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Stability of two-layer viscoelastic plane Couette flow past a deformable
solid layer: implications of fluid viscosity stratification
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Abstract

The linear stability of two-layer plane Couette flow of upper-convected Maxwell (UCM) fluids of thicknesses (1− β)R andβR, with
viscositiesµa andµb, and relaxation timesτa andτb past a linear viscoelastic solid layer (of thicknessHR, shear modulusG, and viscosity
ηw) is determined using a combination of low wavenumber asymptotic analysis and a numerical method. The asymptotic analysis is used to
determine the effect of the deformable solid layer on the two-fluid interfacial instability due to elasticity and viscosity stratification in the low
wavenumber limit. The asymptotic results show that as the solid layer is made more deformable, the two-fluid interfacial instability could be
completely stabilized in the long wave limit, when the non-dimensional parameterΓ = Vµ /(GR) ∼ O(1) exceeds a certain critical value.
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ere,V is the dimensional velocity of the moving top plate. In marked contrast with the previous results obtained for matched fluid v
V. Shankar, J. Non-Newtonian Fluid Mech., 117 (2004) 163], the present asymptotic results show that the stabilizing or destabiliz
f the solid layer on the two-fluid interfacial instability is controlledonly by the fluid viscosity ratio and is independent of the relaxa

imes of the two UCM fluids. In general, it is found that the solid layer has a stabilizing effect forβ < 0.5, µr < 1 andβ > 0.5, µr > 1,
hile it has both stabilizing and destabilizing effects (depending on its thicknessH, and the fluid thickness ratioβ) for β > 0.5, µr < 1 and
< 0.5, µr > 1. In the absence of the solid layer, the two-fluid interfacial mode is unstable or stable depending on the ratio of r

imes between the two fluids and the thickness ratioβ. It is thus possible, under appropriate combinations of relaxation times, viscositie
hicknesses of the two fluids, to stabilize (destabilize) the two-fluid interfacial mode by the deformable solid layer while it is unstabl
n the absence of the solid layer. Another important result from the present low wavenumber (denoted byk) analysis is that the non-dimensio
olid elasticity parameterΓ required to stabilize or destabilize the two-fluid interfacial mode is anO(1) quantity in the low-k-limit when
a �= µb, with numerical values ofΓ significantly smaller than 1 forH ∼ O(1). Whereas whenµa = µb our asymptotic analysis (as well

he earlier study) shows thatΓ ∝ k−1 for k � 1. The results from the low-k-asymptotic analysis are continued numerically to finite value
and Reynolds number, and the numerical results confirm that the stabilization of the two-fluid interfacial mode by the solid laye

o finite values ofk. However, for short wavelength fluctuations withk � 1, the fluid velocity perturbations are localized near the two-
nterface, so the solid layer has no effect on these fluctuations. These short wavelength unstable modes can be stabilized only by
f a sufficiently strong interfacial tension between the two fluids. Thus, the present study shows that the viscosity mismatch betwe
uids profoundly changes the stabilizing or destabilizing effect of the deformable solid layer on the two-fluid interfacial mode in vis
uids when compared to the conclusions reached using matched fluid viscosities.
2004 Elsevier B.V. All rights reserved.
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. Introduction

The study of interfacial instabilities in two-layer and three-
ayer flows of viscoelastic fluids has been an extensive area
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of research in the recent past[1–12], and these studies ha
identified (both by theoretical and experimental means
presence of qualitatively new interfacial instabilities in v
coelastic fluids that are absent in Newtonian fluids. A c
understanding of such instabilities could be of relevanc
polymer processing applications, such as multi-layer e
sion, where an accurate knowledge of stable and uns
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Nomenclature

c = cr + ici complex wave-speed
G shear modulus of the solid
H non-dimensional thickness of the solid
k wavenumber
R dimensional total thickness of the two fluids
V dimensional velocity of the top plate
Wα = ταV/R Weissenberg number of fluidα
Greek letters
β non-dimensional thickness of fluid 2
(1 − β) non-dimensional thickness of fluid 1
ηw viscosity of the solid layer
ηr = ηw/µb ratio of solid to fluid B viscosity
Γ = Vη/(GR) non-dimensional elasticity parameter

of solid
µa viscosity of fluid A
µb viscosity of fluid B
µr = µa/µb ratio of fluid viscosities
Σ = γ∗/(ηV ) non-dimensional fluid–fluid interfacial

tension
τα relaxation time of fluidα

processing conditions could help prevent unwanted interfa-
cial instabilities. In this paper, we consider the stability of
two-layer viscoelastic plane Couette flow past a deformable
solid layer (seeFig. 1) in order to explore the possibility of
using the deformable solid layer to suppress the interfacial in-
stabilities. When a fluid flows past a soft solid, the dynamics
of the fluid and the solid medium get coupled, and waves can
propagate across the fluid–solid interface as the shear moduli
of soft solids are typically in the range 104–106 Pa[13–15].
When we consider two-layer flow past a deformable solid
layer, one might expect the interfacial waves at the fluid–
fluid interface and the fluid–solid interface to get coupled.
This coupling of the two different ‘interfacial modes’ could
lead to enhancement or suppression of the two-fluid interfa-

F ional)
c s
µ le
s

cial instability. Indeed, an earlier study by the author[16] had
analyzed the configuration of two-layer viscoelastic plane
Couette flow past a deformable solid layer for the special
case of matched fluid viscosities, and showed that it is possi-
ble (under appropriate conditions) to suppress the two-fluid
interfacial instability due to elasticity stratification[1,2] by
making the solid layer more deformable. The present study
extends the previous results to the more general and experi-
mentally relevant case of fluids with different viscosities. It is
shown here that the presence of viscosity mismatch between
the fluids has profound consequences on the stabilizing or
destabilizing effect of the solid layer on the two-fluid inter-
facial mode due to elasticity stratification. In the rest of this
Section, we recapitulate relevant previous literature on this
subject, and motivate the context for the present study.

The instability of the interface between two-layer plane
Couette flow of upper convected Maxwell (abbreviated UCM
henceforth) fluids was first predicted by Renardy[1] and
Chen[2], respectively, in the short wave and long wave limits.
These authors showed that if the relaxation times of the two
fluids are different, then the discontinuity in the first normal
stress difference between the two fluids drives an interfacial
instability, which could happen even in the creeping flow limit
(i.e. zero Reynolds number) and in the absence of viscosity
difference between the two fluids. This is very different from
the behaviour of two-layer plane Couette flow of Newtonian
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ig. 1. Schematic diagram showing the configuration and (non-dimens
oordinate system considered in Section2: Two UCM fluids with viscositie

a andµb, and with relaxation timesτa andτb flowing past a deformab
olid layer.
uids, which becomes unstable only in the presence of
nertia (i.e. non-zero Reynolds number) and with visco
ifference between the two fluids. This was first predi

or two-layer Newtonian Couette flow by Yih[17] using a
ong wave asymptotic analysis. Subsequent studies[3,4,9–
2] on the stability of two-layer and three-layer flows
iscoelastic fluids have considered both plane Couette
lane Poiseuille flows of UCM and Oldroyd-B fluids us
symptotic analyses and pseudospectral numerical me
hese studies have clearly identified the parameter regim
hich interfacial instabilities occur, and have explained
hysical mechanisms that underlie these instabilities. Fo
pecial case of matched fluid viscosities, these studies
hat when the thickness of the more elastic fluid is sm
larger) than that of the less elastic fluid, the interface is
table (stable) to long wavelength perturbations. Wilson
homami [5–8] have carried out a series of experime
tudies on the interfacial instabilities in multilayer flows
iscoelastic fluids. Ganpule and Khomami[11] provide an
xtensive summary of the theoretical studies in this are
his work, we refer to this instability due to elasticity str
fication as the ‘two-fluid interfacial mode’ in the ensu
iscussion.

Shankar and Kumar[14] studied the stability of asin-
le layer UCM plane Couette flow past a deformable s

ayer (modeled as a linear viscoelastic solid fixed to a
ubstrate) in the creeping flow limit. They showed that
nterface between the UCM fluid and the solid becomes
table when the solid layer becomes sufficiently deform
.e. when the non-dimensional parameterΓ = Vµ(GR) ex-
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ceeds a certain critical value, and when the non-dimensional
groupτG/µ (a modified Weissenberg number) is less than
a certain critical value. Here,G is the shear modulus of the
solid layer,µ the viscosity of the UCM fluid,V the velocity
of the top plate driving the Couette flow,τ the relaxation time
of the UCM fluid, andR is the thickness of the UCM fluid.
The mechanism that drives this instability is the discontinuity
of the base state velocity gradient at the fluid–solid interface,
which couples the mean flow and the interfacial fluctuations
even in the creeping flow limit via the tangential velocity
condition at the fluid–solid interface. We refer to this insta-
bility as the ‘fluid – solid interfacial mode’ in the following
discussion. This instability is qualitatively different from the
interfacial instability between the two UCM fluids, which is
driven by the discontinuity in the first normal stress difference
at the fluid–fluid interface.

A recent study by the author[16] considered the stabil-
ity of two-layer flow of UCM fluids withmatched viscosi-
ties, but with different relaxation times, past a deformable
solid layer in the creeping flow limit. The assumptions of
matched viscosities and creeping flow allowed for an analyt-
ical treatment of the problem using the Gorodtsov–Leonov
[18] eigenfunctions at arbitrary wavenumbers. The results
of that study showed that when the more (less) elastic fluid
is present in between the less (more) elastic fluid and the
solid layer, the deformability of the solid layer has a stabiliz-
i de.
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stratification in order to make connections with experimen-
tally realistic situations.

The objective of the present work, therefore, is to study
the stability of two-layer plane Couette flow of UCM flu-
ids with different viscosities and relaxation times past a de-
formable solid layer at non-zero Reynolds number. We use
the UCM model to represent the two viscoelastic fluids, as
this model retains the essential physics to capture the purely
elastic interfacial instability between the viscoelastic fluids.
Owing to the general case considered here (finite Reynolds
number and unequal viscosities), it is not possible to obtain
analytical solutions to the stability problem for perturbations
with arbitrary wavelengths. We, therefore, first carry out an
asymptotic analysis in the low wavenumber limit (similar to
the low wavenumber analysis of Chen[2]) to determine the
effect of the deformable solid layer on the two-fluid inter-
facial mode. We then employ a numerical method to extend
these low wavenumber results to finite values of wavenumber.

The rest of this paper is structured as follows: the relevant
governing equations and boundary conditions are presented
in Section2.1, while the linearized stability equations are pre-
sented in Section2.3. Section3outlines the low wavenumber
asymptotic analysis, and highlights the important results from
this analysis. We briefly describe the numerical method used
to solve the equations governing the three-layer configura-
tion in Section4.1. Representative numerical results for the
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ng (destabilizing) effect on the two-fluid interfacial mo
t was shown that the non-dimensional solid elasticity
ameter (defined above)Γ ∝ k−1 in the limit of k � 1 (k is
he non-dimensional wavenumber of perturbations) in o
o suppress the two-fluid interfacial mode. Fork � 1, the
olid layer does not have any effect on the two-fluid inte
ial mode, and these short waves are stabilized by the
ero interfacial tension between the two fluids. In gen
ncreasing the solid layer deformability (i.e.Γ ) further can
estabilize the fluid–solid interfacial mode[14]. However, by
arefully tuning the solid layer thicknessH, shear modulu
, and the fluid–solid viscosity ratioηr, it was shown tha
oth the interfacial modes can be suppressed in finite e

mental geometries. A similar study was carried out rece
y Shankar and Kumar[19] for the case of two-layer flow o
ewtonian fluids past a deformable solid layer.
However, the previous study was restricted to the

ial case of UCM fluids with matched viscosities, and to
reeping flow regime, where the inertial effects in the two
ds and the solid layer were neglected. In general situa
f experimental interest in polymer processing applicati

here is bound to be viscosity contrast between the two fl
nd the flow will occur at small (but finite) Reynolds numb
nder such circumstances, there exists the possibility

nstability of the two-fluid interface due to viscosity strat
ation (similar to Yih’s[17] instability for Newtonian fluids
part from the instability due to elasticity stratification. C
equently, for UCM fluids with both viscosity and elastic
tratification, it is necessary to determine the effect of
eformable solid layer on combined viscosity and elast
omplex wavespeed as a function of wavenumber, as
s neutral stability curves in appropriate parameter spac
resented in Section4.2. Finally, Section5 summarizes th

mportant conclusions from the present study.

. Problem formulation

.1. Governing equations

The system under consideration (seeFig. 1) consists o
linear viscoelastic solid of thicknessHR, shear modulu
, and viscosityηw fixed onto a rigid surface atz∗ = −HR,
layer of viscoelastic fluid (fluid B) of thicknessβR in the

egion 0< z∗ < βR with viscosityµb, relaxation timeτb,
nd another viscoelastic fluid layer (fluid A) of thickn
1 − β)R in the regionβR < z∗ < Rwith viscosityµa, relax-
tion timeτa. The two viscoelastic fluids are modeled us

he UCM model (see, for example,[20]), which has two mate
ial constants: a constant viscosityµand a constant relaxatio
ime τ. We have assumed that the densities of the two fl
re equal (ρa = ρb = ρ), in order to exclusively focus on th

nstability of the two-fluid interface due to elasticity and v
osity stratification. In what follows, we indicate dimensio
ariables with a superscript∗, and non-dimensional variabl
ithout any superscript. Fluid A is bounded atz∗ = R by a

igid wall, which moves at a constant velocityV in the x-
irection relative to the deformable solid layer. The follo

ng scales are used for non-dimensionalising various phy
uantities at the outset:R for lengths and displacements,V for
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velocities,R/V for time, andµbV/R for stresses and pres-
sure.H, therefore, is the non-dimensional thickness of the
solid layer, while (1− β) andβ are, respectively, the non-
dimensional thickness of fluids A and B.

The non-dimensional equations governing the dynamics
of the two fluids are, respectively, the continuity and momen-
tum conservation equations:

∂iv
α
i = 0, ∂jT

α
ij = Re[∂t + vαj ∂j]v

α
i . (1)

Here,vαi is the velocity field in fluidα (α = a,b) andTα
ij is the

total stress tensor in fluidα, which is a sum of an isotropic
pressure−pαδij and the extra-stress tensorταij:

Tα
ij = −pαδij + ταij, (2)

and the indicesi, j take the valuesx, z. The extra-stress tensor
is prescribed by the UCM constitutive relation as:

Wα[∂tτ
α
ij + vαk ∂kτ

α
ij − ∂kv

α
i τ

α
kj − ∂kv

α
j τ

α
ki] + ταij

= µα
r (∂iv

α
j + ∂jv

α
i ), (3)

where∂t ≡ (∂/∂t), ∂i ≡ (∂/∂xi), Wα = ταV/R is the Weis-
senberg number in fluidα, andRe = ρVR/µb is the Reynolds
number based on the viscosity of fluid B. The quantityµα

r is
the viscosity ratio in the two fluids, and this is defined such
thatµa

r ≡ µr = µa/µb, µb
r = µb/µb = 1. No-slip boundary
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whereΓ = Vµb/(GR) is the non-dimensional quantity char-
acterizing the elasticity of the solid layer andηr = ηw/µb is
the ratio of solid and fluid B viscosities. More precisely, 1/Γ

is the estimated ratio of elastic stresses in the solid layer to
viscous stresses in fluid B. The solid layer is assumed to be
fixed to a rigid surface atz = −H , and the boundary condi-
tion for the displacement field there isui = 0. A recent study
by Gkanis and Kumar[23] (also see[14]) on the stability of
the plane Couette flow of a Newtonian fluid past a deformable
solid has examined the role of non-linear rheological proper-
ties in the solid by modeling the deformable solid using the
neo-Hookean model. In the present study, however, we re-
strict ourselves to the simple linear viscoelastic solid model
because the numerical values ofΓ required to realize the
phenomena predicted in this study are shown to be typically
much lower than unity, and consequently, it is argued later
that the results from the linear solid model are expected to be
accurate.

The conditions at the interfacez = g(x) between the two
UCM fluids are the continuity of the velocities and stresses,
and the kinematic condition for the evolution of the interfa-
cial positiong(x). The conditions at the interfacez = h(x)
between UCM fluid 2 and the solid layer are the continuity
of the velocities and stresses. We neglect the effect of inter-
facial tension between UCM fluid B and the solid layer, as
this was found[13] to have a purely stabilizing effect on the
i d
a

2

flow
v ue
t

v

v

N
τ n-
t is at
r direc-
t the
onditions are appropriate for fluid A atz = 1:

a
x = 1, va

z = 0, (4)

hile the boundary conditions at the interface between
wo UCM fluids and the interface between the fluid and
olid layer are discussed below.

The deformable solid layer is modeled as an incomp
ble linear viscoelastic solid, similar to that used in the pr
us studies in this area (see, for example,[14,13,21,22]). The
ynamics of the solid layer is described by a displacem
eld ui, which represents the displacement of the mat
oints in the medium from their steady-state positions.
elocity field in the solid layer isvi = ∂tui. In an incompress
ble linear viscoelastic solid, the displacement field sati
he continuity equation:

iui = 0. (5)

he momentum conservation equation in the solid is g
y:

jΠij = Re∂2
t ui, (6)

hereΠij = −pgδij + σij is the total stress tensor, which
iven by a sum of the isotropic pressurepg and deviatoric
tressσij. Without loss of generality, it is assumed here
he density of the solid is equal to the density of the two flu
he deviatoric stress tensorσij is given by a sum of elast
nd viscous stresses in the solid layer:

ij =
(

1

Γ
+ ηr∂t

)
(∂iuj + ∂jui), (7)
nterfacial mode of the interface atz = h(x) between the flui
nd the solid layer.

.2. Base state

The steady velocity profiles are simply the Couette
elocity profiles in the two fluids, with different gradients d
o the difference in viscosities of the two fluids:

ā
x = z + β(µr − 1)

1 + β(µr − 1)
, v̄a

z = 0, (8)

τ̄a
xx = 2Wa

µr

[1 + β(µr − 1)]2
, τ̄a

zz = 0,

τ̄a
xz = τ̄a

zx = µr

1 + β(µr − 1)
, (9)

b̄
x = µrz

1 + β(µr − 1)
, v̄b

z = 0, (10)

τ̄b
xx = 2Wb

µr
2

[1 + β(µr − 1)]2
, τ̄b

zz = 0,

τ̄b
xz = τ̄b

zx = µr

1 + β(µr − 1)
, (11)

ote that the non-zero first normal stress differenceτ̄
(α)
xx −

¯(α)
zz (α = a, b) is different in the two fluids, and it is disco
inuous across the two-fluid interface. The solid layer
est in this steady base state, but there is a non-zero uni
ional displacement ¯ux due to the fluid shear stresses at
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interface:

ūx = Γµr (z + H)

1 + β(µr − 1)
, ūz = 0,

σ̄xx = 0, σ̄zz = 0, (12)

σ̄xz = σ̄zx = µr

1 + β(µr − 1)
. (13)

All the base flow quantities above are denoted with an overbar
in the preceding and ensuing discussions.

2.3. Linear stability analysis

We use a temporal stability analysis to determine the fate
of small perturbations to the above base state. Small pertur-
bations (primed quantities) are introduced to all dynamical
quantities about their base state values, e.g.,vαi = v̄αi + vα

′
i .

The perturbation quantities are expanded in terms of Fourier
modes in thex-direction, and with an exponential time depen-
dence:vα

′
i = ṽα

′
i (z) exp[ik(x − ct)]. Here,k is the wavenum-

ber, c the wavespeed, and̃vαi (z) are eigenfunctions which
are determined below from the linearized governing equa-
tions and boundary conditions. The complex wavespeed
c = cr + ici, and whenci > 0, the base state is temporally
unstable.
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dzũz + ikũx = 0, (20)

−ikp̃g +
(

1

Γ
− ikcηr

)
(d2

z − k2)ũx = −Rek2c2ũx, (21)

− dzp̃g +
(

1

Γ
− ikcηr

)
(d2

z − k2)ũz = −Rek2c2ũz. (22)

These equations can be reduced to a single fourth-order
differential equation for ˜uz:

(1 − ikcηrΓ )(d2
z − k2)2ũz + Rek2c2Γ (d2

z − k2)ũz = 0. (23)

The linearized boundary conditions at the unperturbed inter-
face positionz = 0, between UCM fluid B and the solid layer
are given by[16,14]:

ṽb
z = (−ikc)ũz, (24)

ṽb
x + [dzv̄

b
x]z=0ũz = (−ikc)ũx, (25)

−p̃b + τ̃b
zz = −p̃g + 2

(
1

Γ
− ikcηr

)
dzũz, (26)

τ̃b
xz − ikτ̄b

xxũz =
(

1

Γ
− ikcηr

)
(dzũx + ikũz). (27)
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Upon substituting the above form for the perturbation
he governing equations for the two fluids(1) and the const
utive relation for the two UCM fluids(3), we obtain the fol
owing linearized equations for the two fluids, whereα = a,b
nd dz = d/dz:

zṽ
α
z + ikṽαx = 0, (14)

ikp̃α + ikτ̃αxx + dzτ̃
α
xz = Re[ik(v̄αx − c)ṽαx + dzv̄

α
x ṽ

α
z ], (15)

dzp̃
α + dzτ̃

α
zz + ikτ̃αxz = Re[ik(v̄αx − c)]ṽαz , (16)

1 + ikWα(v̄αx − c)}τ̃αzz = 2µα
r dzṽ

α
z + 2ikWατ̄

α
xzṽ

α
z , (17)

{1 + ikWα(v̄αx − c)}τ̃αxz
= µα

r (dzṽ
α
x + ikṽαz ) + Wα(dzv̄

α
x τ̃

α
zz + ikτ̄αxx ṽ

α
z ), (18)

{1 + ikWα(v̄αx − c)}τ̃αxx
= 2µα

r ikṽαx + 2Wα(dzv̄
α
x τ̃

α
xz + ikτ̄αxxṽ

α
x + τ̄αxzdzṽ

α
x ). (19)

t is possible to derive a single fourth order differential eq
ion governingṽαz from the above set of equations, sim
o Gorodtsov and Leonov[18] for the case of a single lay
CM plane Couette flow. However, owing to the prefac

n the base-flow velocity profiles and stresses in the two-l
ase (unlike in the single layer problem), the equation is q
umbersome. For this reason, the explicit form of the fo
rder differential equation is not displayed here.

The governing equations for the displacement field in
olid layer can be expressed in terms of ˜ui(z) in a similar
ere, the second term in the left side of Eqs.(25) and (27
epresent non-trivial contributions that arise as a resu
he Taylor expansion of the mean flow quantities abou
nperturbed fluid–solid interface. The additional term
ppears in Eq.(25) for the tangential velocity is responsib

or the instability of the interface between the fluid and
eformable solid layer[13,14].

Similarly, the linearized boundary conditions at the un
urbed interface positionz = β between the two UCM fluid

and B are given by:

˜a
z = ṽb

z, (28)

˜a
x + [dzv̄

a
x]z=β g̃ = ṽb

x + [dzv̄
b
x]z=β g̃, (29)

− p̃a + τ̃a
zz − Σk2g̃ = −p̃b + τ̃b

zz (30)

˜a
xz − ikτ̄a

xxg̃ = τ̃b
xz − ikτ̄b

xxg̃, (31)

here g̃ is the Fourier expansion coefficient for the in
ace positiong = g̃ exp[ik(x − ct)], and Σ = γ∗/(µbV ) is
he non-dimensional interfacial tension between UCM fl

and B. Note that in the tangential velocity condition (
29)), there are additional terms that arise due to Taylo
ansion because of the discontinuity in the velocity grad
tz = β in the base state. The tangential stress condition
31)) has additional terms due to the jump in the first nor
tress difference across the two-fluid interface in the
tate. These additional terms are responsible for the p
lastic interfacial instability in two-layer flows of UCM fl

ds. The linearized kinematic condition atz = β between th
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two UCM fluids is given by:

ik[v̄a
x(z = β) − c]g̃ = ṽa

z[z = β]. (32)

The boundary conditions atz = 1 are simply:

ṽa
z = 0, ṽa

x = 0, (33)

while the boundary conditions atz = −H are:

ũz = 0, ũx = 0. (34)

Differential Eqs.(14)–(19)for the two fluids and(20)–(22)
for the solid layer along with interface and boundary con-
ditions (24)–(34)completely specify the stability problem
for the three-layer configuration of interest in this study. The
complex wavespeedc is a function ofRe, Wα, Γ , k, H, β,
Σ, ηr andµr. For arbitraryRe, k, andµr, there are no closed
form solutions to the governing fluid stability equations, and
so a numerical method must be used to solve the stability
problem in general. However, when we consider very long
waves, i.e.k � 1, an asymptotic analysis in the small param-
eterk is possible, similar to the analysis of Chen[2] for two-
layer Couette flow of UCM fluids, which yields an analytical
expression for the wavespeed as an asymptotic series ink.
In the next section, we briefly outline the low wavenumber
asymptotic analysis and the results obtained from that analy-
sis. These low-k results are then used as starting guesses for
a in
S

3

bil-
i in
t
t ies
i

c

T sent
t s of
Y f
N the
a
N fore,
i ls of
t two
fl is-
p .
T and
fi ing
o ally.
T e of
o on-
s ions.
T has

four constants, but two of them are eliminated after using the
boundary conditions aty = −H . The leading order and first
correction solutions to the velocity, pressure, stress fields in
the two fluid layers, solution to the leading order displace-
ment and pressure fields in the solid layer are inserted in the
asymptotic expansions for the various dynamical quantities,
which are then substituted in the boundary and interface con-
ditions (Eqs.(24)–(33)). These are expressed in the following
matrix form:

M · CT = 0, (36)

whereC is the vector of coefficients andM is a 10× 10 ma-
trix, whose rows represent the different interface and bound-
ary conditions. The characteristic equation is obtained by
setting the determinant of the matrixM to zero. In the low
wavenumber asymptotic analysis, the determinant of this ma-
trix is expanded in a series ink, as follows:

f0(c(0)) + kf1(c(0), c(1)) + · · · = 0, (37)

wheref0 is the leading order term in the determinant, andf1
is the first correction. The leading order, first correction and
higher order terms must be separately zero for the determinant
to be zero, i.e.,

f0(c(0)) = 0, f1(c(0), c(1)) = 0, . . . . (38)
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complete numerical treatment of the stability problem
ection4.2.

. Low wavenumber asymptotic analysis

In this section, the effect of a third solid layer on the sta
ty of the two-layer UCM plane Couette flow is analyzed
he limit k � 1, withRe ∼ O(1) andΓ ∼ O(1). Fork � 1,
he complex wavespeedc is expanded in an asymptotic ser
n k:

= c(0) + kc(1) + · · · . (35)

he low wavenumber asymptotic analysis for the pre
hree-layer configuration is very similar to the analyse
ih [17] and Chen[2], respectively, for two-layer flows o
ewtonian and UCM fluids in rigid channels, and to
nalysis of Shankar and Kumar[19] for two-layer flow of
ewtonian fluids past a deformable solid layer. There

n the interests of brevity, we do not present the detai
he calculation. Briefly, the velocities and stresses in the
uids are expanded toO(k), and only the leading order d
lacement field in the solid is required in the low-k analysis
he differential equations governing the leading order
rst correction to the fluid velocity fields, and the lead
rder displacement field in the solid are solved analytic
he governing differential equations in the two fluids ar
rder four, so the solutions in each fluid contain four c
tants to be fixed by the interface and boundary condit
he solution to the displacement field in the solid also
hese algebraic equations can then be sequentially s
o obtain expressions forc(0) andc(1). The above procedu
as implemented using the symbolic packageMathematica.

n the low wavenumber limit, the wavespeedc in the presen
roblem is a function ofRe, Γ , Wa, Wb, µr, ηr, H, β, and
. The parameterΓ = Vµb/(GR) is the ratio of viscou

tresses in fluid B to elastic stresses in the solid layer
henΓ → 0, we obtain the rigid solid limit. We have va
ated the procedure of our asymptotic analysis by comp
ur asymptotic results with the results of Yih[17] for the
ase of two-layer plane Couette flow of Newtonian fluid
rigid channel (Wa = 0,Wb = 0, andΓ = 0), and also b

omparing our asymptotic results with the results of Che[2]
or the case of two-layer plane Couette flow of UCM flu
n a rigid channel (Γ = 0).

For the three-layer configuration of interest in this stu
ur asymptotic analysis shows that at leading order,c(0) is
urely real, and is identical to Yih’s[17] result for leading
rder wavespeed in the two-layer plane Couette flow ofNew-
onianfluids in a rigid channel. In other words, the norm
tress differences between the two viscoelastic fluids an
ffect of soft solid layer do not appear at the leading o
roblem in the present three layer configuration. Thus, i
er to determine the stability of the system, one must calc

he first correctionc(1). Our asymptotic analysis shows t
n thek → 0 limit, the parametersΣ (interfacial tension) an
r (solid to fluid viscosity ratio) do not appear inc(0) andc(1).
he analytical expression forc(1) is very complicated whe

he remaining parametersRe, Wa, Wb, Γ , µr, H, andβ are
eft unspecified. However, when onlyβ andµr are specified
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it is possible to obtain analytical expressions forc(1) with the
other parameters being left unspecified.

An illustration of the present asymptotic result toO(k) for
β = 0.4 andµr = 0.5 is given here:

c = c(0) + kc(1), (39)

c(0) = 0.31447, (40)

c(1) = i[0.018(Wb − 1.13Wa) + 0.00012Re

− 0.034ΓH(H2 + 2.24H + 1.5)]. (41)

The result forc(0) (which is a real quantity) is identical to that
of Yih [17] for the case of two-layer plane Couette flow of
Newtonian fluids in a rigid channel (without the deformable
solid layer). The first correctionc(1), however, is purely imag-
inary, and has three distinct contributions: the first term pro-
portional to the difference betweenWb andWa is destabilizing
whenWb > 1.13Wa, and it is identical to Chen’s[2] result
for the instability of two-layer plane Couette flow of UCM
fluids in rigid channels due to elasticity stratification. The
second term proportional toRe is also destabilizing, and is
identical to that of Yih’s[17] result for two-layer Newtonian
plane Couette flow due to viscosity stratification. The third
term on the right side of Eq.(41), which is proportional to
the productΓH represents the effect of the deformable solid
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than the value given by the above expression, the two-fluid in-
terfacial instability is stabilized in the low wavenumber limit.

For µr = 0.5, β = 0.8, the result from our asymptotic
analysis is given by:

c(0) = 0.720214, (44)

c(1) = i[0.013(Wa − 1.148Wb) − 0.00016Re

+ 0.036ΓH(H2 + H + 0.26)], (45)

For this case too,c(0) is identical to Yih’s result for two-
layer Newtonian plane Couette flow andc(1) has three dis-
tinct contributions. The first term in the expression forc(1)

proportional to the difference betweenWa andWb is nega-
tive if Wa < 1.148Wb, and the second term proportional to
Re is also negative. The third term representing the effect of
the solid layer on the two-fluid interfacial mode, however, is
positive, and isdestabilizingfor all values ofH. This illustra-
tion shows that the solid layer could also have a destabilizing
effect on the two-fluid interfacial mode, while it is stable
whenWa < 1.148Wb in the absence of the solid layer.

In general, our asymptotic result forc can, thus, be repre-
sented as:

c = c(0) + k(c(1)
elas+ c

(1)
visc + c

(1)
solid). (46)
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ayer on the two-fluid interfacial mode. This term due to
olid layer deformability has a negative sign and therefo
tabilizing. The solid elasticity parameterΓ = Vµb/(GR) is
he ratio of viscous stresses in fluid B to elastic stress
he solid layer, andΓ → 0 is the limit of a rigid solid laye

is the non-dimensional thickness of the solid layer,
henH = 0, the fluid B flows past the bottom rigid wall
= −H . As the shear modulus of the solid decreases,Γ in-

reases, thus, making the solid more deformable. As m
e expected, the effect of the solid layer on the two-fluid

erfacial mode vanishes whenΓ = 0 (limit of a rigid solid
ayer) and whenH = 0 (limit of no solid layer). However, fo
nite Γ andH, the solid layer has a stabilizing effect on
wo fluid interfacial instability. From the above express
or c(1), the parameterΓ required for neutrally stable mod
an be obtained by setting Im[c(1)] = 0:

0 = 0.0035Re + 0.529 (Wb − 1.13Wa)

H(H2 + 2.24H + 1.5)
, (42)

here the subscript ‘0’ refers to the low wavenumber asy
otic result. We illustrate the above result for the specific
f Wb = 2 andWa = 1:

0 = 0.46(1+ 0.0076Re)

H(H2 + 2.24H + 1.5)
. (43)

or Re ∼ O(1), the prefactor multiplyingRe is very smal
ompared to 1, and so the contribution due to viscosity s
cation is negligible compared to the contribution from e
icity stratification in the numerator. For a specified solid la
hicknessH, when the non-dimensional groupΓ is greate
ere,c is purely real, and is identical to the leading
er wavespeed obtained for two-layer plane Couette flo
ewtonian fluids by Yih[17]. All the three distinct contribu

ions toc(1) are purely imaginary quantities, and each co
ave a stabilizing or destabilizing effect on the two-fluid

erfacial mode. Firstly,c(1)
elasis the contribution due to elasti

ty stratification between the two fluids and is proportio
o the difference inWa andWb, and this is identical to th
ong-wave result of Chen[2] for two-layer flow of viscoelas
ic (UCM) fluids. Secondly,c(1)

visc is the contribution due t
iscosity stratification between the two fluids and is pro
ional toRe, and this is identical to the result of Yih[17] for
wo-layer flow of Newtonian fluids. Finally,c(1)

solid is the effec
f the solid layer deformability on the two-fluid interfac
ode, which is the contribution from the present asymp
nalysis.

Tables 1 and 2summarize the results for the three dist
ontributions toc(1) obtained from the low wavenumber an
sis for two different thickness ratiosβ = 0.4 andβ = 0.6
or various values ofµr. Let us first focus onTable 1. This
able shows that, forβ = 0.4, the solid layer has a stabilizi
ffect on the two-fluid interfacial mode whenµr < 1, and it
as a destabilizing effect whenµr > 1. Interestingly, we fin

hat for |µr − 1| � 1, c(1)
solid ∝ (µr − 1), and whenµr = 1,

(1)
solid = 0, i.e. the solid layer has no effect on the two-fl
nterfacial mode when the viscosities of the two fluids are
ame. Similarly, we find that the contribution due to visc
ty stratificationc(1)

visc ∝ (1 − µr), and it vanishes forµr = 1.
mportantly, the results presented in these tables indicat
he stabilizing or destabilizing nature of the solid layer on
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Table 1
Summary of results from low wavenumber analysis forβ = 0.4 andΓ ∼ O(1)

µr Im[c(1)
elas] Im[c(1)

visc] Im[c(1)
solid]

0.2 0.012(Wb − 1.75Wa) 7.37× 10−4Re −0.048ΓH(H2 + 2.08H + 1.36)
0.4 0.018(Wb − 1.21Wa) 1.98× 10−4Re −0.042ΓH(H2 + 2.18H + 1.44)
0.6 0.0174(Wb − 1.07Wa) 7.49× 10−5Re −0.026ΓH(H2 + 2.32H + 1.57H)
0.8 0.0148(Wb − 1.017Wa) 2.59× 10−5Re −0.011ΓH(H2 + 2.5H + 1.75)
1 0.01152(Wb − Wa) 0 0
1.1 0.0098(Wb − 1.005Wa) −8.96× 10−6Re 4.13× 10−3ΓH(H2 + 2.9H + 2.16)
2 0.0008(Wa − 3.94Wb) −4.8 × 10−5Re 0.007ΓH(H + 1.03)(H + 8.92)
4 0.008(Wa − 2.1Wb) −7.06× 10−5Re −0.0963ΓH(H − 1.22)(H + 0.87)
6 0.0086(Wa − 2.73Wb) −7.2 × 10−5Re −0.247ΓH(H − 0.48)(H + 0.8)

two-fluid interfacial mode is controlled only by the viscosity
ratio between the two fluids, and is independent of the relax-
ation times (i.e.Wa andWb). In a similar manner,Table 2
shows forβ = 0.6 that the solid layer has a stabilizing effect
on the two-fluid interfacial mode whenµr > 1, and could
be stabilizing or destabilizing (depending onH andβ) when
µr < 1. Here too, we find that the contribution toc(1) due
to the solid layerc(1)

solid ∝ (1 − µr) for |µr − 1| � 1, and it
vanishes whenµr = 1.

It is appropriate at this point to compare and contrast the
present asymptotic results with the previous analytical results
of Shankar[16], who studied the effect of the solid layer de-
formability on the two-fluid interfacial instability with elas-
ticity stratification, for the special case whenµr = 1. In that
study, the author had used the exact solutions (for arbitrary
k; first used by Gorodtsov and Leonov[18]) to the linear
stability problem in the creeping flow limit for the two flu-
ids, and the results of the stability analysis showed that the
non-dimensional parameterΓ ∝ k−1 for k � 1 in order for
the solid layer to have an effect on the two fluid interfacial
mode with matched viscosities. Our asymptotic results dis-
cussed above showed that the effect of the solid layer on
the two-fluid interfacial mode (c(1)

solid ∝ |µr − 1|) vanishes
for µr = 1. There is, however, no inconsistency between the
present asymptotic results forµr = 1 and the previous re-
s ed at
t me-
t
W t in
o in-
t lt

shows thatc(1)
solid = 0, and this implies thatΓ ∼ O(1) is not

sufficient for the solid layer to have an effect. It is useful to
recall thatΓ → 0 represents the rigid solid layer limit, and
whenΓ increases, the solid layer becomes more deformable.
Physically, we expect the solid layer to be deformable in order
for the interfacial fluctuations at the fluid B–solid interface to
have an effect on the fluid–fluid interface. What the asymp-
totic results reveal is that whenµr �= 1, it is sufficient to have
Γ ∼ O(1), whereas forµr = 1, we requireΓ ∼ O(1/k) � 1
which physically corresponds to a very soft solid layer. We
have further verified that in the present asymptotic analy-
sis, whenµr = 1, if we letΓ ∝ k−1, our asymptotic results
agree with the earlier results of Shankar[16] obtained for
the special case of matched fluid viscosities. This discussion,
therefore, illustrates the importance of viscosity contrast be-
tween the two fluids in the effect of the solid layer on the
two-fluid interfacial mode.

Another crucial difference between the present results for
µr �= 1 and the previous results[16] obtained for matched
viscosities is the role of viscosity contrast between the two
fluids on the stabilizing or destabilizing nature of the solid
layer. Whenµr is exactly equal to 1, the previous results[16]
show that when the more (less) elastic fluid is present in be-
tween the less (more) elastic fluid and the solid layer, then the
solid layer has a stabilizing (destabilizing) effect. However,
t -
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[c(1)
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3.64×
8.37×
6.4 × 1
2.43×

.21× 1
× 10−
.2 × 10
.65× 1
ults since in our asymptotic analysis we have stipulat
he outset that the non-dimensional solid elasticity para
erΓ ∼ O(1) (meaning it does not scale withk for k � 1).

henµr �= 1, this assumption turns out to be sufficien
rder for the solid layer to have an effect on the two-fluid

erfacial mode. However, whenµr = 1, our asymptotic resu

able 2
ummary of results from low wavenumber analysis forβ = 0.6 andΓ ∼ O

µr Im[c(1)
elas] Im

0.2 0.0088(Wb − 2.37Wa) −
0.4 0.0041(Wb − 2.018Wa) −
0.6 0.00093(Wa − 2.43Wb) −
0.8 0.00727(Wa − 1.035Wb) −
1 0.01152(Wa − Wb) 0
1.1 0.013(Wa − 1.00357Wb) 9
2 0.018(Wa − 1.13Wb) 6
4 0.014(Wa − 1.52Wb) 1
6 0.0098(Wa − 2Wb) 1
he results presented inTables 1 and 2for µr �= 1 demon
trate that the stabilizing or destabilizing nature of the s
ayer (c(1)

solid) is controlled only by the viscosity ratio, and
ndependent ofWa andWb. Indeed, for fixed values ofWa
ndWb, the effect of the solid layer turns from stabilizing
estabilizing asµr crosses 1. Moreover, even minor visc

Im[c(1)
solid]

10−4Re −0.034ΓH(H2 + 2.89H + 2.18)
10−3Re −0.0037ΓH(H + 10.02)(H + 1.03)
0−5Re 0.007ΓH(H − 2.74)(H + 0.93)
10−5Re 0.0069ΓH(H − 1.08)(H + 0.88)

0
0−6Re −5.04× 10−3ΓH(H − 0.456)(H + 0.828)

5Re −0.0685ΓH(H + 0.019)(H + 0.738)
−4Re −0.1967ΓH(H + 0.267)(H + 0.629)
0−4Re −0.271ΓH(H + 0.378)(H + 0.548)
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Table 3
Summary of results from low wavenumber analysis forµr = 0.5 andΓ ∼ O(1)

β Im[c(1)
elas] Im[c(1)

visc] Im[c(1)
solid]

0.2 0.0099(Wb − 1.08Wa) 1.78× 10−4Re −0.019ΓH(H2 + 1.88H + 1.14)
0.4 0.018(Wb − 1.13Wa) 1.2 × 10−4Re −0.034ΓH(H2 + 2.24H + 1.5)
0.5 0.011(Wb − 1.21Wa) 2.86× 10−6Re −0.02ΓH(H2 + 3H + 2.26)
0.6 0.0008(Wb − 3.94Wa) −9.6 × 10−5Re 0.003ΓH(H − 7.92)(H + 0.97)
0.8 0.0128(Wa − 1.48Wb) −1.55× 10−4Re 0.036ΓH(H2 + H + 0.26)

ity contrasts between the two fluids are sufficient to change
the stabilizing/destabilizing nature of the solid layer. In the
present analysis withµr �= 1, the difference inWa andWb is
responsible only for the destabilization of the two-fluid in-
terface (through the contributionc(1)

elas), and has no role on
the effect of the solid layer on the two-fluid interfacial mode.
In contrast, the previous results for matched fluid viscosities
show that the stabilizing/destabilizing effect of the solid layer
depends on the difference betweenWa andWb. Thus, the pre-
vious conclusions[16] obtained for matched fluid viscosities
must be viewed as a special case insofar as the effect of the
solid layer is concerned, and for general situations of experi-
mental interest (where one will encounter viscosity contrasts)
the conclusions of the present study are more relevant.

Tables 3 and 4display the results obtained for two differ-
ent viscosity ratiosµr = 0.5,2 for various values of thick-
ness ratioβ. These tables show that forµr < 1, β < 0.5 and
µr > 1, β > 0.5 the solid layer has a stabilizing effect, while
for µr < 1, β > 0.5 andµr > 1, β < 0.5 the solid layer has
both destabilizing and stabilizing effect (depending onH and
β) on the two-fluid interfacial mode. Therefore, by appro-
priate combinations ofWa, Wb, β, andµr it is possible to
stabilize (destabilize) the two-fluid interfacial mode due to
elasticity and viscosity stratification by making the solid layer
deformable, while it is unstable (stable) in the absence of the
s
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solid layers to suppress the two-fluid interfacial instability,
it is important that the fluid B–solid interfacial mode is not
destabilized. Therefore, it is necessary to determine the re-
gions in theΓ–k plane, where both the interfacial modes are
stable. To this end, we briefly describe the numerical method
used to solve the present three-layer stability problem in the
following subsection and then discuss the results obtained
from the numerical solution.

4. Results from numerical method

4.1. Numerical method

We use a numerical shooting procedure[24] to solve the
fourth order ordinary differential equations in each layer. A
fourth order Runge–Kutta integrator with adaptive step size
control is used to obtain numerical representations of the lin-
early independent solutions to the fourth order differential
equations. For fluid A, there are two linearly independent so-
lutions consistent with the two boundary conditions atz = 1,
and these are obtained by numerically integrating the fourth
order stability equation fromz = 1 to z = β. The velocity
field ṽa

z in fluid A is then obtained as a linear combination of
these two linearly independent solutions. For fluid B, which
i , we
o in-
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f rs.
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olid layer.
The above asymptotic results, however, are valid on

he limit of very long wave perturbations. In order to as
ain whether the predicted stabilization or destabilizatio
he two-fluid interfacial mode by the deformable solid la
xtends to finite wavenumber perturbations, it is necessa
olve the governing stability equations for the present t
ayer configuration using a numerical method. In addi
o the two-fluid interfacial mode, there exists an interfa
ode between fluid B and the deformable solid layer[14],
nd it was shown by Shankar and Kumar[14] that this in-

erfacial mode becomes unstable tofinitewavenumber pe
urbations when the solid elasticity parameterΓ exceeds
ertain critical value. If we envisage the use of deform

able 4
ummary of results from low wavenumber analysis forµr = 2 andΓ ∼ O(

β Im[c(1)
elas]

0.2 0.013(Wb − 1.148Wa)
0.4 0.0008(Wa − 3.94Wb)
0.5 0.014(Wa − 1.21Wb)
0.6 0.018(Wa − 1.13Wb)
0.8 0.0099(Wa − 1.08Wb)
s bounded by fluid A and the solid layer on either side
btain four linearly independent solutions by numerically

egrating fromz = β to z = 0. For the solid layer, we obta
wo linearly independent solutions consistent with the bo
ry conditions atz = −H by numerically integrating from
= −H to z = 0. Thus, there are eight coefficients mu
lying the linearly independent solutions (two in fluid

our in fluid B, and two in the solid layer) in the three laye
he numerical solutions obtained in this manner are su

uted in the eight interface conditions atz = 0 andz = β (Eqs
24)–(31)) and a 8× 8 characteristic matrix is obtained. T
eterminant of the characteristic matrix is set to zero to ob

he characteristic equation, which is solved using a New
aphson iteration scheme to obtain the complex waves

(1)
isc] Im[c(1)

solid]

× 10−5Re 0.07ΓH(H2 + 2H + 1.25)
× 10−5Re 0.007ΓH(H + 1.03)(H + 8.92)
× 10−6Re −0.04306(H + 0.862)(H − 0.865)
0−5Re −0.0685ΓH(H + 0.738)(H + 0.019)
10−5Re −0.038ΓH(H2 + 1.11H + 0.366)
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It is well recognized that this shooting procedure needs a good
initial guess in order to converge to the desired eigenvalue.
For this purpose, we use the results from our low-k asymp-
totic analysis in the previous section as starting guesses, and
continue the low-k results numerically to finitek for the two-
fluid interfacial mode. For the fluid B–solid interfacial mode,
we use results from a zero-Re analysis for the present three
layer configuration (which gives analytical solutions for the
wavespeed) forµr = 1, and we numerically continue these
results to finiteRe and desiredµr. We have validated our
numerical procedure and computer code by comparing our
results to a variety of previous studies: firstly, we setµr = 1,
Γ = 0 andWa = Wb �= 0, and compare the results from our
numerical solutions with that of Renardy and Renardy[25]
who used a spectral method to calculate the stable modes of
UCM plane Couette flow in a rigid channel. Secondly, we set
µr = 1,Wa = Wb butΓ �= 0, and compare the present results
with that of Shankar and Kumar[14] who provided analytical
solutions for the stability of single layer UCM Couette flow
past a deformable wall. We have also compared the present
results whenΓ = 0 with that of Yih[17] (two-layer Newto-
nian plane Couette flow) and Chen[2] (two-layer UCM plane
Couette flow) in the limitk � 1. Finally, we have also com-
pared the results from our numerical code with the asymptotic
results of the previous section in thek � 1 limit. Excellent
agreement was found in all these comparisons. We now turn
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Fig. 2. Stabilization of the two-fluid interfacial mode by the deformable
solid layer, while it is unstable in a rigid channel:ci vs. k for Wa = 0.5,
Wb = 1,β = 0.4,µr = 0.5,Re = 1 for Σ = 0, andΣ �= 0.

coincide with each other. This implies that the solid layer
deformability has no effect on the high-k perturbations, be-
cause the fluid velocity perturbations are localized near the
two-fluid interface for these short wavelength fluctuations.
Such high-k unstable perturbations can be stabilized only by
the presence of a sufficiently strong non-zero interfacial ten-
sion between the two fluids.Fig. 2(b) shows the effect of
non-zeroΣ on the two-fluid interfacial mode both forΓ = 0
andΓ = 1.5. These data demonstrate that in the presence of
a sufficiently strong interfacial tension, the two-fluid inter-
facial instability is completely stabilized at all wavenumbers
by the deformable solid layer.

In Fig. 3, we show the results for a configuration which
is identical to that shown inFig. 2(b), except forµr, which
o the discussion of the results obtained from the nume
ethod.

.2. Results

In all the numerical results discussed below, the Reyn
umberRe is set to 1 without loss of generality. As remark

n our discussion on the results from asymptotic analys
ection3, whenRe ∼ O(1), it does not play a very sign

cant role compared to the destabilizing contribution du
lasticity stratification. Therefore, all the qualitative con
ions drawn below from the results withRe = 1 are expecte
o be valid for other values ofRe ∼ O(1). We first show in
ig. 2 the variation ofci with k for two-layer flow with and
ithout the deformable solid layer in order to demonst

he effect of solid layer deformability on the two-fluid
erfacial mode.Fig. 2(a) shows the variation ofci versusk
hen the non-dimensional interfacial tensionΣ is set to zero
or the case of two-layer flow in a rigid channel (i.e. in
bsence of the deformable solid layer, which is mimic
ere by settingΓ → 0), the two-fluid interfacial mode is u
table at all wavenumbers for the configuration consid
n Fig. 2(a), and the most unstable waves are the ones
∼ O(1). WhenΓ = 1.5, the solid layer deformability st
ilizes the two-fluid interfacial instability due to elastic
tratification in the low wavenumber limit. The numerical
ults show that the stabilizing effect predicted by the lok
symptotic analysis extends to intermediate values ofk � 1.
or k > 2, however, the system again becomes unstabl

or higher values ofk, the two curves forΓ = 0 andΓ = 1.5
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Fig. 3. Destabilization of the two-fluid interfacial mode by the deformable
solid layer:ci vs.k for Wa = 0.5, Wb = 1, β = 0.4, Re = 1, Σ = 0.1, and
µr = 1.5.

increased to 1.5, keepingWa andWb same as before. As re-
marked in Section3, the fluid viscosity ratioµr crucially con-
trols the stabilizing or destabilizing nature of the deformable
solid layer on the two-fluid interfacial mode. The data shown
in Fig. 3shows that merely by increasingµr from 0.5 to 1.5,
the deformable solid layer becomes completely destabilizing,
when compared to the stabilizing effect shown inFig. 2(b).
For the data shown inFig. 3, the two-fluid interfacial mode is
unstable even in the absence of the solid layer. However, the
presence of the solid layer increases the magnitude ofci, thus
rendering the two-fluid interfacial mode more unstable.Fig.
4 shows the destabilizing nature of the deformable solid for
the case where the two-fluid mode is stable in a rigid channel
in the low wavenumber limit.Fig. 4(a) shows the data for
the case with zero interfacial tension between the two fluids.
For this configuration, while the two-fluid interfacial mode is
stable in a rigid channel in the limit of low and intermediate
wavenumbers, it becomes unstable fork � 10. These high-k
unstable perturbations are similar to those predicted by Re-
nardy [1], who used a short-wave asymptotic analysis and
showed that the two-layer flow of UCM fluids with elasticity
stratification is always unstable in the absence of interfacial
tension between the two fluids.Fig. 4(a) shows that the solid
layer deformability renders the two-fluid mode unstable in
the low-k-limit, but ask increases, the flow becomes stable.
For very largek, the curves for bothΓ = 0 andΓ = 1 sco-
i ese
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Fig. 4. Destabilization of the two-fluid interfacial mode by the deformable
solid layer while it is stable in a rigid channel:ci vs.k for Wa = 0.5,Wb = 1,
β = 0.7,Re = 1, andµr = 0.5 for Σ = 0 andΣ �= 0.

plots will allow us to choose the parameterΓ = Vµb/(GR)
(which is a non-dimensional measure of the shear modulus
of the solid layer) so that the two-fluid interfacial mode is sta-
bilized. Also, at finitek, the interfacial mode between fluid B
and the solid layer could become unstable whenΓ becomes
sufficiently high. Thus, when neutral stability curves are con-
structed for both the interfacial modes in theΓ–k plane, this
will allow us to demarcate the regions in which both the in-
terfacial modes are stable. In the ensuing discussion, we only
present data withΣ �= 0, so that the unstable high-k fluctua-
tions of the two-fluid interfacial mode are always stabilized.
The low-kasymptotic analysis indicated that the solid to fluid
viscosity ratioηr does not come into play in thek � 1 limit.
However, fork ∼ O(1),ηr was found to have a stabilizing ef-
fect both on the two-fluid interfacial mode as well as the fluid
ncide, indicating that the solid layer has no effect on th
igh-k perturbations.Fig. 4(b) shows the data for the sam
onfiguration, but with non-zero interfacial tension.

While the above discussion in terms ofci versusk for a
pecified value ofΓ illustrates the stabilizing and destabil
ng nature of the solid layer, it is useful to construct neu
tability curves (curves withci = 0) in theΓ–kplane for fixed
alues of other parametersWa, Wb, µr, β, H, andΣ. These



154 V. Shankar / J. Non-Newtonian Fluid Mech. 125 (2005) 143–158

B–solid interfacial mode. Therefore, we have also considered
non-zero values ofηr in the results presented below. For ease
of discussion of the figures, we designate the two-fluid in-
terfacial mode due to elasticity and viscosity stratification as
‘mode 1’, and the fluid B–solid interfacial mode as ‘mode 2’.

Figs. 5(a) and (b) show the neutral stability curve for the
two-fluid interfacial mode in the presence of the solid layer
in theΓ–k plane for different values ofµr. Note thatΓ = 0
is the limit of a rigid solid layer, and for the configuration
chosen in these plots, the two-fluid interfacial mode is un-
stable in a rigid channel. AsΓ is increased, the two-fluid
interfacial instability is stabilized by the deformable solid
when the neutral stability curve is crossed, and unstable and

Fig. 5. Neutral stability curve in theΓ–kplane: effect ofµr on the stabiliza-
tion of the two-fluid interfacial mode by solid layer deformability.

stable domains are marked in the respective figures. When
µr �= 1, theΓ required to stabilize the two-fluid interfacial
instability remains anO(1) quantity at low and intermedi-
ate values ofk. At high values ofk, the interfacial tension
between the two fluids stabilizes the instability. These fig-
ures also demonstrate the important difference between the
behaviour forµr �= 1 andµr = 1. Whenµr = 1, Γ ∝ k−1

for k � 1, in marked contrast with the curves withµr �= 1.
Even a small deviation fromµr = 1 to µr = 0.9 is suffi-
cient to change the scaling fromΓ ∝ k−1 to Γ ∼ O(1) in
the k � 1 limit. Also, asµr deviates further from 1, theΓ
value required to stabilize the two-fluid interfacial instabil-

Fig. 6. Neutral stability curves in theΓ–kplane for the two-fluid interfacial
mode (mode 1) and the fluid–solid interfacial mode (mode 2): stabilization
of the two-fluid interfacial mode by solid layer deformability.
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Fig. 7. Effect of solid layer thicknessH on the stabilization of two-fluid
interfacial instability by the deformable solid layer: neutral stability curves
in theΓ–k plane. Data forWa = 1, Wb = 2, Re = 1, µr = 0.25,β = 0.4,
ηr = 1,Σ = 0.1.

ity also decreases substantially. From a practical viewpoint,
this result implies that whenµr �= 1, theΓ values required
to stabilize the two-fluid interfacial mode are much smaller
than that forµr = 1. SinceΓ = Vµb/(GR), a smallerΓ
implies a larger shear modulus of the elastic solid layer, so
deformable solids with significantly larger shear modulii can
be used to stabilize the two-fluid interfacial instability when
µr �= 1.

Fig. 6(a) shows the stabilization of the two-fluid interfacial
mode (mode 1) by the solid layer, along with the neutral curve
for the fluid B–solid interfacial mode (mode 2). As the solid
layer is made deformable, i.e. asΓ is increased, we first en-
counter the neutral curve for mode 1. AsΓ crosses this curve,
mode 1 instability is stabilized by the solid layer. There is then
a wide range ofΓ values in which both mode 1 and mode 2
are stable. WhenΓ is increased beyond a large value, the fluid
B–solid layer interfacial mode becomes unstable. However,
there is a wide window in the parameterΓ (or, equivalently,
the shear modulus of the solid) in which both the interfacial
modes are stable. InFig. 6(b), we again demonstrate the sup-
pression of mode 1 by the solid layer deformability. However,
in this case there is no mode 2 instability for the given set of
Wa, Wb, andH. Fig. 7 shows the effect of the solid layer
thicknessH on the neutral curves in theΓ–k plane for the
mode 1 instability. For smallk, theΓ value required to sta-
bilize the two-fluid unstable mode decreases with increase in
H
r i-
l
a
r a. A
l e) a
s -

Fig. 8. Neutral stability curves in theΓ–kplane for the two-fluid interfacial
mode and the fluid–solid interfacial mode: stabilization of the two-fluid
interfacial mode by solid layer deformability.

sired to have a solid with larger shear modulus, it is necessary
to choose a solid layer with larger thickness. Also, in order to
suppress the two-fluid instability completely, it is necessary
to stabilize waves with all wavenumbers, and so an optimum
solid layer thicknessH can be chosen for which theΓ–kcurve
is relatively flat (H = 0.8 is a good candidate in this particular
instance).

Our discussion thus far has centered around demonstrat-
ing the stabilizing nature of the solid layer at low and finitek.
For the configurations discussed above, the stabilizing nature
of the solid layer is not altered even ifµr = 1, except for the
change in theΓ–kneutral curve for smallk (discussed inFig.
(see Eq.(43) for an illustration from the low-k asymptotic
esults). However, for finitek, theΓ values required to stab
ize increases withk forH = 2, while forH = 0.8, it remains
pproximately constant. ForH = 0.2, however, theΓ value
equired is much larger than that for the other two dat
argerΓ implies (with all other parameters being the sam
olid layer with a lower shear modulusG. However, if it is de
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Fig. 9. Neutral stability curves in theΓ–k plane for the two-fluid interfacial
mode and the fluid–solid interfacial mode: destabilization of the two-fluid
interfacial mode by solid layer deformability.

5). We now present data for the case where the solid layer
has a destabilizing effect ifµr = 1 according to the results
of the earlier study[16], but with the presence of viscosity
contrastµr �= 1, the nature of the solid layer becomes stabi-
lizing. This is shown inFig. 8. These figures show that by
tuning the viscosity ratioµr it is possible to completely sta-
bilize the two-fluid interfacial instability by the deformable
solid layer. Finally, inFig. 9, we show the destabilizing na-
ture of the solid layer on the two-fluid interfacial mode while
it is stable in the absence of the solid layer. In this case, as
Γ is increased from zero, when the mode 1 neutral curve is

crossed, the two-fluid interfacial mode is destabilized first.
WhenΓ is increased further, mode 2 is destabilized next by
the deformable solid layer. These results, thus, demonstrate
that by tuning the shear modulus of the solid layer, viscosity
ratio between the two fluids, and the viscosity ratio between
the fluid and the solid, it is possible to completely suppress
or induce two-fluid interfacial instabilities due to elasticity
and viscosity stratification.

In the present study, we had used the linear viscoelastic
model to describe the deformation in the solid layer. In prin-
ciple, one might expect the linear elastic model to be valid
only when the non-dimensional strain in the base state of
the solid layer (Eq.(13)) is small compared to unity. In our
earlier study[16], we had used the neo-Hookean model to
describe the solid layer (also see[23]) in order to examine
the consequences of using a non-linear model for the solid,
and compared the results with the results obtained from the
linear viscoelastic solid model. It was found that the neutral
curves were not altered significantly for the two-fluid interfa-
cial mode due to elasticity stratification, and all the qualitative
features for both the neo-Hookean and the linear viscoelastic
solid model remained the same. The non-dimensional strain
in the base state of the solid layer is proportional to the pa-
rameterΓ . For the results presented in this paper, the non-
dimensional parameterΓ ∼ 10−1 for achieving the stabiliza-
tion or destabilization of the two-fluid interfacial mode. Since
t d to
u tion
o rate
d el to
d

5

ty of
t able
s the
t the
t s-
i ect
o de
w anal-
y t of
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t hich
t tion
t lizing
o on
W hat
t de-
t y
p the
t ar-
t
s ,
heΓ required to realize these effects is small compare
nity, the present predictions for stabilization/destabiliza
f the two-fluid interfacial mode are expected to be accu
espite the use of a simple linear viscoelastic solid mod
escribe the deformable solid layer.

. Concluding remarks

In conclusion, the present study concerning the stabili
wo-layer viscoelastic plane Couette flow past a deform
olid layer shows that the viscosity difference between
wo fluids has a profound impact on the stabilization of
wo-fluid interfacial instability due to elasticity and visco
ty stratification by the deformable solid layer. The eff
f solid layer deformability on the two-fluid interfacial mo
as first examined using a low wavenumber asymptotic
sis. Results from our analysis showed that the effec
he deformable solid layer appeared atO(k) in the asymp
otic expansion for the wavespeed, the same order at w
he elasticity stratification term and viscosity stratifica
erm appeared. These three contributions can be stabi
r destabilizing in the low wavenumber limit, depending
a, Wb, µr, β, Γ , andH. Our asymptotic results showed t

he stabilizing or destabilizing nature of the solid layer is
ermined by the fluid viscosity ratioµr and the solid elasticit
arameterΓ , and is independent of the relaxation times of

wo fluidsWa andWb. This conclusion is a significant dep
ure from the results of the earlier study[16] obtained for the
pecial case of matched fluid viscositiesµr = 1. In general
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it is found that the solid layer has a stabilizing effect when
µr < 1, β < 0.5 andµr > 1, β > 0.5, while it could have
both destabilizing or stabilizing effects (depending onH and
β) whenµr < 1, β > 0.5 andµr > 1, β < 0.5. The two-fluid
interfacial mode due to elasticity and viscosity stratification is
unstable or stable (in the absence of the solid layer) depending
onWa, Wb, µr, andβ. Thus, under appropriate combinations
of Wa, Wb, µr, β, and the solid elasticity parameterΓ , the
two-fluid interfacial mode can be stabilized (destabilized) by
making the solid layer deformable while it is unstable (stable)
in the absence of the solid layer.

Another important result from the present asymptotic
analysis is that in the limit of lowk, whenµr �= 1, the solid
elasticity parameterΓ ∼ O(1) in order for the solid layer to
have an effect on the two-fluid interfacial mode. In stark con-
trast,Γ ∝ k−1 in thek � 1 limit for the case of matched fluid
viscositiesµr = 1 considered in the earlier study[16]. This
implies that the configuration with matched fluid viscosities
must be viewed as a special case insofar as the effect of the
solid layer is concerned, and even minor viscosity differences
between the two fluids can qualitatively change the low-k
scaling of the neutral curve in theΓ–k plane. Furthermore,
for µr �= 1, the numerical values of the non-dimensional
parameterΓ are significantly smaller than unity in order to
achieve stabilization of the two-fluid interfacial mode. As
a consequence, when the viscosities of the two UCM fluids
a eter
Γ to
t with
s ress
t ds
w ber
a lues
o ing
t lts at
fi w-
e s
o cial
m res-
e the
t de
b (for
c ent)
a the
p le.

nal
p edic-
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f
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i ow
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k

Γ/Wb > 0.048 for achieving stabilization by the solid layer.
This non-dimensional ratioΓ/Wb = µb/(Gτb) is indepen-
dent of the fluid velocityV , and whenµb/(Gτb) > 0.048,
the interfacial instability due to elasticity stratification will
be stabilized. (The fluid velocityV serves to determine only
the Reynolds number, andRe is assumed to be at mostO(1)
here.) SinceWb > Wa, Γ/Wa is also greater than 0.048. The
shear modulusGof soft elastomeric solids can be estimated to
be around 105 Pa, while the viscosity and relaxation time for
typical polymeric fluids are estimated to be 102 N s m−2 and
10−2 s, respectively. Using these typical estimates the non-
dimensional groupµb/(Gτb) = 0.1 and this is clearly greater
than 0.048 required for stabilization. These approximate es-
timates thus suggest that the predicted stabilization can be
potentially realized in experiments involving two-layer flows
of typical polymeric liquids past soft elastomeric solid layers.
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