and displacement fields in the two fluids and the solid are also expanded in
an asymptotic expansion in k. For example, the r−component of the velocity field in liquid B is
expanded as

ṽb
r = ṽb(0)

r + kṽb(1)
r + · · · . (27)

From the continuity equation (11), the z-component velocity ṽb
z is O(k−1) larger than ṽb

r , and hence
ṽb

z is expanded as

ṽb
z = k−1ṽb(0)

z + ṽb(1)
z + · · · . (28)

The z-momentum equation (12) yields the expansion for the pressure as p̃(b) = k−2 p̃b(0)

+ k−1 p̃b(1) + · · · x . Similar expansions hold for fluid A as well. The displacements in the solid
layer are expanded as

w̃R = w̃
(0)
R + kw̃

(1)
R + · · · , (29)

w̃Z = k−1w̃
(0)
Z + w̃

(1)
Z + · · · , (30)

p̃s = k−2 p̃s
(0) + k−1 p̃s

(1) + · · · . (31)

After substituting these expansions in the governing equations, the solutions to the velocity
fields in both the fluids, and the displacement field in the solid are obtained at each order of k
analytically. It is sufficient to carry out the analysis up to O(k) in c in order to discern the role of
solid layer deformability in CAF. When the expansions are substituted in the linearized velocity
and stress conditions at the liquid-solid interface (Eqs. (22)–(25)), it emerges that both the velocity
components ṽb(0)

r and ṽb(0)
z become zero at the interface (to leading order in k), since the solid

displacement is multiplied by k in the velocity continuity conditions (Eqs. (22) and (23)). In other
words, to leading order in k, fluid B satisfies no-slip boundary conditions as appropriate for a rigid
tube. However, the tangential stress continuity condition (24) at the liquid-solid interface imparts a
non-zero displacement in the solid layer at leading order

dr ṽ
b(0)
z = 1

�
dRw̃

(0)
Z . (32)
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Since no-slip conditions are valid at leading order for the fluid, the system is identical at this order to
CAF in a rigid tube, and hence the wavespeed c(0) is identical to what was found in the earlier work
of Hickox.22 Thus, deformability of the solid layer does not affect the wavespeed at leading order.
As in the case of CAF in a rigid tube, c(0) is purely real, and the flow is neutrally stable at this order.

However, the displacements imparted at leading order in the solid layer affect the first correction
to the fluid velocity components ṽb(1)

z and ṽb(1)
r (through the first correction to the velocity continuity

conditions at the interface), and this implies that the first correction to the wavespeed c(1) will be
affected by solid deformability (characterized by the parameter �). The destabilizing effect due
to capillary forces, and the effect of viscosity stratification also appear at this order in k in the
expression for c. Hence, the stability of CAF in a deformable tube is determined by a balance of
the three effects: capillary stresses, viscosity stratification, and solid deformability.

The first correction to the wavespeed c(1) turns out to be purely imaginary, and the result for c(1)

can be written as

c(1) = i( f1(μr, a)Re + f2(μr, a)	 + f3(μr, a, H )�). (33)

The analytical expressions for f1, f2, and f3 are provided in the Appendix. The first term in the
right-hand-side of Eq. (33) is proportional to Re, and signifies the role of viscosity stratification.
The second term in the right-side of Eq. (33) is proportional to 	, and denotes the destabilizing role
of surface tension. The last term proportional to � denotes the role of solid layer deformability on
the interfacial mode. The limit of a rigid solid layer is given by � → 0, and the above expression
reduces to the results of Hickox22 and Preziosi et al.23 for CAF in rigid tubes. However, for a soft,
deformable solid, � is finite, and our asymptotic results show that the sign of the term f3 is negative
for μr < 1 (stabilizing) while it is positive for μr > 1 (destabilizing). Since c(1) is purely imaginary,
and instability occurs if the imaginary part of wavespeed is positive, the competition between the
three terms in the brackets of Eq. (33) determines the stability of the system. The numerical values
of the functions f1, f2, and f3 for two different values of μr and radius ratio a are provided in
Tables I and II.

Physically, the deformation field set up in the solid layer at leading order affects the first
correction to the velocity in the fluid via the continuity conditions at the interface. This implies that
the deformation in the solid layer drives a flow at O(k) that tends to modify the effects of viscosity
stratification and surface tension. The nature of flow driven by the solid deformation determines
whether the role of the solid layer is stabilizing or destabilizing.

The key results of the low-k analysis are discussed next. We first consider the case when the
annular liquid is more viscous than the core liquid (i.e., μr < 1). As a representative example of
μr < 1, Table I gives the values of c(0) and expressions for c(1) for different values of core to tube
radius a for μr = 0.5 and H = 2.

As shown in the table, at leading order the wavespeed c(0) is real and is identical to that for
core-annular flow in rigid tube, similar to the earlier studies by Hickox22 and Preziosi et al.23

However, the first correction is purely imaginary and is affected by the deformability of the solid

TABLE I. Long-wave results for μr = 0.5 and H = 2 at different values of a.

a c(0) c(1)

0.1 0.98990 i(−1.3602 × 10−6Re + 4.5067 × 10−2	 −0.00784�)
0.2 0.95847 i(−2.0210 × 10−5Re + 5.5552 × 10−2	 −0.11740�)
0.3 0.90269 i(−8.6712 × 10−5Re + 5.3401 × 10−2	 −0.52378�)
0.4 0.81903 i(−1.9466 × 10−4Re + 4.4125 × 10−2	 −1.33954�)
0.5 0.70588 i(−2.2769 × 10−4Re + 3.1496 × 10−2	 −2.34480�)
0.6 0.56657 i(−5.9478 × 10−6Re + 1.8834 × 10−2	 −2.94633�)
0.7 0.41125 i(4.1462 × 10−6Re + 8.8005 × 10−3	 −2.61970�)
0.8 0.25539 i(5.9698 × 10−6Re + 2.7445 × 10−3	 −1.51624�)
0.9 0.11472 i(2.9115 × 10−6Re + 3.4476 × 10−4	 −0.41716�)
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TABLE II. Long-wave results for μr = 2 and H = 2 at different values of a.

a c(0) c(1)

0.1 0.99005 i(6.5539 × 10−7Re + 3.6062 × 10−2	 +0.00392�)
0.2 0.96077 i(8.7759 × 10−6Re + 3.9639 × 10−2	 +0.05912�)
0.3 0.91370 i(3.2523 × 10−5Re + 3.4191 × 10−2	 +0.27159�)
0.4 0.85089 i(6.3829 × 10−5Re + 2.5685 × 10−2	 +0.75101�)
0.5 0.77419 i(7.5613 × 10−5Re + 1.7087 × 10−2	 +1.54678�)
0.6 0.68434 i(4.1090 × 10−5Re + 9.9002 × 10−3	 +2.59604�)
0.7 0.57957 i(−4.1336 × 10−5Re + 4.7319 × 10−3	 +3.66622�)
0.8 0.45271 i(−1.3441 × 10−4Re + 1.6207 × 10−3	 +4.22275�)
0.9 0.28275 i(−1.4953 × 10−4Re + 2.4594 × 10−4	 +3.12267�)

layer. The expression (Eq. (33)) for c(1) has three contributions: The term proportional to 	 is always
destabilizing while the term proportional to Re is destabilizing or stabilizing depending on the value
of a and μr. For μr = 0.5, long-wave results show that for a > 0.6 (or a < 0.6), the first term is
destabilizing (or stabilizing). The value of a below which the first term proportional to Re changes
sign from positive to negative decreases with decrease in μr. The third term proportional to � in
the expression of c(1) represents the effect of solid layer deformability on the LL interfacial mode.
For μr < 1, this term always occurs with a negative sign for all values of a, which implies that the
deformability of the wall has stabilizing effect on the LL interfacial mode. When the tube walls are
rigid (i.e., � → 0 or H → 0) and a > 0.6, the LL interfacial mode becomes unstable to long-wave
perturbations for any nonzero value of Re and 	. For a < 0.6, the relative contribution of terms
proportional to Re and 	 are such that the LL interface could become unstable for Re in the range
0.1–1 and 	 � 0.1 − 1 in a rigid tube. The long-wave asymptotic results in Table I show that
for appropriately chosen nonzero values of �, i.e., when the tube wall is sufficiently deformable,
it is possible to suppress the low wavenumber LL mode interfacial instability caused by viscosity
contrast and/or capillary forces. The above results in Table I are shown for μr = 0.5 and H = 2. We
have verified that the qualitative nature of instability suppression due to wall deformability remains
independent of H and μr < 1.

We next consider the case when the core fluid is more viscous than the annular liquid (i.e.,
μr > 1). Table II gives the values of c(0) and expressions for c(1) for different values of a for μr = 2
and H = 2. The qualitative nature of the term proportional to 	 is destabilizing for μr = 2 as well.
However, the nature of other two terms in the expression of c(1) changes for μr = 2 as compared to μr

= 0.5. For example, the first term proportional to Re is now stabilizing for sufficiently higher values
of a(>0.65) and destabilizing for lower values of a(≤0.65). The contribution due to deformability
of the wall (term proportional to �) is destabilizing for all values of a. For lower values of a ≤ 0.65,
the terms which are present for rigid tube, i.e., the terms proportional to Re and 	, are destabilizing
and the wall deformability (term proportional to �) provides additional destabilizing contribution
to the LL interfacial mode. Note that for � → 0 (in the limit of rigid wall) and a > 0.65, the LL
interface remains stable when Re increases above a critical value. For example, for a = 0.8, the LL
interface remains stable for Re > 12.0575	. If we fix 	 = 0.1 and Re = 10, this implies that the
LL interfacial mode will remain stable for flow in a rigid tube. For these set of parameters (a = 0.8,
Re = 10 and 	 = 0.1) and with H = 2, Table II shows that the value of deformability parameter �

required to render LL interface unstable is quite low and is equal to 2.8 × 10−4. This transition value
of � decreases appreciably on increasing the thickness of deformable solid layer. For example, if
we set H = 5, then the LL interface becomes unstable when � increases above 1.7 × 10−5, which is
an order of magnitude lower than the value of � at H = 2. Thus, these calculations show that even
when the LL interface becomes stable on increasing Re in the rigid wall limit, making the walls
deformable will again render the flow unstable. The results in Table II are presented for μr = 2 and
H = 2. However, we have verified that the destabilizing nature of wall deformability is independent
of H and μr > 1.
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A. The quiescent fluid case

It is also instructive to discuss the case of a quiescent core-annular configuration of two im-
miscible liquids surrounded by a soft, deformable solid (i.e., the no-flow case). In the absence of
the deformable solid layer, the configuration of two liquids concentrically placed inside a rigid tube
becomes unstable only due to capillary forces. In the absence of flow, the wavespeed is a purely
imaginary quantity, and the unstable modes are not travelling waves. Further, when there is no flow,
the wavespeed c∝k for k � 1 when the outer fluid is bounded by a tube. Thus, even in the quiescent
case, the destabilization of the capillary forces appear only at O(k) when the tube wall is rigid,
similar to CAF in a rigid tube.22, 23 It is instructive to ask whether the deformability of the soft solid
layer would play a role on this capillary instability in the absence of flow. In the absence of flow,
there are no neutrally stable travelling waves in the leading order, and the deformation in soft solid
layer does not get affected at O(1) in the asymptotic analysis. Hence, the deformability of the solid
layer will not appear at O(k), but only at higher orders in the analysis. Hence, it can be concluded
that the deformability of the solid layer does not play a role in the quiescent case of the core-annular
configuration in the limit of low k. We have verified this explicitly by carrying out a stability analysis
of the quiescent case, and by analyzing the effect of the solid deformability on the growth rate of the
instability both at small and finite values of k. Our results (not shown here, in the interests of brevity)
indeed indicate that the deformability of the solid has an extremely weak destabilizing effect on the
interfacial instability in the quiescent configuration. Thus, the stabilizing effect of the solid layer
on the interfacial instability as demonstrated by our asymptotic analysis is a purely flow-induced
feature.

B. Comparison with the compound-jet configuration

Another configuration that has some similarity to this work is the stability of a compound
jet52 in that the liquid-liquid interface of the inner jet is affected by another interface, viz., the
gas-liquid interface (free-surface) in the compound-jet. Whereas, in the present problem, the liquid-
liquid interface is affected by the dynamics of the solid-liquid interface. However, there are major
differences in the consequences of the solid-liquid interface and the gas-liquid interface. In the
compound-jet problem (e.g., Ref. 52), both the liquid-liquid and the gas-liquid interface are inherently
unstable due to capillary forces even in the absence of flow. In the case of CAF in a deformable
tube, the capillary forces are usually not strong enough to destabilize the solid-liquid interface
for typical values of interfacial tension and shear modulus of the solid, with or without flow. The
capillary forces will destabilize the solid-liquid interface if γ 1/(GR) ∼ 1, where γ 1 is the solid-liquid
interfacial tension, G is the shear modulus of the solid layer, and R is the radius of the liquid thread.
As typical estimates, we use γ 1 ∼ 10−2 N/m, R ∼ 10−4 m, and G ∼ 104 Pa, we then find γ /(GR)
∼ 10−2 and hence capillary forces are not strong enough to destabilize the solid-liquid interface.

In the compound-jet problem, the dynamics of the free-surface has two major effects on the
liquid-liquid interface: (1) the growth rate increases by an order of magnitude when compared to the
case when the annular fluid is of infinite expanse (Ref. 20), implying a strong destabilizing role, and
(2) the maximum in the growth rate shifts from finite k to k → 0. In the absence of flow, in contrast,
the deformable solid layer has practically no effect on the capillary instability of the liquid thread
as discussed in Sec. III A. The deformability of the solid plays a role only when there is flow, and
the suppression or enhancement of instability of the liquid-liquid interface by the solid is purely a
flow-induced effect as demonstrated by the low-k asymptotic analysis.

IV. NUMERICAL RESULTS

As discussed above and in Sec. I, the cylindrical interface between core and annular liquids
becomes unstable due to capillary forces even in absence of flow. This capillary instability is
independent of viscosity ratio μr. Preziosi et al.23 have shown for core-annular flow in rigid tubes
that when annular liquid is less viscous (μr > 1) and occupies much less space than the more viscous
core liquid, there exists a stability window in Re where stable core-annular flow arrangement can
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be achieved. On the other hand, when annular liquid is more viscous than the core liquid (μr < 1),
no such stability window exists and the configuration is unstable. In Subsections IV A and IV B, we
discuss the effect of the solid deformability for μr > 1 and μr < 1 separately.

A. Annular liquid is more viscous (μr < 1)

The results in Sec. III show that the LL interfacial instability due to capillary forces and
viscosity contrast can be suppressed for k � 1 when the wall deformability parameter � exceeds a
critical value. In the following, we explore whether the predicted suppression for low wavenumber
perturbations extends to finite wavenumbers as well. It is also known from the earlier works34, 38

that the LL interface could become unstable at sufficiently higher values of solid deformability
parameter �. Moreover, there is an additional LS interface for flow in a deformable tube which
could possibly become unstable upon increasing wall deformability. Indeed, it has been observed for
Hagen-Poiseuille flow in a neo-Hookean deformable tube that there are upstream travelling shear
waves in the solid which could be destabilized by fluid flow when the parameter � increases above
a critical value.40 Further, Gkanis and Kumar32 demonstrated for flow past neo-Hookean solid that
the LS interface becomes unstable for high-wavenumber perturbations when � ∼ 1 increases above
a critical value. Thus, the above discussion shows that the LL interfacial mode instability can be
suppressed (for k � 1) when � increases above a particular value, and with further increase in
� to higher values, both LL and LS interfaces could become unstable for sufficiently deformable
walls. Consequently, we next address the question whether the predicted low-k suppression holds
for finite-k as well, and whether there will be a sufficient window in terms of parameter � (or
alternatively wall shear modulus) where both LL and LS interfaces remain stable.

In the following, we fix μr = 0.5 for discussing the results for μr < 1 and present neutral
stability diagrams in � − k plane to demarcate stable and unstable regions. Figure 2 shows the
neutral stability curves in � − k plane for a = 0.9, Re = 1, 	 = 0.1 and H = 2. In the rigid wall
limit (� → 0), the LL interface is unstable for nonzero values of Re and 	 (region below lower LL
mode neutral curve; also see Table I). As the wall deformability parameter � is increased above the
lower LL mode neutral curve, there is a transition from unstable to stable region for LL interfacial
mode. With further increase in �, the LL interfacial mode becomes unstable for a band of finite
wavenumber (k in the range 1–10) perturbations which is represented by the upper LL mode neutral
curve. Importantly, there exists a range of values of parameter � between lower and upper LL mode
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FIG. 2. Neutral stability curves in the �–k plane illustrating the presence of a stability window in the parameter � where all
modes are stable: Data for μr = 0.5, a = 0.9, H = 2, Re = 1, 	 = 0.1, 	1 = 0, ηr = 0.
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neutral curves where both LL and LS interfaces remain stable. We have used a pseudo-spectral
collocation method, which does not require any initial guess for the eigenvalues, and provides a
truncated version of the eigenspectrum of the problem. As we increase the number of polynomials
used for the expansion, the number of eigenvalues increase, but the additional eigenvalues are always
stable. Thus, the pseudo-spectral method can capture all the relevant (i.e., unstable) eigenvalues,
and we have verified that no new unstable mode occurs with increase in the number of polynomials.
We used the spectral code to ensure that there are no unstable modes in the region between lower
and upper LL mode neutral curves in Figure 2. Thus, there exists a stability window in terms of
parameter � (0.021 < � < 0.55) where stable core-annular flow arrangement of two liquids could
be achieved by using a deformable solid coating, which was otherwise unstable for flow in a rigid
tube. For the data set used in Figure 2, the stability window is determined by lower and upper LL
mode neutral curves. However, at higher values of �, the LS interface could also become unstable
and we will show a little later that depending on the parameters, the stability window is determined
by lower LL and upper LL or LS mode neutral curves.

In Figure 2, when � is increased to sufficiently high values, we encounter a set of neutral curves
which correspond to the instability of liquid-solid interface. For example, the two neutral curves
shown by dotted and dashed-dotted lines belong to the class of low-Re low-k LS interfacial mode
predicted by Gaurav and Shankar40 for Hagen-Poiseuille flow in a neo-Hookean deformable tube.
Gaurav and Shankar40 analyzed the stability of Hagen-Poiseuille flow in an elastic neo-Hookean
tube and demonstrated that there exist multiple upstream travelling shear waves in the solid which
becomes unstable in presence of inertia when the deformability parameter � increases beyond a
critical value. In the low-Re, low-k limit, � ∼ 1, k ∼ Re1/2 and cr ∼ Re−1 for these unstable modes.
We have verified this scaling behavior for the two neutral curves shown by dotted and dashed-dotted
lines in Figure 2. Since inertia is necessary for the presence of these unstable modes, we refer these
unstable modes as inertial LS (LSI) modes in the present work. Only the two most unstable inertial
modes are shown in Figure 2. The other higher inertial modes become unstable at very high values
of � and are not relevant in the context of present study. The neutral curve shown on the right
side of Figure 2 by dashed line depicts the short-wave instability of LS interface which was first
predicted by Gkanis and Kumar32 for plane Couette flow past neo-Hookean elastic surface. This
high-wavenumber instability is caused by the nonzero first normal stress difference in the base state
present for a neo-Hookean solid model.

Figure 3 compares the neutral stability curves for two different values of solid thickness. In
Figure 3, only those neutral curves are presented which are critical for determining the width of
stability window for a given solid thickness. For H = 2, the stable gap is determined by lower and
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upper LL mode neutral curves. The lower LL mode neutral curve shows that the critical � required
for transition from unstable to stable region is around 0.01. The upper LL mode neutral curve shows
that the LL interface again becomes unstable when � increases beyond 0.75. On the other hand,
the width of stable region for H = 0.5 is determined by lower LL and short-wave LS mode neutral
curves. The critical values for these two modes are 0.03 and 3, respectively. Thus, there is an order
of magnitude increase in the width of stability window with sufficient decrease in solid thickness.
Thus, for fixed flow parameters and fluid properties, the width of stable region can be increased by
decreasing the thickness of solid layer. It is important to point out that the LL interfacial tension
parameter 	 = 1 for data presented in Figure 3. We have verified that the upper LL mode neutral
curve vanishes for H = 0.5 on increasing 	 from 0.1 to 1. It is because of this absence of upper
LL mode neutral curve at a higher value of 	 = 1, that the stable gap for H = 0.5 is determined
by lower LL and short-wave LS mode neutral curves. For lower values of 	 ∼ 0.1, the upper LL
mode neutral curve exists for H = 0.5 as well. The stable region is then determined by lower and
upper LL mode neutral curves for H = 0.5 and the width of stability window is almost same for both
H = 0.5 and H = 2. Figure 3 also shows the effect of increasing LS interfacial tension parameter on
the short-wave LS mode. We have verified that the LS interfacial tension does not affect the neutral
curves for LL and inertial LS modes. It is also important to mention here that the short-wave LS
mode neutral curve remains independent of solid thickness.32 Figure 3 shows that the short-wave
LS mode is highly stabilized on increasing 	1 from 0 to 0.1 and the critical � required for exciting
the high wavenumber instability increases from 3 to 10. For H = 0.5 and 	1 = 0.1, the lower LL
and inertial LS or short-wave LS modes determine the width of stable region. The width of stability
window increases by an order of magnitude for 	1 = 0.1 as compared to 	1 = 0 for H = 0.5.
Thus, this figure shows that stability gap can be significantly increased for sufficiently lower solid
thicknesses by increasing the LS interfacial tension.

Figure 4 depicts the neutral stability curves for two different values of Reynolds numbers. For
both Re = 0.1 and Re = 5, the stable region is determined by the lower and upper LL mode neutral
curves. It is evident from Figure 4 that the critical value of � required for destabilization of LL
mode (the minimum of upper LL mode neutral curve) is not significantly affected by increase of Re
from 0.1 to 5. However, the lower LL mode neutral curves show that the value of � above which
there is a transition from unstable LL to stable LL perturbations is almost two order of magnitudes
larger for Re = 5 as compared to Re = 0.1. As a result, there is a much wider stability window at
lower Reynolds number (e.g., at Re = 0.1 in Figure 4) and with increase in Re the width of stability
region decreases. For the set of parameters in Figure 4, we have verified that the width of stability
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window vanishes for Re ∼ 10 and stable core-annular flow arrangement in a deformable tube could
be achieved only for Re � 1.

All the numerical results presented thus far are for a = 0.9, i.e., when the annular liquid occupies
much less space than the core liquid. We have also verified the existence of stability window for
a = 0.7, Re � 1 and 	 ∼ 0.1 − 1. The results for a = 0.7 are qualitatively similar to the results
shown in Figures 2–4 for a = 0.9. The low-k results in Table I show that the contribution of term
proportional to Re changes qualitatively with decrease in mean LL interface position. For example,
Table I shows that for a = 0.5, the term proportional to Re becomes stabilizing and the term
proportional to 	 remains destabilizing. Figure 5 shows the neutral stability curves for a = 0.5
and it shows the existence of sufficiently wide stability window for both Re = 0 and 1. The only
difference between neutral curves at Re = 0 and Re = 1 is the existence of inertial LS modes at
Re = 1. Figure 5 shows that the lower LL and short-wave LS mode determine the stability window.
The value of 	1 = 0 in Figure 5 and as discussed earlier that the nonzero values of 	1 will have
a stabilizing effect on the short-wave LS mode. Thus, for nonzero values of LS interfacial tension,
the stability gap will increase and depending on parameters, the width of stability window will be
determined by lower LL and inertial LS or upper LL mode neutral curves. Note that, even though the
contribution proportional to Re is stabilizing in low-k limit, the lower LL mode neutral curve, which
gives transition value of � for stabilizing LL interface, remains almost identical for both Re = 0 and
1. This is because the stabilizing contribution due to inertia is much weaker than the destabilizing
contribution due to surface tension forces. We have verified this by plotting c vs. k data for Re = 0
and 1 in the rigid limit (H = 0) as well as for different values of H and �. The ci vs. k data (not
shown) illustrate that the changes in growth rates are very small on increasing Re from 0 to 1. This is
also evident from low-k results for a = 0.5 in Table I. Since the contribution proportional to Re (term
present because of viscosity contrast) is stabilizing, the neutral stability data in Figure 5 essentially
show the stabilization of capillary instability of liquid-liquid interface due to wall deformability.

Figure 6 shows neutral stability curves for a = 0.3, Re = 0, and 	 = 0.1. Similar to a = 0.5,
the effect of 	 is destabilizing while the term proportional to Re is stabilizing in the low-k limit.
Therefore, we set Re = 0 to suppress this stabilizing effect and focus entirely on the effect of tube
wall deformability on the capillary instability. Figure 6 for a = 0.3 and 	 = 0.1 illustrates that while
the LL mode perturbations with k � 1 are suppressed upon increasing � above a threshold value,
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FIG. 6. Neutral stability curves in � − k plane: Data for μr = 0.5, a = 0.3 and 0.5, H = 2, Re = 0, 	 = 0.1, 	1 = 0, ηr = 0
show that solid deformability is unable to completely suppress the capillary instability at all wavenumbers.

it is not possible to suppress perturbations with k ∼ 1 by changing the deformability of the tube
wall. There exists a band of wavenumbers with k ≈ 1−3 where the LL interface is unstable because
of capillary instability and hence, complete stabilization is not possible. This is in contrast to the
results presented thus far for a = 0.5 and 	 = 0.1 (Figure 5) and other values of a, where a stability
window (at all values of k) in terms of parameter � was always observed. For a = 0.3, the strong
destabilizing capillary forces dominate over the wall deformability effect and hence stabilization of
LL interface could not be achieved. This strong capillary instability is of course expected for lower
values of mean LL interface position. Figure 6 also reports data for a = 0.5 at higher value of 	 = 1
as compared to 	 = 0.1 in Figure 5. A comparison of data in Figures 5 and 6 for a = 0.5 show that
the stability window ceases to exist as 	 is increased from 0.1 to 1. We also investigated the effect
of 	 for different values of a and observed the presence of stable gap at a = 0.9 for 	 values as high
as 10. On the other hand, for a = 0.6, stable gap vanishes when 	 is increased from 2 to 4.5. Thus,
for Re ∼ 1, the existence of stability window depends on the competition between the destabilizing
capillary forces and stabilizing effect of wall deformability. The above discussion suggests that it is
possible to obtain stable core-annular flow arrangement by tuning wall deformability for sufficiently
higher values of a. However, stabilization of capillary instability is not possible for lower values of
mean LL interface position. Even though stabilization of LL interface is not possible for a = 0.3,
a feature worth noting in Figure 6 is that only a selective band of wavenumbers k ≈ 1−3 become
unstable for core-annular flow in a deformable tube. This range is more selective with a = 0.5
and 	 = 1. This is in contrast with core-annular flow in a rigid tube where perturbation with all
wavenumbers below k ∼ 1 become unstable. Thus, it is possible to excite perturbations with selective
wavelength for flow in a deformable tube. This feature could be potentially exploited to provide
tighter control in microfluidic devices which are used to produce uniform sized droplets.

All the results presented thus far are for purely elastic neo-Hookean solid with ηr = 0. Figure 7
shows the effect of solid viscosity ηr on different neutral stability curves. It clearly demonstrates that
the lower LL mode neutral curve remains exactly identical with increase in ηr above zero and hence,
the transition value of � above which the LL interface becomes stable is not affected by varying
solid viscosity. In contrast, the solid viscosity has stabilizing effect on upper LL mode neutral curve.
Figure 7 shows that unstable region shrinks on increasing ηr from 0 to 0.3 and finally vanishes at
ηr = 0.5. The effect of solid viscosity is even more dramatic on inertial LS modes. Figure 7 shows
that area of unstable region for inertial LS modes decreases significantly and forms an island of
instability for ηr as low as 0.02. With further increase in ηr, this unstable region shrinks rapidly
and finally vanishes for ηr � 0.03. This strong stabilizing effect of solid viscosity on inertial LS
modes was also observed in Hagen-Poiseuille flow of a single fluid in a neo-Hookean viscoelastic
tube.40 As a consequence of stabilization of upper LL and inertial LS mode neutral curves beyond
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FIG. 7. Neutral stability curves in � − k plane: Data for μr = 0.5, a = 0.7, H = 2, Re = 1, 	 = 0.1, 	1 = 0 show the effect
of solid viscosity on the CAF instability.

a critical ηr, the stability window is determined by lower LL and short-wave LS mode neutral
curves. This results in a wider stable gap in terms of parameter � with nonzero ηr. However, for
the parameter sets where capillary instability dominates and stability window does not exist (for
example, a = 0.5, 	 = 1 and for lower values of a), it is still not possible to obtain stable gap using
nonzero ηr.

We end this section by providing some estimates of the dimensional parameters where the
predicted suppression of instability may be realized in experiments. The above results show that a
stable flow arrangement could be obtained at higher values of a for Re � 1 and 	 � 1. If we set
ρ ∼ 103 kg/m3, R2 ∼ 10−4 m, and σ ∼ 0.01 N/m, then Re ∼ 0.1 and 	 ∼ 1 correspond to
μb ∼ 0.1Pa s and centerline velocity V ∼ 0.1 m/s. Our results (e.g., Fig. 7) show that � � 0.001
to obtain stable flow arrangement. This corresponds to the shear modulus values of G � 105 Pa.
Thus, the predicted suppression of instability is realizable for systems involving very viscous liquids
flowing past soft deformable solid wall.
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FIG. 8. Neutral stability curves in � − k plane showing destabilizing role of wall deformability. Data for μr = 2, a = 0.7,
H = 2, Re = 20, 	 = 0.1, 	1 = 0, ηr = 0.
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B. Core liquid is more viscous (μr > 1)

We next examine the role of wall deformability for μr > 1. Preziosi et al.23 demonstrated that
it is possible to obtain stable core-annular flow in a rigid tube when Re remains in between a lower
and upper limit. For μr = 2, a = 0.7 and 	 = 0.1, this lower and upper limit of Re is approximately
11.5 and 120 for flow in a rigid tube (� → 0). Figure 8 shows the neutral stability data for μr = 2,
a = 0.7 and 	 = 0.1 with H = 2 and Re = 20. This figure illustrates that the configuration remains
stable in the rigid limit (� → 0) and with increase in � beyond a critical value, the LL interface
becomes unstable for perturbations with k � 1. With further increase in �, the LS interface also
becomes unstable as was also observed for μr < 1. However, for μr = 2, and above a critical
nonzero � (i.e., with deformable tube wall), there is no region in � − k plane where both interfaces
simultaneously remain stable. Thus, a configuration which remains stable in the rigid limit can be
rendered unstable by making the walls sufficiently deformable. Further, Figure 9 shows growth rate
vs. wavenumber data for H = 2, Re = 0 and 	 = 1 at different values of �. In this figure, we set
Re = 0 to suppress stabilizing inertial effects and compare the relative magnitude of destabilizing
contributions due to interfacial tension and wall deformability. Figure 9 shows that the rate of
growth of perturbations is always higher for the case of deformable tube as compared to the rigid
limit (� → 0). In fact, the maximum growth rate for flow in a rigid tube is around 0.001, while for
� ∼ 0.1, the maximum growth rate is around 0.01 which is an order of magnitude higher than growth
rate in the rigid limit. This result shows that the rate of growth of perturbations can be appreciably
increased by increasing wall deformability and it is expected that the instability will set in rapidly in
deformable tube as compared to flow in a rigid tube. This feature could be potentially used either for
rapidly mixing the fluid streams in microchannels which are often fabricated using soft elastomers
like PDMS, or for expediting drop formation in microfluidic devices.

V. CONCLUSIONS

The stability of core-annular flow of two immiscible fluids surrounded by an annular, deformable
solid layer was analyzed using low-wavenumber asymptotic analysis and numerical solutions valid
at arbitrary wavenumbers by considering axisymmetric modes of disturbances. For core-annular
flow in a rigid tube, the liquid-liquid interface is generally unstable if the more viscous fluid is in
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the annulus, while it could be stable or unstable if the less viscous fluid is in the annular region
(depending on the thickness of the less viscous fluid). In addition to instability of the interface
due to viscosity stratification (which is also present in the case of planar two-layer flows21), the
capillary instability mechanism plays an important, and even dominant role in the stability of CAFs.
Our low-wavenumber analysis shows that deformability of the solid layer always has a stabilizing
(destabilizing) effect if the more viscous fluid is in the annular (core) region. Thus, the effect of the
solid layer deformability is quite opposite to the effect of viscosity-stratification, while the capillary
mechanism always acts to destabilize the liquid-liquid interface. Consequently, the stability of the
CAF inside a deformable tube is governed by a competition between these three distinct mechanisms.
When the more viscous fluid is in the annular region, our asymptotic results show that by decreasing
the shear modulus of the solid it is possible to suppress the instability of LL interface at low
wavenumbers. To verify whether this suppression extends to disturbances of arbitrary wavenumbers,
we solved the coupled linearized governing equations numerically. Our numerical results show that
the low-wavenumber prediction of suppression under increased solid deformability indeed carries
over to finite wavenumbers. However, as the solid becomes more deformable, the LL and the LS
interfaces could become unstable at finite wavelengths. Thus, it is necessary to establish that there
exists an intermediate “window” in the values of shear modulus of the soft solid layer wherein the
LL and LS interfaces are stable at all wavenumbers. Our numerical results show that it is possible
to tune the shear modulus, thickness, and the viscosity of the solid layer to obtain such a window of
shear moduli where the system is stable at all wavenumbers. We also illustrated that the stabilizing
nature of the deformable solid is seen only if there is a flow, and the deformability of the solid
has very little effect on the liquid-liquid interface when the system is quiescent. When the annular
fluid is less viscous, our results show that the effect of solid deformability is always destabilizing.
The predicted influence of solid layer deformability on the instability of the interface in a CAF
can be potentially exploited in microfluidic flows designed to produce tiny mono-disperse droplets.
In such applications, it would be desirable to have control on the formation of drops, such as the
spatial location of the instability inside the microfluidic device. This can be achieved by fabricating
PDMS-based channels with spatially varying shear modulus, by tuning the shear modulus values
such that initially the CAF is stable, while the CAF is unstable at the desired location. Our estimates
show that the predicted effects of the deformable solid layer will occur typically in microfluidic
channels of diameter 10−4 m, flow velocity V ∼ 0.1 m/s, annular fluid viscosity μ ∼ 10−1 kg/m s
and with shear modulus of the solid layer G � 105 Pa.
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APPENDIX: ANALYTICAL EXPRESSIONS FOR c(0) AND c(1)

In this Appendix, we provide the analytical expressions for c(0) and c(1) discussed in Sec. III

c(0) =
[

μr(a2 − 1)

a4(μr − 1) − μr

]
,

c(1) = i( f2	 + f3� + f1 Re),

f2 = a

16

[
(a2 − 1)(1 − 4μr + a2(4μr − 3))

a4(μr − 1) − μr
− 4 log[a]

]
,

f3 = −
[

Ha4(a2 − 1)2(4 + 6H + 4H 2 + H 3)(μr − 1)μ2
r

(a4(μr − 1) − μr)3

]
,

f1 = −a4μ1

144

[−(a2 − 1)(r1 − r2 + r3 − r4) + r5r6 log[a]

D

]
,
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r1 = a2(9 − 16μr)μ
3
r + 2μ4

r + a8μ1μr(87 − 362μr + 286μ2
r ),

r2 = 5a6μ1μr(3 + 8μr(−3 + 4μr)) + a4μ2
r (12 + μr(−53 + 46μr)),

r3 = a12μ1
2(21 + μr(−63 + 50μr)),

r4 = a10μ1
2(9 + μr(−159 + 208μr)),

r5 = 24a6(a4μ1 − μr)μ1,

r6 = [−6a2μ1μr + (−1 + 2μr)(a
4μ1 + 2μr)

]
,

D = (a4μ1 − μr)
3(μr − a2μ1),

μ1 = (1 − μr).
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